


Chapter I:
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Chapter 2:
Priority Queues and Hea
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his Jakes O
—- sines
@ "Acmasdétd" —  dokes in
of one item of the heap and a ey
ond  decreases  the "Cﬂ op i o kpow if
l‘v\'.ul - kcdu)
e -
— dots /\oﬂr\'lra f hnawz kg\j(i)
- sy h do in a bin hnf-, i.,s(- nead to dmnr-

H’"‘"‘""‘l & then call Afix-down on t
4o its childrn

® "incmszzgj" — "oﬂ)os'wc"

— emsq in bin ’Auf,

new!

of decease kcJ .

Lut 'I\ASl' call 'j'f:-ur instead of

,f'.x-lown
@ﬂi\ + delete  The iem @ (which we have a e
ele
40). -
— for bin Irw.gT: increase value of ey ak i 4o 02

cor ,f:namkﬂ-kﬂ““);
_  then call deleleMeax

— fules 0“03 ~)



MELDABLE HEAP

“p Y meldable hcar" (s the same as o loinary

he«r ,  except it al.«ofs the  stvucheral

Peperty

So ® o cusk that each ook S tha
/N . o
9 ” Magimum D& all its chldren
\
29
(Jl Oru-aHMs Aor meldable l«eofS:
@ insert

. crente |-node meldadle  heap P w] new k-
roir we wont o ~dd

. call meraeCPP) Wl exisking & ,\-.ualj-wm
meldable  heap
@ deleteMox
. max 1S root, S '\us\— comove  that
s then rehm "‘“"_'j'-CPL,\’rJ. wher P /"\
% P are the "su&hur:" of the L Pa

@ Mtl"jg Bﬁ\]im‘ huf

mel

dakle Heny :-mcrjv.(rl,r_‘_s

-mruh . f, Croots of duo meldable heaps)
- % NTL

ou%r-d': reyurns oot of Muaek he-r

i fy is NIL fhen retwrn o

i r.-h-j<f,_.luj then  SWep iy

r‘ln&nm\-] ik one dild ¢ of N

replace < L_‘I resutt  of m..laecrl,t.)

«:i o 5 wi’\@ J ¢ Ceinee 18¢50)

s o~
s ¢ n -

29
- ‘50\
uy \3
\ VAN

29 W12
AVG RON-TIME CMERGE) = Ollog n,+ log 2 )
w2.3) og M+ 103 %2
ﬁ Note -hot
avg run-Hme (mujc) = Olleg ny =~ log )

where a0, ore she sites of “the hmfs h le

Me3¢d_



BINOMIAL HEAPS

FLAGGED TREES .
g' A "{(mu. teea”  iS one where evey /
' \eve\ s Ly bub the voof nede ..\l:’
iy has ©& ‘ts-" child.
.g‘l Note thot k“ flagged tree of height
Il has 2 nodes:
B8InomIALl HeapP ¢02-3)
9 A binomial h(.ar is a list L of ‘kinary 19 et 18
4rees  such that /E: '\'/
@ any tree in L is a flaged tree 57 o I.,/ Sis
AY
C structural rnfld'j); S 27N 7\
@ for ony nede v, all luﬂs in the left subiree
of v are ne hmee than thj
Cocder f"of"dﬂ)
PROPER BINOMIAL HEAP
? We say a B s “r»rcr' if Ao dwo
‘Htsy.d trees in L have the same /E,(q .n_..l.llg
i ]
htljh{'- s S A
2N Y

A PBH OF SIE A CONTAINS
FLAGLED TRees (02r.2)

? Lt o PBH hae oite M-
ab most l.scn\-\-\ f\aﬁj

k,

Tnen it contoins ea trees:
Proof- (ot T W e trae wf max heiqWd, Soq
in the st L ﬁ f(u’nc& +rees.

Thea T has 2" nodes, Se 2" &n,
e h‘lojf.l\)

Gine He +reas in L howe dishnct hu;hh

we hare ot Mmesk one treg for each huTH' O,.es
and so at most het £ log n+l teees. [~

Mﬂulﬂ& A BH PROPER
BH preper, we do the {-‘ollowma

W,

' To moke &
( § the BH hes tuo flo:m« xrees T T :f_ the.
some height l«, twen —\‘“EJ Loth haw 2
.., Nodes.
‘ehdjd $ree

g We wont combing them into one
. of he\jh\' het.
8 To do S0, we use the fv\(ow'mj

binomia\ Hmlp i mah.p.?mru{)

al jorﬂ-hm:

B & armsy of
L& list of flogqed Arees
while L © mn—emrhj do
Tel f"\‘o he T hua"\*‘
while T'<80W]
f Tna’f Llj <T voot- I“'j
T&T
T vight & Tlefr, T.left €T, Theight &bl
Blh] & NIL, h¥
BIWeT
Ch=0; hER: h+t) do
i§ BIRI#NIL then

NIL do

then Swap

is no'c

"
L.nrreM(B[lﬂ)

< |°3(n\\-\

A2

ne site of the binomial hear
for (8=0; 2L nelX]) do s/ compute  Lieg )
sire A%, indalized at NIL

V4 mujz T with

Vi oo‘n] 8 back “+o

Mme kY

PO OPERATIONS FoR PRHs
g Each of the P& orc.rahons can
with m.u.cﬁorc(.

arfvm\ui

" OCloj A) time

0] muae(_?,,P,_)
_Tconcat lists of P
- then call mnl.n?»or
- tokas ¥me o(toc]m«‘oj"
® insectCie, ¥)

~ ke wl meldolle  heaps 7 crate a s”‘j‘"'
then call mefje

Py into one

¢ O(lnj n)

node binomial heap,
— takes time oCloj nY
@ fnathaxd

@ deletemax()

assume we

-flnjjed ree T, say

found the max ot vost X of
Wl heignt n

ve T fom L and sr""‘ it as follows:

- remo
— let x, be Fhe left dild of %o,
and  for lcich, levr Ziy be the ‘2,"‘
V‘\ﬂh* child of Xi- (1’ e
e / pe
" [s 3 ?

let T Ll the tre wr\SlS'hru /\ AL X
of ¥ 4s left Subbee ; 4 13 6t gs[e
4nig IS & -flnjjed 4ree-

— crate o Second BK # ‘ﬁ'\sld‘ﬂj

of T(, T. . and note +this Covess al hu1;

in T l.fn:;f(- o
into what cemaing of the

—  thea, merjﬂ. P
oAginal  binomia! Mnr P.
- P woes rvnr , ond the list of P hes \t"j”‘
deleremar) has

\f\‘lnjl\ m v\j Cand thus
ron-Hme oc(oj n).

(L

w 12 13 3
W e H/ / ; 10
’ .
“ \H— 3/ \‘/ \lf 3 5
AWAYA N NV
3 4 13 6t §|S ‘o 4 413 ¢ U1



Chapter 3:
Sorting

THE SELECTIoN PROBLEM QUTck - seLecT
g The seleckon r"“‘"“ s g‘ The ‘.T"d‘. select” o‘jovikkm‘.
“ N (1u|':_l4_ -seleck\ CA, )
Given  an arroy Alo,..., a1l and  an index O Meer, f1 A arroy of Site *
seleck CAE)  should retsn dhe element in A 4 le: integer sk ocken

_r'.vol-\ cP) 11 for now, l::r\-l

Fot would be ot index o if we sorfed A" I pe cheose
2. i¢ parkiion tA,p)
. 3. if izk thes
c.% f ﬁ[o,...,‘i] = % o s o Se & 9o 16 %o FoO Y. ceturn AGT
H 1 then
Hen 4R serted ormy 1 be g else if 2
wee - retum dluidl--sa.lcd'lCACO,..,,{-I], k]
© o 1o 2o Yo so 6° o 8 A0 T oelse f ik then
So g retura 1..ir.lz.-sn1m-|c1-\[m, 2., a3, w=i-1)
select3) = 2o * inbuiton: .
PARTITION CTHE FuNCTIoN] v v

Q: The "r""“‘h"‘" foackion does He ‘(‘o\(ou'mj-. - :
3;\/0\ the rivot-vo.\«. V:Acf] and an @ 5 m
ACo,~, n=1], reasrarqe A sh Qz Run-kme o.mdjgig of 10._4_“‘“*_:

. We a.nuh(i'. the # of kg“l-wnrn;‘gms.

3
[@ Ls 5o we dont mest wih cansharts.

: 1 ; 1 .
ok cetwen  the ivot-index (. " Tﬁ-rhmlv, F..,h-hon uses A key comporisens.
Thea, #He cun-Bme on an inglrnce T s

’ Peckh algonthm (“ -ff\'dcod’ wn-place pe Hon —
q V& on j f’ Tex) - Va/... -\'E:;E‘)

Hoore " ) - * we keep swappin pebibee  subarmy
packition (A, p) the o +|° P How big s 277
uter - most Leot case: don't fecuwse af a5 Bln)
ur:::glj_rosiﬁong&. wM!_ “‘:‘;r (2= -l
[. swerACr\—l]’ ACn]) n-l T ) = M:El)t Ta)
2. e, jer-l, ve ACa-t) &V l 7 v \v ) n+TWMPC"-l)
3. loop r\/ = n+ Ca-N+ _(“"MJ' {n-2)
4. do i€ i+l whle ACdcv swap PR
5. do JeJ'—I while J>,| % AEJ']7V = nﬂ;—_n € eb\")_
6. it %] then breals Gobo 1) Avemae - cace -
3. else swap (ALi3, ACJ']) . o
S.  end loo T = 12, 2_Ta)
A swapCATA-D, ACD) o
lo- retwen i = T‘k_%T!—Z,TUT' )

We will do
© Crﬂﬂ-ﬁv\j o random l‘uir-l# select ;

® AM[er:i zﬁr- canbme ; then
©) NBME thal  Haig iw\rl;;s bound o~ VG~
cuse -:8 ﬂb;c.h—sdu.l- .



RANDOMIED OUICK-SELECT
Y Comsider e rondomitek quisk-select”
! A(jov\'&kva’
quicke _select\ CA, k)

/1 A Ty of Sire 7
ok inteqar <t ock<en

L pe condom(n) /ey step

2. i€ P,,Hhuntﬂ,r)
3. if azk thes
retunen ACi]

S-- else if ok *hen

c- fetum ﬂwl'dl-'sﬂ.llr.{‘l (ACo,..,i-13, k]

T oelse f i<k then

$- return  quick-salectl CA Tixl, ita, ..., a=t], k-i-l
q PR

?; Then, what s ?(riv«l’-id(x =7

el P:vﬂ--do\lu.z is e (,gl(.J likglj 4o be u\j ?
ACo], .., ATn-1]
e ],:u.,f_.'.mqu is "T"”‘T likey  be

any ,,5 0y.., n-Il
\)
D plpivek indax 2i) =

, Ue claim TP(n) € OCn).
Pvnog—- Recall hat

TP ) = M E PCR) - TC(T,R)
T random
outcomes R

Tn ro(ﬁwlul note +Hnat

Tex,Ry = J 0 TRLo Lk &) o>k

TN ne T(ﬂj\nf Subireny, k-, ®), ek
<h, k> <i,RI>

- =l
(we count # uf LoMram'Seni)
Then,

S R TCLR) = 2 PcTCA K, R)
z R

= QPRI TCANVRY

- Z ‘E)"‘ ——~—

G v 3

B n4d
I\—l J .}PLR') T(All kl RI) i>k
— ( \
= A *'—;E EP(R DTCA, -1, B\ (et

o Jeh

Max mox o .
W' Ag 2PR)T(Ag, K, RY) [ DOk
mox max

Wt An EPCR‘)TLA,, W) eY [k

IN
>
-
X

n
(-]
/_'_A_\ ~

0 N
sl I SN O >
n+ _‘_i I T"F(n-i-l)} itk

n
(o]

i=o0
n-\

L=

IN

L — .
net 2 max ¢ TG, 1 a0

Thea, we chow TP € fn-
Proo (- 3(1 induchon.
n=l: Camr=0 <?Ll)‘—‘@-

s . . .
T(") & N+ _I"' 1 Maﬁcc g"-l &Lr\—(—l)_s
< .

| vea | goot ] Lad f

n/y 3'\/.4
|
£ n+ L’\ Z %L%") + _‘2 &a
irll " ( bad

[ PN
= oar RS T R )

= n4d3ntv¥a 280 @,

ST e o). A



QUTck-SORT
@I Psedocode

l{viC'A-SO".’( CA)

l. i ns) then rfeturn
2. r & t.hoosz-r'woﬂ CA)
3. i€ |=sr+iﬁh,\ cP«.r)
k. vick-soct1 CAC O, ., i-13)
s. ‘1un'=|l--$af"\'l CATisl, -, a-11)
Q’; These are  better imrlemu\hhms of this
. 'lded.-
?3 Runtime :
Tea) = n+ TG + TCa-i-l),
But +theres o simrlu method:  the recusSion
sh— ¥ cnmrni\slﬂ\S
© TR
S GG T A3
> n-
7N VRS /-\ N ;"ng
- —_— — N o — o e T &n 7/'\"*5‘4‘:'9”2».;
4\,
Tlaus
+# Cemraﬁsw\s 4 n. #tlagars = N |r\0.iJlA“‘ of the recussion
4ree.

g,; So what wn we sey
sbout e  recursion  4ree’s ekt
J

@ Worst case: kzijb\f = &)

*-H\jh{- if arroy i« sorfed -
— We nedd n recussionS .

Thus  run-time € 6CA).
if the {aiwf—index is N:‘i

@ Rest cose:
always -
J o
~N
'\/7_ V\/l h&’lﬂll"(' = lt\)j wo
7N /N

n/l‘{ “/q h/‘( l"["1

Tinag can-Hme € etnlOJ n).

g:j We can ]Mrwvl @.uir_kSort‘s
but instead rassinj

@ Not rass'mj
“boundanes” ;

@ Sf—orrinj reculsion eo-rlJ;

run-Hme L‘j

sub- arrAjc,

@ Avoid recufsions;
@ Reduce aux‘.\lo.rj space ;

@ Choose the rivo+-ind<x <Hli:.ier\HJ;

Avellﬁae -CASE OWICK-SORT

.g\ We awpmr“tl\ His  vie candomization of e

a(\jon’ﬂnm:
Rand 8Sert CA)
l. F ng\  then return
2. Pe candom(n)
3. & pertiien (RiP)
4. viek-sortICACO, ..., i-13)
5. ﬂui:k-;oﬂ\'l(ﬂ Titl, ooy a1
Q Then,
2
. Teﬁf(n) = cxr:ﬂ of :bmran'soﬂl of the 450.
B, Note that
left suly Aqnt sub )
T(?,R) = o+ T( g R') + T(Lmj "R )
v e~
Ste ¢ size a-i-

inStance
- ' Hll.v\ct oukcomes
8.4 n-l| ‘ n-{
ZPROTAR) = ne s 2 T TQ + w2 T i)
R (=0 (31

n-

= 2 = exp
= n + _’\_ T P(‘)‘
and  so (=2
T(ﬂ) - (r 4 - ng |
( Nt T TG,  othewise.
™~ (=2
g; We claim Teade O((:.-;JCA)), so the ey.rec('ul
fan-Hme oF Rand®Sort s in OCn(oj n), and
So  +he a\leroje-ca_gg run fime  ©of O Sert S
in O('\‘tj A).
P_’l"{ gfo'aiff"m”f]' we rnvz T(n) €2.n- Inn),
Bj induckion . Base (az1) is  Pivial,
n-\
S'('ar-. Tn) & ne 3’:\2 i)
(=2
=n#t ‘L'l:‘“ Z {lali)
(22
€ ax+ %jﬂﬂ(nk dx (sin xlbnx
2 s ;nc.lcsi'd)

)
S A+ iy\c:l\lln(n')— r?ﬂl)

= A+ 2nlinn) -

= 2nlnta). @



ANY CoMPARISON RASED SoRTING ALGORITHM
USES J').Cn(cjn) KEY - ComPARTISONS IN THE

WoRST-CcASE

g As oaleve.
Proof- Rz an ﬂLih"‘] t-cmeism—LasLA sarting olgonthm
A, and consider  how it Sels an inslomce of
Site n.
Since A wuses an(j le, —f_omrﬂf\.snﬂsl we can

Axrvus b as o dedsion hee T

%ot X,
</ X
Ky PN
4/ \>/ 4/ \Z
0)l,2 KX Xo:Xa 2,40
o' "2
es2, 2,0,1 10,2 12,0

A decision Hree for an a(a«e +o sort 3 elements
Ko X%y with €3 "”":j - oomrw\'sms.
for each Sorﬁhj e T, let Tg be
an inctine thet has distnet items
and ;orﬁﬁj ru’m T Cie I“=1r_'),
Erncwﬂj A on Ip leads b & leaf

tHat  shres T

Notfe +hat no +wo  sorbn Fq.,-ms con lead
to Hhe Sama leaf, as othewise the owlruf
wowld Le imcoreck fw‘ one (as +he viems
are  distinct),

We +hea have Al Sofy porms and hence of

leact !  leaves +hat are reached 1’-‘uf some T,

t h be +he [waasl' lAJu'—nuMLq- of a leaf
reached. ’n\-j some T
Since Y s Lir\aﬂT’ for ony  OSREh  thre ore
at most 2'1 [eaves in Iaju_( o,.., A
—WW-NJ:W!. Zth‘., or
h> loj Cn() = [oj Cr\(n—l) l)
= [Djf.r\\ + \DJ(A-|)+ "'l"ju)
PA lo\jc,\) + lojfn—l) PR o “’J(r%__l)
5 l"j %) + lnj(E'\-; e loj(;_)
> Z logC3)
= '%_loj(,\\ —n—.L [ _S\—('\(oj /‘)-
ﬁmllj, consider the sorﬂ-iva, perm T that hey its leaf on
|aj¢r h.
Exzcwﬁﬂj a(\jo,\'{-y\m A on I-ﬁ hence akes Héﬂ(nlojn)
ll_o.j—-oomran'scm;, so  the worsk-cate lowad holds. H



soRTING INTEGERS

BucueT-SoRT
) Bucket-sort can be used o Sort a
o% .U\&JO'C L'j o grad\f{(_ ﬁros{“onﬁ os: diﬂ“‘_

collecHon

S 4he  last d'ﬂﬂ' 23ys
ga. Pseudocode :
bucket-sort (8, neAsize, Qe0, ren-l, d)
/t A array of site 2N with numbess with
m ol'ﬁi‘(‘s n <€o,., R-i}

/77 okt 1€dem .
/7 O\M‘rv\{'i ACR-r) i gortad ‘.u.] > Jij;+~
\. inibalize  an a.rrnj BCo..R-11 of emph
lists
2. .for (el o r do
3. ap ed AT at +he end of /] move o - itemg
B t"‘“’\ pu\j”' oF Arljj fo bucheaty
4 (el
. for ico o R-l de
‘ﬁp \)é 1/ move  bucket-items
[ while QCJ"J is net E"‘]’"j do to orray
3 move first element of 8Tj]
o AC
g it+
e A > B
123 B_ :> ‘—ﬁ—
230 o3 = 230 > 3203210 220
oo BTU1] ™ o02¢ <> 01
320
320 BL2) » 232 210
210 3[3'] - 23 oz
232 101
-~ 1ol 232
? See that 123

© Run-fme = 0(n+R); ond

@ Auxiliory space = BCn+R).
MSD-RADIX-SORT

QI “MSD  CMosk S.’jnif\'unf D{j.‘!-) cadix sort” can be

S, ased  fo  sort M“H-;-‘“jl'{, Aumbess-
5 Pseudocode:
MSD - radix- sort CA, e Asire, Leo, réen-), det)
/7 A errey 1 tine 30, contaipg Aumbers with
lobe!

m Ai\j;h in 40, RE m R o 3
vanables
7oQ e reage Cie AC2-r3
7 A1 digh we wish to st by

) we wish +o sor¥

|. .l-y- Rer +hen
bucket-sort (A n, &, T, a)

2.
3. if dem +hen
/4 {-\'Ni $u‘a-—a.trnu15 Hot howe the some

AR digit  oad recesse

* int o'«

5 while 2'<r do

¢ int en’

Ri while rler & &% digtof ACn] = d™ digt of
ATLY do rltt

8 N\Sb-md'\x—hri-tﬁ,nlg', . d+1)

7 2' e +\

g} Note +hot
@ ran-time = ©CmRa) ; &
©) auviliu] space = QCntRtm).

LSD-RADIX -SOoRT

QI' “LSD-Radix-Sort S O better wey of sorking
Mu(h’—dia\'f aumbers (than MSD) because

© it has o faster ruatimei

@ it uses less auxiliary space; and

® i uses no recwrsion.

g; Pseudocode:
LQD-qui)ﬁ—Soﬂ'(ﬁ, ne A-tite)
/A arrey ué site A, containg M-oiic’ﬂ’
rodiv-R  nambag, Mo Roec2 ok
L. for dem down b 1| do

2. buclet -soct CA,4)

Y}

QB C-IEar[j

B (meaxR)); &
= 9('\-\-&).

O run-time =

@ auKilZarj gra‘z



Chapter 4:

ADT Dictionaries

PICTIONARTES

8, Dictionades  Store uJ-\/oluc peics 5

o-——

U.'.J volue

or lLVP..l

In rarﬁw(ﬂ".
© searchCley): retuen
for this  hey.
@ insart (l«:’, value) :  ad
the dichionary.
- lu.j s igtiner from existing keys
® Jde+e(_u¢3) . ramove WVP with thi
Il.ﬁ.‘t]-
(gz Assmrﬁons:
@ we asswme o\ leey
@ we also assume («j!
L, “M M'
g; ImrleMM‘h’-H""‘S’
(0] Uasorted tist
- Just iasact, slow

@ Sorted arrey

the WvP

& Hhe wvp o

s are A(Sﬁ"‘" -
o

Con be

seosch, slow delete

.+ fast seorch, Slow insack, tlow delete
® 3"‘“:] seorch tree [ BST

5 - we only show 4he
6 7N\ ‘LEJS Cim lied gach

;5\ node s a KuP)

20 35 * has the f"'“f""l'_‘J

X
AR
I"\ ro("‘lwla-(, $x » %

insert,  delete, cearch € O(heijh+ of “ree).

*
Hught s O0n) is  uorth casl, Lut +in°““j

much  bette  (6Ceg a))

LAY DELETION

?' Consider o  Sorted orcays

delete20):

- wseally toles OCA) Hime ko badetrack”
o\l obher alements
svoid this if we instead

- but we con
“isDelered”

iu‘." mark 4he Lor a$
« Hius run-fime (seorch) = O(\nj a).
but we dont Jd’ any

however, we con Dccnsinnn“j
- create o new initalinatien s &
items inlo the new arfey

grn;z hndﬁ-'-

“clean’ ur' .

— move all
F they were “real”,
Otn+ insact).

. clO.auI\-ur +ales
bettec, in this

But we can fﬂ.1 vv\HJ de
G.‘Fa-mrlal we can Fnrforw\ clﬂﬁn—hr "
0Cr) *ime.

Thea, the amoctitad  Fime s OCinset + delete)

for Ao'mj o delelion, and sometimes batkte

?2_ Why do  we do lazy delefion’

© I+ is simplers
@ It M'rjhl» be faster.

- for sorted annjs :
bt O Cleg a) omortized time

©Cn) worst-case for delete

for \q'tj deletion)
L, @ It sometimes i ru-]vi.uk.
Whj n_g_l»?

© T+ wostes space.
allocate srau- 4o store the

3
. we hove o

® “isDeleted” flag.
O<:ansimodlJ deletion s v&ry slow.



AvL-TREES

g Croal * 8(103 ») worst case Fime.

91 Strachuel condifion:

any node T, we howe

(ioo.laau(@) = lhe- nt(2-lef+) - heujm(’t nj"'*)l

F e szm‘_ +the

/ ~—
/Io 31 heigt of on
« 2§ \34 """f’_‘y tupbrea S
Yo 40 N -

13 18 4o .

- noRce +the struchues) rmra—t\] halds f"" avery

node -
g We also store the hc.jhlh of e
Subtree at evey nede, or we can

alse store the balance.

Cusually o wall store the lheight).
J 7
he O(\oa n)

Tt w obe te haight oF an AVL dree
with A nrodes-
. a .
Then ne.cessn.n\J he O °3") # nodes

hz.jm' 0 : .

height I OQ % ”

has -=_-|
haiJh+ 3: // . L+l
’ ’ ! \ :q.
‘ h= 1. 'k \ \‘
Tn qenesal, leot N—c-h\ = sma\lesi' % of nodet of

height b

A A

N () \ 2 3 G 5
Nch) 1 by b * (k% 20

NCh) +1 2 2 s
We see NChl #l s the Flbonecet nwnLuS-'
Ce FcoY=0, Fa=V, Fei) = FG-0 + FG-2) Vinz.)

s'j a eas induetion fnvf, we can show
NCR) + 1 = Fha).

we know

Ta ruh’m\w,
I BT
FL) = Ne ¢ + 9“\.
Thesefore
o h+3
NCh) = ﬁg{) + B
HU\CC, ,ﬁ;r Gr\] AVL +ree .;z hP_ijhl- h,
# 4 _ ~ h+3
edes + ny N0 % g
and so

W |a3¢u§,n) -3 € oclen),

NCw) = N =) £NCh-)

¢—.; -Hra.d-e(‘lu rehe.

AvL OPERATIONS
INSERT, PART |

WAl

.@' First, we catl gSTinsert, and thea celsalonce
the ancestrs  of %
AvL:insert Cle,v)

2 e BST= ; insertCle,v)

while 2 is net NIL do
i Clzleft he-j - acjh%ha;jh-tlyl) Ahen
Let ¢ & talles chitd of 2
Leb x « taller hild of Y
£ EL reshructure (x.y,2)
break
2 he.awf e\ A—maxc 2. left ha(jwf
2. njy\{-ho.jh’y}
9 e sz,«-

RoTATIONS CoF asts]

g( let T be a BST with & node 2 thot
has o child and a jm&ck’;\& .
Then, &« ‘rolHen at % with rf.srtd' o
J b x" S a rc.skud—w(nj of T such

Hat the resolt (s c-ja‘m o BST, and

0 M F e

suk-kea  refesences have been f_ko'\JML ety

. ot #,j'%.
Ql or rgs'('oy'mj bolonces ot AVL -trees, we want
the ,fvuf vototiens that moke the medion of

Koy, the new root

® Rijhi' rotakon ; xcnc%. /%A /3

We want j 4o become

AZ Kﬁdﬁ

® LQ{"}’ VD{'D.'Hon-' %<34X-
We wont j 4o be the
oot
rotate -left(2)
( Lje’t A h+
2. % njh‘r e— y-left
3 Y- left & 2
4.  setHeiqntBom Subtrees(?)
< s¢+l—le_ajv\+ Fom Sulbtrees Cy)
6 retuen y

of the subbre:

@ Dou\o\e—r'\jh{' rotation: j(,«}_
we want x 4o be the

oot

@ Double-left+ rotedion: 2eLxey.

We want x 4o be the
root ) / \

%
# can  also be wdtken as A |[\
sinjl!.-;-jhf rotubion ot Yy —It
and then a s'mj\e-lq,{— A T

rotation at 2
( double- rotation)

INSERT, PART 2

Q" We now J'"’ +he \mr(c.w.nh-“uv\ of restructure  in the
insert f\,w_\—',m 'f’“ﬂ $he ,f;rsi Fo.rf,'

reStruchare (% U’%)
/ node x has rnrtn{' g 2 Jm
¥y alept ¥ x=yle® AN

¥ oz
Lrn-l-n 2

’

retum cofute- nﬂM ) " ,;jh\- cotafiorn

2.
3. else if ‘J-i-leﬂ X %=y ﬂjh\' p 5,1-
4. 2. left €& rotate-lebly) e
S. return  rotate-right (2) V4 A.\.\,lz-ﬁjh* rofofion
¢- else if 3=%-ﬁ3h\- ') ,<=J.l¢[.+ / 1t\’._1
3 2ot & rtate-dgrily 1 Aoenefe rotobion
8- return  rotee ~efr(¥)
=
9. else 7Ty
0- retun  rotote-(eFHC2) // lejt wiokion



DELETE
-g" Psewdocode *
AvVL:: deletelle)
2 e gsT::deletell) {1 v is the rw" 3 Ao
BST node Hhat vios

removed

2. while 2 s met NIL do
3. i§ Cl't.h[-hhziJH'—1_.d3h+-hziahﬂ>I) then
4. let y= Jllas child of T
5. let g = 4ally chdd of 4
/" ("ow.ak 4ies 4o p*"f" S\'r@l& rotekion)
2 e— restruchure (x,y,3)
/I do not breaw — cantinue up the ro\“‘l X
rmtute if neaded .
3- sd—Hthi-Fvwhgn\,km: )
g- 2 G‘t-rw-\-
RuUNTIME
E Rotl inset & delete have fun-fime
OClog »)-
Whit - heiger o dree = Otlog A
j 8c)  time

rotations izke
- so delete takes OL\ojf\)_

- -HJM i

(evel B neve rotete.

CorpecTNESS CFoR zuseRTI0N]

g If we risteucte b ¥ Au-;nJ an
inserfion, +then
@ the subtree
@ the subtree has

thot it had befert the  insection.

is  balanced i aad
now Fhe heignt

Pv_o_:_:}_

Case 15 ¥ s the Ik nede
befre: bolanced:
before,
i:ftmd - x has heignt h-2 \:Aful‘&
weignt -t u,\::hnwl - C has weignt -1
[}
W »/ After yoluhon:
3 $h-2 "
/ . - 7 \>c h-1
%X x
(A
AL \
wier WR2er W2 Tk
w-3 -3
Case 2: X is the njm child .
et
k3 h|:_ & bufm‘- '3 W

N
it 9 7p>"“1 wt oy T e

7
\ )
h':A x h-h—l. A <\ /p
A waer W2or e

w-r e Wlowg e

SCAPEGOAT TREES

@ “Sca.rcjo.f trees” are BSTS  suech that
(@ Each node v Stores the site of its subtree;

and
@ v-Site &€ & ° v.rn.rui--s'l‘te. .for all nodes *thot are

not e oot

4o
30/ \ "Eﬁa-mlﬂe, with o=
50 ; 3
/ N \/Q.,H Ahot
20 o 2
o / paine 7 % v-size
6o for oy PM,\{ l: of ony rode,

HETGHT = OClogn) h
((:? A"j scarv_joa'(' +ree  hos heijm OCloa n).
f’_vgt!f~ At ang (eaf R (Cwhich has site 1), the
poveat  has site 2 —;,- by aef? g o
Scapegost e
Rtfznﬁv\j Hais o-\jqu“, the Jmﬂ&-rw* hes
Site > (‘%,‘)1-1 ond S0 °"-

As the soot has sire 4, it ,f-.:le...s Fat

(5 &
whae A = Wmor J&r"’"‘ g o leaf = hlizjb.).
Thus

A ¢ \Oju_)('\ﬁ € OCIDS n). |

_?E(LFEC.T(.\[ BALANCED BST
|' A 'rufuﬂj balanced BST™ is one whae for any

node  V, we have 30
. e 7 N

.g | v-teft size - v.vijm-nu\ < | J ,"" S0

() ’ \ /N
. © 2 ¢
ven -3 = %o ©
2 Gi yq n-node  BST T, we  can s “ys '
sS

bui\d o rufecﬂj balanced BST with the
Same KkPs in B8¢n)  Yime.

INSERT

(E?| Pseudocode :

Se ejﬂtﬂ‘ Tree t: inserct Cle,v)
1. 2 & gST::insert Cle,v)

it pEve ¢ 7 max § pleph-site, ped nhsive] then
mmrll&lj rebaild  the  subirea rooted
apoas o perfectly Lolanced BST

. brealk

2. Q & stack initialized W/
3. uhile  pe "[""‘"t % NIL do
&. r.siu.-ﬂ—

S. < -r‘,.sln (r)

. ep

3. while S-site 22 do

8- pe S pepe)

9.

0.

(yey

gz insert has worst case rankime B0, but

GMDrHtcd cunhme 0(103 n) -



RANDOMIZED RUILT BST HAS ExXPeEcTep
HEZIGHT ecIOJn)

g, A randowizeh  Luitt BST has exfec

" © tlog n\.
gl Here, "raaAMlj built’ means we Yale e

and insert items

ted hcijhf

P'-rmuh-ﬁm Crandomty) o4

the order of said Pﬁrmufnh'cn.

l’_vga}. Giest, e (Fvs!' itenm of the prm T

becomes the voot™

Then, once we

t
o K BST of sine
see ¢ 7 .
40, i} TS
mof‘LtNef'

L
PCfint tem of TS ) A
of Yhre e wl P s

Lknow Hhe ook i

Thus exp. \r\ﬂ-'.clwf

o) = |+ max i HLTD), HCTR L.

Now, —define YCTT)=2”“'), & Yea)= ELYCM],

/
Then
ECHM] = Eflnjc‘/un)]
£ u,j CELYCTN) .
We will show Ec\,m)]_gc,‘mal which implies
Head £ l03 (Cne®) = 3\0}0\-\—0_

So, (et's do So. We note
\ ¢ HCT (TMR)
yem = 2 + max ¢ HCT, H Al
- | Hew) HeTR)
= A maxtL 2 , 2 E

HLT,) HCTL)
£2(Q +q )

= o ycm) YWD,

KI\A So o
- L
Yeay = 7 (296 * 2Y i)
S0
= L2 v6).
£
Now; we Show ~f“scn4—|)3-

Base: azl D wegwtO @ SRR
nt=-1 D \[Lo) 2 vk 4L

ns0 = hdj
a-1 3
Sj'_g‘; Ya) = B‘;ZG.H)
i=o
3y S .3 ¢ nteat)®
= Til = A -1 m

8 needed. @
ExPECTED VS AVE
Ql We lnow

Ecm;jm o RST) € Oliog n).

ot
avg of hﬁjbﬂ' of BST is ot gL(aI n) !

g We can show the uvu’oldn. he'.jH- of a

L
BST i in 0 (An).

g:; Tnahuition on why: ]
Pcrumlnmlj built BST  has w'_ j = "‘_
B\A\-
% esTs ‘h
s v shepe 4 BST on n-l items

# B8ST en n items

) \
= -
CCr\) b

total # of BSTS

whene CCL) o the Calolan numbess -

@ have a h.rjg_ space ovar-head,

TREAPS

g: A Thep” 5 a randomized version of o
BST, also called o "rvioril'j seacch

+ree

Q; A +¢-uf hos the ,fv\\owing rforerﬁts H

@® Each node has o KNP ond a rriariiy

r/'
@ The 'N'O.n-r acts like a ST wri o the
KuPs;: %

# eviryore in leff & root & evm:‘ona in rin

® e +rr.ar acks lLike a _Ir_l_e_ar wet to  the

peiecity.

the item with max lnvior”\J

& each node shred
monj AU nodes ia its subhree
e 1o
3 y 76 “ A the I/.zjs
4 B the pronkes
\ /5 \ !
Cstored in  an on‘aj).
6 13 1]
! 2
/
b
Q

TREAP INSERTION

-9: When inserfing info  the dreap, we

Jms(-
® BST insect; and
@ do "'Fx"“r “ %o reshre +he hza.r— ocder rrorer{j

{or the rﬁbriﬁls-
“‘I"ﬂar i ,Fm-ur- wi(’h-ra{'uﬁnns (?)

// ¥: node whose rviof‘”'j moy
¢ not NIL 3 %-ryiﬂr;l-j >j-rvinrH5) do
|¢f+ il of 4 +hen rnhfg—rijhfcj)

hove  increased:

1. while ('_] € %.rumi

2. oz is the

3. else rofnte-lefily)

.kear . nsect (e, v)

[ n e P.size

2. e BSTHinset ) s vt A s the leaf whee b is now
. Stored

3. pe random ()

Y. ¢ pent +hen /! chonge rriﬂr""ﬁ of other node

5. 2 e PLpl, 2\ prierily € n-l, Pla-1] e

6 ,Fx—ur—uii-h—rohﬁens D)

EE %-rrior'\l'n €p Pcr] e

3.

Fix- vp- with- rotaticas(%)

RuN-TIME / SPACE

? Note +that “treaps o
O BSTs with expected hg;jhb OClog n),

and so the

ected  rantime of all orem\ions is ©oClog n);

Since we thre

He BST, ond rwr-refutnm & rvioriﬁts for
each node .



SkIp LISTS

g A “Shir ist' s a hic_rnrehj
' Soy ey Sy, Such +hat

S n& ordered

linked \is#s Clevels)
A —o0

Q@ Each st S; contoins the srtual l“js
A +toD, called Ysenhnels";

® S, contains  the KyP of S in
ordesr, and +the other lists store M/

® Each st is a Su.bSu‘uﬂ.l\cl of the rrevious one,

non- Jer.rda.siﬂj

e
S, 2 gl’g,..zgh; %

@ Sh contans °"‘J
9 S e
v S *

+he  Seanbinels.

Sz PPN
{
> 65 —> 833>
S, - o8 —>3%
4 ,0) A (83,0) 3 Cyw) >
) 2 (65D P QW) @3,
So —0a (B>

?:_ Notes:

© A “node” in o skip list s any node i the
no
lined \ists of the hiuu-dnd;
@ Eoch node has two references: . "
to the next node " +he

- "«F’f‘e" - fm'v\"’s
- LLQ‘OI‘J‘ —_ rm'-'d's to the Corlj
Si—t
@ Tre  “dowes" of & key k is the set of all nodes
that contain  k ;
@ The "ha;jw-" of & fower s +he

Such that tne ‘ower includes & node in

© The "he;th'
of o fower, which s 21\:&‘ Yo k-

getPredecesors (k)
gl LJdPN.AmSofS(M) is o helper rouhne for insert
& delete.

Algorithm 5.3: skipList::getPredecessors(k)

os— 4he node in

maximum index ¢

S\';

1 p < root
2 P « stack of nodes, initially containing p
3 while p.below # NIL do
4 p + p.below // drop down
5 while p.after.key < k do

L P p.after
7 P.push(p)

8 return P

z& Eumr\t-'

// step forward

L

uses

oS
g ‘su-""'h‘ s vey s'm\rkg,- it '\..s\— jq-Pvd-Eczss

Algorithm 5.4: skipL
rs(k)

1 P+ getPred
2 po + P.top()

3 if po.after.key =k then

4 ‘ return pg.after

5 clse

6 ‘ return “not found, but would be after po”

// predecessor of k in Sy

i i iaht
of the shir fist is  the maximum hej

For Linse_rt,, we frst call ‘jd’Pv‘J'-"-s""'

which  4ells  us  which  node would rfau;Ae

the  insefed VP ot cach  S¢.
Q But we detumine whether k  should be in
l :

S; rondomly; in ra.rh'r_u.la.r,
)

P(tower of key k hos "“ijm %) 20

‘Algorithm 5.5: skipList::inscri(k, v)
1 for (i < 0; random(2) = 1;) do i++

// Do we meed to increase the skip list height?

// random tower height

2 for (h < 0, p « root.below; p # NIL;p — p.below) do h++ // compute height
3 while (i > h) do

4 | create a new sentinel-only list and link it to the previous root-list appropriately

5 root « leftmost node of this new list

6 h++

// Actual insertion
7 P« getPredecessors(k)
8 p < P.pop()
9 Zpetow < new node with (k,v), inserted after p
10 while i > 0 do // insert k in S;,..., 8 Si
11 p <« P.pop()
12 2z + new node with k, inserted after p
13 z.below < Zpetow; Zbelow — 2
14 | iei—1

// insert (k,v) in So

v,

.Q3 Eﬂ’-"‘]’lu
Tnsertion of kg\j=loo, with fwe deformined tower

hejjl/\{- =3.

9- To delete in @ s"":f‘ list, we ,ﬁ,.d +he k‘J
{

(which qives the stack of predecessors) and
that +  wos in.

then

. remove it -fvom all  lists
8 We also "clun-ur" +the shock: i} delc.ﬁnj a
k‘j resulk in  multiple lists Hhat store only

then delete all  Lut one of them.

Senfinels,

Algorithm 5.6: skipLis k)

1 P « getPredecessors(k)

2 while P is non-empty do

3 p < P.pop() // p could be predecessor of k in some list
4 if p.after.key = k then remove p.after from the list

5 else break // no more copies of k
6 p < root // clean up duplicate empty lists

7 while p.below # NIL and p.below.after is the oo-sentinel do
8 L remove the list that begins with p.below




Ellen(S)) =

T 10 & swip ud, e legit of
. n
a (ist SL S ZT

PL‘;E{' @t %X, be Ha ov 4hot danctes e

hejjm— of the towe v/ key k.

et T be e indicator  vodable

Hat s VN K>t Cie
h:j ) & © otharwise -

st Si contains

Then
sl = Z Lo
ke
GAL S0 :!l‘
elis] = 2 ef1,,]
leey !
= 2 (pex, )
= Z A
g 3
= —;‘.-‘- 3

EChe..JM of SL) £ l03n+ o)

't

Pv_g?s— wt II: ba an

ExPECTED SPALE

The exrcdd- Mujh{ e[-

~most |oj(4){-0(_n,
b ver sk Ip=) if

lS,-_|>,| & O otherwite-
et baigt (SU) = b, e

Se, . Sa-

Since Sos - gh-( all  conhain kLJE, +aus

we 2 I;.
i70

Then, note that by oY Jet & LS,

so
ELT;1 € min §1, 338
I i'}‘:(ojn tHhea lc:i‘—;’ So we use “his o
“brealt “f“ +he  sum
In rw}im(“", notice
Ciogal-l
ECw] = 2 ECTT ¢ < ecx] + 2 E€0sd]
T izo ¢ i3fieqa]
rlgn-'—l 7
£ Z a + T T
i=o i2[iog a1

< ogal + Z 20370

Jzo J +Tog »]

N

'Djn+‘ + Z%

3+ lnj n,

as needed. @

0¢n)

The expected  space of a skip st is in
O¢a).

Tn ro-r‘Hm\o.rl +he gxredd aumbec of nodes
s 2n+ 000

of- Each st S hes  IS;] modes +hot  shore

l/-ejs. .
Hence G_Krﬂ.b(’l'l E of nodes with lﬁ&l‘ S

e[zl = Z oo s n T
1720 t7%o° L7,o

thot do aot shre Leqs

There oace 2h+L  nedes
Sh)’ but we

Che centinels on each
have ECh] & logea) ¥ OLO eoln),
% so the bound alds - 9

ust  Sosrs

3&\'?'&&2(&5Sor§. G(f‘ﬂdﬂ Sﬂr’ of sl)

ﬁ Du.rmj

jzt Predecessors’, +he ur«.ua aumber

of forward-steps within Nist  S; is of
most |-
Proof - et v be He \oftmost acde in list S; that
we yisited  dudng the Seosch.
I izh Cthe topmodt st) then we do nof
s+ef {o‘.lo.rd. at all and oo dore, s
assume  ich . we reached v \'_'] oln:Frinj
down e NSt Siy
Lot w be +he iem afkr V in Se
Consider the prb. W Chep forweed  rm v to W
iF w alse exists 1o lisk Sy + then we camroAJ
Chefore amrrir\j Jown P V) the seach |4.gj Kk with
v-\-kej.
So, we must  haw  had k& w.l«._j, else  we wauld act
hove  dwpped down fom v Thus in list S we will
iw'\ﬁ{'dj d.qr downr -
Sit1 ) R
S¢| |—>| v |—>| w |_>| |_>| |
Taluma the °"‘+"“'j"’"'ﬁve, i we step focward  from

v in lSk S;, +hen +he onext acd@ W ia S;  aid ot

exigh in S;q -
the Hower of W had ho.ijh-} exad—lj
because fhe dedsion

TIn other ords,
The FWL#L”MJ

of s i 3.,
to uranA the Hower of W

o +he  list above
was  based on @ coin .Flir"-

So we stef ,fwrword fom v v/ rnb <Al_

fLCfeuJ-m we S-&:_r ,fm—mm‘"t fom W

+his mj umaat,
" +he %rs*

ot w

with r,,.\,(J_
F\u:n.l so  +he r,glm\silil—:’ of Hhis hafruﬂ'.-\j is

rnsuminj we acrived
ot most

,F.rwnl

Yy P—efmﬁnj, we see e ‘f""" of stepping
U Himes s Ve +
Thus *
ECH of forusd steps] li PO of farwekosiepS S
2 2)
= Z‘:‘l ¢\ @

27\

EXPECTED RUN-TIME oF SEARCH / INSERT/
DELETE TS O(log n)

? As obove-
Proof-  Rrsk,  exp- on-time  for JMPre:uw.ssurs is
ocecmirj)
whee B = # of ,f-rw»& steps  on level S; eoL\an\_

EJ e [’""“’“5 resulfs He exp- fime ,f.r
sz‘rtdaczssws s n othn)

“he Fu.dld!“ufs are ‘me& PA\l obhar orﬂ-a-Ht'mS

Once
tuke Olh) ¥me.
This  has o ollegn). B



BIASED SEARCH REBUVESTS SPLAY TREES

e Sela 4rees ore BSTs  where a.Fh.r gverj
S Tﬂ TIC SCENGPJ'O 9‘ :fjdim‘ we “i’f’l‘J 1'\J -'ta.j of 1i3-»z'.j rotahions
gl In the “ctafie Seensnod’,

hond  Wow .
we o b Cand  pochaps one S'I':j\a mtotion of e mob)

be chisd- " e mo+-

u (s oing *o . .
f"‘ﬂ"”‘“ﬂ o ey 33 _ So +he accessed item 1S
R c D € o
\l_a.j A < ﬁ,_ Here, . e ust deuble
accss-foq, 2 30 © “aigrag i et
u.cr.us-rwh 20,0 8 'l "% Slag mtokions; we do these if the
?' Terms « \‘l_r_j" Yaw\ containg o left
2 “ +imes ke o
@ ~ Access 4."1""\‘:] —  amount DF Y £ ot Chl(dl g‘_ -
“ . : e
s accessed ceasses ® “%ij_%.:j otahions ' are ,_,.”,(.ul £
K ogent’ on & o
@ *Access rw\whilh — properte o S path contains Awo left °f
for a ll.ld fﬂ

' fwo  dAqut children
: ? Ta rarﬁm(o.r, we uoat ‘o f;.\a\ +he optimum . "‘j
3

a ssijnme.\’r of l“J s to locahensi 0
ie +the ass'\Jr\MUl(' thot minimies
]

. g ke
le::r. aceegt cost = Z- PLuwant To access ) - Coost "6 acRssg ) 0 m

ey k e
DYNAMIC SCENARIO A

.g, Hese we do aot kaow how ,f\At(\lJ\HJ 'S kLJ
I ' so we connot “‘°fe te Az ix zéxA

HY 5oinJ o Lbe accessed 5

bild  the best-possible defn  struchue- . TNSERT
truchare  when Y
dato.  struc E?,I Pscudocode

items  that were
Algorithm 5.8: splay Tree:-insert(k,v)

g R the
gz However, we can ohll cy\u\jg

we have acecesses,

4o Lﬁ'r\J tvose

access > < BST: (k. v
where  the next 124+ srinsert(k, v)
fU‘-ZI\HJ accessed fo a r‘“‘a 2 while (z has a parent p and a grand-parent g) do

3 if () then // Zig-zig rotation rightward

will Le c\nao.r.

. {1 ©
. . A sely  linely  we wi tate-right(g), = + rotate-right
- I§ we ocwss  on item , R R} {u | j 4 | p.ﬁ rotate-rig (9), z < rotate-right(p) . ‘ .
5 else if (9. then // Zig-zag rotation rightward
. . n &
access it agoin  S0o° ¢
“ j g ‘ g.left < rotate-left(p), z < rotate-right(g)
- “temporal  locali 7 | elseif (). then // Zig-zag rotation leftward
B

movE-To-FRONT /MTF HEURISTIC N A

‘ _q.right/e rotate-right(p), z < rotate-left(g)

8
L:ST 9 else // ‘:’”\ // Zig-zig-rotation leftward
. ing -he most b
'?'l The MTE hearistic nvolves Mo\llf‘j e 10 l p < rotate-left(g), z « rotate-left(p)
i 1)
unsorted  list 11 if (z has a parent p) then // single rotation

centl ssed item in an
A J occe if (z = p.left) then =z « rotate-right(p)

else z < rotate-left(p)

12

+he Foﬂ“’ 13

X ExMF‘U
N I e G e NN e N :
| search(D) W ® @ ®
[ {2} B ¢ }{E] f‘«f Y e
| insert(F) - @@ A [)]’/\6}/
A, o

[(FF={Dp}F—{alt—{B}—-{cl—{E] %?3-%‘3@ %433\3
Q; Tne lheuristic  is “1-comreh'h've": .

i tokes ab most dwice oS many comparisens

that would have been talea using the

orkml stabic ard.tn'"\j.



RUN-TIME ANALYSIS
g Tne amortized  ran-fime  of insert i
0(‘03 ), whee A s +the site of the
4ree.
Prool- Tor o s];lm..1 srae §, let the pott fenc
3 = 3 togeny))

veS .
whare  ayz site of the subtree vooted ot ¥

Cleorly :ws TR r,,fu«h.( fanc (to)zo
420 a3 w,v)-
Insart hos three phosest
® RST::insert
@ Er'mj'u\j \,.f +he node wnth q".'j"“-';j
% 1:'\3-%::3 rotation) % -
® Do'mj the  Clost) sinjlc rotetion.
lemma_#1: © inceases b by o mest (og -
Proof - (af +he nodes it o path fom t:‘,d--
e rob Wt tho WS 242 v
Al “"“"j 1, the site .{ -(-L.... s-d-:tl-s
o all 2,y ER incesse "_‘j \, whilst it 8
wnchased of oll other nodes- )
Se, tontibupien o b ov\(z r_ha-ah
T B, and A ruﬁw[w

o ke "wﬂ e ke
Az g A S0
Tl«us
Ab = z lAﬂ(ﬂvH ) - lns(l\v )
N LY
7 loglay Y+ 2Ulegln )-‘ojtn"f"))
N~ W=
[ qu<
S o + —i Cl a ~ lo b
sy Dj (T3] j '\ik )
aftes L"fﬂ'ﬁ
+ (°j a4 "~ (uj A"*J.
- b Ll]cml | af Le
= (bj r\__‘:f"‘ \°j ".;l + l:j nu - lnj “an
21 A~

<& logn
wS weedod . ﬂ oj
Q_ﬂ"f"‘/j—)i ot ©; be o %‘lj—inj/%i:j-’ﬁj rotodion
—_—
thet moves * fwo  levt!s up -
= e
Then §‘4*"ct)-\ e i (’Oj) S 3\03('\: "3"‘3"‘1 -2
J
Poof. See T8
‘i pror lu  show The amortived rua-
Main Wﬂf . we ,ev\alj
fime of nset is OL(Oj n).

= i -
Note T (C:nsm-k\'- 4, whesR d= d2p b oo

root 4o T
5 i~ 1nsact be
o+ *tre seq -.ﬁ ormi-sons g
° .
01' ’o'l-il, ANl crR
T T
2Tz lnset 2%/9'\'\3]&
Tren
blb(.'msvf)

= Bl - dli-)

itk
= Z(lb(J) - b(j-”)

en
= 2 A80))

J=E (4Rt ) . - N
< | + i C3lejc,.;l‘) - '5\::3(!\;-_' ) 2) + (hjtn; )'?"’_jt"-: ﬂ-l)))
=9 vyl ,
J tq-2Uq °F
A DR ADCDp)
?:"j'%ﬁj
CitR)

o ~
< loj n+ 3"’3("1 ) - Z(DJ (r\i y - 21D

£lojn+2lojﬂ-2ﬁ+2,
and & .
%l w2
( - st ¢ Ced) * °a
ool (iaset) 4 ABGASAD g o4

as caedsed = € OClog "D
s .

(as 23

BINARY SEARCH REVISITED
?. We caawt as  better  than \MN'J

.. - :t-_:]-"yh’“@“_‘]. comparsen -based

'8;_ Buk, we con do % bit bettar;

T Sheve constant S U
g3 But, we con do a ot '] ] r rﬁ

e )
?q We con do  aven batier!

ANY ComPARISON-BASED SEARcH  TAILES
_n-((c:J n) TImE

8; we want rnvt o lower  bound afv’
! Seoﬁ\n'mj.

8;_ ﬁnj seacch +het S mrwism«hsd; among
A elements  Fakes suclog a)  worst-case  +ime,

even b the clements ore  torted:

?vwg fx an a\aoviﬂ‘q, and look ot ity dedsien
Yree.
fe: %y we ol anwn itams
<« \5 ('/‘/Ixzi 8
LR, Wi, we Saerch +' k.

SN D

We wost €0 show we have a loF of
Caccessible)  leaves.

In rwﬁulv, we hove ot \eost n leaves
Cone for eoch )

Thus, the kight i % logead e_n_t(.a.). -

We can also nofa

vaight > T(adu)’l.
waevgr' we alge have ntl not ‘F’\Md

(eaves, corres rnn.l'mJ +o

ke(-e2; %51, ke (oK), oy e Cn, +o0),

B In peb we can shew e "ﬂj“*’fﬁojaam‘l_
M' In rﬂfﬁmler, we now show

# of leaws > 2n+!

(ond g0 Mascnf 2 rlojcuﬂﬂ).

To de 50, we craate  2n+l  instaaces

_K.<x,< Ky e & Ko
Sn.-cklna, P x; cowd resuit n the r"ﬁimmﬂ:
o, Ky, Ry, ., Rant
Seachi febwean Bi*
Ry, SRR, o Prea )
Secch oukside?
*J
C-08, %g), (Fn-y +).

Clawm: no two each the Some leof.

Poof by Contrudickion. I
Assune ke, LHK, st

we reach the Same

GO teof
3 Ten k¥x; Cas othwwise W),

H So it ,F,“,ws He leof must be
3 o Cnot et
*
leaf ceached wf
Wk
Consides e above umr\;.
I,\ ]»Hn_(", we have *h \‘ h-II I““ < &, M‘- S$o on,
Since k'.h." o ot /fb-mds', o must exisk  am
X between o k% K
™ .
“ h‘Lx; <l
Sor seme Xi
Thea, a seoch for N would reocdh axact
some leaf, which is < confradidn  n ey

laf s o ' not ,f:lmd"



Chapter 6:

Special Key Dictionaries

OPTIMIZED BIN SEARCH
g Normal  binoey Seorch  -talees

Temy = 2% TCh) = 2oy,

But con we do berter?

: g Pseudocode «
2

binory - Seorch- .er‘. e (A, k)

. Re0, ¢en-l, AeO
/A is @ boot vor that tells ws whatter

we're in ke \eft subacroy
while €2¢7)

mé L&;—r)

it Cpml e L)

olse  rem, %€l
# (keAlR]) then

cetuen ot Aoweds
(A=) or C(kEALRD)  thea

then Ré&mtl

L ACR-3  and Ate1”

else
redemn ‘.rf:utd at Ace3”
b ACR] & ACRH]

T oy Ew®

dlse  retun  “not fred,

93 We claim
® +nis Aldni%m Jerminates;

@ s j“"s the correct answer) %

@ i wses o oSt ﬁ’j nl+2 umrarisms (withaut m)l
whidh is  about )'u:’cz..,,ﬂ 1\ w,l,,,i.,,,.;_

@ with Ha B, His uses £ ﬁojm.nn)'l compacisons,
so this 1S orﬁmo.\,

nggg See TB.

TNTERPOLATION SEARLH

assumes  thaf

Q| "Tniwrolnﬂon Sacech”
array pto ...n-l] OY, M

© we o gia o
in  Socted ordes i &
@ we woant to secrch »fw the oumber k.

.g;_ Tdea: ir‘+uro lo¥ion - seerch
i//____fi_——ﬁ

2
bin —Seoch M=L'%r_|
= p+lale®)
Considesr  seerch (100).
D Lin-seorch saeckes  naively in Hhe middle.
2 «‘nhrlpuluﬁon taorch  sacches  based  on  the
‘IC'\AfB-IV\“S" o He \“j" and ;,ﬂq‘?ellﬂs
whee fle ey would be .

I r"‘h.‘“lﬂf, we aefice  thaf
ACe] - ACel =380 (she “disoace”  btiwaan cums).
Thea
k- ACR] = 6o:
3

So, we sheuld sesch 4o 100 rnu\th!’ %:T' n He

rn;\aﬂ .

More jenern\h, we search at +the index,

ACr]
L+ (r-2)
o pCel-ALo] \_?J
stort index roko indiceS in (gl\\j(

and  otherwise, e seoch works ke Lin-seorch-

((33 Pseudocode:

in(-urn\a\-im -sesrchCA, A, k)
20 , rén-1

1.

2 while  (R¢r)

3 it LI:<HU7-] oc k’At"]) Rtuen not 'f""’d"

[ § Ck=ACr]) Hea etun  “fownd ot ALT”
|- AL2]

5. me @+ L poam” cr-2))

€ (fOCACM] ==k ) e reten “ovad ot Acmd”

2 else if CACmIck) thea Qemdl

g else rem-l

W we alwaf rehun ,S-f‘m somewhere  within  the

while lsn’)

T*Y OF INTERPOLATION SEARLY IS
O(los log n)

?’ We con  Show ander Some assumrﬁms,

‘T“’J (n) € o(lz IOJ ﬂ))
woﬂ: see rext pge for prf vl o ceslisetion.
T OF INTERPOLATION SEARLH TS

Oln)

.g,' We con  shew  Hhaf Tw“s‘- of in-h,-roh'h'on -seorch s
bad
ej Consider
o \ 2 $ 7 u
and lets  seach Aor 10-
Thea pCel - ACR) & h_ug_e! D> so mMmxR+to=o,
Ten our rext  lower bowd %1, ond g0 04, and
e we [look at evey elenent!
92 In Frn—Hular,

worst

T () e B0).



OPTIMIZED INTERPOLATION -SEARCH

8] Psmaogool(: S
ink glaHo/\-Sﬂ.o-r:.h—an(F(d(A,n,L) 93 Moreover, avy # of ’”ol,cs s 25.
(- i CkehCol or L>ACn-13)  reteen “not 4:».%" P%_ offsetel) -.dIm
9. i ClsBAtn1]) cetem “found ob index "’ A gk Gughokok X
Re0, rén) 7 ATal gl ACE _H_‘ 1T

1] ane  been chosen

whie CNe& tra-D *1)
o ALl & ATl

k-ACR]
me £ rm:r',l-nu.] cce-g-0]
un'l{prm(}, ot rondom

3
L(
) ACRH ...
6- if  CACmI 2W)
* E(_.n.'rn\-es) £2.S.
b3

ASSere  Aums "

c |r\=l,?.,...
. 16”4(;.4)]"&1[ r‘em-m-;_r,m+hﬂﬁT§ we  waat
9. if te'er or ACAT>K)  then rec oand  break Then see thol
0. et . F(*rm‘“’-'):': F(ﬂ‘-r;ol-es’,l)sll &
([. & CL=pCED) rehom “foued in . .\
.i. ;g ehen " ’tf'ffp,dfo s dngex 2 puspebeszs) = FALH G 2 pobe] <KD
. e no 'Y
= Plidxt) 3 m+ TAw71)
t m =medn zme2dn - (whoe idxt) s a o that s e Ir’j-af | AGILk)
1 T [l [l |
o m sy 1 < Pigxte)-m) 7 AR
o ) T vB = P(lidﬁ“‘-)' EC.‘htk]ﬂ”t)
we ompore o and oin . .
b @ bk e e b gy heppig ¢ VY 0dx0]
) whe hece , if xNn cach Hme unhil N Cvexy= VetXl).
P ACwT k- - ACm+ AR >k o ched e *
che
So: Hla iden s - mexdR s out of bewds J
0 N ) w:wu-h. More rwhu _rhg,\’ see that oFfso_K\‘):]dUl) -2, &
wasonte -
?’ . j e subsvry  hey e OR). ?l.off“"“‘) =) = P(QWHJ : o $le €271 er(a, chowr~
2 FoTea) = 4 of mpasisons on A numbers | Hhea nwbes e €L)
T = TCA') + # of f»w.s “Then acel . ACe]
unmle H -
whee  A'sdn- Plere o X iS5 k) = ]’(\-A/—;f—/-\—-‘ )
K in e
- kk-ALL]
ACr) -ACLl
and so -
=P,

rc"FFsd‘al) i) = ( ‘;\l)f[({-f) N—:_ ('lc lﬂlﬁzﬂk) € l?iv\(N/rJ)

Thas
ECoF{-‘sd—[hﬂ = Ny
© ETidxck)] = 2+ Np

<N
o \Jldxeh)) = V(-Em}lk)) = NF“‘F)“ g -
So V Cidx (k)] s
P Ackithius SR
S Y.

F(ﬂ:rﬂlvcs %3) ¢ ~
and~ in 8uua.' ,
rmﬁmwﬁfumﬁ.

So o
Ec# Fmb&i) = V\Zan hPC# rnl-es =h)

oo
= Zrk le-es %h)
-y

e '
S 1+ | =+ Yeh-2)2

~ — 7P

ws¢ he

I’k'- ot
z 1+;Z-L; =2+3%¢2s. A

gq Therefore,
Er.uj 2> & OClog log ). j

Proof  Specifically, we  prove
TI¢) £ 26 Tlaj leg A]

for n34.
Let's consider LeZY o.t-
L-\ L

2 <n £ 2

-1 L
<

L
3 2 < loj(n) < 2

S L-l <loJ|.nL,\)s L

> rloj\ojr.n\_l = L L -
Obsarve et Jn < 21‘- - 202)
2 )
@ log logCAR) < Lol rltjlﬁc..l'{—l.
f"""f \IJ induction | and  we ,..(a onsider  the s{q_r-.
TV € TG+ 2s, n's fm
2.5 \'\oJ lnICr\‘)_[ + 2.5

2. rlej lﬂa (AR)1 + 28
2.5C[tog I al-1) *2§ = -z.sl'ij I.Jﬂ’

NN A A

a5 needd. 7



DICTIONARTIES OF WORDS
WORDS .

5o uords” are  Stings; e an arfay o

?1 ) alrhah+ z.

chodS  in fome
. - +
% S}, Z=Mezz, ete

9_;_ Note words have “Li’m'j (u:an.

93 We sort words l:xiggphia“j?
Cia + rf i's'h
Cio c,n
colainie

Q* Comrﬂ"“"1 s-h"wljs

Fales Tworﬂ - O (mmilwl, 19,)7) run-time.

TRIES

.'g, A el s J.ad'\om.cy of words-
] . i . s
L S
another.
; This s swhs.{—ie.& 4

© all stings haw 4he

Cue dencte his l’j ‘steemp’ )

Some luj*h; or

A with an “'-M-OF‘WN'A chesacte
en

@ all s(-rinjs
\$1

0 1 0 1 0 1
w oty bo LY
¢ 0018 g \; 1108 \; 1113

$
00018 [01008] 011$ 1101$

A Note: items (uo,js) ane onﬁ stoed ot +he

leaves.-

OPERATIONS ON TRIE TAkE O(ix))

Tamt
Q Note +hat in o
al dake oClxl) Hme.

NO-LEAF - LABEL TRIES

-?’; Tdea: we dont stove Hhe actval hejs aY
. =

tie seprch, wsert & delete
[

the leaves.

-'(k‘?l, The i s tored ;mr\ir.'l’l’lj
2 |
Yo the \lﬂf .

f-hnu.Jk 4he chosactess

almj e ra‘H"
this  halves  the oamount

OF grncﬂ. needed.

3 Hence,
/o/.\\x\\ 0/.\1
S ! s ™
$70™1 01 UAL $/0,<1 ?1 O’ﬁ
CEREE NS RS NI W
¢ [0 ¢ [O1is] ¥ [1708] » [1173) PO L S
1 1 L
0001$ f t 11018 i i i i
010018011018 H :

ALLOW - PROPER - PREFIXES TRIES
g Tdea: Wwe rumd’ S+ormj words ot inteder vertices,

;%es
S0 we con accomodate words  that o ryqd:,

of o¥nes.
0/.\1
/.( \?
0 1 1
$/z<1 0 1 l)AI
e ed m o« —
1 $ 0 S0 $1  $
¢ bLe d 9 o b
$ 1 1 $
5 . . b
§ $
=] 4

PAUNED TRIES *
g Tdea = @ rrw\cd e s Such +:w\- :g stop
ﬂM(nj nodeS as Soon os the ey

anique -

In [)o-rﬁ cular,

s,

2 T
® a node has & chitd on(J i it has 4o
descendants; e ,,,\lj o few
® we save spoce these
L bitstrings/ % . (real numbess!)
@ we con Store infiﬂm biﬂh'\js
T T
) . ;\/0/&1\»\ 1
$70 ™1 01 01 oAl
s 4 e w0y (osion0rslooT) rovis] ' m &~
¢ & TUHQT 1105 $ (111§ mmm 11018
00018 2 g 1101%

@a Nofe +hat we must store the  fuil I“Js'

ey . . + <
.Q, Alie note that rm,\“ 4eies  ose the recusion “TrRe
!i

of  MSD-radix -sort-

0111 ooo1_f-o-1-000L /Ko/oums
0 1-
0111 L 001 {010 o 0108
LLL [ 0001 [~1 OLLL | {0100 ] /<1\./ 008
%}(1)3 010 | | ?ﬁﬁ? |, [0IL }o-1 0110 0 n/-
. g 0110 |1 !

1100 0 “[o111g]
1101 T T 1100 -0 1 .<”/-
B = —<1
%‘0'[1)(1) 1100 -1+ 1100 101 ~1-{7T10T N ~[i019]

= 1101 1101 | 1~ 1111 ] 11118

PrRunED TRIES FOR REAL NUMBERS

5

We can use rmML tnes to store mfmrh. JU\J-HA aumbers |

ee ceal numbers: "
Schoin” hos \u.S't ano\:j"\

f—n (’ﬁb\ildlﬂ

/o—o—(
0 \‘(l

\
0—C 01 l/\/ﬁ
\-—1—0704714(?



T IS A PRUNED TRIE THAT SToRES n
RANDOMLY CHOSEN INFINITE BITSTRINGS

D TP (seorch (8)) = 0('03 n)

? As above. (B is on ,\,‘:..“h L\ﬂMj)

. B.
Pl';ff : s’"j we skore B“. o B,\, and Seecch ,fp
Tien, each bit of cach B was chosen in

G013 Mifﬂrn’\‘j_
(o e sndicator variable
[, F we com 3]+
If. = =’ ' e rc«u 1 +o someene
Lo , otherwise .
o pocticue,
ﬁ: CDMrS ,ﬁ;r
Tlﬂqu let

ceovch (B) = E I..

we mmrMJ RET w/ Bu[;]
(' Lo, otheuise.
P(B & 8 ogre o fst @ bits)

P(I;,u_'— ') s

= (,L_); Csnce bits of B chosen

Hence mnnlﬂm[:]')_

ECI ]‘ P(I‘u. )‘ (z)
and o

EC1;] ¢

But since ECIT ¢, herm €CT.7 ¢ mingl, f 4

ond  so

E[%Iz] ¢ Oci) * (ojb‘)

(0
Te  rest uj e rwoaf Fotlows ke the qwr_“s'_
pref-



COMPRESSED TRIE
9 Hern, W compress rt‘““ of neodes
I with on\J one chitd-

. . N
-9" Each wnode Shwes an ‘ndex r_orrv.sru\ m?
- to P Jr.fi-h e MumerSsn.& e -

Lt 4o b tested

?—_4 Twis g he
Ms o sesrch.

aaxy

F wdert vl

m\,-\—athmram

. chi /ﬁ:r X
0T T when seoreniy N
A< Rt l 0 /’//@/‘\\ 1
0 1 1 07 .
/\,/ (3
'S/U,<I\‘ L\'R' Oﬁlb H'NJ\\ u/@\l
3 — A e -
sl ¢ 1 T & @ 2) 08 118
. © ¢ [0115] % [110S] @ [1118] $70 1 0 L § 1
UUSW b b ”fm 0018 (0018010015 (3) 11013]
$ $ s 0
01001%][011019] 0118/ [011019]
Figure 6.13: An example of a compressed trie.
R
g.( In ?c-'h't-ulu, we know every node hoay 22 children.
i+ has

L, .
?5 Thus , i the e has n leaves, +hen

€ n-l jnternal  nedes, and 30

‘+o+l| + of nodes £ 1r\+l.\

olny s race ,

g‘ Heace +the +vie tolses

A
+ies  uses Sl:mu. that Azfu\ s
DF +he words stored.

on

* ¢ we unlj considec  the  spuce talen
nodes .
4 Consider

ﬂaﬂﬂo‘ag.ﬁ
' =

whereas other

+Hhe \Er:j’-h

L:I ‘he

Se sraq S much ‘z'\:ﬁ&r PP r,,u,-a.L hae.

SEARCH 1IN COMPRESSED TRIES

gﬂ Congider

— O~
JOSEE O}

0

570 1 0 1 $ 1
foos] (o001 (0TS 010015] (8) (110s] [11015]
$ 0

.

g;_ Pseudocode :

. Search c001$)

e georch (0000%)

1 0 1 * Semch(not)
w @

search (1$)

Algorithm 6.8: compressedTrie::search(v < root, x)

Input : Node v of the trie; word x to search for
1 if v is a leaf then
2 ‘ return stremp(z, v.key)
3 else

4 d + index stored at v

5 if = has at most d bits then

6 ‘ return “not found”

7 else

8 let v’ be the child of v for which the link from v is labeled with z[d]
9 if there is no such child then

10 ‘ return “not found”
11 else

12 L compressed Trie::search(v', )

Run-time: O (lxl), whee Ix| s+

of the woerd fo seovech.

INSERT IN ComPRESSED TRIES

e
~

Tdea
® Fnd  where it should be;

® Modify the o put it there.

Q Delails ove messy B omithd.
2

D Run-time:  OCIX).

3

DELETE 1IN ComP
Q Run-Hme: OCIxI)

RESSED TRIES

he \MJH"

PREEIX -SEARCH
QI' Givea X % .S wnrn.sszd e,
is X @& rmfix nF a Stored  word?

Can alse be done in

XY
A

ocClx)) Hme.
2

muLTIwAY TRIES
?I These owe used to n.rrtiu\{' \MJU u\fb'“‘ﬂﬂ-

., . ,
?1 Main L‘w.shor\'- how do we store He childrenl

- need +o ,f;,.& Cduin seoech(x)

O/ \O Hhe child  thot  stoces x[d].
\——V\-/

(ARG
Orh'ons=
® Arrﬂj

@ List

® Dinﬁonar‘\!



Chapter 7:
Hashing

DIRECT ADDRESSING
-g' Pssume  each  key k s an ,'ﬂkjw—

(
with 0gw<Mm.

8" Then, we con Store e U3 Yy
2 ! sie M that

“5-,,\3 an array A of
. V.
stores  Cl,v) , vie AT ‘—m-, a-.
o T T\ 1
et d-‘J T’a—

?3 sesrch, insect, delete  heve 8y run-time.

S . (™M),
?., But the dolml space is 6m)

HASHING
gl We can do direct nd&"-“"‘j ofter M°°""fJ'M,
. Cie "kosﬁinju) +he l“-j-
Qz F\sSumrhons-.
® (u.js come fom & unvese U
- hypicay, U integus, 1V Finite
@ Size of hosh table, M, iS pre-determined
® We uwse a hash funchon h:US 4o, M-I}
thet maps indexes in U P an index
in fhe arfay

0 1 2 3 4 5 6 7 8 9 10
T: [s[w] Jelwsu] [ [ [s]

s = ~ 1
% VR, M0, ) = Womsd U st TG

coirLisions
B Collisions  octr if we vont insect
Clv) into  the deble,  but TCha] s
. o\vynij eu.uru,
.g Solutons -
2 -

multiple items at a location alternate slots in the array
(Chaining) J (Open addressing)

many alternate slots one alternate slot
(Probe sequence) (Cuckoo hashing)

(Linear probing ) (Quadratic Probing ) (Double hashing)

HASHING WITH CHAINING

? Tdea: use lists to resolve callisions.
1 pb——
PaX ]

, Each slor Steres @ tist--

»*
we use the
[ MTE  heawdshic

79— 46 —f 13 ] whea MM"j'

ﬁ

|

Nt

4

© ® N O o A W N e O

'S =~ |l
H

10

.%3 Run-Hme -

@ Tnsert: ow) + Hme do mmr.d-g_
hosh - value
- should chose Wik) so +ime To

:..m‘m-h. nw) 8 oced

@Seudu/u.leh: worsk -case 6003\'\" d TChew])
L this is On) in  worst-case
- we soorth in TChW],  which is o Wst

RANDOMIED) VERSION OF HASHING

.8’ We mndmlj F\'cb. the thash f‘*"‘hw “"‘°"j a\)
1

roSs’.Lle hash »G,Ant.‘HOr\S ‘m‘j

g'l This is  called +he .lun;{-.,rm hnsk'mj assumrhon.

g Under the vn;furm hash'mj aSSumr«)-)oq,

3

EClength of bucket iJ =

tist at TCi]

Hee, ‘" is called e “load factoe’.

Poof - Note  Phck)=i), B oseme Ly ke £ sbt i

S )
Plnew) =) = -
We hore n o kegs - o> =,
Thvs, e zv.r- un-+Hme ‘f'" on uﬂ&u:m$\ seerch
is  0(x). 1Z]

"{uw'_ver' if Wk ig in the "“‘-'H°"°"j- then

n-1
ECengin of budet had] = |+ T g Lo
< —~
his?u &of
+he budat

HGAI'-Q: wnder U‘m‘fﬂm hﬁfh;nj,

seerch, delele tuhe fime  OCl+) .



RENASHINC.

ey

(-@l We choose < LJ choosing m.

Haat
. : ase M se
S o, as n ncreases, we incr
S mall .
o, +AJS S
" rdnashing
2 This is  called  rehashing .
T
T o F—Oa—
0 2
1 e
2 79 16 b —
N =]
0 b=
1 11
[ o] —]
: {16 F—{ 9 | g en
8 i ]
— 20 @]
10 b

IF with m_hnshinj we ku.f e o), then
all ormﬁons fahe OCQ) time.

(k-))‘:‘ Moreover,

Sra.cz Z M+n =

HASHING @Y PROBINCG

gl We want Y aveid lists, since !—hej have

massive  oveshead.

-?’1 '.E;J\_e’a-. we allow lujs o use mu\HPIe slots.
Illll\llllllll
~ T T
| A jyjamete
ey ke wan " alenate o
to be he

@"’3 Fr each \"-"J' we hove a rm'u- 50-1\:!-""-

"¢ h(l,0), Wik,

NS

ophon

ik, M-1) 7

index of orth\

lu_j

LINEAR PRORING

9,' Hew, we defme

0 1 2 3 4 5 6 7 8 9 10
[ [as[] TJoJa[33][ 7 [a] J13]

Consider  insert (3.
S hek) = 4.
Probe seq is
cY,s5,6,H% 9,10, 0,1, 2,32

‘ Li\j “lustess of elemeats.

-Ql Lineas r-volsirj builds

operaTIONS OF PROBE HASHING
Q; TIn +the oy, ) )
@ To Ji':i@_ on k"\'j k, mork
@ T seocch,  we

4 os deleted.

b ge wence s
- follow the F*"_‘ e :1 s &
iqnore &Ny deleted”  entnes -
] T .
- continue unhl  we Rnd k o
@ To ingerf | we )
A "
- ,follo..\ +he rvolae Su]vu\c,e, a - sro"
— continue until  we find 2 v T
Cie q_mr\-j / Jelehd) of we (roch
of the rnhe so.<1uo.nc_g.
v Y dechnique.
-'k-Hl\iS is  called the lﬂiJ deletion % “dt(‘{.d" j

-Ql We also Hrack how mony elemants o

= ("
'If Hais jﬂ.{'s 4oo lN‘JE, we re-has

'(E?l Psendocode:
3

Algorithm 7.1: probeSequenceHash::insert(k, v)

1 re-hash the table the load factor is too big

2 for (j=0;j j++) do

3 if T'[h(k, j)| is NIL or ‘deleted’ then
Tih(k. )]  (k.v)

return “item inserted al index h(k, j)
else

L return “failure to insert”

e o oa

// need to re-hash

Algorithm 7.2: probeSequenceHash::search(k)

1 for (j =0;j < M;j++) do
2 if T[h(k,j)] is NIL then
‘ return “itemn not found”
else if T[h(k,j)] has key k then
| return “item found at index h(k,j)

@ o oA ow

L // ignore this and keep searching

7 return “item not found”

else // the current slot was ‘deleted’ or contains a different key

Algorithm 7.3: probeSequenceHash::delete(k)

1 ¢ < index returned by probeSequenceHash::search(k)
2 Ti] « ‘deleted’
3 re-hash the table if there are too many ‘deleted’ items

Q-VﬁDRﬁTJc PROBING
9, Here, we defina

2
NClk,) = Chee) * &Y Gl ) med M
so the

“lhllf-h are richtJ‘
ol sloty in

for constants ¢, ¢, e hosh

Fer_ SO.(iw_nC(. visits

+able.



POUBLE HASHING
8[ Do wble hnsh‘-vﬁ" uses two
b‘u, ]A,, and we dafi'\‘-

i) = (gt + T

— T 1T T

hash

.Fu\c‘HW\S

)Mo&N\

ho (k) W)
-92 Rui\l'uimen{»s-.
® W) *0 | | N
® L.'cu) is rt(o.*'i*(J ane. with
@l,.l g by Shoud ke l"\rlo_ru\chrd'_
o
)= LioCok-L9k))] +1,
eq hyCl) = Lmod \L, W, k)
AL
= 2

cuckoo HASHING

-‘Q;' In * cuckoo hns\n'm\(]q, we use two hash -
tobles & Awo hash  funchioss, and  promise
k is alwa;s n+ Tp Eh.,(ll-)] f_" Tl [l"lu")].
MJ : [_utneu-ueu),l
M=ll hpll) = ke mod 1, W, Ck)
e Qj ! hove o) worst -

In ‘:wﬁcu\ar, seorch &k delete
2 st =

case run-time.

Q Psewdocode Ao insert

Algorithm 7.4: cuckooHash::insert(k, v)

13+ 0
2 repeat
3 if T;[hi(k)] is NIL then

4 Ti[hi(k)] < (k,v)

5 return “success”

6 else

7 swap((k,v), T;[hi(k)])
8 L i 1—1

9 until we have tried 2n times

// If we reach this point then the hash table is probably too full.

10 return “unsuccessful, should re-hash”

CoMPLEXTITY OF oOPEN ADDRESSING
STRATEG.IES

gl Note:

Number of key-comparisons is at most:

insert search delete
(successful search)

Chaining || 1 (worst-luck) 1+a 1+ o (avg-inst.)
Linear Probing la (f:;‘)z la (f:;‘)z La=2 (avg-inst.)
Double Hashing || 25 +0(1) | 25 +o(1) it o)
Uniform Probing 1:) ﬁ %Ing (1:») (avg-inst.)

Cuckoo Hashing a ‘;u)z 1 (worst-luck) 1 (worst-luck)

?1 Thus, all ar..mﬁons have OCl) expected fun-ime
;F hash 'f\nu:ﬁon is rnnAomE’ &L o is
it suffity

g; But »ﬁr o Afired hash sz\c‘Hon,

).

chosen

small.

the Worst-case

fun-Hme s

93 Tdea: FAx

CHOOSING HASH FUNCTIONS

MopDulAR METHOD
g' Here, we let
hk) = le mod M\,
M 4o be rnmo_

where  we uSua\lJ l’“l‘

MULTIPLICATION METHOD

(R Here, we ¢

elo,)
€ Co,m)
gu::/\_ 2 ,f'nr Some le20: e ‘3
j I ro!ﬁa"ﬂ .
a\:l an I
® Aeco) C(prefeety ,
HASHING muu:-DImensmnﬂL DAT
we Wonted o hash lu_\.Js +hot ore
g\ Su.rroso. g
words  Cie in 2 ). | R
-?‘I W "{-IAHU\" +ne S'(’v'w\j w infto & 3
2 e con CASLH)

p.p-P-LE o (&5 &0 $o, 7 .69)

E > scpt goR> * goR™+ R +61, R32SS
i hosh
:8.' We can then combing s with @ modulos
h m).
f“’\oﬁon o w0 FtW) " overflow we use
1o this in OClwl) Hime without
T \ '
gq lo oomru e e
ale” and arrlj mo Yy

N Horﬂv's

+ mod ™)
ie ((Cc(((ém-vxo) mod M) R+80) mod m) ll-r:u,} mod m) 2 (,7) n

RANDOMLY -CHOSEN HASH FuNCTIONS

T \ 2 H
gl. hese ore lul Mﬂ"j rnSS||¢‘f. haush -?\AAC ons,
amuv\JS" hem .

%

:dEﬂlij we would choose rondom‘j

-Q’ But +hen we caanct wmru'h. the hosh

L
ﬂv;ckbl

Va(ul

* ‘F“'“"(J M of heshofunckons thet om
& choose Mﬂ]fnrml\-} nMa:J +hem.

nn.sj 4o wmruﬁ )



UNIVERSAL HASH{-FUNCTIONS

hesh-velues;

.9; For o.nnEJsiS, we Wanl  aniform

€
h’(hcu) =) = —'m-

.(E?-,_ Bat we also need small
(ie  “universal hask'.r\j" )i
words.

rHJ"“L"\Hj of ewollisions

in othe
Vil

P nck) = HY) € ™

CARTER- wECMAN HASH FuNCTION
-g,' The " Corter- Wtjmw\ hash-,ﬁ.nd{w“ is o(aﬁne_d )
be

kq I,CI¢) = 'FQ,L“) mod M

4

= (a-k+ b mod r) mod. M

chosen

where ke Zr, pis pAme & ato, b ar
FAAAWJ.
-@2 We clam F‘\/b defines  a Fumuhﬁo" of Zr' ie

Fopw o £ a0 fr kW
f_'gﬂf Assume ‘F.},“‘) = FAL('L‘)'

D Caksd) L p Cal'+ )L p =P
(zp ¢ (met )

(./r ¢2) MbJ« Y)

> ah+L-a\h‘—L Ef’ (o]

D alu-w') g, O
Since ae LA r-[i & (a.-u_' €i -(r-\l ey (F_|)}’ +hug

le-lk‘ =0,
ie 'l-"l-', and we're dome. @
CARTER - WEGMAN FUNCTIONS ARE
UNJIVERSAL

9 See Hat
: L
PCh, )= b, O ) ¢ .

(Ia.') {ar l‘q""‘ézfz.

Fﬂof . PAsgume ka, L(L) B kq’ .

We hnow thaf
Fa,b ) ¥ F", b ') >
— o~
X x'
Gt xh M= XYmoo chy def? of hep)-
Thus
)<_xr EM O .
How any such  “bad” ru’.ri (x.x) coulk
thee be in erzr?
4 i
[ t } . \

x-2m ( x-m X M *+2m 7—

x'+x.

+hese,  but

«' is ome of
Ha.m.z, x' s umonj r'l_:_J —1 aumbess, and  Su
& choices 1‘\;.— x s < L’
M.
F\'K'u\j %, it Afollows that
p-)
# bad pairs ¢ Pr M-
) [
1 —
choices for choices Jov
x XI

Thmfo«.
Plingy, (0 = b (W) = PLOxxX) formed & “Lad" pair)

: Z PL-F_Lcu):x, ‘Fﬂ\'cu'hx()

bad ru‘rs xa'

E PCa= Ch—h')-l£)<-x') ) i vz Lx-nh)'/.r)

[N

L.A‘m'n m:_l_ N
P

bad pfs K, X
)
1 —
. A it £
I’Lr") & bo pe m.

2]




Chapter 8:
Range Search

\ Tdeo:
O we o gven o keys X €7 R
@ we wark b got ol Hems between x, &

%, .

~?1 Serted army:

g to 2 (3 23 32 45 €2 3l
> rn»:]e&mk(\s,u)

Q@ Search ,Fur R
5wl el us  wheo ¥

@ Seorch ,{-‘vr Xy
= likewise:
(©] Rzrm\’ everyone in Lekwern.

woudd be  “hehweas”

* . .
Hhig A”nnak works +r Xrey, Sls, ete.

?5 Run-tme: OClogn +s),
whee 3T is the
MULTI-DIMENSIONAL DATA

g; Tdea: “ roiwis" instead DF Q'l'\j\l velues-

gukr-d' !I!C- .

;Q (\FDI xll A xﬂ)

*® . .
we will  aggume all doka are w

81 PwJe seorch +hen lools  liked

price
700
$650 ¢ ' !
$60( B e nu\Je
$350
$500
$45(
$400|
$350
$300
$25
$200— .
| 600 8:00 10100 1200 T4:00 Toigy > departure time

?3 Twis i called  an ".rwod.m\ rch-swdr\"=

O we an J‘.vo.n a Tnj ruk-alt

A= [xx1x0yyl: &

@ we wont +he To‘.ﬂh EN A-

GUAD-TREES
g For 1\»4 —hees

@ gtores ram‘\s n
he nts @R wo -

2D

A we asseme
LNMJ.I"S box
Co, &) x Co,16)

Co, 2%y x Lo, 2*1

43
Pp3 P.g e D4
Iil *Ps
Po Pe
. 2
1
P2 o
s ,‘_A; ¢
S8, o
(E} How o Constacet? qv
2  —
0] Sput the  bounding box  inéo 2| 1
1vaAmMs B 3 4
® Deﬁu e wm.srcndmj childwen;
fa'-M'

@ Rcf(a{- ot childen wakl
\q;\- in ol rvj;ons-

[0,16)x [0, 16)

Note - Foi-ds on the srlﬂ- line j° ,_\.we/n'j\;d--

3

.8\' A"h\mnﬁvo. Aef;cﬁoﬂ'-

/’ TmW

SW SE NE NW SW SE
b of d bb
NENW SE
we do no“' store
E.m]"tj nodes

Wi do + - -
O we "ot need 4o store the  Sub-areas”

(we -\\N‘JS cat  in haf)



OPERATINS OF BuAD -TREES

P opa

(OG0

pL s - \

. L(r)/ \&/ o,
& Tﬁ% »

.-9”1 Run- Hime:

® No \jool Lound d“f“’“’:j on n.
O(+ree hf-'jH').

€] We can ﬂAlJ say WS

HEIGAT OF A 6uAD-TREE

. ‘oht
gl But we have ao LBMJ on  the h.‘J

either!

e Ll h-;JM osbitrsy

. (3 o

?1 However, we can bound e kl:j"‘" iF the
cordinates are 'm-}e.JMS?
sra.df\'ulb in  the rorge

Thea +he heigwt of the

{o, .., 2t~

qued-bea s <R

PVL"S;' Detowr: (eks ook ot o li\an-‘ hee in 1.
6 8 12 l 24 26 28}
L 1 *
: 6 32
4
(0,32)
Co,16) Cte,32)
s N Ve ~N
[ oo o o
But we can  ako n]ore sent e r"'l"“ in base-2:
Points:" o 9 12 14 24 26 28
{in base-2) 00000 01001 01100 01110 11000 11010 11100

@)

01001 lrza6))
Y ! o !
[01100] 01110] 11000] 11010/
Twis ot
SIS a Fvuv\ai 4vie .

The \nu:lh-f of e L ﬁund-h-u. of imteyer in

R 2
€ He ey of  fomgest Litsting = 2 bitswangs o legr

. od-
+o “\i;jlne Bimensions c(ﬂ an, e 1-1

This ument jul.ru.“'!:'-!
Yrees)
(J? In puckicslar, o qued-tee i3 < rnmd- tvie

" lel.
whee  we Srli‘(’ kj two U-C:IS ! rM\ 2

of M&Dmlj

g.* The ero.c(—c.& kdjh'i' of o ﬁv.A—Me
chosea ])o'n'l*'s 1} Oc‘ﬂj n).

RANGE-SEARCH IN QUAD - TREES
. eder
W sde: '"0_‘-::"":‘!;-‘,-."; fom
T gtop sesrcht

7T opa

Sil:jlt ru;-'h
e-srli:'\‘\'!j

?'2 Pseudocode :

[, 160, 16)

" boundory node: A
regien ovedaps with
S wnkinue
Sescch

Pa — X8,
1 oPs
. @@ ©oxpan 7 EOEES

i boundaqy node & contoins a
we ‘Ius(- check

~N

“inside nede *
ro'mf 4"““3 inside.

A
> at rg‘.Ms in

l'NjE

Algorithm 8.1: quadTree::rangeSearch(r < root, A)

Input : Node r of a quad-tree. Query-rectangle A
1 R ¢ squarc associated with node r
2 if R C A then

3 ‘ report all points in subtree at 7 and return
4 else if RN A is empty then

5 ‘ return

6 else

7 if r is a leaf then

8 if 7 stores a point p and p € A then

9 ‘ return p

10 else

11 L return

12 else

13 foreach child v of r do
L quadTree::rangeSearch(v, A)

// inside node
// outside node

// boundary node

@ Checking “anpa=p s O
- aince we uSe ru‘\‘w\jlls.
Y, Roachive:
® We have ne bounds m  tems of A or
® OMJ fning  we con Sey
cfan-ime € OCsize of ﬂua& 4re) |
_9Tﬂ€2 USES OF QUAD-TREE

.?,' We can use Tﬂd‘ﬁ"s to store rimhh‘ imenes:

S-




kd- TRee

* 4 = “dimensional”

, Ldea:

RANGE-SEARCH Fok kd - TREES

; t Psewdocode:
© Simiter to queachessi b ¥ .
. g < er Algorithm 8.2: kdTree::rangeSearch(r < root, A)
@ we srh’" fgf‘i‘s n Input : Node r of a kd-tree. Query-rectangle A
reqion) ; comoonson 4o split the 1 R < region associated with node r
Hoa  the J po oinds. P 2 if R C A then // inside node
- P 3 ‘ report all points in subtree at r and return
2] 4 else if RN A is emply then // outside node
po R we can 3“‘"‘“5 5 | return
"""" Y~ N omit  this.
o s ({(@,v) : z<ps.a}) o =nn"~? 6 els‘? ) // boundary node
P - =T 7 if r is a leaf then
oS Y N Y N 8 if the point p stored at r satisfies p € A then
o (o0, ps-2) x(—o0, pru))( —— — ] f ,\‘ 9 ‘ return p
. s T<po.T T<ps.T? T<po.T"
e ” ¥ N VAN v N [VARN 10 else
R ®» ® E/w 00 ® ® " L return
Y N Y I\b 12 | else
. . . P @ @ (p2 13 foreach child v of r do
® Rff(‘t @ unhil | f’l'ﬁ' legt: g 14 L kdTree::rangeSearch(v, A)
® Alternate srlﬁ 1-3 x & y-
e " * neosly idedicnl €0 thof in  quad-frees.
QL Note: we alwags split ot QuickSelect (15 - .

& the wpp¥ medion

Run-time: OC% of boundary "'LSJ)-

ou!-.; wt ! Sive

we See Ahat

# of Loundp:] nodes € OCAR),

@ e wmedisA i A is odd,
i nois even. g’
¢ [ o ¢ Then,
93 We oassume the ro'mh are  in duwd foslhon X
a0 +two x coordinstes o the same, aer no fwo
j coordinates art the same. .
gq Under  his,  eoch sru(r leeds 4o .
" s e left chitd;
® L’:.) Fom . . g
0] pomts i Hhe vgh*' ¢ et
@ \'—, f
s OClg n).

QS ‘l’hue,fo,e., the hcijod'
OPERATIONS OF kd-TREE

¥

Search :

OCteq n)

‘-‘ E How mnnj nodes
------ hove on  CSseacted
region  thot  ntersects

one of these  lines?

e g . i \ .
(5 Tacert /detete:  basially impossble e
? However, we can bujlda  the whele +h'm3, j""‘"
3 : :
ol n r.;-Ms, m  Olnlog n)  expected  Aime :
@ Fnd +he medioni & T he ]’°."‘+ soes  mot intesseck, Anen
S 0tn) a;ru«.& s - |
. O
@ Racurse in  childeer - it is en oultide region Ly ps):
- site X % eoch. _ i 8§ on inside reﬂi-m (QJ \"\"

'le # bowndery nodes € nodes whose cssocated regio
OwN ~
J ntersects  one of  Ru. R, AN,
2.
@+ Q) = # 'J I-ﬂvm:ln-/a nodes-
max H et o ven Tne 2.
= 4 + intese i
let &Cn0) d-boes ] m pis o g »
sk ) so on(J e
This s ir\&g{mdﬂ/\‘f of g cshifF POV -
5 ~7 ln n).
Jether @ iy heritentel fuekiesl ~7 8y ), S
Qln, 25
e aln) € 8l 00 * QCn Ry + ata, Jgd s
n ~ ¢
< 20C n) + IQh(n)_
N .‘“
SD' .'E we rﬂvg Q.v(l\‘ € O(dn) Londh Sjmmd'nc Yy
&, e O(Jn)), we ove done.
See thet @y tn) # of nodes whote assoceted cegion intessects
e’ - ) =
' o verhcal ling Q.
¢ Consides  melring the  hd-dree:
P9 pa
o ps
21
H —
H 4 ] >
R - Y < Pey SN
;[)z L)
i 7 / \
y Y
ed. - Hee wd-hee
with Y with :sl»
oin+ts poin
2 has O os QM) -
Tv\m{—orv.
oy ¢ 20 ) +2.
i o OGR), as aceded. @&

T

113

resolves



?. Tdeos
© We store points ia o Vprimacy e
a BST Lj +he
gtnf,ejm ree).

% -coordinate.

(Twis is @
@ Fr evey node  in T, we hae o BT
ossocicted  with it
- lex pPCv) be +e subtree ot V.
- Tev) stores PCv) in & balanced 8ST, Lj
“+he d-—mordinr(‘:.
A Space:  Olnlogn)
(assuming rr‘.mnrj tree has Ine.'jhi' 0((5311).)
. 3 int  stored?
Pﬁﬂf How offen s eoach rb
- once in the rvimnnj 4ree
tree of @o=k

- oaw in eadn associetid

onwastor of  %-
Cthere ore  OQeg ») Such  ancastors).
. Each Fuihl’ is  stord OLlBj n)  dimes

Srn:t_ s OLnlnjn)_
* tais s Hjm—.

DICTIONARY OPERATI ONS

g, Search : '\usk seacch Hhe  primary tree.
— Lalonced (5o Hime = OCleJn)).
? Tnsert:
2
SGJ ot node X

® nsect inh the rvimemj “ree,

® ot all ancestors of x, insect  the ru'.-\}- into
the ogsociated tree.
- we heve ouoj A)  ancestors, and  each
+olkes O((oj n)  time
- thus time = O(loj‘n).
@ i e primany  tree i inbalanced, relbouild Hol
subtree % all  ossociated  subiress

- we can show the

is skl OCleg™a).
g; Delete : gimilar v insert
Fme = O(‘oj‘ﬂ).

- takes

OMo(‘H‘!d fime for insect

RANGE -SEARCH

Y s
(O rnje-uc«.h in  the rrimrj tree  (with o Semell
twist) by the % - coord.
- seorch —far left LoanAorJ (]ivu 'y ]»H\
P
- Search Afbr djh{' LeunAan_., Ljivgs a f«ﬂk
r") Loundoy node
7 con tne patht)
ou{-s'\h node
T _ o Cuept of fr " [
. > m:hlj n

74
(_\/¥ Subiree 0
Xﬁsx o7) e range

-~
69 @f o~

(=
)W)

incide node lhetween p & p)
- all descendonfs in FONgS
- 4his has  run-time OCloj a4 s)
Cho get +he classification & o rv.rori' if

wanted )
Retwen alt  +he boundary nodes & +he 'br-masi-

inside nodes-
® For the boundany nodes,

® Fr +he inside nodes,

we n<rliciH45 check .

with  x-coord.

- all rg'.n\-s are in I'A'\je
- So, we run a rnng- search on Hhe aSsociated
“ree
L'j the d—ue«& .
primary tree T'
Pt 54
Pl s /T(12)
. /
I D O -5 552 ) |
e /’/
pr
(16, y/
pes
] il

92 Run- time: O(Io\”‘n +s).

- we do one .—sz-sua-ln in  the priman e
(Ou-j aN

- we do Mange saorches  in o((oj »)  aSsociated Hees

(each of these {eke® OClejn) “+ime

- O((-j"') +ime
'ﬂfu"i' all roiv\-h in rafljz:

Lou\ndu) nodes  in anm-ul Aree

o((aj‘n)
- Laundnrj nodes in  same associated ree
we Seocched  in
oLs) L.
- only nead —5 iaside nodes in Some associated tree
+ ort

HIGHER DIMENSIONS
-9'| Ran-Hme of range seorch: ouo,‘.\”)

¥, Space : OClog® . )
F-woork

% ~coord



3-SIpeD RANGE SEARCH

-gl Iiﬂz retwen Cx.J) with x|$x£><z and 325,_

97_ Neive apperoach: Range- tree.
- funhme of m,:je,chh - E)Lluj"n +5)
- Spe = ec"hﬁﬂ).
ASSOCIATED HEAPS
9. Tdea:
@ Primary tree:
® Associofed  tree:
® Spoce: Olatog ™)
?;_ RW\S! seofch*
@© Search
@ ™ associated  heaps®
in OLI+s) Hime.
® Run-kime: O((ojnd-S)_

balonced BST
n h

Lg eop

before ;&
search by J—merdiuﬂ

primary 4ree  as

primary tree T

/T(12)
(heap)

o—

_(rﬁKTESIRN TREES
Q: I:‘r" Use a reep but
d-waro(w{t as

wse X-toordinate as the

the  piority.

g,_ S_r:tj-' B

~(83 llom;z- seocch:
®© Po SST'-'-rm\ag—surc\sLX.,x,_) 4o
30.'\' boundary andh -harmus*
wnside  nodes:

@ For eoch inside
search in  heap
Lj ‘J-mwd'mde.

® Run-time: QChr_ijh? +8)

node, do L-sided

o +hat node

PRIORITY SEARCH TREES
g: Tdea:

©® stre u—u:onl'uwias in "lne-.r-ordu'
®@ Srm— in holf by x -coordinate
median  X-Cootdinate

—s[:le-liM_ coordinates 1 use

oinds in  Subtree

“’“Mj +he r
- So ha;gH’: r:.\j..']

(15,16)

- N

- N
(6,15) SR

<57

Y N Y N
28 for) o) esw

/A y oy Y N J\
o () D) 9 0 2 6
Y
(3,1)
can be ohEENJd' From

%;_ Note: % -coordinate stored  Aor srl;H’inj

DF the S'vaQA ’;o'm+ .

+he Vl—word'mnh
9‘ Range -search Fime: O(lojnH],

Range -search 7%

gq Er__“a" Ow).
SUMMARY OF 3-SI0ED RANGE seARcd  ADTS
-p" Sv.mmnrn'
associated Cartesion ror arch
hufs he: f 1:1,_“
time  for Ollogn +s) O ( height +3) OClogn+s)
ronge - search Coptimal) Cheiqpt T35 bed) (geed®)
sl’“‘ e(nlnj n) 9"‘) 9"‘)
(bad!) c1.,,4'.) (J“M)
insert/ delete -
@ g(\uj:'r\) GO\PAJH‘) O((Dj n
Camort-) Cfaosible - werst
build from case)
Scrakch 9(1\\:3 n) sort ‘{'1 X ~coordh o(,‘\as,\\ or
+ 00n) time sort + O(n)



Chapter 9:

Pattern Match

Y 14

® Given text TCo... n-17] of lu\JH\ n 2

a ro'Hnm pCo..m-11 of lanHn "
@ Woat o know: is P a !u‘asMnJ of
T?
eq T &LA&L"AI\)._% P: ab
| )
ul . ubShin, Substvin
i T s

gg_ In s course: ftrnd- oM becwrrence
LuSunllJ +e u.f«hmﬁf).

C(TRL: report all of +hem)

BRUTE - FORCE

gl' Tdea: check every r°5*'l“¢ 3(4259-

Algorithm 9.1: bruteForce::patternMatching(T, P)
Tnput : Text 7 of length n, Pattern P of length m
1 for i 0 ton—m do
2 L if stremp(T[i..i+m—1], P) = 0 then return found al guess i
3 return FAIL

Qz Run=~Fime :

@ stremp fokes Octm) time. » )
® worst possivle  input: Pza b, T=a
@ S worst case runtime = QUn-m+1)m)
@ Twis s Blma) i m=y.

PRE-PROCESSING IDEA
g;' Eﬂ: bresk o F"’H‘"‘ into 2 ]mrk:
® Build a

will

data  structure / iafo  +hak

sj § Pre rwczssinj
male easy:

later 1ur_ri=s

Cthis rw-i' can be slow)

® Do the achual query-

: Cthis ra.r" can be
?2: How +o imrwvc—’-

® Do extra fﬁfnussmj on

- eliminate Juzssus based

fast)

the  pattecn P
on umr\d‘tl

malches & mismatches
- r\l ’
= used for wek searches
@ Do extra Emm&lssinj on the fext T
- we create o date  stuchure o fiad

matches  easily

Suffix tree, Suffix ey

Ing

?;; Second

KARP-RABIN FINGERPRINT ALGORITUM

QI Idea: Use hashing fo  eliminate  quesses

O compute hash  funckion  fpr each  quess,
with rﬂ‘H!rn hash

@ TP values are w\ﬂ-f‘\"\.

jull“ cannct

wmroﬂ.

be an

oclnrrence
% P= 59265 -r_-3.~,|:1:.ssss
Use stondark hosh  fundhion -Flﬂfhnl'n‘, + moduar Cradix R=10):
W%y = (Koo x.,)w mod 97

D pep) = 59%S med TF = 95,

T: 3 1 4 1 5 9 2 8 5 3 5§
hash-value 84 ‘
hash-valuc 94
hash-value 76
‘ hash-value 18
| hash-value 95

I} P ocews ok guess i D hCTCi- i+m-1]) = hCP).

Y, Fnt attempt

Algorithm 9.2: KarpRabin::patternMatching-naive(T, P) -
hp < word-hash-value(P, 10, M)
for i <~ 0 ton—m do

hyp < word-hash-value(T[i..i+m—1],10, M)

if hp = hp then -

L if stremp(T, P,i,i+m—1) = 0 then

=S N O

L return “found at guess i”

7 return FAIL

.‘g’! Tdea +v be foster: our hash  function

S o "m\lifﬂ" hagh Afuncion.

Never  misses &

match

h(TCi--- i4m1]) Aepands
oA m choracters, ¢o
noive mmr"\h“'im toles
Om) time pes juess
r"""i"j Hme = O(mn)
P not in T.

- e jivu\ WCTCi--- i4m=1]), compute WCTCH .. i4m])

°|vick|3.

e Know h(#1592) = 36, h(15926) 7

what S

(S926 mod 9% = [(41592 med 17 - 8000) med 13210+ L] med 92

- n Ju\ml,

" Al
TCitt.. ivm] moa M = |(TCiw bm-1] moa 1 - TC3- 10" med M)
'[ 1D + TEim]] mod M . )

——

rext hash volue ACprevious \T.zss)

a‘H".Mfr

rv@.mm"‘d’e

Algorithm 9.3: KarpRabin::patternMatching(T, P)

Input : 7 and P are texts of length n and m over alphabet ¥ = {0,...,R —1}
1 bool needToReset < TRUE
2 for i <~ 0 ton —m do
3 if needToReset then // get random prime and initialize fingerprints
4 M < prime number randomly chosen in {1,..., mn?log R}
5 hp < word-hash-value(P, R, M)
6 hp < word-hash-value(T[i..i + m—1], R, M)
7 s < word-hash-value(*10...0’, R, M) // passed word has m chars
8 needToReset + FALSE;
9 | else // get next fingerprint from previous

10 L hp + ((hp = T[i=1] - s) - R+ T[i+m—1]) mod M

11 if hy = hp then

12 if stremp(T, P,i,i+m—1) = 0 then
13 ‘ return “found at guess i”

14 else

15 L needToReset < TRUE;

16 return FAIL

andom

“table gttt Mt be a prime

— choose

O(m+n)
reset M i

i
o mokeh o h_=zhg.
- imvwvr.mud-: no Mo T~ P

in 42,.., mv\—"}



KARP- RABIN ANALYSIS
QI If we never molch  hash- velue:
0 o rrernctss'mj
@ (1)) per Suss
total runkime = Qtm+n).
G Tr ey ond Were ues @ mldk
©® Ot frtrwu.ssinj

@ oun) rq.r auc!ﬁ
® O sfre.ml: &  bresk

;o Ffotel run-fime = Otmn)
9; Worst -case: 1f hr=|'|T but no mekch

(4alse ro:iHVE)
— § +his  happens 0ln) +imes, +then ron—time

s OCmla-m)).
-g" We w@n show

2,
PC2 1 false Posin.) & TC

for a constant c.

Thus

T ¢ P(folse posifve) - (nom) + P(false posifive) - nm

&€ nem + 2clm)

€ Oln+tm).
S, - ' N
Q" Pmm\mﬂj s‘rnu, N eI4))]
OFA/ NFA
) Tdea: Use & OFA Yo roﬁun melkeh.
" T and reach State @ ()

- we r:.rsv. T,

P occurs 0 T.
: ea
T we et ew DFA P o S jomens
2 e bave '|“‘"+ now S22n PCo...\j-u'] n
what  was ra.rsr.&.
Z =4a,bict

z pN
G0N oNoNONGTOEG
tach “foruword ace” i tobeiled

with FEJ".\

¢ i ivaleat  small
g'_\ We con show Thee s et oqui

DEA:

_93 Thus,

KNUTH -MorNS-PRATT / KmP

i}‘, DFA © would work, Lut complicated.
Foll

A

aew lind  of finite automata-

“.F-iluf!."'-
- use this
/’-E’_ frongition if Ao
other fits
- does Aot consume
a chamcier
- every shote hes

€1 fuilure ore

ldea- wse a
—
b3

“hove seen PCo--3]

g; With  these coles, wauhHM of the aulbmaton  oce
deterministic

Yy W went o oset up the oilure

P is n T ¢ we are af at  some rol'\*"

KMP ALLORITHM
.gl’| Pse wdosdet pre PW;'-“'"‘ﬂ

accs 8o that

Algorithm 9.4: KMP:patternMatching(T,. P) _/

1 F « failureArray(P)

2i¢0 // index of current character of T to parse
3j5+0 // index of current state

4 while i < n do “ "
s | if P[jj=T[i] then = €oa T use the Jorward arc

6 if j =m — 1 then // all characters were matched
O(- | return “found at guess i —m+1"
8 else // go along forward-arc
® 9 iei+l ] wse ,fm-w.rA ace
10 Jjei+l
11 else
12 if j > 0 then // go along failure-arc from state j
® (s | jeFlj-1
14 else // at leftmost state; go along loop
® Cs [ ieit
16 return FAIL
follow foilure afc we ore ot stale O,
. FCJ'I] . shres where the foilure arc the inileal shate

- ]'usi' ontume

fom shie j  goes
* note  the J—\‘.‘. Ceharoeter S
“useless”)

?;_ We can show
of while leop & 2i-j & X (found makch) ’

$# of execudions

whare Y (found mokh) s | if we fourd & mokch & o

othecwise .
Pmpf. Ini‘ﬁn"" i:j:D & no  executions  of whil&"‘unr-

Assume we had s li—j execotions ot Some later dime

(the “induchive lnjrn-rho.sis").

Tn te aext execukon, we had & cases:

@ We -FounA roH‘vJ'n P.

Then
# of execubions £ 2i-]+l = 1i-"|+7({nund malch) .
@ We use the focward  ocC.
v 2 L.
D st J”\j*‘ S 20-j = 2-)H
3 # of executions.

(See obove)

G we use +the fn;lurv_ afc.

D ) decreases, (S the same

So 2(’—_)1 > ’2.'_j+l

@ We consume TL().

. the SowR
) u—-js

D | inceases,

Sy, So 2;‘_5‘ 2 2i-j+h

run-Hme  without oumrul-rﬁm of {-‘.:I..n.ﬂrﬂj

is O(max i) = OCn).




kMP FAILURE ARRAY

Ql Assume we feach shite )-H ond now hove a
mismatch.

T: ...matched P[0..5]...
current guess | | | | | | . Pl0..g]......
shift by 17 | | | | | | | P[0..j—1]....
shift by 27 . Pl0.j=2]...

- We con e\iminate “shift \‘3 1" i FEI*J]% Pco"'J"]-

X

- in genesl we can eliminate " shift by k" F
PEIJ] does not end with PCO-"j'k]
Joes Ao M T

Y _ i a
'-8" So we wont the longest iX pPCo.. & ‘] that 08
2 .

sappix  of  PLI-jT;
@3 Thus  our fuilure-function is defined by

FEJ] = head of ‘fn”ul'l arc 'f""‘ state J:
= lgnj'»h of lonjgs{’ Pvﬂf{x of P that is o

suffix  of PTI-jl.

COoMPuTING THE FAILWRE-ARRAY &QUICKLY
'?l' Recall: we reach Shte R

U

¢y we hove Seen plo.. -]
<> PLO.. 1] is o suffix of whot was rN’SuJ

gz Lets instead  consider  porsing PL1.-T.
So

F(jl = shfe reached  when passing PCt- T on
the  KMP - aulsmaton fgr P.

93 Pse udocode:

i?; To wmru’(’& F

Algorithm 9.5: KMP::failureArray(P)

1 F « array of length m; initialize F[0] « 0
2 j4< 1 - staet ot index // index of current character of P[l..m] to parse

300 | // index of current state

4 whilei <mdo _—7 does e mewt choracte,

5 if P[{] = P[j] then makh? // go along forward-arc
6 e 0+1

7 Fljl+ ¢ // Have parsed P[l..j| and reached (
8 j—i+1

9 else

10 if ¢ >0 then we hawe -quuy // go along failure-arc
11 ‘ {«+ F[t—1] umru(-ul FCom)

12 else F we gt // at leftmost state
13 L Flj]«0 here

14 jj+1

¢
et failwre ,funch'm
- in particular, we can use the KMmP- automaton  fo  build

ifself-
?" Run-bme = Hma b porcse PCl m-1] = Olm) Hime.

?lsl Therefore,

fotol  worsk-case Hme for kmp = Olm+n)

oux. space = O(m) (failure ormj)

USING KmP- AUTOMATON To COomPUTE THE
OFA IN O(n) TIME

g Note:  from the KmP-automden, we could

wmguh the DPFA  in o(12lI-m) +ime.

ImPRovING THE FAILVRE FUNCTIoN

?, We can  also im'Eyove the  foilure - funcHon.

-gz Consider the  “bod case':

Suppose  we reach stk 4, oma the et chor is not a.
2 failwe o 3o o st 2

LR
—»,fnn.un\ orc aF shte 2 slse has @

we Wit fail AJ,-,.\'. D g 4 FOJ Aght away,

g; ImrwvtA afa.ilurt-fun:hon:
(lenjn\ 2 of the Io/\J:st rroﬁx of P thot

F*c(]: S @ suffix of PCI-.j]  ond Pu]#rc!'ﬂ].

Lor O F no such R exists

.i—?,' FY lokes inbo  accomnt  whethar furworfl accs

mismalch.
+.

Fg - <[ FGY, PG ¥ PLFGT] o RGO
FfCFC,'] -3, otherwise




BOYER-mMOORE

REVERSE SEARCHING

Q Idea of revese seorching:

© compore  from cight to  left
® i} we have o mismakth, shift So +he
new 3uess fits  the charocter of T.
c o r d e 1 i a c or d e 1 i a
Lo n

BAD CHARACTER HEURISTIC

i}' We use the bad chorocter heudshic

P:p aper
T:f eedallpoorparrots
r
[a] r
T [l |r
1 T @ |w
| A\
f - —
shift so [a] swift as ithe as possible Shift “past” the chorcies
(so we shift o the ﬂJh+M+ F) I'{; char not in P

in peper s
hm.r

- we shift ‘the juess so 4ot TGI  malches
+he last occurrence in P Cie PCLT TC'-_—G] . )
—
L = last occurrance ocfay . 2

LAST OCCURRENCE ARRAY

‘B: We nead o

“last occervence

rv«. com ru‘h?- the

a_rraju-.
o characker
chart ¢ || p | a| e | r | allothers .oh
I [2[10314] =1 ] — how mudk ® shif
l:J'!
if no makh:
= shift "Fqsi—" +he chosacter.
?z T we wee comparing 1T with PCjT,  and
R=LCTCT. then we  wont +  shift J*

anitfs.

SIMPLIFIED BAYVER-MOORE

? Pseudocode:
]
Algorithm 9.6: BoyerMoore::patternMatching(T, P)
ray computed from P~ pre nu.ssinﬂ
N L P

1 L « last occurrence
pps o

// currently inspected character of T
// currently inspected character of P

s3icm—1
ajem—1

5 while i < 7 and j = 0 do
The current guess begins at 77i — j]

// match, go one character leftward

// invariant:
if 7[i] = PJj) then

6
7 iei—1

L

9 else // mismatch, find next guess to try
10

1

icm—1ri-min{ LT L% g spifpia cward °
"
st / siftieg forward  bated on L
12 if j = —1 then
13 | return “found at guessi+ 1’
14 else

15 | return FAIL

Algorithm 9.7: BoyerMoore::lastOccurrenceArray(P)

1 L + array indexed by alphabet X
2 Initialize L to be —1 everywhere

3 for i < 0...m—1do L[P[i]] <+ i
4 return L

& 36w oy o
® reverse-order

® Lad-chacocter

szarckinj H &
I'umrs ,

" gimplified BAJu -Moere”

+his s collea  +he
nljan'-(-hm y
93 This  works  well in rmzﬁﬂe

' y v\")
Cshirs ~2S) of T oin exrumc s

g Worgt case run-bme = O (mn).

WILOcARDS: P*

00D SUFEIx ARRAY
.§l' 14:'- Hhe mokhed suffix

P-‘onol:obo
on o o o b o njJoin b

| blo|b|o
©|(®) ] b] o

(e]| o
(@|b]|o
@ ®|E[b|o
() | (@

we shift hee h ger ¥he “last”  oceeavance
of +he Suff{x
we use +Hhe some sl—mhj.] as kKmp:
use whot we makehed o eliminate 3ome aucssgs.
Plil +—  Q=Plitl.m 1 —
B v e e LT
I T T
Pl < PE+LQ) N
(©) if +hee is o motched S+ril\j' move forward Lj \

Cthe  lask-pecurrence array m.'Jvﬁ' hz\r)-

® if  the matched ch'mj
ty makhing a  suffix of the makhed shing b a
fquix of P.

® 1¢
word.

® ¢ «="",

-?2 Pseudocode:

is nof anin in the rn-Hun,

onlj He amrlj sgﬂ;ix Fiss, shift ras* +he

use +he last occurrence.

Algorithm 9.6: BoyerMoore::patternMatching(T, P)

s computed from P

1 L < last occurrer y
computed from P

2 S « good suffix arra
3i<m—1
4jm—1

5 while i < n and j > 0 do

// invariant: The current guess begins at Tl[i— j]

if T'[i] = P[j] then // match, go one character leftward

// currently inspected character of 7'
// currently inspected character of P

6

7 ii—1

8 Jjei—1

9 else // mismatch, find next guess to try
10 i m=1+i-min{L[T(i]],j-1, 5]} 7 swift scwording 3o L&S
11 Jjem—1 J

12 if j = —1 then

13 | return “found at guess i+ 1"

14 else

15 | return FAIL

. . o
g| We have 3  main cases, do_Fo_nde on how much of
exists ajc-in in P
To onify them,  we add  Cwildcords T 4o P-
2
g where o wildeord malcheg any character.

Then, the 3 cuses become
O Qis a substring of P
Pli] 4 Q=Pli+l.m—1] —

v v T

P +—  PErLerQl —
® a suffix  of P is a rrefix of &.
Plj] Q=P[j+1..m—1] —
X | v

v
*

T ntlainttotal | | 1]

4— wildcards —  P[0]

@ No choracter of @ is makhed-
Pl 4 Q=Plj+l.m-1 —
LT v v v L P
LTI Tl fa e [ [ PR |
Pl 4 add wildcards — Pl

Thu": Q s a SthMV\j of P*

and  johe the ,;jp.f-....,sf oceucvence excefi' nor af +he

end .

* ,'.l PCoJ . PCm-I]

*x

3
1
et +he ™ be QH.

Ll.jim\indn ros'l'Hon o makh

*
Then & is a F.e{:;x of P CRtl.. m-1],

° PLjel.mad is e prefix of P'cel... ma1]),



comPUTING THE GooD SUFFIX ARRAY AS
HUMAN

A

o P*—m..m-2]
7 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 | matchstarts
j | Pi+Llm=1) [+ [*[*[*[*[*[*[bJo[o[bJo[b]| atindex |S[
) o o 4 3
4 bo b|o 3 2
3 obo o|b|o 2 1
2 bobo b|lo|b -2 -3
1 obobo o|b|o|b -3 -4
0 oobobo olo|b|lo|b -4 -5
- we use

\Stj-]: MEX P[jﬂ...m-l] is a rra.f-‘x of P*[,Q-H,..

m-27,

FINDING S(j] IN LINEAR TIMC

?I" We note

stj'l

for PCM—I...:J-H]’ then we reach shte
91 This  evaluats 4o

min

-0 - = m-2 -
STm-q -1 © [ Re P™w on bings ws bo

M;K PLm-t __.j.H] S a  suffix of P* Im-2...

mEx P[J‘H.,.M-l] - ):ro.f-'x of P*I_',Q-\-l...m-l']

Jlﬂj

max J when Pa(g:‘,j P‘CM-Z... ,Q-H-) at the KmP—auhmr\nn

\']+l.

fFarsinJ RCI--k] on the KmMP-aulomaln for

skete

.93 We can do  Hhis hJ Far‘Sinj in Olm) +ime, h wmrm{'g S.

SuMMARY
Q With the  good  suffix - heurstic,  we can B
]

mofle.

. +
-81 Bub, we con sh.if even Mmore usmj S L1 s SCJ.

‘?’.— This -'3"n'¥hm can be made Fo run in Olmn)  time.
3

f.



SUFFIX TREE

g’, Tdea: Ts P oo subshing of det T

. ¢> is P a prefix of o suffix of

@z So, we can stre all sufpixes of T, and then
do a Frbﬁx_smln fpr P.

SUFFIXES In A TRIE

g, We can stora the suffixes in a4 e

T?

a n _$
a v _-¢——e——~e{anabans]
2

a b a n $
o——e oo —[ananaban]

5
® a n $
v _~o——+e——e—[nabans]
2
2 oi»—aw—n»c—ES»

T= Lﬂmnu.\:an
To see i P @5 in -
© Tuvese e he using P

@ If we are shW “in" +he hie ofter @, then P is

a subshing of T
o )
Y, Run-tme: 0(1p)) = O

ﬁ; But +the rriu o PGJT
= T hes IenjH\ n
- So we have n#l  suffixes of |¢nJ¥'|n 0,),..,n
— thus, +he tvie can  have  SL(n*) nodes.

SUFFIX TREE

i}’. We can instead store the Suffixes in @

wom Fgggg.{ +rie .

1 2 3 1 5 6 7 8 9
T:‘b‘a‘n alb n‘$‘

a

n

a

it
bo_ain end
index index
Cof whee Hhe

suffix i)

A Prefix-seorch for P tokes OCIPI)= Om) +ime
Cdeluils  omitted)

3 We can  buld the e in  Oa) Fime.
(no details — oo :omrl@"!)

E}: Sﬁx_c'e: Oln).

SUFFIX ARRAY

We can olso stove the suffixes in o

: .
“Suffix "‘"‘_‘J": the  sorking Eu-muhhms of

t index
the  suffines- e
v
J [ 4%0)
0 | bananaban$ 0 9 $
1 | ananaban$ 1 5 aban$
2 | nanaban$ S 2 7 an$
3 | anaban$ 3 3 anaban$
4 | naban$ Sort 4 1 ananaban$
5 | aban$ l"_ﬁ%ﬂ‘\j 5 6 ban$
6 | ban$ 6 0 bananaban$
" 7| ans$ 7 8 n$
8 | n$ 8 4 naban$
918 9 2 nanaban$

K
+he Suf‘H'\j ra—nuhh‘un

Cie the “suffix array”).

9;: M: O (and a vuj small unshn‘)').

((P; Bii\ﬁ"\j:
@ Sort (uiinj msD - radix -Sort )
= run-fime = Ont) worst case, but usuolly  fFaster,
® A Srr.dol a\\joﬂ'ﬂ\m
- run-Hme = O(n\vjﬂ)
- covered in CS 482

Y Patton:maiching

- use L'marJ search.

| 4% J A
{—= 0 9 $ 0 9 '3 $
1] 5 | abang 1 ‘ 5 | aban$ aban§
2| 7 [en$ 2| 7 [an$ an$
3| 3 | enaban$ 3| 3 [anaben$ anaban$
v— 4| 1 | ananaban§ 4 ‘ 1 | ananaban$ ananaban$
5| 6 |bvan$ f— 5| 6 | ban§ ban§__found
G| 0 | bananaban$ 6| 0 | bananaban$ bananaban$
7] 8 |n$ v 7| 8 |n§ n$
8| 4 [ naban$ 87 1 | naban$ naban§
r— 9 2 nanaban$ r— 9 2 nanaban$ nanaban$
gs . T Ao O e e
s Run- Hime OCle a) wmrgng' onS

" Comporisons = compare P +o o cuffix: ©Cm)

So |ran-Hme = 9(m|lfjr\),



Chapter 10:

Q Tdea:

cource texts S Chujg'.)

@ Outpur: map doct S ine o T
4ext C (smaller). )
g'z Note S lives eon Alfh'*l"d- ES' and € lives

on alrlna'od' Z

g; Objectives:
@ Minimize Hhe

c-
“compression raie” 5 where
(el log 121

1 Ty 1217

comp- roko

@ Fast e nudu’nJ & dcmd;n\rj .
Qq Al mmrn_sﬂi-ns e look of ore
quely .
we con j,,{- S back Afrm C unu1utj

STREAMS

(ossless ;
o~

Y we usually  shore S ana C as sheams.
e
‘ output
= ] Tom
+op 4ail =
wg
t . )
Read one chor ot o tme Wi

U Taput streanm:
hrlrvf-

and “resat
- also ,urror(-s

'-'sEmth'

zg? Owtput stream: Wate one choractes of o Hime
3
i )
(vien arrcnd
(@] ; large  texts  (we
-?' Twis is  convenient +or handling 19
! i loading )
stoct rwu_ss-nj while oa. "j
CHAR - BY- CHPAR ENCODING
? Tdea: ang,\ 4o each C‘E o codeword
E(o).
Chal A l B l c { D
€0 g | c |l o | & . cc:»ﬁspﬁ
Ece) \loouoo\u\(ooonq\\ l CASCI2)
z Tne obove are "AFixe.d-le,‘\;Hn Enwclinjs" .
ol codewords have  the same lengths -
-93: Better: "Vﬂ"ml-le-lu_\g% n.nr.odinJ‘ —_
more IF'QEIM" characters 3& shorter
codewords -
VARIABLE - LENGTH  CODES
QI Overoll Goal: find o shoct Qr\abd'mj_
(E? Tdea: Some letbess in 2 occur wmore offen
2 =
Haan others, so use shorter codes for me®
veat chosacters.
? Mﬁl ;. encodi +he o.lrhabﬂl’ in  Morse Code .
3 Exomple : '\j

- u\ud'mg e

We build  on

K G o

v

XiCYzQ

1B

"U .,
wu

MV E L

— more ;f?m‘uq_nl' letters (v.j € &T) 9°
the +de +han  less ﬁmfwd' ones (eg F)

“hiahe;" on

' N
Q\ e can also encode directy  from 3

Text Compression

MORSE CoDE

? Usi the u\codmj 4ne  in  the rnv'wus sgc}{or\,
W jc,m convert  the alrhaka\' inbo  Morse  Code
e
(eq if Clept = e & "ﬁjm-’=_-)
Problem: Morse Code s not lossless!
o WATT
.—-———.——'.‘—"——
e
) " o .
Conless we wuse an of chor rnuse)
PREFIX-FREE €NCODING/ DECODING
CB To achieve lossless t.m-.odmj we use an ancadinj
\
the  where the codewordS ofe rrcﬁ:—ﬁf_.z.

(ie no codeword is @ rrl-fm of onother codeword) )
Sy ' )
2 In f’“"’H“*lN‘, we make it so the enwoded trie ho
code words pn\J ot  +he leaves.
g; Run-tme +o decode C: ocicl) \
: M) = 1C
Run-Hime to dewode S O(&is_lEcc \)
f< h ;(O R
ENCODING ALLORITHM ,
? Imnjm!, we hove some charocter c.noodmj E=is—) Ec

'?2 Note: E is a dickonary with keys in 2.

Algorithm 10.1: charByChar::encoding(S, C)
Input : input-strcam S, output-strecam C'

// VWe assume the class stores an encoding dictionary F
1 while S is not empty do

2 ¢« S.pop()
3 2 E.search(c)
1

C.append(x)

DEcoDING oOF PREFIX -FREE CODES
?. Pseudocode:

Algorithm 10.2: prefizFree:-decoding(C, S)
Input : input-stream C', output-stream S

// Ve assume the class stores a prefix-free encoding trie I’
1 while C is not empty do

2 7 < T.root

3 | whil not a leaf do

4 i C is empty or v has no child labeled with C.top() then
| return “invalid encoding”

else
| 7 ¢ child of r that is labeled with C.pop()

o a

s | S.append(character stored at r)

’ @;_ Run-Hme:

ocicr).

trie:

Algorithm 10.3: prefizFree::encoding(S, C)

// We assume the class stores a prefix-free encoding trie T
1 Initialize encoding-array F indexed by characters of Xg
2 forall leaves ¢ in T do El[character at £] < ¢  // se'('Uf
3 while S is non-empty do

4 v« E[S.pop()] // Find code-word w by going up from leaf v.
5 w 4 empty string
6 while v is not the root do . ) cun-bme: 0OC Lwl)
7 w.prepend(character on link from v to its parent)
8 v < parcnt of v
9 C.append(w)
7: Run-time: OUTI+lcl).

(This i in OL\ES\*'\CI) if T has no node with

child.)



HUFEMAN - ENCODING -
o ould have shor
-g" Ei.:.. ‘F’U]"“"' chars  sh

‘ codewords-

Y] In pericser
1c\ = .Z 1 ECOM
ceS

s 2 Cfagof Cin S« [E@)

Ccis

: T f) - (depth of ¢ in e T)
Ceis
dple)
= T R aqe
ces

?3 We define

cost (T) = f¢e) d"r("'

Q,; Assmrhnn'- |is| 2 2.

'95 Tdea:
e GREENENERGY | Zg7 4G R, EN YR
char freq: G2, RiD, E:¢, N:2, Y3
2 2 4 2 1
R E it ¥
3 2 4 2 3 4 4
/Oﬁi\ IE E /D 1\ /D 1\
e ¥ e Iy Rl [
1
7 4
De o N,
o1 o
[ \/0 5 | o)(‘i
¢ ¥
Jia

®© Set up lots of I-char es;
® Find +he 2 least frequent chors @, @' and

male  +hem siLlans in the trie
e < !
)&
@ Reftd' @.
PSEVDOCODE

Algorithm 10.5: Huffman::encoding(S, C)
+ Input-stream S where S contains > 2 distinct characters, output-stream C'
// compute frequencies

Tnput
1 f & array indexed by T, initially all-0
2 while § is non-empty do _increase f(S.pop()] by 1

3 T « Huffman::buildTrie(Zs, f) // find encoding trie

4 Store T in the class
5 Clappend(trie T encoded suitably)
6 reset input-stream S

7 prefiskree:encoding(S. C') // do actual encoding

ENCODING

RUN-TIME OF HUFFMAN -
g; ?yiodi’j rTu.uu. has | is | items i,\;H,,\l:l ;
-g,_ We do delete in | is | +ime.

Luildinj T tohes time

- so,
takes +me  OCISI+[Ct),

93 Rest of the encoding
Q; But,
O We need yo send the
@ We need o g Hvough S dwice.
cost (Huffman tvie)

e alonj Y [

> bat is  small.

0 (121 tog 1))

1'“ HAS MIN CoST AMONG ALL PREFIX-FREE
BINARY ENCODING TRIES

Q- The meM_M,_ TH has
\

all I,.-q;i;_f.u_ Linmj encoding “4nies.

minimum cost among

i i di 4he Tp,
Proof- We will show for any r,ofn:—{h.ﬂ. kw\u) encoding °
we have
wst(Ty) £ cost { To)-
We do  this "'j indudkon on lisl_
Base case: ‘isl -2.
Ty: £ N To Con't be better
] (o
Step:
4vie TH some other
HM“M“"‘ s a0 dre o brng up Sub dries
ix 2 chos '
Jﬂ . AL n without incaasing whan node has
(a k o are siblings st anl‘.j one  child
R no node

n;flaz_a
by
12 [

T, encoding trie for
2, \iga'p V itk
33 induction,
cost CT"' ) ¢
B cost(T,) + $a) + FL8) <

5 st(T,) & @)

PW”& {g\\oui . 7

cost CT;‘)

:?I Tis i not nmssadle true  Afor
2

U
ding tie N
enec one child * exchonge  aedb,
thas  exacty SO X,
. . s
,L ,,.,,, increasing cost bt are e
encoding Arie To7 @, a' are Siblings on
3 lowest level

si\.\inj: l‘lf(m
]

e

Lj |

T(: P.nwrlinj tvie

2

Z \iea'} U iq}

wst(T,') + £l v $a')

(¢ ws\-ETp),-

other bases.

93 This  olse  does  not alweys melie  shorter:

NO LoSSLESS COMPRESSION ALLORITHM HAS

cvmP RATIo <¢l FoR ALL INPUT STRINGS
g No lossless wmr«.ssiu\ u(\jarﬂ'hm aon hove

for all ;.\r.,d— s+ﬁnjf-
PV°°P' Assume
o\lao.
Consider  all

Zn such s-('viv\js.

272 =qot.

He LHSh}njs a& (enj'l-l\ ne.

wmr"ssiov\ rabo <)

Assume we had such an

There  oce

hitstings  of leaghh

The akjon'l-km maps these o the
Cn-l, of which thee art
|+1‘+----\-2“—’= 2" -1 <2
This  set is  smalles S0, Lj p:'junhnll Pineiple, 3 Listangs
encoded  as LH’!’HV\j w-

XXy of Ie,\\ji-h "

But +his  contradicts
Pwuf ,fpllnws. ]

Hat  beth 9 ets

1
+he (osslessness ﬂ'} the abo !



MULTI-cHARACTER ENCoDING-

Q Jdeq : Encode mulﬁrk characters (o substany

uSinj one  code word.
RUN-LENGTH ENCODING

?,' We assume 75:{0"}
Cihe ;,\ru-l-s ore L-'+sh.'n_’s).

of S)

g,_ A "_f'ﬂ\" is a  maximal SuLSMnJ +hat  uses on\J

one choracter.

\
¢ g= tint oool |l

< 3 4

83 Tdea:

® We wnte douwn the le.nJ-Hns of He
K then

@ we encode the sting by Hhese tengths

® We olso need o specify the sk bit

with-

e s=1 5 3 4
] - ——
first bt He mn—lep\jiﬁs

9,' However, we want 2. +h be Finite,

4ol

rung in S

we Stostad

and rrcferabb

.g; So, we need % map ;M—egers 4o Lffsh\'njs, so

we do not  need sefamev\s-
ELIAS GAMMA CODING
?. Tdea: to encode k:
@ Wate Llog k1 copies of 0, then
@ The binery rv.frtienh‘ﬁbn of k Calways
with 1), Ches lengte Llog k§ +1.)

k | [logk] | k in binary | encoding E(k)
1 0 1 1

2 1 10 010

3 1 11 011

4 2 100 00100

5 2 101 00101

6 2 110 00110

g Pseudocode :

storts

g;_ Pseudocode :

Algorithm 10.6: RLE::encoding(S, C)

Input : Non-empty input-stream S of bits, output-stream
1 b+ S.top()
2 C.append(b)
3 while S is not emply do
4 k1
5 while S is not empty and S.pop() =b do k++
K + empty string
while k& > 1 do

L C.append(0)

© w N &

K.prepend(k mod 2)
k« |k/2]
11 K.prepend(1)

12 C.append(K)
18 | be1-0b

10

C

// bit-value for the current run

// length of run

// binary encoding of k

// flip bit for next run

DECODING

@ Extrct
® Compute +he l“ﬂw
extract R+l next bits .

@ Convert this inte @ number,

number of  bits-

® Repeat  stegs ®-0 unhl the shiy s emphy.

the |f.ud'mj bits
of the O-mun, L, ond

and  wite this

€ : 00001I0100100\010

% D%e12) ~_2
h
AR\
l'.ab\:nJ bi - W

=0

0 e0es (5o 1)

2 g- 0000000006000\ 1110\
N

3 (3 L

Algorithm 10.7: RLE::decoding(C, S)

Input : Non-empty input-stream C' of bits, output-stream §
// pre: C is a valid run-length encoding

1 b+ C.pop() // bit-value for the current run
2 while C is not empty do
3 | £+0 // length of binary encoding, minus 1

4 | while C.pop() =0 do (++
// The last pop() removed the leading bit of the binary encoding
k1

6 for j < 1 to ¢ do

7 | k< k#2+ Cpop()

// get binary encoding and convert

for j + 1 to k do S.append(b) // append the run
b 1-b // flip bit for next run

93 Run-pme:  OCISI+ 1cl)

g'; We also note

© This works well for long Funs .
\ = 2llognl) +2.
%9 OA End Llajr\_‘ +\+ U“j"‘,\ vl ogm
bi sk T .
"~y 4he lnding O3
[eudtng bit

® 8w this  works really badly for shert runs.

g A cun of length 2.

" — .00

® 1 i useful  for  Hransmitting black & white pictures

(lsrzu'r.llj Yext).

Why? = long s of  ahite/bleck pirels:



LEMPEL- ?IV- WELCH €ENCODING

P Tws is used in compress & GIF.
'g, Tdea: We instead au+onna+icol(; dlefect lonjq.r
S

Suksfnrﬁs +hat 30+ codewords.

o_ruhtlj

g; To do Hhis, we
®© Fina the (onjuf subshing, in e poct
we wont to encode, f"' which we
have o codeword:

our

@ Add Hhis sting + next char
Wwith  codewords-

v\ich'onofj of s-Mnjs
4 maskess to heap Amck of codewords
AN _np o ANA G doing by haad) 30
lg 129; 130 131 132 133 ‘S '
L I I 1 ] f . -
= e : : .
D —@A:N‘mlsﬁ NN A D:<N1A-
G 7l 18 e iss 1 | 1w | ;
“next’ frae w&zwarl"n) A

Lees: / casciz hes size ! —132]

o N A |
A o 12— e Comeranh D: dif-nonu_-’ +hat mnfs S‘fnnjg
4 Ao output o codewords

N = Cusually & 4vie)

We L(!-!.f Ad&inj to the +Hie in Hais Woy

uabl we rtun  oub of -'n’:wr-

: We ossume
® the Hext is in  ASCIL; &
® D initiolly stores ASCIL.

95 Pr now, +he output is a list of
in-\-zjtfs-
We need 4o convert this ink  bitshings.
® We could use Elios- Gamma codes
- but  Hhis 3'.1-: Yoo long.
Y i das +he
@ II\S‘('::J' we  wSe 12-bit t"w""J of
mAMLUS_
ter
- but we step adding codewords af-
code U045

000001000001 000001001110 000010000000 000001000001 V00001010011 000010000000 V00010000001

65 78 128 65 128 129

?; Pseudocode :

Algorithm 10.8: LZW::encoding(S,C)
Input : Input-stream S of ASCII-characters, output-stream C'
1 Initialize dictionary D as a trie that maps ASCII to {0, ..., 127}

Q.; Pseudocode

DECODING

Qﬁ Ldea:
® Inkalize D with ASCEE;
@ Rexd  the next code  number 7
® Look up correspending Shving in D;
@Ekrmd D as the encdd would  hove
done ;

Cbut we o one ﬂzf bahind)

@Re.rud- @O

9 S 78 129 65 83 128 129

32

(8]
65 —N—) 129

-—6@

yﬁ'

s 128
€3

| input ’ decodes to || Code # | String

67 C
65 A 128 ca
8 N 129 AN
32 U 130 N,
66 B 131 B
129 AN 132 BA
133 77?7 133
8:_ Note +het of the end, e could j“ R
code number Hhab  was  obeut h be added.
1 If we wont o use  the decading of +he codeword
we are  about o add:
We con show tHhe string s then
the previous  shing + (S cher of the preve shing.

2 idr + 128 // global counter for first free code-number

Algorithm 10.9: LZW::decoding(C,S)

3 while S is not empty do
4 v < root of trie D

5 while S is non-empty and v has a child ¢ labeled with S.top() do

6 L vic

7 S.pop()

8 C.append(code-number stored at v)

9 if S is non-empty then

10 create child of v labeled S.fop() with code-number idaz .

11 L idx++ raviovs
stving

9? Encoding - Fime: ousl)

Input : Input-stream C of integers, output-stream S
1 Initialize D as a dictionary that maps {0, ..., 127} to ASCII
2 idr « 128 // global counter for first free code-number

3 code < C.pop() // first number creates no entry in D
4 s < LZW::dictionaryLookup(D, code)

5 S.append(s)

6 while C is not empty do

Sprev ¢ 5

code < C.pop()

if code < idz then s < LZW::dictionaryLookup(D, code)
else if code = idr then s  speyHSprev[0]

else return “invalid encoding” TL concatenation
S.append(s)

insert sppe, + (0] into D with code-word idz

idz++

// special situation

Ys

Do_wding +ime:

~ each rouwnd Of the while “Yakes Hime
eroﬂﬁona\ o the # of chas written +
the  output
Thus  4he  cun-fime s OQSI).
Qe Notes:
@ This compresses well  in rrar_h'u;; bt
® Twis s wey bad f a0 cepeated  subsbings.



bip2

SR : Hhi Hhat
gI Tdea: We transform the Fudinke something -
_ ; ther
is not necessanly shorter,  but has o
desirable qua\i»h'e&
Transformation name Properties Alphabet
Text Tp: barbarabarbarbaren$ ASCII
B - Wheel ansf If T has repeated longer substrings,
urrows-Wheeler transform then 77 has long runs of characters.
Text 7T7: nrbbbbbr$arrreaaaaa ASCII
If T} has long runs of characters,
Move-to-front transform ) . X
then 7% has long runs of zeros.
Text T: 110,114,100,0,0,0,0,1,6,100,2,0,0,103,2,0,0,0,0 {0,...,127}

If 75 has long runs of zeroes, then T3

J Modified RLE has chars A" and B’ very frequently

Text T3: 110,114,100,4’,8",1,6,100,2,B’,103,2, A", B

Compresses well since input-chars

Huffman encodin ey
J & are unevenly distributed

Text Ty: 00011101111100010000000111110101110010110001
MoDIFIEP RLE

? Tdeo: Encode only runs of O, using 'o'mcu'ﬂ L'.iu'Han numeration.
) —

{o.1}

(S =40, .., 113D
6,100, 2,0,0, 103
e g = 10, uy, 100, 0,0,0,1.6,1° 20
3 2
S ¢ = o, w4, 00, A8 (¢ 00,2, &, 103
k o \ 2 3 (_msmnsuFOSBF
. . . . tis leaghh
Ew) A A A,p A.e

€~ do +his  subshing.

9;_ Ou%ruf alrhal-d': Z=iy... 123t U ¢A.BT.
MOVE-TO - FRONT TRANSFORM

@ Taibalite D: omay of site | Zgl  that stores  2g
Chypicaty ASCLI)
@ Cet chosr < F‘M #he 'mru+-
O wite b to the oubpub:
Cusing  brukeforce)- B
® Ur-lah. ) \'J lpvinJh\j ¢ h the
(the MTF - heunskic).
0o 1 2 L o4 5 1l o4 5 @ o1 5 @ o 4 o
[a[1[t]—~ Jalt]— [1]alt] — [a]1]t] = [a]1l]t]

.?1 Ip we hove k-conseewhiVe Soame  chasocters, we Jd' a  run

of k-1 Os in the oulput

93 We showld have lots of 0 L2.. L ovey few of
125, 126, ... .

Qq Decoding:  Some except D" becomes D.

{1,...,127}yu{4", B’}

BURROWS - WHEELER TRANSFORM

gl Tdea®
e S= alf et alf $

€
alf_ eats_ alfalfa$ $alf eats alfalfa
1f eats alfalfa$a palfalfagalf eats
feats alfalfa$al ueatspalfalfagal f
Leats alfalfagalf a$alf eats alfalf
eats alfalfa$alf, alf eats alfalfa$
ats alfalfa$alf e alfa$alf eats alf
tspalfalfa$alf ea a_lfalfa$a1f§eat54
spyalfalfa$alf eat ats alfalfa$alf e
palfalfagalf eats — eatsalfalfa$alf
alfalfa$alf eats, fueats alfalfa$al
1falfa$alf eats a fa$alf eats alfal
falfa$alf eats al falfa$alf eats al
alfa$alf eats alf 1f eats alfalfa$a
1fa$alf eats alfa Ifa$alf eats alfa
fa$alf eats alfal Ifalfa$alf eats a
a$alf eats alfalf s_alfalfa$alf eal
$alf eats alfalfa ts,alfalfa$alf ea

O Wit ol cyetic siftes i SCitr... n] 4 ST0-] Vi

@ Sort them l!.xir.ojﬂfkicnltj.

($<c w<acec )
@ C = rijhfmcﬂ’ clumn  of the cesult  “mahix -

o, c  likely has
Kol . &  subshings, Then Y
?2 Observe that f S has "f""*"g 3>
lon ns nf chars.
Y als” 3 himes -
& in our mcamfld, alf”  shows wup
i . iHs thot sto-t
2 there oxists 3 ‘J““ shif
with  Talp”- :
D fhere exist 3 f-jr."’- shiffs  that stor
wikh T[T ond  end e “a™
L"hcfj. these  shipts  will end wp consecutive -
=
. . B as ore
I H\zj are  consecutive,  this m\Phls the 3
consecative in  C.
.
For the same reatening, —we also jﬂ 3 s thet ore
| ”"d:] 4o be contecutive in C.
FAST BuRROW- WHEELER TRAN SFORM
G Tdes: .
9. —_= Ag Hhe corresponding
" suffixes in the
et koow(k) suffix orray .
0 alf eats alfalfa$ 0 16  $alf eats alfalfa
1 1f, eats alfalfa$a 1 8 palfalfa$alf eats
2 £ eats alfalfa$al 2 3 eats alfalfa$alf
3 Leats alfalfa$alf 3 15 a$alf eatsalfalf
4 eats_ alfalfa$alf,, 4 0 alf eats alfalfa$
5 ats alfalfa$alf e 5 12 alfa$alf eats alf
6 tspalfalfa$alf ea 6 9 alfalfa$alf§eats,
7 spalfalfa$alf, eat — 7 5  atsgalfalfa$alf e
8 palfalfa$alf eats 8 4  eatsyalfalfa$alf
9 alfalfa$alf eats, 9 2 fieats alfalfa$al
10 1falfa$alf eats a 10 14 fa$alf eats alfal
11 falfa$alf eats al 11 11 falfa$alf eats,al
12 alfa$alf eats,alf 12 1 1f eats alfalfa$a
13 1fa$alf eats alfa 13 13  1fa$alf eatsalfa
14 fafalf eats alfal 14 10 1falfa$alf eats,a
15 a$alf eats,alfalf 15 7 s alfalfa$alf eat
16 $alf eats,alfalfa 16 6  tsialfalfa$alf ea
@ We need the sordng  permubation  of  the _fg‘l"‘ shifs-
® Twis is +the same as the Ssorting rumuhhm
of the  suffixes.
i we
@ Se, o wmruh the enceding,
( D(alogn))
; o
- mmruh the S“FF"‘ aﬂ‘_l’ j

- oul—rut clil= S[CASG]—D mod 0]

DRAWRBACKS OF BWT

¥,

Run-4ime: OCn loj ") Cmnjhf_ 0tn))
SEar-e: 0ln) Cwith suffix acroy S).
Here, we necd +the enhre text ot once.



PEcoDING IN BWT
?'I Examrle \:
g C= anbtaa

Reconstruct  the
- ﬁjM
C.

as

indexes by
vow #

T\'he chos after b s

Poof-  Oefine w; = e Word in front

n ow .

rmabvix  of cyclic shifs -

most  eolumn i iuﬁ

- |eftmost column  is  the same

C, but sorted:
ehorocter  of $

Second chocacker of S is a.

e a in

of char x

(%)
We note W, & W < b

lex lex

° (no equality .. ad of ches 'JJW‘L‘"
. iS in ifferent ros(Hbr\s).
we have 3 cjalir. shifts
R
Y e
T
The

So

Restoki ng*

a's  do  pot :ha..\\.j._ the (nxiwjmfhic order,

au, & ow < aw,,
o tex $ 5 (ex 6 6

. e
The  cherackes  in  +he frest column  ar in the  Sem

relakve ordec as they wer  ia the  lust  column.

S

-93 Pseudocode -

Lq;"z“;“.“og

Fnal Hv’mj “

abacadabra$

(see course notes for
more  details:)

4,2~ [ =>%,28% > -

& badiwerds )

Copper

Algorithm 10.14: BWT::decoding(C, S)

Input : Coded text C as array (not stream), output-stream S

1 A+ array of size n « Cl.size
2 for i =0 ton—1do Ali+«+ (C[i,
3 Stably sort A by first aspect  // eq

i)

cadix sork, merqe Sort

4 for j =0 ton—1do if C[j] =$ then break // find $-char
5 repeat // actual decoding
6 S.append(first entry of A[j])

7 j + second entry of A[j]

8 until last appended character was $

Qq This s cimrlg, ) QR VY TN

Oln) time.



Chapter | |
External Memory

'8 So fer, our wmru‘hr model  assumes  all

MERGE

Ml-morj cellsare anlval and  Twe have B Mth +ales 9(';‘) biock +tronsfers:

. infinihlj many of them -
91 Now, we shll  assume we have inf—inih d\zMorjl MRGESORT

ds “spliting” &

but  dishinguish __how _easy i is  access. i mymmsh  uits Tlog, a1 vounds  of  “spliting
T AL- MEMORY mODEL / €mm AR
- HG EXTERN / Co So we aea O(Gloga) block transfes:

Tdea:
¥ L d-WAY MERGE

* T~
‘HHHHH\HHHHHHHIHHHHHH---‘ Wﬁonl\vjmoda\ QI Tdea:
external memory — size unbounded one “p.
J*f internal memory
\I_‘_l:l‘:‘cs;u.. transfer in blocks of B cells (fl_of\) transfer S .. P transfer

- hen v]
(ordess of magnitude o @ when

8 se[6 [ T] [T [ea]s] o
‘HHHHHHHIH‘ slower ) oo .... ... u

internal memory — size M

random access (fast)

Central processing unit (CPU)

- — . - - Choose s-#+- +he blocks fF into intemal  memory

In rgrh'culnr, _
© B s the block s’ Hhe omount dronsfarred ot

9 Pseudocode -
2
once (~ feu '8)

Algorithm 11.2: d-way merge(S). ..., S4,S)
@ M is  +he site of +he intemnal "‘lmmj' Input : Input-strcams Si,...,S4 that are in sorted order. Output-strecam S.
1 P < empty priority queue that stores pairs and is min-oriented w.r.t. first aspect
Cax < L} locks ot oncR) 2 for i+ 1 to d do P.insert( (S;.top().i // Populate priority queue
A lopd £ b
8 3 while P is not empty do // repeatedly extract minimum
(~ few GB) ) 4 (@, 1) < P.deleteMin()
. . the  inputb- (~ fv-vi T8 /PB // Item x is top-item of stream S;
® nois the site of r _— 5 S.append(S;.pop())
sTRenms 6 if S; is not empty then P.insert( (S;.top(),i))
A
@ Tdea: ?3 If we sr\& % mu\jf- A H‘Us’ we only Aeed rlﬁ*ﬂT
rounds.-
el Dl D e D DL e TT T T T T T T T T T T T T T T T T T T [lelxllx] - - | external ? So # of block tronsfes eL\oJ‘n- ?)
next block of input for next block of input memory

@5 But we con improve further  Cdetails omitied)

( BClog, (&) &) > “opme” bound for Cme.
B

transfer when empty transfer when full

internal memory

work on

Y, Tok # of bk ransfes: O(F)
Cthis  is oern\)-

Goop /BAD ALGOS FOoR EM
Q, Good a\JoM'hMS:
@ Huffmon
@ L=zw
@ kmpP

® BeUu' Moore
Q Bad algorithms:

® BwT —(S yre whole input

® Supfix omay & tree

use streoms



COMPARISON - BASED DICTIONARIES

&STs

E?’l we Unow seorch finsetf deleie can be done with

Ollog ) block +mnsfert Craivaly).
@1 We con show we aced ot least _n.(\oja..)
block +rn.nsfers for seorch. .
gz Can  we achieve  OClegy »)  blode tronsfesst
IDEAL STRUCTURE PR  SEARCH

Tdea

block of external memory

.'H"AH;'\HJ'H'H'M'M'\\'MI\':\I\

I .l. U [ M

SEARCH IN a-b-TREES
g Similar +o  BSTs

® We load +he wobi
® FRnd the lLest place for  the  Storch key in +he
aode;

©) If k is wnot in the node

rf_reaj n
+he arrwrnnh subtree-

® Otherwise, rehurn k % the (arrESFm\Jq'hJ

value.

?1 Pun-hme  (in RAM  model) : OChtiﬂM— - log b).

.92 Search ra“\ hits SLOSZ_) = eCloJLv\) block  “ransfors,
lo
J
whee  be OCB).
d n &
93 We can also view each blok a3 one  nede
MuleAJ +cee
Cb-t kvPs, b subtrees) v
o-L - TREE
\ Tdea
B
/A VAR RN [y /T VN
L 0 0 o ¢ ¢ 0 0
e 2-4 ree
b+l
O abe 7, 2¢0s[]
vl
(uswall we set as L:f-l )
® Evey node has & & ¥ sobtrees ¢hb, except
of +he woot, which has 2¢ # subirees < b.
@ (all} zmrlv subtreeS are on the same Iaju-
® A node with d KkVPs has exocty  del subrees.
-g, OFJU-EnEulvz
Close up on o node .
[ Ta]
)<<k| k.‘*‘l‘z [‘z(xck!
Ux Ix I wokd

/ \,lm._(,~ ~ hdds  subbee
of site b-\

INSERT IN a-b- TREES

Y T

- Call search. ond add key and  an cmrfj subiree
ot the leaf:
2 However, if we do +#his, we mijh+ J& that &
node is oo LiJ.
msert (17)
/ ag| i
0 fran ¥ N B
-93 To solve Hhis, we wuse “node splitting”:
» split into
anothe,
S"Hf‘eﬁ

7 AN
splid To Ty Th 3 Ty

';..\,m “lick” s up b the
rnrud--
K l-" ., K3 . ‘
9&{ We thave b rz‘uo‘l’ node - sth'mj unbl ol
nodes  are  happy’

o bo g0 oo

\
| [

) QS’ Pseadocode :

Algorithm 11.4: 2 Treezrinsert(k)

1 v 2 Treez:search(k) // leaf where k should be
2 Add k and an empty subtree at the appropriate place in the key-subtree-list of v

3 while v has 4 keys do // overflow leads to node split

4 | Lel (To. ki, ... ks, T} be key-subtree list at v
5 | if v has no parent then // tree grows upwards
6 | create a parent of v without keys
7 | p« parent of v
s | o < new node with keys ky, ky and subtrees Ty, Ty, Ty
o | #" < new node with key ky and subtrees Ty, T)
10 | Replace () by {1/, ks, v} in key-subtree-list of p
n | vep
g Note:
6 —
& b#l  subirees
— overflow  means 3 '“j‘ b
- offr Hhe node spit,  new nodes hove 2 L=
bt! . .
- sinee e ,.._T,;r“ as [_ +his s 3 a-l

as mqu;m& 4

? Run-Hme: search ( OC hn.in' - |°j b))
3

* ufdah (o(hg{jh. . log b))

run-kime = OU\G-'j"‘+ aaley L.

IMMEDIATE SIBLING

Gla] 12

lﬁ-v

.mm;d.mh. :nU-'j

Leeys

hejs



DELETE IN o-b- TREES
?| Tdea:

@ Seorch for k, then Hrode with  successor  i§  KuP
is not at a leaf.

® Remove the

@ But +iis  could

lead $o undesflow e <o

e

IR

[E] [

n bo e zM 1

2 o resolve undarflow ,

“Stkeat” fom  the

we can use

(RN
rcrfonm a

“node mu-je",

I e e
93 Otherwise, we con

the Eonmnl'-

p
k7

ki EL,U’

7 h

L T we rq_fgnl' tis  unbl  all  nedes e “I""“fFU"'

AT process  conHaweS  unkil e root
subtree, it self-destruets.

QS Pseudocode :

" rot ah'ons"' and

leey & one emphy sullree  pom  leaf

suL‘h!eS-

immediate iiL\inj £ i+ has  extras’.

by stealing from

has onlJ one

Algorithm 11.5: 2/ Tree::delete(k)

1 v < 24Tree::search(k)
2 if v is not a leaf then
3 L v < leaf that contains successor k' of k, and exchange k and &’
4 delete k£ and one empty subtree in v

5 while v has 0 keys do

6 if v is the root then delete v, make its child the new root and break
7 if v has an immediate sibling u with 2 or more keys then
8 ‘ rotate a key and subtree from u to v as in Flouro/ﬁ and break
9 else
10 merge v with an immediate sibling as in Figure 11.15
11 L v < parent of v // and repeat the while-loop

// node containing k

// underflow

Q.f This is  no fusf—u +hon

i?: Run-+ime: O(heijh+ . loj bL).

HEIGHT OF AN a-b-TREE

'i}l' Claim:

heignt € O (log, n)

where = # of kvPs.
'noh-. #of kvps >> # of nodes.

Poof-  Consider 4 of nodes on level iZl.

levet © T %1 node Twis s of
pd \ i-l
lever ¢ —J 22 nodes 2a .
lawel 2 G{(A E /A \F % 2a nodes
A NNt T b T

> 21;2 nodes
Thus

h
4 of nodes 3 _Z G Wzheight)

"‘—|
ly 22
Then a-|
"oy
n= Hof KWPS 2 | 4+ (a-)2 2
—~ P
oot
CthyPhl'v\j
else
Tle 20
_ w
= 2a -\.

2 ke log 1:—') € OClog, )
asS needed - 7}

92 With a

""'UM € J).('ojL n).‘

@3 We also  choose ae O, so dhe
has he(gh*

RUN-TIMES OF a-b- TREE OPERATIONS

-E( Al the run-Hmes Cin  +Hre RAM  model)  were

Similor rwgf, we con show

a-b-tree

qumr \-oh'call:j

9; Then

hti\cjhf . lus b.

heij\rd’ < ‘Dj. "—:_’) € O(lojLn)

=y
o9 b
-?3 Thus 3

run-hme € O(\oj n).

AvL trees.

leest



TREES

PRE-EMPTIVE SPLITTING / MERGCING

?| This  has O(.loJ n)  run-time, but .Fusfu +hoan  AVL - hrees .
Y Molivakion:

in rachce.
with -l red o nsertlen)’

Qv 315 7Y VU g (N O S—

-?1 A d-node becomes o blacle neode
childrea. T\u\v\-\mmﬂ;;;\j\it“\ \/\155\\\.\ RORED \/-\30\\\\.\\ T "’r :,,ﬂ}u‘\“.‘ -

[=]
[e]
=]
i

insest  does  he afellowiﬂa -

voee - load +he Llocks “on dhe wey dewn”

(not  quite iqv - "
. © cl ! um1 e) [U - (oed them njnin on the wey ur .
‘[;?3 The resuthant  trees  have  height oc|,j n). @ We went to aveid Hhis.
?:1 A Ured-bladh  dree”  has  Hhe  fotlowing  pioperhies: Q, Tdea:

Q@ If node 8 not -ﬁa\\’ k"‘f’ !Mh'lvj
@ I node s Aall, imma.diah-\:l sr\il’-
@ Then qur gu(clninj n arr vvfﬁﬂh new  nede .

CD It is a BST;
€] Evuj aode is either red or black:

® EW-'J R4 node has a black raru\h »
@ EVUJ emr*:’ sabtree T hoas the seme gg e we grli-\- "iu\s} in  case'’.
“Ll w 'g . helf o e block -\mnsfus-
L‘_‘fﬂ"_ 4 y This can sove
e +the # of black acdes {"vvm the 8'1'-56 PROVEMENT a2
o kT 8" Trees
| Tnsert /delete: e
s / 8
@ Convert  +he red-black tree b o 2-Y  yree; (D Each node s one  block of mgmmrb.
® Ptr]corm Hhe orerouHon on the 2-y-tree; * @ al ¥UPs oce stoced of leaves, Rach of
ther K which  are  of least half  full
~Y -tre b into red - )
@ Convert the  2-4 Q oe a ® Tnfedor nodes store o'llj l‘@_J‘ &nr w-nranson
blacle +ree. )
nEE .\unvﬂ seorch.
g-m s ® Tntesor wmon-root  nodes hove at least  half

Y p “B-dee is an a-b-tee  falered +o
I of the rcss;‘ole subtrees.

Emm .
—emphive  mecting [Splitting.
?‘1 J’L‘;‘L @ IﬂSUf /A¢|e+¢ use I-;eg g"\r i ._‘-j,,j/ F 'j
© Every node i3 one Llock  of memory
Cof 8) [<a6?[elJe] [o] [+ |
of gite
[s]<167[e]<247[«] <327 [a[<207[«] | T S T

@ b s chosen m«viwﬂ“:] s-F ¢ nede with

i
o i hd 7 ,
b-l  kups Lt wb & block: %
v v V] g
(b & called +he order OF +he *&')
"y l =
i 1 -
€ 0(8) “ypiatly i S s B - H
_ Tt
® a- I31. . > This can Stre  5°= 125 kvPs.
‘3,‘ AJ\lnt\-l-uﬂgs-.
32]v]a[58]v . (0] 3‘33“ ordesr:
([T Ts]20[*[e[26]¥]e) RESNNEAGOENED) T " values ® Con shre more ¥VPs  pnr the  seme he.:jh*"

Coc refusences

4 tham) B-TREE ImPROVEMENT 3 —
& LSM- TREES
; Y Tae
g’; Note  that ® Store dif-HoMf\J in internal  memery Hhat (ojS
# Llock +teansfars in  B-tee = ocho.'.jhﬂ all chw\st;
=9U°3\,""\ ® To saoschs fest  search w Co. thea Cif needed)
> edoagn) . ing c,
¥ .- . . ® Tp intemol memory full do loks of wupdates in C,
g‘( This S asjm!;l-v'hr.al(J crhmal. e, P

€22,v) s (G&,v) - (_.—)i

Co (loj of dnw\azs) C, (RB-+ree)
3 se, v __"
s y oL -
inserted v 38, v v
/ ~N ° . .
20 b3 20,v yav 0,
Aeleted insected 12"’ oy

a Note : Manj -fw-Hr\u .'mrrvv!"lﬂ-ﬂ‘h~



HASHING IN €Emm

9. Each operchion  tolkes u,m.h* amortized  ©0)

cuntime .

Y Tie means can oputen  alio dules U block-
transfers -

Q! However, amortized bounds are @ problem!
- mhnshinj is  +the isswe.

g:, So, fow do we do hqgkinj without re-\nus\amj?

TRIE oOF BLOCKS

QI Assumphion:  we  store
) (Lii‘shr'sz)

Y, Tdew

® Ruild rN'\f_d. ve D

non- ntjoﬁve

iv\{-ejus

Che “dircdmy" ) o 'mhjm
in  internal

® S'(’or srliHn'nJ in tie  whea rl.mnininj dems it in

memovy -

one  \lock-
® €ach leof o D
ot  stores  the

re.fm to block of external

fems -

ﬂﬂllﬂof]

00%***

,| 00101
Q 00000

0 e 010%*

01000
01010

Po011kx
L— i | 01101

= “» 01110)
01111

Tk

10101

11010
10000
Internal External
93 Search (L) ¢
® Je.- Li“'shriﬂj fv- k, IAJ oolol

® seacch  in  the e
® f(oad block ot leaf
@ seorch in it
block

+ransfer
fits  into infecnal mm-.-J)

> Ths is |

(assuming  tvie

Tnsert:

® Fwnd 4he  block oot aeeds i, & insect

@ Tp the block is  ful,  spit the  bleck by
+he next  bit

® Repest @ unkl +he  blocks  have space.

o001
;oo N 00000
00000
{0
Q

o 01000|
Q <Z 01010|
e I
01000 —
01010 o
¢ s ol >{ 01110
\ o 01111

2

¢ [o1o]] / .| 10010
>{ 01110 " 17 10000
01111 :

10101] K
>[ 10010
10000 b

Figure 11.29: Inserting 10110 into a trie of blocks.

after 2-3

S It s VUU
'\'runsfub

l.'l«.l:’ we afe done
block

i?{ Delete:  gimilar.

Li'(-stvinjs) , we extend

'ﬁ‘ If no spit weds (ie duplicate
hash ,funcﬁon.

0] Suppose )
urrq_s[;md'mj o

® Lot ek > l;HsHmj be

@ Tuen, use

nia.lds the \-i+sh'm3
k.

ancther hash- fw\t'\'ibﬂ .

W by, 1k > bifshing = htie) -+ h (k)
T
wacatenahion

EXTENDIBLE HASHING IN TRIE ofF BLoS
"exram!'.nj" e e

ey

"B,’ We can alse
and Oﬁlj s+,,,',yﬂ the leaves-

save \inles LJ

?;_ We gtore

‘o
the D a5 on ooy, cotner then & b3
0 e
7 | 00101 | 00101 1) | iocas
Q e 00000 00000 dog
7
S “7”‘ ", 01000 | 01000 |
— 01010 01010 | *
0 01101 01101
Oy Ll 01110 > 01110 | 1
01111
. 1 [ 01111
. Q 10101
l
11010 | 1
Global
e 3] 10000
93 We  need 4o store

© the 3]0\»‘ der#' AD; &
@ the local depth .
Yy T

If +he ries \mjw increases, we need o

‘wavedt” e inte tuble £ vev.

“rdd'g the ocray.

e | 00101 0000 [+] — 001011,
9 00000 0001 [@ i 00000
7 0010 [ef-
N p 01000 0011 | e ] 02000
"l 01010 0100 | & 01010
0101 [
0110 [ o}
2 01101 o111 [ o] L jotto1
¢ 01100 1000 | & 01100
 S— 1001 [o]
’ 1010 [ o
01110 R 01110 |,
ot 1031 | & 01111
1100 [
— 1101 [ @]
10101 S0 e M, 10101
-» 11010 1111 [l 11010 [ 1
10000 = 10000
4]
= bt we dont need to load blocks o urdo-{-e the
arrnj.
with tres.

-g‘ This uses no more  block -k‘nnsfus Yhan



