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Chapter |:
Introduction

REINFORCEMENT LEARNING PROBLEM

Agent

State,
Reward Action

Environment ‘

?I'O“lsw\ s r e AL 4 leam do
choose  actions Hhat morimize ewosdS.

AGENTS % ENVIRONMENTS
'\AFAH

percepts

what mMales -
de o ;u-{o {—m ;\'\:;- actions
ackions “~

. ) actuators

g| The  “agent funchion”  mops perapts o achons; e

" ,"—P—)A

Qz. Tee “°5"”+ rwj,m s on Hhe fhjsiwl archilectwre
o ?mduce £-

RATIONAL AGENTS

chooses whichever adkhon dhat
vlue o s rU'nvance
sequence  to date -
but rather

gl A rotiond aJo\(-"
macimi 225 the ¢ﬁru+¢o\
measure sim the rucqﬂ
97_ Note 4wt rationalily is ot
lwvfmj % m+mo'nj_
PeAs
Q UPeas”  helps us specifyy  4he Jack  enviroament .
@ Performance measure;
sofety, destinobion, ehe

©® Envivonment)
ﬂj streets, Amffic, et

® fctuhrs; &
9 S&Mrﬂ, brokes, efe-

omnisuence,

® Sensors.

ej (A2 v.njim. sensofg, ete-

PROPEATIES OF TASK
guvxaoumems
9\ Togk eavivonments can be:
© fully vs rarﬁallj cbsecvable;
- fully observoble: ajulf knows Shate of the world
from the shmuli

- Fu,-h‘nll: obsesvable :
the world’s Swate

@ detesminishic vs stochashe;
- determinishic: next shate s observade ot any

adzn\- docs not directly observe

Jime
- Shocvastic:  next stote is W\r.gp\i:\—ub\z
kit
@ episodic vs sequential;
- episodict mav.nl-'s cunrent ackion will not

RFF'-Ck a future ackion
will n{-fd-&* a

- seguential: ajq,v\k.s curvent  ackion
Sotue achion
@ static vs ijmic',
- stotie: model i frained once
—  dynamic: model iS trained gmHnuws\g
® discrete v continuous : %

® S'mjh ajud- ¥ Mu\l—iaJu\L

* e formor option s Yeaser” Hhaw e latier.



Chapter 2:

Uninformed Search

Techniques

STMPLE PROBLEM SoLuIng, acenT

static: seq, an action sequence, initially empty
state, some description of the current world state
goal, a goal, initially null
problem, a problem formulation
state < UPDATE-STATE(state, percept)
if seq is empty then do
goal —~ FORMULATE-GOAL(state)
problem « FORMULATE- PROBLEM(state, goal)
seq SEARCH( problem)
action « FIRST(seq)
seq+ REST(seq)
return action

function SIMPLE- PROBLEM-SOLVING-AGENT( percept) returns an action

9, Thig can OMJ tackle problems +that are
© fuy olbsecvable ;
@ detesminishic ;
@ squantiol;
@ shatic:
® discrete;

® single agurt-

EXAMPLE: TRAVELLING IN ROMANIA

-inthol stote: Ta Ard

- ackions: dvive between cibes
- 3°°‘ fesp: In Bucharest N
- Paﬂ« cost:  distance betwean cities

ExAMPLE: 8-TILE PURRLE

EE EE % blank
amn

Start State

Goal State Co'\'f&' wration

- Pa(—h cost: # of s{efx

. stotes: locations of & Hiles

- initial state: any state
E E - actions: up. down, lefi, vij\\+

)
E EE - goal fest: do&s State makh desired

SEARCHING
g: We can visualite a shate space seorch  in
terms of trees or 3r4fhs;
® nodes corcespond  to shates; %
@ edges mrresron4 fo  taking achoas.
92 These “search Hreas' are  formed  using
“seafeh nodes”,  which have
© +the state assor-ir\d with b
® rarzn* node % orua‘{‘-or aﬂ:\ie& o;o .+he
ent 1o reach the ecurent’ nodes

@ cost of the ?awmfw"
® thi’h of +the aode
EXPANDING NOOES
8 "ExranA;nS a node’ refess to arf\\-jing al\
|ﬁa\ orua’bfs }o +he state wontaimed
n the nrode & Jenuahnj nodes  for all
oorfasro.\dinj successor  states.
- [
e O/ c;\’/ /5 %\°\°

CENERIC SEARCH ALLO RITHM

%4 Pigortim:
@ Inkidize search with inifiel problem  state.
® Then repest:
- i} no candidate nodes can be axfamo\d-
retum Afﬂ-il\lfl

- oftherwise, choose a leaf node for
expansion  atcording fo our Search
strategy.

- if :33 node confains & Joal state,
return  the solubon-

- otherwise, u:rawl Yhe node \’:J
opplying  the \eja‘ opestors Yo e state
associated  within  +he node, & odd ihe
RSu(“ﬂﬂ nodes to e free.



EVALUATING SEARCH ALGORITHMS
9 We can use +he following ‘M)Fu-ﬁes when
cvalud-iv\j Search alJthms:
O “completeness” — is the algorithm
competenes” ot 9
find o sdubion  Cf it exists?)

@ “optimality’ — does the a(jor'\+hm
(ie lowest I)aHA wst)?

waronteed  fo

find  the

or\"\mo\ solubion

® hme & space complerly.
'91 We consider he fnl(uuumj Voriables:
© " branching factor” (b)) — the # of children each
node has
(©) depth  of shall owest 3“\ node Cd)i &
@ mox \enan of ony ]"H‘ in the Sote space ).
BKEAQT\'\- FIRST SEARCH

G Refer o Cs2M aotes for deils;
given tevel before any

we ev:rani all nodes on a
exramdd.

node on the nexd leve\! g
gz Evaluaking the olgovithm:
(0] Comflehncss: yes b b

@ OPHma\il-j-. ges i

if ol wsts ae same

® Time: \rbr-s L eo(h )
©® Space: o).
*al wainformed search  metods  have qxf.,w,\-b\ Yime
Comy \u'\\j

UNTFORM COST SEARCH

g| Tdea: we expand e node with the lowest

Fa\'\h cost-
91 We can {Mrlemo.n\' this us'mj o Yviarihj
11ueu0..
Q' Let C—‘= cost of OFHM‘\ solubion & €: min action
3
wst.  Then

@ Complefeness:  yes i €20

® OPHma.l ”_‘7 T yes

Q Time: o(b reiset N
x
® Sface-. O(ch/{‘)
se
3 "
'Y J = 8 @® ‘;:‘.
2 N
- "o Ui ) ce
(,“ %

DEPTU-FIRST SEARCH

9 Refer to CS3W notes for oatuils;
dm.res{- node in  the

we f.r.rand. the
sc.cff.h free

cucrent fringe of +he
Larst-
G, Evaluation:
© Comf\o.-h'- no
- may sdr shuck 30‘-1\3 down a lor\s
?w\h

@ O?“mn\-. no
- "‘"j"* cttum o solution which IS
deeper (e mofe ostlyd than oncther

solution

® Tme: OCE™)

- note we m’-jvd' have m>d

® Space: Ol
DEPTH-LIMITED SEARCH
g Tdea: Treat all nodes ot d‘rﬂy\ 2 as i

Hmj hove no  Successors.

- 4ry ho choose 2 based ©
?w\n\lm

9; Twis  avoids the frn\n\cm of

n 4he

unbounded

L., hrees.

9; Evoluation:
@ Twe:  OC)
(©) Space: o™
@ CoMF‘e*e" ()
@ OFHM\: no

ITERATIVE- DEEPENING

G Toew repestesly puform depts -Vimiked

but  increase  the Lmit  each

search,

TR,
TN

uuuuuuuu ive decpening search on a binary tree.

gz Eva\uahon
© Complete: yes
@ OPHma\'- 5&5
® Twe: O
@ —_
Sfﬂ-cl.'. 0ocLd)
Time -
T Climitsl) 1
Climit=2) v+ b
Climit =3) ] + bt b
+ - F bd

) Cumitzd) P R

A+ A1) b+ (A-I“,ﬂ,
+ W e o™



Chapter 3:

Informed Search

Techniques

moTIVATION
gn- In Search problems, we offen bave additional
IM(MMJJ& about +he rm\\em.
eq with +he ""’Yl\'!ﬂi"j arund Romonia’, e knew
dist. bw cities
L so we aan r‘f""‘)* Hhe owerhead n a9
+he umnj direction
g_)_ Our lnowledge s offen obout the meat”
of nodes.
, Nokions & medt:
@howcxms'nﬂ'f" is*"j“'maﬁuh
o a oal
® wow easy it h\jﬁ-zﬁoma state
o a Joc\-

HEURISTIC FuNCTIONS : Win)

I' we need o J(vdnr domain sf@df{c
“newishc funchons” hn),  which guess the
st of reaching  the Jen‘ Fam node
n-

g). In jenuq[, it hpehny), we guess ('Qachivg

+e joc\ is chearu fom than from 1y,

‘R, we also meed
® wayso F iS4 goal acde
@ hny>° f nis net a 306\\ node.

CGREEDY BEST-FIRST SEARCH

?I Tdea: Use Ntn) +o al the nodes in Hhe
fringe L expand +he node with the
lowest h-value-

Cie “3::“&\3" trying o find  Hie least-cost

.. solubion).
91 E)camrla.-.
Heuristic
function
hed he3 e 4 ath using
N = = - heo 3
a(janAm

Path cost

Qg Note jm&‘ best -fest  is not orkmo\.

eq in e above example,
- raHﬂ found has cost=6.
- but cheaper ,;aHn ;s S3A3RaC26 with

. wst=6- )
G, Tt is olso nob complete, s F con

shuck in Ioors 3
4

be

h=1
- but f we chede for rzra.ahd states
ten wWe afe ouny
(35 Twis a‘jo-iﬂ‘m uses QXPOAQI«HG\
worst —case  Hme.

space 3



A* SEARCH
9. Idea: Define 4(n)= g +htn),  where

10) 3('\): cost of raw Yo node n -
® h) = heuvishic estrimate of sk of m‘h"ﬂ
aod fom acde n.

wWe then ihmHvdJ zrraml the node in
. Hhe fr‘mge with  the lowest £ value.
9; Example: _ ‘,ap,. Yolien s
Tee
n=4 h=3 h=2 h=1 ©f=£*‘l=‘f — %
= = = h=0 T\ ponichi
H—E’—M st hewnrshc
2 ! 1 2 $z243=5
p C
f3n:g £z 64123
£zur=s
f-p+0=6

93 A° swowld terminate only when +the Soa\ state
is popped from the queve / flinge-

;
Ej /S . / £ value
N
h=3 Ag h Bq
h=7 »L é
G, J"'
h=2 D,

we do ot Srop

here becouse Ap
1S s\l in the -]
‘ivl-u;.

g‘; Note A' S not oFHMa‘.

3
- A" finds  So6 with cst 3

- but thee it @
- A pefermed  poorly

heuvishe wa$ ot jood.

ADMISSIBLE CHEVRISTICS]
‘Y Let W) be the true

saa\ from node .
+he

because our

minimal  cost do the

hewvishe h(n) is

Then, we Say

“admissile  F

hen) ¢ W) Nn-

Q; In ‘mrﬁculdf. admissible  heuwistics  never overestimate
e cost to e goal:

chearu ral-h Q3p>(, with cost 2.

wen) TS ADMISSIBLE = A*
IS OPTIMAL
9 If Wn) is admissible, then A
“ree - Search i orﬁma\.
Proof. Lt & be an uP'Hm\ j°"‘ state,
X P = £ = gea).
let G, be a sobophmal qoal shde,
e peep= 966> F"
(since h(G)= hiGy)=0)
Assume, for o cont®, Mok A" selects
Gy ?yuw\ the queae; e AT tuminotes
with a  suboptimol Solution .
let n = nade curr@v\-ﬂj a leof node
on an or}'wAI PaHﬂ h G.

s
./

n/-

¥ with

G, ca,

Sine h is adwissitle, £*5 fo).

It n s nol choten for expansin oves

Gy, en a3 £0G)-
Taus  £*3 £0Gy)- Since N(G,) =0, +hus
‘FF% 3(6\2)’ o contl.
*
REVISITING STATES IN A
Ql Mokivation:
TS
JER
1 @
h=7 A ~
L [75_[;73 \ G,
[ J/ Gq )
e] 2 A e Iefr pabh &
Gl 7 Cheapes Hhan the
Ralt!

.8,_ If we allow states b Le exrav\o\eA agein,
we mijhi' 3&-)- a  beher Soluﬁt"‘!

CONSISTENT CHEVRISTICS]

Q' We say ntn) is consistent if

Wen) € costin,n') + hta')  VYn,n’.

91 Note thot A' 3rarh—s¢nuh with @

consistent  heuwshc s orh'mal.
]
PROPERTICS OF A
9 Note +hat P* is
hin) is consistent:

Q@ Complete if
- f olwayg increases alog any path
® Has exponestial Hme complexity in
the worst-case; &
- but a 5ood heuvistic helps &
ok
— OCom) # heusshic s jn.rfu’r
Q@ Has (xromnhal space  complexity.



TTERATIVE DEEPENING A*

CIDAY)

gl Tdea: Like iferative deepening search, bLut chmﬂe

f-cost rothes +han Jefl-h in each iterabion.

87_ Twis reduces Hhe space complexity.

SIMPLIFIE) MEMORY-BOUnDED A*

tsmn®)

Q" IA—;_““ Proceeds like A* bW when i+ runs out
of memory it dvops  the worst (eaf node

G one with  highest £- value),

'9,_ If all leof nodes have the same £-value, +hen
dwp the oldest & expand the  vewest-

?3 This s
0] ophimal %
@ wmrlefe k4 derﬂa of shallowest J‘”I nede ¢ memory
Siie .

OBTAINING HEVRISTICS
1 One approach Ho get hewristes is fo Hinke
of an easier I»oblem % lek W) be the
cost of reaching the goel in t+he easier
PNHCM-
Qz We can also
(0) rrewmruk_ solubion costs of  Subproblems '3
store them in a rq-H-un database ; or
@ tearn from exPu\'eme with  the ,mblam class.

EXAMPLE: 8- PURRLE GAmE
9, We can relax +he game in 3 ways:
©® We can move Hle fom ?osihon A>8 ¢

A s next to B  Cignore whether
PosiHon i blank)

@ We can move tle ﬁmm rosiﬁov\ A>B ¢
B is Yank anof! ¢J]q0—¢nr.3)
. ® we can move dtle from position ASR regandless .
?1 ® leads o +he "misrlaced tile hewishic”. (hy)
- 4p solve +ais rmb\em we need Yo move
each Fle info #S £ino Posi‘H"W
— # of moves = # of wmisplaced Fles
.- admissible
'Ql ® leads 1o the “manhatton distance heuvighe”. (W)
- o gove His we need o slide each Hle inbo
s final position
... — admissible
?; Note b, “dominates’ hyi e hy)gh(n) Vn.



Chapter 4:

Constraint Satisfaction

INTROOUCTION

g, These are  useful  for ?mbltms whee
e shte shuwdure s imrodumi .

81 In many problews, the same stote can be
reacdhed in dent of +he order in
which +he moves  are  chosen.

93 So, we can ty o solve fwblms efficiently
by be.'mj smart  about e ackon ordes-
- QLUEENS CONSTRAINT PROPAGLATION
Q Tdea: Remove confliching  squares from  considesation

when we ‘M“' a  queen down.

| B

o 1]

l d J
CONSTRAINT SATISFACTION PROBLEM

wse i
g A comstuint  satisfacion pvoblem S Az{—ine& by
some ¢V, D, cl  where
© V=iV, Vat i o set of vaviables;

® D=&op,.. D% is a set of domens, where

Di is +he set of possible values for each Vi
%
® c=4i¢,.,C,F is e set of conshaints

STRTE

g p skt s an assisnmml- of values o some or

all of +he vanables;
ie V=%, V)--. * ek.
CONSISTENT C[ASSIGNMENT]
Q We sy an assijnmud' s comsistent’ i
does not vidate amj conshants.
SoWTIoN

Q" A Usolubon’ s a comrle{'e, consistent assijnmo\}-

ExAMPLE: & QUEENS AS A
csp
G 8 queens as 4 CSP

- Vonables: ViJ., i:j=|----,3

- doman of each var: 0,1}

- conshmintt: Vi=13 V=0 ki)

J

V;J- =13 VuJ.=o Vkki

similar  conshaint fof
diaaonals

ZV; =8

vy )

EXAMPLE : MAP COLORING

. Constraint graph
- vafiables: WA, NT, ..., T C(the roﬁiuﬂs)
- each var has +he same domain:
qred, green, blue §
- no 2 nJI'at-ll\‘\' variades have e same
value
Cie WAXNT, WAXSA, ek)



PROPERTIES OoF csPs
g s o S
@® Discrete & finite;
e g -queens, map coloring
¥ we foews on His  in  Hthis  course.
@ Disrete with inflinite domains; &
eﬂ J'ol, schdu‘i"j
@ Continuous domains.
shraints:
Q:. Types of conshrain '
® "Unarg conshraint’ :  rlates a single  varidble
to o wvalue
- o Queansland = blue
® " Binary conghrmint” :  relates oo vavables
® "Hfﬂlﬂu order  conshraints’: relates 23 aridbles.
CcSPs & SEARCH
Q we con fomu(nh CSPs as a Search Fn\p\em'-
® we hae N vaviables V,..,Vai
® a valid assignment is  iVi=x,.., Vext osusn
where  values  Sabisfy 4he  vadable conshruints.
® ctates: walid assignments
® inibal state: ""J’I’j assijnmanl-
® successor: §Vizx,, . Ve xe 1 —
‘:\I|=!|, e, Viezxy, V, o xkh.i

u
® \tjoal test:  complete assi?munf

BACKTRACKING SEARCH

function BACKTRACKING-SEARCH( csp) returns a solution, or failure
return RECURSIVE-BACKTRACKING({}, csp)

function RECURSIVE-BACKTRACKING( assignment,csp) returns a solution, or
failure
if assignment is complete then return assignment
var ¢~ SELECT- UNASSIGNED- VARIABLE( Variables/csp}, assignment, csp)
for each value in ORDER-DOMAIN-VALUES(var, assignment, csp) do
if value is consistent with assignment according to Constraints[csp] then
add { var = value } to assignment
result < RECURSIVE-BACKTRACKING( assignment, csp)
if result # failue then return result
remove { var = value } from assignment
return failure

_ 4his is DFS +hat choose valugs for one  vaviable at
a +Hime

_ we ‘“backlack” when a varnable has no Iesnl
values fo  assign

EXAMPLE: MAP COLORING

U

/o\\

WA:zGue WRAzred WAzgrean

/
N%e
NT=ed

N\

NT= 3&1\

MoST CONSTRAINED VARTABLE
HEVRISTIC

g Tdea: Choose +the vavabe which has
! . "
the fowest ! legal™  moves.

Ho—$-o—€ ¥
/ ~

Dy = {green, blue} Dyy = {blue}
Dy = {green, blue} Dy = {blue,red}

Dotners = {red, green,blue}  D,pars = {red, green, blue}

Q Tn o He, choose e vaviable with
2 .

He most conshminks on +he  remaining

vovial\es. )
Cie “most c,onsl'mininj Javighle " ).

LEAST CONSTRAINING VALVE
HEVRISTIC

Q Tdea: Civen a vaviable, choose the

“least conshraining volwe”, ie the one

that cules ouk the .fo..,;es\- values  in
the  remaining Javiables-

‘ E Allows 1 value for SA

<ol



FORWARD CHECKING

g(,

8.

Tdea: We keep Hack of remaining leju\
values  for umassijnd Joviables, &
fesminate  search  when any vanable
Vas Ao (QJ,\ values.

This  helps  us detect failure earl\\,.

EXAMPLE: MAP COLORING

WA = R [R GB RGB RGB RGB |GB RGB

< e
n 1
w o
Ay
w |
[QREO]

‘

WA NT Q NsSwW |V SA T
RGB |RGB |RGB |RGB |RGB |RGB |RGB

RB RGB B RGB

RE |8 V4 RGB

s is tYhe emply set;
> e cusrent assignment  does
not lead Yo a solution-



Chapter 5:

Uncertainty

8 Rafer o STAT231/330 for more  deails.
.Qz We use At denote +he umpb.mu* of
an event (ie ~AR).

BAYES RULE

9‘ for 2 evens A8, note

PCALB) PCB)
P(B\A) = ——————

)

Proof-  pumrpcgia) = PLANG) = Preypeme).
PCBIPLAIB)
Py - B

g" In rnrchlar, i+ allows us +o “mru-h_
2z .
o Leligf obout V\J‘»\Mesis B given

evidence A

83 More Ju\ml forms:

PCBLA) =

PCBIA) PCA)
PLALR) = b pin1peA) + PCBI~R)PCrA)
PC81 ARX ) P(AIX)
PLAIBAN) = —m———
PCBYX)
P(Bl A=V PCA=Vi)
A=V, {8) = L

i P(RIA=YY) PLA=Vy)
usy

PROBABILISTIC INFERENCE

Y Tdea: Civen a prior dishibubion POX)  over
voviobles X of  intesest & given new
wideace Eze for some Voriable E,
fevise our degrees of |belief: e the
IIF"“"{““ P(X\E=e).

TSSVES

9‘ Specifying el joint  dishibution  for X, X,
requires an  exponenhial aumber of possible
"werlds"_

9;_ So, inference is also Glow Smce we need
o sum over tHhege Q\:Pono/rfn\ number  of
worlds- P(Xgore, )

.g| IF xl "~

P(‘(ll---, ‘((-H: ,Xn ()( ) T TS T - Z2PK %K)

® li'l*i-n X,

@NDIT:ONQL INODEPENDENCE
8‘: Two vaviables  X,Y are "eov\d.‘ﬁonally
independent”  givea T if
PlX=x 12e2) = PLX=rl Y=y, 223)
& P(X=x, Yoylse) = P(X=x1%22) P(Y=y41222)

¢=>\dxe dom( X)), yedomlY), 2€dom()

Qz If we Unow the vawe of &, nothing

we leoun about Y will influence
our beliefs about X-
VALVE OF INDEPENDENCE
YXa are  mubually independent,
Men we can sro.oifj the full Jom\-
disbibukon using only n parameters
CGie linear) instead of 2"-1

Cie ¢xronu\ha|)

92 Although most  domains do not

exhilit  complete muhwol  independence,
they do instead  exhibit & foie
amount of Conditional  independence.
NOTATION: )
Q We define  “px)" as  the ma.rainu\

distibution over X
- P(K=X) s a numbear PX) is o

dishiloutor -
NOTATION: PLXIY)
g we define “PexiyY' as  the {“Mila
of conditional dishibubions over X o
for each Y€ dom (Y).



EXPLOITING CONDITIONAL
INDEPENDENCE : CHAIN RULE

LULSIUEL & SLULY:
= If Pascal woke up too early E, Pascal probably needs coffee C; if
Pascal needs coffee, he's likely grumpy G. If he is grumpy then it’s
possible that the lecture won’t go smoothly L. If the lecture does not
go smoothly then the students will likely be sad S.

O—0—EO—0—06

E - Pascal woke up foo early G - Pascal is grumpy S - Students are sad
C - Pascal needs coffee L~ The lecture did not go smoothly

S is imh.fuwt of ECG gives L
C i indgfo\du\l- of Ec a;vu G & soon.
3 pes|L,Gc,€) = RSIL)
PCLIGCE) = p(LIG)
PLGIC,E) = PCGIC)
Then
PLS,LGCE) S PISILGIC,E) PLLIGCE) PLGICE) -
P(CIE) PLE)
= PCSIL) PLLIG) PGIC)TCIE) PLE) -

G T, twis, we can specify the fiull
J'oiM' dishibubion Ly crga'_[j‘-,,\’ +he
-FW(. local conditional dishibutions.




Chapter 6:

Bayesian Networks

BAYESIAN / BELIER/ PROBABILISTIC

NETWORKS (BN)

g. “Bayesian  nehuorks” are graphical rpreseatations
of the direct de{mdmdds over o Set of
vagebles, alongside a set of conditional
rm\,a\.',\iJ,:, tables CCPT) ‘1““‘“‘3;“3 +He
Shangth - of the  influences.

p(e=n) pc=n)
05 035

"c [pwen) prer) |
T os o2

L Flo2 o8

S P

c |ps=n v(s-ri\

{v s ./‘

v ofloes

e =n_eo

¥ gl i
05

B
Q; In |‘>¢:h'wlaf, it has
© A DAG with nodess vaviables X, &
® A set of CPT  PUKi|Paveatt (X))  for
each X‘-,
Q3 Uey votions:
(0] raruﬂs/chium\ of o node;
® ancestors / desceadants of a node; |8
@ fomiy: ser of nodes consichmy of i &
its fam{'s-
SEMANTICS OF A BAYES NET
9‘ Tdea: Every X; i condifionally ; efﬁﬂdu" of
all it non-descendonis  given i porents;
@
PUXL S U Paclx) = PreXil Par(XiD)

S e NonDescendants(%i)

T Aso, the jeint
2

the ra(ameh_rs (cpTs) in  the BN:

PCkeye X = PORR Ry, 1) € SO L S

= Plra) Pac(xn)) Plx, | Pac(x, D). PCX)),

dishvibubion s recovenoble  using

%) - PxD

CONSTRUCTING A BN

Yl Tdaa:

l © Take any ordedng of the vaviables, anl
thea for Xn +o XK:
= let Par(Xy) be any  subset
S€i%n, ... X, 7 such that Xy s
";‘&Pende/ﬂ- oF 4%, Xaat-S  given

= Conbnue His for Ko, ..., K.
® In e end, we get o DAG, which s
ako o B \‘j wnsruction.

87_ Note the opder in  which we consider

the varobles chonges e  resultont BN
eg ordes: aches, oV, f\u,
ordes: mal, eotd, flu, achies ralavia

malaia  flu co\d
N LS
aches

COMPACTNESS

QI In a BN, if exch rv is direchy influenced

by ot most k others, then each
CPT will have ot motk 2 entves.
g,_ So, the entie nehwork of A voriobles

is sredf\'ad by n2% Fommz{ws-

malaria « fiu o« cold

N1/

aches

1 4 1 8 o a
maloda  flu cold malaria & flu « otk >
aches 3 aches |
14141 € =\( (4244+€=I(S



d- SEPARATION
.gl Rrst, we say a set of voviables E

“d-scmﬂui‘u" X & Y F i “blocks”
BN

every undirected  path in  the
between X & VY.
TESTING INDEPENDENCE
& Then, X & Y are  conditionaly independent
5'WM evidence E & E d—s‘e')aruhs X
X Y.
BLockiINGg IN d. -SEPARATION
G Lt P be an andiecied path fom X3V
Then Hhe  evidence et E blocks” pete P
g one acc on P goes inlbo % & one goes

owt of 2, % €€

> Y

X ~—> %

@ Loth ares on P leave 2 )% TeE: of

K bmmn~ T Y

P anter T & neither T nor

@ both arcs on
E.

ony of i descendants are in
X > & 4
Descendonts ()
ExAmPLE

TravelSubway

e

NN
\

@ flu & maloia
e

®/.

LN

© subway & themometer

- &e.‘:zn&m\—

- bub independent  givea - independent .
e fla - ""?u”"" given feve
L gince flu blocks the or thermometes

only path  Ceule V) G rale 3
® ﬂ‘h_e‘_s L Fz"u @ Su‘owﬂ % exohc hnE

- nden

- ‘t:r: in;qendu\— gven - inAc.fenAu\I— .
e flu - J.g,fr.miy\\- gwen

L since Plu blocks +he ‘Hhermomertes
O rule 2

°"l3 ?aH" Crule 2)

SIMPLE FORWARD INFERENCE (CHAIN)

Q] Tdea: To compute +he marginal dishibution,

we can use simple forward “propagation” of
probobilities.

<

TravelSubway

®/.
J
0

N

\

UN
/Q
v

Thermometer

PT)= 2 PCT,M,ET)
m,ET

= M’% PCI (M, ET)PIMIET) PLET)

(marjindi'tﬂ"'iﬂﬂ)

Cehain rule)

= Z L3I m) PCMIET) PCET)
™M, ET
Ceonditionol inde.fu\du\ce)

= 2 P3Im) 2 PUM|ET) PLET)
m ET

all Hrese tems can  noW
be found in the CPTs.

g;_ We can do something gimilar F  We
have "urg-wenm“ evidence.

e P(TIET)= % PLT, m]ET)

E PGIIM,ET)P(MIET)

S PLTIM) PIMIET)
Mm  ~——
+ems fpuv\d n CPTs

SIMPLE BACKWARD INFERENCE
g; I.‘ﬂ" For "downstream” evidence, we mush
reason  loachkwards, which wWe can use

&Jes' rule:
) (usi'\j same BN as above)

PLETIS) = o P(IIET) PLET),

= o 2P(T,M|ET)PLET)
m

Y2 peT)

= o TPLTIM,ET)P(MIET)PLET)
m

= o¢ S PLTIM)PIMIET) PLET).
m

We can then caledate  PCT) = 2 PCTIET) PLET).
ET



VARIABLE ELIMINATION

PRODUCT OF FACTORS: f9

T Lt oo, g be fockis with  vaviables Y

in common.

Then +he pwduct’ of £ % g, h=fy
dz{'incd b be
WY, 3) = £OXY) % g, 2)
e
I Tran | oo h(AB.C)
ab | 09 | bc | 07 | abc |0.63| ab~c |0.27
a~b | 01 [ b~c | 0.3 [ a~bc |0.02] a~b~c |0.08
~ab | 0.4 | ~bc | 0.2 [ ~abc |0.28| ~ab~c | 0.12
~a~b | 0.6 | ~b~c| 0.8 |~a~bc|0.12 |~a~b~c|0.48

Sum VARIABLE

OUT OF A FACTOR: Z, §

RESTRICTING FACTORS: ‘r)(:x

& The "Vavialle elimination” algorithm is ?’ @t 0KY) be a fachr with varedle

a jn,nu'al infMAQ ool ‘F"‘ BNs. X % vanade st Y.
FACTORS Tmen, we “reshick’ facker £ o K=x,
gl A “fackor” is a funchon £ X e h=‘FX=x’ L\’ doing
Q}_ We can rv.rn.w\+ foctors as a toble

of numbars, one for each instantiation of @
L., e vaviables %, .n, Xy
93 We denofe  frxy) 4o be o fachr ovar Hhe |, f(A.B) |h(B)="fa=

Vadables  XUY, whee X &Y ar R R

a~b | 01 | ~b 01

N Sefs of  vavables. ~ab | 0.4
% Note each cPT in & Bayes net is a ~a~b| 0.6

chor . .

foche of it famiy. NO EVIDENCE CASE

eq P(c|A,B) = fackor of A, B C. 9; Tdeas Compuhing prior rn\.«\n‘\\'k_,

of +the vaviable X can

query
be seen af aPP‘]iﬂj +hese

orUa‘Hons fudors .

ExAample |

v O—~EO

1(A) f2(A,B)

P(e)= 2. PLCIR) PLBIA) PCA)
AR

is on

f3(B.C)

= 2 PLCIB)S PLRIA) PLA)
3 [}

 TE RO TR A
B a

~_~—
'4

T Lt XYY be o fochr,  whee X s @ = EF;CE,C)MD
vadable & Y is a varoble seb. \"7‘—/
Then, wWe can ‘Sum owt’  vakable X  from f = f5ee).
Numeyicol le:
+ produce &  new foctor W= 2, wher ericol examp
x fi(A) | f2(AB) | f3(BC) | fa(®) | f5(0)
a [ 09| ab |09] bc |07] b 085 c [0.625
n) = 2 Fouyy, ~a | 01 |a~b | 01| bre [03] ~b |015|~c | 0375
x€Dom(X) ~ab | 04| ~bc |02
~a~b| 0.6 | ~b~c |08
eg f(A,B) h(B)
ab | 0.9 b 13
arb | 01 | ~b | 0.7
~ab | 0.4
~a~b| 0.6




EXAMPLE 2 EVIDENCE CASE

w O 5 O—O5O

) f1(A) f2(A,B) f3(B,C)

f2(B) /fs(A,B,C) fa(CD) PCAIC=c) = o PCA) P(Coc| A)  (Bayes' tm)
eq PCD) = ECP(b\c)P(cls,mP(e)PcA) = o PLR) BZP(C:cla)PLB\R)
= Z Pepic) Z PCB) Z PLCIB,R) PCR) = afi(A) Z £3(8,c) £,(A,B)
¢ B A 8 ~——
= Z Ry, 0) ZH(R) Ty A8,c) f¢R)
¢ & & = of,(A) %Mz)gm.m
v _
z ECF“CC,D) Z£,B) £5C8,¢)
- = @f,CR) £GlA)
r/ —
= 28LGD0) fec)  *define {566 .
E—«p/——/ Scoding fo Yhe ® fom)
= £,D) brackets ALGORITHM (WITH

EVIDENCE)

R Ingu{': Given queny var Q,
evidence vacs E  (obseved +o %e

ALCORITHM (NO EVIDENCE)
& M"— ‘]WJJ var @, femaining  vars 2,

- H $o CPTs
% F= set of faches corvesponding t S o cet of

for 40T L2 fackrs im/vlv;,.j CPTs  for 03V,
1. Choose an elimination ordering Z1, ..., Zn of variables in Z. F:
2. For each Zj -- in the order given -- eliminate Zj € Z - - -
as follows: 1. Replace each factor f<F that mentions a variable(s) in E

with its restriction fe=e (somewhat abusing notation)
2. Choose an elimination ordering Z1, ..., Z, of variables in Z.
3. For each Zj --in the order given -- eliminate Zj € Z as follows:

(a) Compute new factor gj=2zf1xfax... xf,

where the fj are the factors in F that include Z;

(b) Remove the factors fj (that mention Z;) from F and add new factor gjto F
4. The remaining factors refer only to the query variable Q.

Take their product and normalize to produce P(Q)

(a) Compute new factor gj=2zf xfax ... xfk,
where the fj are the factors in F that include Z;
(b) Remove the factors fi (that mention Z;) from F
and add new factor gj to F
3. The remaining factors refer only to the query variable Q.
Take their product and normalize to produce P(Q)

le -
pﬂ f1(A)® ?VU:]: Pep) 23 someL  R¥Xamp
>0O—0®) . . Queny: PCALD=d)
fZ(B)/@BC) (D) elim. ordes: A, B,C ) . £.0C.4)
S B ® m‘r|ac¢ -FqCC,D) with FSCC)—FL‘ '
tgs:
©®© aad -FSLB,C)= i'F;(P«,B.C)ﬂ(H),‘ @ [)VOCEO.A similar o L’Qf“’”—
A

remove  f£.(R) £(A,8C)
@ add £CO) = %f,cm £st8.2)

- We dowt need fo Sumout £3 ot we

removed ik in step O
femove  f,cp), fg(B.c)

® add  feo) = z&.cc,o)&,tc)
remove  £,CC,D), £,LC)

® The remaining factor fal0) i owr Cpossivly
Whnormalines)  probabilihy PC0)



ANALYSIS
9 After eliminating %j' +he  {factocs
Mﬂmmj in set+ F M{-U on\J b
Koo, B B &
Q,_ Also, no factr mentions ony evidence
vovioble E after the imitiol  restvickion.
% Note
® The number of itacations s linear in
e # of Joviobles; &
He

® The Complexity s exronen'h'al in
# of vasables.

PoLyTREES

8{ Polytrees are basically “frees” Cie no
undirected  cycles) Hot con  have
multiple start  nodes.

% Tdea: TIn +hese, +he inference is lineor
wrt the site  of +he network:

83 To do this, we eliminate only "s‘ingl:,-
connected nodes”.

® ©
@\/

//\\
<:> <:>o oo <:>

- eliminate DA, C, X, X,

T if we elimimate R before
Hiese, we ja{- factors  thot
include oll of PCIK, e, Xyt

&

LEAST NEIGHBORS HEVURISTIC
-A FRH,GBCE is Suaal
q% @ G we eliminate the
\\ nodes with 2
with 3 'leqjlnbors
at the end.

ne hlum First
_>® {' we sharted with
B, Hie ordedng
would be bad Since
he size of the

L Izawg the  nodes

fur_hzf is  larges

.8'1 Jdea: When choosina an orde.n‘nj,
noritize nodes with +he least number
of Aaicjh\;org.

RELEVANCE

' Mokivation:  Certain voviobles have

| e

a0 impock  on the query.

Yy A—>R8—>C

- To caolewlate P(R), ue pn!] need to ook
at As CPT!

— However, if we do vor eliminabion, we
ja{- Mua)  factors  Cie whose volue is
jusl' 1)

Thus, when considevina variobles, we con

reshict our atteation 4o on\J Yhe

“relevant”  ones;

9

e jiven query Q & evidence E:

® ® is relevent;
® I 3 s relvony, Porents (B) ore
relevant; %
® It e'c€ is o descendent of a relevont
node, thea E' is relevant
® &=vlp)
° e relevant: B¢ B A
® Q= PLFIE)
relevont: F.C, B,A,
OWSO
® @= PCFLEL)
e ° felevant: whole graph,
but  really none
eXeept C,F sine C
Cuts  off oll influence

othes-

a o



Chapter /:

Causal Inference

CAVUSALITY

9’ " Causality” s the shudy of  how
things fluence  ¢ach other & how
coues lead Ho effects-

CAVSAL DE?ENDENCE

g( We  say "X couses Y7 F changes s
X induce changes i .

Q Note lom+ dishabutions mf)lv.res cofreletions
between X & Y. not  causehons.
- PN P X couses Y

CAUSAL BAYESIAN NETWORK

9 A causal gaanua. chuork” i one where

all dees indicate  direct  causal effects.

23 malana £l cold
Vv

aches

CAVSAL INFERENCE
8 Cousal nehworls can  Solve " intervention a]uems"-,
e what the gefcd- of an achen is.

= bub von-caussl nehworks  cannet-
OBSEAVATION vs INTERVEN TTON
B “Ouservotioml quedes” are i the form
“What is dhe Guelinood of Y givea
¥ e PUYIXEx).
91 ‘l-I"“ZrVEAHona\ vedes” ore in the »fpf-v-
“Wow does doing X affect Y7
i Py de(X=x)).
- dhe  “do” ;gjw«& sPau'fiu the Juery
1S an  indervechon -

ExAMPLE : CAUSAL GRAPH

'P(cn»(cn‘

£ v(a 2 r)

( c v(s T) P(S=F)

HEE

obsentotienl:  PLWGI S = hue)

" fachrs: pLo), Peric), Plsie),

PlWa 1S, R)

- eideacey S = trwe

- elimivete: C,R
inteverdional:  P(WG | do(S=twme))

- we con cremove the CPT fom S

Since  wWe lz;rl\'cﬂ“j s}’ S=twie.

- foches:  Pee), PCRIC), PCWGIS,R)
- evdenw: S=4we

- eliminate: G, R

INFERENCE WITH THE DO
OPERATOR

P To o infarere o POX) dolYzp, Ro2):

© Remove edqes poinking +o Y &

PLY | Parentsty))
@ Peform vavioble elimination @as  usuol
\’23, T=2).

Cevidence s



COUNTER- FACTUAL ANALYSIS
?: " Countter- factual ﬁmljsis" explores ouhomes
that  did ot occur, bub could have occruved
wder  diffeent  conaitons.
- basically a “ what-if?" analysis
g’ This can Welp test causal relotionships.
9 “would the Fah’u{- vave died F he
was  not  heated”
STRUCTURAL CAVSAL MODEL /Sem

9 Idea: We want b sepocate  cousal celations
fwm “noise”.
‘f?z B Stmchurol causal model”  conSists  of
© X: endoganous /domain  Voviables
® U erogeous  variables / noise
® On‘_’ determinictic  relations given by
¢¢1vah'ons in the Aform

X; = {Crawﬁs(xi), U-')—s

whee U wmgramig » the noise vovioble
assodiafed  with K-

@

3 o, 0, — "o vavaes

~L J domoin Variedles

Yhese corraspord To

/ ® deterministic relotions:
/\

X, Y,

-

Xl = -Flfu,\, Xz: 'Fz.Lth;).
) X}T ‘F3C7<1103\ ’ Xq = ‘FHLXBIX; U hl
93 We con convert SCMs 4o causal Badesiau

Ys

networky,  but  not  vov

V.
e by
I % =% U >, 8
VAR
XB—_.’ XL' x; - Xq
Bajzs net- Yy / U'-l
Sewm
Thea

PCX) = EPCU\F(U\
PCRIA = i?tun(x,, v,)
v —
LY

Q;' StMs are more desciphve Sina  ¥hey
Scram{-g cousal relotions from neise.

METHOD
g For o causal wodal M, to find
P(Y=y | e, do(X=x):
O Update Plu) o Find Plule)
Cabduchion) i
- W = noise vanables
® Replace  +he equations eofresponding
to voviables in sef X by the
equqﬁons X=x (acHon): %
® Use the modified model b
Cculate  PCY= Y).

ExameLE

Ul U1
X, X_," x,- " X=u,
%y, er, R ARV E (BTN
¢
v Y=uy Yy Y
(a) (b) ©
Model 1 uy =0 uy =1 Marginal
x=1 x=0 x=1 x=0 =x=1 x=0
y =1 (death) 0 0 025 025 025 025
y =0 (recovery) 025 025 0 0 0.25 025
Model 2 =0 =1 Marginal
x=1 x=0 x=1 x=0 =x=1 x=0
¥ = 1 (death) 0 0.25 0.25 0 0.25 025
y=0(recovery) 025 0 0 025 025 025
model B:
’ v evidence:  X=hue, V=tme
Z
X v D P(Uy=1 | evidencn) = 1.
2
y v “Thena
Y= Uy = l.
model C
v, evidence: X =twe, Y=tme
x ¢

D P(U, =1 evidence) = 1.
(V) 2
Y 74  Then
y= XU, +(1=-X)1=V;)
= oty + (1-01C1-1)
= 0.



Chapter 8:

Reasoning Over Time

STATIC VS DYNAMIC IN%QGNCG
G So far, we Muve oSumed “eyubic
nfeence’; e the world does ot

cwxnﬂe-

92’ However, we need + Fq.r-fmm "ddmmic
infecence”  in the  real world  sivice
e world evolves over  time.

93 In packicular, we need
® A set of all Foﬁsi\s\l states /worlds:
® A set of Fime-slices/ snapshofss
® Diffurent proboability  dighibutions -
each  stote ot cach Hme-she; %
® D\jﬂﬂmics enwdinj how dishibutions

chomjo. ove  tme.
STocHASTIC PROCESS
91 A “stochashc rmess" s '*Efiﬁd L_\,
®© a se+ of states S; %

O} some Stochastic ijmir.s P(s(:|se-|r---,so)-

4

So >S5, =S, — S; — Sy — ...

91 This s o Bajes net with lnv. per
. Hme slice.
Q Problems:
© we mm] have inf-inih variables;
and  so
@ We may have infinitely lalae
Cconditional Fnba\oilﬂu tables.
8., To selve this, we will assume

0] “Shﬁona:! Ewcess": d:’namics do mot

Cl‘\anjg over time;

@ e CPT s the same reaunt\us of

the kime s-\-ef,.

® " Markov assumﬁon": curreat state Aerend:

on(y on o Afinite hishr\tj of ?asf
shates.

k-ORDER, MRARKOV PROCESS
Q' Tdea: The lask L states are sufficient
fof ;nFuo.nu;-
o - Frs\,_gdu-. Plselsy,) .. S0) = PUsel 5p.))
S = 5, > Sp7> Sy >
- Second-order: P(Stls{-—\""-s")
= P(Stlsf_“g‘__t)

So =S, = s, Sy - ..

NN

-8’ Advantage: e can spesify  the

2
entire process with  finitely many  fime
Slices-

o {“ 1St ocder: S

£ _— SL_
- djnamics: PCsgls,_)
- Fviar: P(se)

HIDDEN MARYOV MODELS

9: Mofivation: Tn geneal,
® Stafes are not direcHy  observable;
@ Vncerkin AJnam.'cs

uncechainty ;  out

@ Obsevations made from sensors

ceduce  state unc_u(*u'.nl-ﬂ.

92 A “Hidden Morkov model" encafw'nhs
tHhis  and  includes

set of stats S;

of observotions O

model  Psels, .. 8);

P (0! Seap,me., S0 )i

increase  State

©® a

@ a set

® a transition

@ an observation model
%

® o prior Plsol.

13 order HmM:

€9
So> $ — S, — Sy s,
) U ooy
o oy o3 oy
- P(Stlst_l)'- State trongiHon  with
Uncer tainty

= Plogls): wncachainly  in measwrements

fom  sensofs



INFERENCE IN TEMPORAL
MODELS

9| we have 4  common asks:
(0] "Monibv'\v\ju= P(se |°e:~--. °,)
® " Prediction”’ PLSH,“_\ 04y ©))
® "H'mdsijb:f': Plsi | 0g ..., 0), ket
® “most likel\,_cxr\amhon": 2'5”"3': P(-‘e:-.-,salot,...,o,)
Y, We can sle 0-Q vaviable
elimination & ® with a vajent
MONLTORING
Y Tdea: we wont 4 compute

PLSt\ %ty O,).

i the dishibubion of the curent state
givea obsarvatiens.

Q‘z We can solve this using He
" forward ulsovﬂ"""‘", whidh  corvesponds

to voviable eliminotion:

L Eachrs: Plso), PUsilsiy), Ploglsy) leist
2. ReStvict o)., o0 + observations wmade

3. Sumout S"’"": Se-1: e

PREDICTION
gl E‘ﬂ: we want fo com‘:v.h.
Plsgg, o,y 0)

e e distnbubion over »fu\-um State
9iven observabions.

Ql We con also use +he  forward u\ﬁon’fhm:

L Fackrs: PLso), PUsilsiy), Plogls) 1eisten

2. Restvict o, 0. h observetions made

3. Sumout So,..., Staw-rs Oty -, Ogyy,

HINDSIGHT

9; Goal: we wont 4o uomru'l'c

Plsw) 0¢,---, 0))

Q; We eon wse Aorword -bockuord °‘J°".Hm"
4o solve this:

[ Factors:  Plso), Plsilsis), PLoilsy), 1€ig++k
2. Reshict o, ..., o¢

3. Sumout Sp, .- S,

‘ su-,, su+,:--", t

MOST LIKELY EXPLANATION

Q\ Goal: We wont o compute

OIMEX Plsg,..., Sel 04, 0)) .
So, %S¢

'Qz We can  use He  ““Vitedi q\jon'Hﬂm"

b solve  tHhis:
- Factors:  Pso), PUsilsisy), Ploglsy), 1<ist
2. Reskict o,,..., 9¢

3. “Maxout” So,.- S¢

COMPLEXITY OF TEMPORAL

INFERENCE

9‘ HMMs  are  Bayes nets with o Yo\j-\-vu
Struchure.

Q. Thes, vaviable eliminotion s

O Linear wek # of ime slices; P
® Linear wrt the laqagsq- CPT.



DYNAMIC BAYESTAN NETWORKS

?‘ Tdea: Entode states & observolions with
Severnl  romdom  vaviables, and  expleit
Condibional  independene to  sove Hme X

Sraca-

YO U 3
° \
@ @

87_ Twis allows us + white He  transiKon

N UNIVE

ond  obgervetion models very wmracﬂd.
NON-STATIONARY PROCESS
9 If the process i not shationory, we
can add new State oomronu\k unhl
JJnamics are  stotionany.

NoN - MARKOVIAN PROCESS
g, If the process s mot  Morkovian, we
con add mew State meoﬂQnK wnhl
dynomrcg are  Moclovian.
?; However, note this  may significantly
increose umruhﬁonal wmrlexi)y.
- so we should ,f\'nd He  smallest
State dﬂSc«iT:Hof\ thod  is  Moshovian
X S-f’o-Honouy.



Chapter 9:

Decision Tree Learning

INOUCTIVE LEARNING
gl' I_ie_n-. Given a hininj set of e)(amr\es
of 4ne form Cx, f(x)), feturm o

“hjro\-hesis' funclion 4 thot

. arrmcimahs £-

gz Tﬂfcs:
® classification; &
® jomssion-

HYPOTHESTS SPACE

B The hypothesis  spae” is  the set of all
hjrowr.scs h  that the leornes
mey consider.

REALIZABLE

gl We say @ learning  problem s “realizable”
if  the hjpoﬂu.sis Space containg  the
drue funchion.

Qz We can use a lame hypothesis  space, but
fhae is o  adeoff  behian  the

¢~/rr¢ssivmgs of & hjrom;s clags %

the oomr("i*‘j of finding & simple, consistent

hm:oHnesis Within  the  space.

DECISION TREES
9‘ A  decsion tree conhnins
® Nodes, labelled with athvibutes;
® Edges, labefled  with athibute velues;

%
@ Leoves, laballed with  classes.

91 Eﬂ" C(assifj an instance LS Sharting

at the ppot, Teshny the  athibute
sf"‘;ffd by the wof, fThen moving
down  the branch wrmsrond}nj 13

the volue of the othibute; we continue
Mis  unhl  we coch  a  leaf, then
whidh  we returm  the  class.

93 We can expresS any  boolean  funchon
as o deusion ree.

- Lut some .Func{-io/\s ﬂZL]v.'rQ

¢Xron¢aﬁallﬂ lorge +rees



INDUCING A DECISION TREE

g’ Tdea: We And a small fee  consisteat  with
| (aea
L“J recursivclj choosing

the  tmining ¢xanrles
as the voot

the most sijni P\‘ccni' attvibute
of +the subtree.
E?z A lgon’!’hm:

function DTL(ezamples, attributes, default) returns a decision tree

if ezamples is empty then return default
else if all ezamples have the same classification then return the classification
else if attributes is empty then return MODE(ezamples)
else
best <~ CHOOSE-ATTRIBUTE(attributes, examples)
tree < a new decision tree with root test best
for each value v; of best do
examples; + {elements of ezamples with best = v;}
subtree <~ DTL(ezamples;, attributes — best, MODE(ezamples))
add a branch to tree with label v; and subtree subtree
return tree

CHOOSING AN ATTRIBUTE
g In rnr}icular, at each iterakon, we want

!
b choose an sthibute  Hab is  most

useful for  classifying examples.

¥ Tdeally, a gooa athibute s one )
info  either all

Hhat

Srh'|'s the zxamrles

"
posifive” or  “all negative .
= t-\-vonsz is
Letter her
ons_—"Sene o ron T/ \mal suger
0000 00 [ o o0 00
o0 0000 [ ) o o0 o0

g; for a fraining st with p Posiﬁve
examPles A n neﬂaﬁvz examples, the

© Q"f?_t tos

? TR _,._’)
[Li( F%:., FE: =~ Fq-_n loj,_( Pfu) pn 03;( Ptn )

B Thea, i an  athibue A divdes e
training  set € inb  sabsets E. Ev
to thewr values for A, where P hos
dishnet  values,  thea  the

13

v .
Pitn; Pi n¢
remainderCAY = 2 ’:m'x_( ~3 ;‘.‘:‘)

9 Finally, +he “informakon aqain” (Ia) of A

s

P .
Tacn) = I(5m, W) - remainderCA)

9‘, We choose +he athibute with the facgest
I-

according

“remainder” of A

PEQFORMANCE OF A LEARNING
ALGORTTHM

9 We can vVerfy the rerfurmanu of a

leaning a(jon'“"“ \:3 using @ test
set, which are txo.nfles the o.\jon!h "
did  not see o\wina fraining.

OVERFLITTING

?( We say @ hjro*‘hﬂis heH “ovufck"

if there  exists  some

the training data
heH such that

altemative hjroﬂnesis

® h has smaller efmwc than W over
the h-a.ininj ¢xamrle$; but

® W has smaller ecor than W over the
enkie  dishibubion of  inStances.

Training set
} Overfitting!

Test set

% correct

Tree size

g ovelf\'ﬁ-inj can  ocewr  if

or

® the dalr is Noisy’

@ He huinirﬂ set is
a rerrzsmhhve s«mrlc
funchon.

400 small b give
of e hrﬂe\'

9; To avoid overfitting, we can

(0] prune statistically iccelevant  nodes; of
when the test  set

@ stop  growing +tree
“eross-

pecformance  decreases,  using

\la\idﬂ\icn".



CHOOSING TREE SIZE
i? However, Since we afe now  choosing the free
Size based on the fest set, it becomes

training  set when
or\-imizinﬂ the tree site.
Se, we cannot trusk Hhe test set o
.., be mrmsmhl—iw. of fubure accuracy.
E, Solubion: we spit the dah i
® *"“""i"j set: wmru{q the deciSion tree;
@ validation sef: oeriu hjru"raramehfs
eq +ree size

@ test set: measure fuf'omam:e
Qq Choosinj 4ree  size based on +he

volidahon  set:

Far\' of the

Qz This  ensures  the

Let TS be the Tree Size
For TS = 1to max value
decisionTreers « train(TS, trainingData)
accuracyrs < eval(decisionTreers, validationData)
TS* « argmaxrs accuracyrs
decisionTreers « train(TS", trainingData U validationData)
accuracy « eval(decisionTreers, testData)

Return k*, accuracy

eval(decisionTree, dataset)
correct « 0
For each (x,y) € dataset
if y = decisionTree(x) then correct « correct + 1
correct
|dataset|
return accuracy

accuracy <

CROSS- VALIPATION
9, Tdea: Etzfuhdl_’ srl.l' +he  training
datn  inbo  two Par}s, one for training
for validation, and  Hhen
ovenge Validation

% % %\
ep #1 G2

O Hiea ke the ovenge of
the volideton —occumey.

validation accuracy s

aceuracy.

and one
rerorl' the
accuracy.
wet
volidetion

-l-mmm_,

rermsenhﬁve of futur

83 Ta “k-fold cross validoHon', we  split

the  fraining data  inb k& u]uul size

and can L expenments, each

subgets,
+ime va\io\aknj on one Subset & fraining
on the remaining subsess:

Thea, we n.rod- the avewqe validahon
sccwray  of  he K

¢)<P¢4'|M¢l\h-
Q Se\u.h'\j +ree Size vie eross - validation

Let TS be the Tree Size
Let k be the number of trainData splits

For TS = 1 to max value
Fori =1to k do (whereiindexes trainData splits)
decisionTreers « train(TS, trainData, ;1 41.x)
accuracyrs,; < eval(decisionTreerg, trainData;)

accuracyrs < average({accuracyrs,i}w)

TS* « argmaxys accuracyrs
decisionTreerg- < train(TS", trainData, ;_1j41.x)
accuracy « eval(decisionTreerg+, testData)
Return TS*, accuracy




Chapter 10:
Statistical Learning

Q Tdea: We have uncerhain  lnowledge EXAMPLE: CANDY

obout Hhe world, & \eominj reduces

= Favorite candy sold in two flavors:
= Lime (hugh)
= Cherry (yum)

= Same wrapper for both flavors

this  uncertainty.
91 Ta Farh‘wlarl we have our

® hJP.,{-hesgs H: our rmba\,ilishz Hheonies

of the worldy & = Sold in bags with different ratios:
@ don D owur evideace about the world . = 100% cherry —> h|
= 75% cherry + 25% lime = Ny
BAYESIAN ngNIN G » 50% cherry + 50% lime —> W3 %;uwses
g — “"‘"‘3 consists ©of = 25% cherry + 75% lime — hy
3 . PLHY = 100% lime — hg
0 the Pm" Assuma (;riof is

® +he lillinood PLAIH &
. (W) = <o, 02, 6-4, 0.1, b.1>
® our evidence A= idii dal, P '

-

and we vaok B comph If we assume candies ofe i
- T Pln)
PCHIA) = k PCLAIHIPCHD PLAIW) TPy |
eovem. SuPPns'" ’f"“"’ 10 candies all foste lime:
g vie Bl_'jes‘_ it Uno! hl‘ﬂ X we > P(‘*“’lSB - lm _—
o1 redict  an  anlnown o -
s ﬁ > P(dlwy) = 08° ¥ o-000l
coan  wse ¢
5 p(alh) = o = DO

= PIX (4, h;)Pllld)
PCxia) = 2 Postedor:

= ZPIX1W) Plhild)

i
\_/J ! P(h_I|E)

Posteriors given data generated from h_S

08 [P
=~ [p0B
=
% 06
2
5\ 04 .
£
0.2 =
B .
0 2 4 6 8 10
Number of samples
Predickion:
° Bayes predictions with data generated from h_5
g : ‘
.
3 09
g
§
% 0.8
g
£ 07
E-1
Z 06
g
§ 0.5
&

2 4 6 8 10
Number of samples



BAYESIAN (EARNING PROPERTIES
ﬁ, Propecties:
O ophimal: givea prion, no other Fﬂdkhcn is
wrreck more  often thoa  the Bagesian  one
® No O\Ier.f-iHinj'- a\l h\-jfpi'hzses wegnted X
wngiderd .
Qn But whea the  hypothesis  space is large,

&Jesin lmminj may  be introckable.

MAXIMmum A POSTERIORL /MRAP
Qf Tdea: Moke ouwr F@Jicﬁon based on
the most rn\w\a\e hjpa\-hesis Wpp' (&

Wmap = aran.mr Plhild)
92' This "aﬂ:mximn‘hs" Qajesian \eoumiv\ﬂ.
24 aandy example

Utime: ke by, PChmelk, V= 0

MAP’
2 limes: " map” hy, P(I}Malhmmlzo?s

3 limes: thP = hg, Pllmel h"’an =)
B ete.
Q3 However, the prediction fom  MAF s

less accute than  the
prdiction sine i+ relies on  only
one hjfoﬂnuis h

= Mop
9.,, Tt also has  “conbolled overfithing” Cprior

con be wused b penolize complex

RAJ esian

hjroi'hcses).

QS Piso, finding b mag be an inteclble

MAP
° rHMi'-taHan problem !
“map * ‘"‘J:m* Plnid)
= argmax plh) PlAth)
w
= “'3’;“ PCw) T PldilW)
‘

= “'a:'“ﬁ (loﬂ Pln) + ?_\Dgfl.d;lh))

mnx:\:mom LIKELTIHOOD /1 ML
9\ Tdea: SimPIifg mApp l’\‘l assuming Hhe  priors
are uniform  Lie  PCh)= PU) Vij), and

let
-  amgma
My = 23T PLAIN).

and  make our rmdid-im based on Wy
On‘j',

POX1a) S POX | Wy )

8; Propeshes:

® Less occwrate  than Bogesian & mMAP;
but ™ML, MAP & Bﬂyesiqﬁ rndl'd’io"s
CONVEED oS dala  inceoses-

® Subject fo overfittig:

93 ﬁn&inj Wwp 1S casier +han ffndins

L\mm’ :
W = ATX T log PLATR)
_J
STATISTICAL LEARNING
G Note,

@ if the dal is known, @ all othibutes
are known, +hea leominj i easy.

® i the dak s ualmown, +hen learning
s harder:

ExAampLle 1@

CANDY |
hw:efkui: hg: Plr-ho_nj)=9, P(lime) = -0 .
- data d: ¢ chemes, R limeg
ML hypothesis: 6 s relekive freq, of
obseved doka

¢ [

s T - 2

L e R+ P(Cht_w_‘,) o, Pllime) = v
wmen

2
b PlAlky) = )

= log PlA\hg) = cl.,39+2|¢,jc(—e)
d log Pldlhg) o g

3
40 & -8

Set this » 0 b OC\.‘,,( nﬂ’iml 8: =2 Q:G%Q



EXAMPLE 2: CANOY 2
ane o)~ Foreomy) =0
L —

¢ (-]
2 8,
Hypotess "o6,6,
Dale: - e cheries; 9e Green weppes, v,
red wroppess
TR limes; 9 green wWmppeg, T,
d weappess .
“Thea

€ e %
08,8 PlAl g o ) scr-at 6060 6, kiR
104,95 -

. 28
Geting  200,6,,6,), and sething sooan O W g
/81,8,
< e
&= cte, 6,= 8. L3

fetye, = ﬂﬂ .

LAPLACE SMOOTHING
?I' Tdea: If there is no Sample fr a
cerlain  outeome, we may get overfithing .
ey  no chenies eaten S0 for
L Pleheny) = 6= c% o

Y s s dandq,cu: gin it et out
uu-\-;omg.

E’; To solve this, we emply “LA‘)lxz (add-one)

Smoo%'mj", where we add ote b ol

counts -
c+l

eﬂ PC:hurul) = Q= C‘('l_-i—z (>0)_

NAIVE BAYES MODEL

g| Tdea: we want to  predict o class

C lLased on athvibutes M-

C
SN,
A, Ay - n

(952 Pacametes:

® 6= P(C=huwe)
® 6;° P(Ai=true | C=tue)
® 6, = PUA; = e |C=fole)

Bssumption: WS ace indnfudm\' givea
c.

l( Note ~Naive Rayes models usually don't

peform  as  well as decision tree  models
since  the latter does not assume
conditional  indepondence of  the athibwtes.
Paramete, leacning:

O Parametess: SV‘ poc) e

ev’ pacy) <v = P(\”Pdtv):v)
- wWe con Ud His 1’-‘».“ +he CPTy
®@ Ootn a-

di= eVi=v e, Vas Vo>

@ Max \likkelinood:

~ #V, pacVI=V)

evl P‘LV)=V ) #(ralv_) =v)

- pav) = porats of v



Chapter | |:
Neural Networks

ARTIFICIAL NEUVRAL NETWORKS L0GIC GATES
Y a0 Mimic He bmin b do compulntion; T Tdea: we wook b design ANNs o
in parkiculos: represent boolean  functions.
© Nodes correspond 1o neuvns; A ® AND:
® Uinks  correspond 1o synapses  Clinus), 'E a’“’o“)+“’|“i"""'z*z.
ONIT m‘g@ W= 4 e,
gl For each wnit i, it has X, .
© “"“3"“' w — mf“ to the w‘-wz:(.
Stongth  of e link from wait i @ or:
o unit - L we con ue Wo=-0'S, wz=w,sl
FJ-: ?wj‘.x;+wjo= w_jx‘l @ Nor:
Ly we can wse wp=0, wWiz-L
@ Activation dunction, h - corresponds b NETWORK STRUCTVRES
e nuwmerical siJMl Fnduzd.'- - TJF'.S:

|:' @ Feed-forward netwock:  consists of a
:1_\-= MLA]).

directed acycelic ﬂ"f’"‘

— W should be aon-linear 4 i!\“l"“_% !
Qz Pickure: X h'\;

- ' ) ~ hy — y
inp - oubpuls relayed Xy b —7

A o aext loger ¢ v

NI s g
e

Klv-h/v § \I ® Recurrent network:  consists of &

?x\'uj; =4J- h(aj)=oulj directed CJ:_I.'; am’;h
93 Note the unit should be “achve” (i output near 1) - con  memovize  information

whea 'f’-d with  the -'\‘jM_-' i“Pu'l'S, and "l'l\ﬂfoHvﬂ.“ PERCEPTKON
Coutput near 0)  whea fed  with +he 9‘ A peucephon’ is a4 single lager
"va:j" ;nrvd's- M-{orwar& retwork.
common ACTIVATION FUNCTIONS 14 Nohﬂﬂ:‘.— puephon is a liear
MULTILAYER NETWORKS
) 9 Tdea: Neural networks  with 21
S hidden ‘°fj" of sufficiently ~many
G N ’ ’ Sigmojd  units  can aﬁ.mximaﬂ any
B Tognas fueten funchion  acitmnly  closely.

S csee slides Aor idea)
5




WEIGHT TRAINING
Q' Our raramd—us ore  the wdghk

in the \oges cw™ Wt
g’_ ldem We want Yo minimize the esrrs.
3 To do His, we con use backpropagetion.
LEAST SQUARED ERRO™
Q'I Ouc lss/esvoe  fanckion S

We want 1t Minimize this.
g; To do +his, we ean wuse gq_qumhal amd;(,\{.

degcent:

?E“
LWJI‘_ WJ B Y) 3».;
J!

83 To compute  +he smdiml- QFFCA'MHJ,
we can  use bada.rnraach‘oﬂ, of in
feality, owtomakic  differentiation-
BACKPROPOGATION ALGORITHM
?. Fiest phase: fordoed phase - compute
oul-‘ml' Ql- fp{' each wnit J-

S T thJ), aj= ,i“'\)';!i
9,_ Second  phase: " backword phase” — compute g}'

at each unit J

& 2 .
- hr each wii QT"-~= €n 'h=3%-
S: = 2€n U2y i it
f B
qu
= Thea

!h(rs)(a’--:,;i Cbase case: jis output wnit)

s- -
J ,
( h('ﬁ)?,_wujsu ( rcusive caser § is Widden)
BqJ-

- Sine Ew O L S -
¢ bwj; = [

TXAMPLE

csee annohied glides>



Chapter | 2:
Deep Neural Networks

DEEP NEVRAL NETWORKS VANISHING GRRDIENTS
YA Cdep neurl network” is o NV
L with many  Vidden lagess

91 Advantage: high exfrtssivib‘-j. 1 medium large
EXPRESSIVENESS i g

gradient gradient gradient
o - ‘ l .d 3
g‘ Tdea:  Although NNs  with ages of gigmoi /

X

92 This is  because e dedvohives of e
Sijmoid & danhk Afunckions  are

9; Tdea: Dagp NNs using siﬂwﬂ/hwuw;‘ wnits
offer suffer fom Vanishing  gradients.

hj?m.o\ic wnils  can arrmimaﬁe arbitranly
c\oaelﬂ NNS  with  several \ayUS, the

number of wnits  may decrease cxfomhau,
as  +the numbes of lqyus increases.

9, Evmm?k= Pay\'}y fund’im\

<.
. O s 1ann
on‘j ! hiddes o —— Tanh Derivative
(A:’U : . — Sigmoid Derivative
nd) nd) @nd) Gnd) Gnd) Gnd) Gnd) @nd) 2 0%

o6
subsets

ninputs -
'y ) 1 4
-2 hiddea
& z o (w, o (w,0(w X))
fagess: 9 Yz ol elw,owx))
w w
20dd 20dd 20dd ' Wa 2
subsets subsets subsets

x3h —=hy, > h;

X, nd or nd or and or “Then 2 ,
- R &) o)
,{1 if odd iy as products
Tt ifeven
X and X3 and %% band

p : Cepsta) | OF fecket
_;“1 =z TG w, (e, ' gek “["'ﬂ"l'f
—_ . \ ' ' e gradiest
_— et ;f;!Il T 6 (a) wy 7oy w o) % Vﬂn(glnqs
- with more hidden lajus, we need less

hidden nodes. 83 Solukion: we use +he rtd'\fw.d linear unit
ackvakion funchion:

w(a) = max(o, a), I

'SI‘N\I'EM' is 0 or |
- spasse computotion

Qq “Soft" vession / " softplus”:

| h(a) = loJC|+eq) ’

- note  this  does not Pvevul' andiuﬂ'
vanishing (jmdiu\i <)




OVERFLITTING

9 Tdea: NAs the number of parometos s
often lacger than the amount of dabo,
it increages the sk of overfithing,

ORoPOVT

\ Twis helps  Solve overfitting.

91 I_Jim Randomlj 'drof" some wnifs  fom

. the  network when  training.

83" Tra;in_ina: at each itembion of 3mdlud' deseant:
© each inFul' wnit s dwpped  with

pobobitity s &

® oacw  hiddea unit s Jm')’ed with

probability  py.

9;1 Prediction:
@ Mulkiply each input wit by 1-pi &
© multiply each hiddea unit by I-p,.

nvigiu\ net bakw H1 bakeh #2
out o 4 ® o
° o
) o o X 0 X o ° x %X

we. dwp input nodes
I'Aw:\um(j

\_’——\/v/

Predickion: f'rainfn]

) 0 = Mu"’ir'j \:5 <l=py)

0707 & o > mubiply by Ci-p)
9‘3 Nﬂorﬂ-\nm'-

Training: let © denote elementwise multiplication
= Repeat
= For each training example (x,,, y,,) do

« Sample z{ from Bernoulli(1 — ki for1 <l <L
= Neural network with dropout applied:

o Gon Zn; W) = by (w(L) [ Ry (W(z) [h1 (W(n [%Ozfﬁ]) 925121]) ,,_@Z;L)D
= Loss: Err(yy, fu(Xn, Z; W)

OErT
T

= Update: wy; « wy;
= End for
= Until convergence
Prediction: f (x,;; W) = iy(W®|... L, (WP [, (WD [x,, (1 — p, 1)1 — p)]) .. 1 —p1)])

9:‘ InhiHVP.lJ, each o\nrwf iteration  hoins o diﬂ:'-w\"
sub-network, and we marge +hese Jun‘nj
h‘a‘m'mJ D



Chapter | 3:

Decision Networks

Mo TIVATION
G Sometimes, we ned o molke
dedsions  wndes uncubuin’pj.
PREFERENCE OARDERING: &
9; A "pftfuzna orden'nj" £ s a
ronirg  of all possible states of
affairs/worlds  S-
- these could  be
B slates in o seorch Pmln\cm, ete
gz In parfieular, we use the notohion
© s2t 2 s is at least as good as T
@ s+t >s is shicly prefered b ¢
@ s~t S ageat i indifferent behucen § & ¢
whee s & ¢ are  shates.

93 It an ajmf's actions are deferministic,
octul:

outcomes of achon,

hen we know what shafes will
.94 Otherwise, we can represent Hhis using
l"’“"d-\ES'.
L= Cpysiz = 7 Pne Sn)

whee shate S;  oeeuds with Fvn\no’oilihj pi-

AxIoms
Q Given 3 shates
@ either A > 8,
Corderabilihy) :

A,B & C:
A <B or A~B

® arys, ByC » AXC
Chansikivily) ¢

® ArBrc 3 3p s+ CpRitpcI~B
Ceontinuity) §

® A~8 > CphAi -pcI~lpBs I-p. €]
Csubstitutubilihy) /

® arg » (rn < Cp, A I-F,B]),[(l,n; 1-4.87)
(Monohnid%‘!)

©® C"- A l-p. Cq.B; (—1,Cﬂ ~ [P,A', tl-p)q, B; “'P)(('Q,’.C]

( d.'.comrosi\ni\ﬂ,)

G MEV shites e

OTIVITY FUNCTION

§ A by funckion’ USSR assodates o

o Vukiliby” wite cach  outcome.

S’z In particular, UCs) measures  our  degree  of
 prefeee S

% Note U indaces o  preforene ordedng” 3,

over S ‘cj sS4yt ¢ Ues) £ VUCE).

EXPECTED UTILITY: EvCd)
9. Tdea: Under oncertainty, eack decision d induces
o dishibubion Py over fossiue outeomes,

whee P“(s) is  the rm\na\:i‘\b of outome s

under decision d.-

B The expected uhilily’ of dedsin & s

EUC) = Z P () Us)
ses

PRINCIPLE OF MAXIMUM EXPECTED
UTILITY (MEV)

orhm| dedsion under

uncertainky  is  the one

conditions of
gxrmk& quﬂy s

with the h13h¢s+



DECISION NETWORKS / INFLUENCE
DIAGRAMS

? *Decicion nehworks”  provide o woy of
rv.\xv.ienhng

© szrcsud the voviables lke n o BN
'S

sc.qumﬁal decision Pn\,lu\us-
2

® Add  dedision /[ conhollable  variables:
@ Ada  ufifily  voriables thot  describe

Yow  good: diffarent  shates  are.

)

%
CHANCE NoDES ¢ @)

9 ‘Chonce nodes” are  random

. - denoted by cifeles
9 Like o BN, they contain  CPTe  wibth

probokilisHe inference  on  Hhed rowﬂs
0ecISTon NoDES ¢ [A])

are  voriables set by

voviables.

Q, "Decision nodes”
e dedsion maler
- denoted by Sques

‘J In particular, the pacents reflect
information  availoble ot the Hme
the dedsion is t be mode

E @ (o]

- ine volues of
need o be
e decision
must be mode
vaLve Nopgs B
8 “Value nodes”  specify  uilily of
o shate.
. - denoted \::’ a diamond
Q In packicular, 4he whikhy degends only
on the shates of the parents of
the wvolue node.
ASSUMPTIONS
Q We assume
@® decision voviables
. ie decisions are made
Durerry D
® “no-forﬂeﬂin&" property:
that is  avaibble when
s available  whea D,— is

awlls & fever
observed \oefore
o tole the test

ae ohally ordered? %
s._q\lw

w

ony infofma\-inﬂ
decision D

s mode
mode, ¢¢)°

- twus  all ro.ve/d's of Ui
- we use dashed lines *o

g @D,
blood Vst —»‘dmgl
/ ~

indicate  this

Qz In Farﬁcuhr, S; associates

afe Ya.mk o D

poLICIES: 8§
9. A policy S is a set of mappings $:.
one for cach de cision node D;, wher

8:: DPom (Pac(D})) — Dom (D;).

a decigion

ossiﬁnmuﬂ' for D;-

with eadn ra«.ni'
A policy for 8T coud be

cnil) 8. (e
)= bt
o
> Sgrle~P = ~bt
Sar (~r. p) = bk
Sgq e nf) T ~bt

VALWE oF A poLicy : EV(S)

? The  “value" of potiey 8§ s ‘e ‘*P‘CM
whilily  gqiven 4not  decisions  ar executed

., Ocording fHp 8

(e?z Essentiolly,

Eucd) = :Z”X, $0)) VX, 8(X))

whee  §CX)  denotes the  assignment fo
dedision Variables dictated \nj g given

e assignment -



..Q.PTIMGL POLICIES
Q'l' We say a policy st is “orhmal" if

EV(§?) 3 EV(S)

for ol policies 8.
9; To wmfuh the best policy:
© Stack with the last dedision;
® For each ossignment to parents & for
cadn decision velue, ompule the M
welue  of choosing  thet volue of D

® Set the policy  choice for each volue of

parents fo  be +the value of D thet hos

mox  volue;

@ Repent these sheps for each decision in
Sreverse”  ordes
9; To compute  the expecked  values, we can

use vanable elimination.

- Qj suﬂ)osc we have asst 4:,F,LL,F5:> o
Pn((drud\

- we want EV (Dmﬁﬂ“i \c,(l, Lé,fﬂs)

- in voviable efiminakion, we cen Trest C,f,
BT T, Dr a5 evideae

- dhen climinate remoaining Varables — in +his
ose, ony Disease s leff

- we o left with the fachr

gulmdlc,f,bhprs] = T P(Dis Jc, 8, b, pos, m4) U (Dis, bhmd)

B, Finaly, we fnd whidh D maximises
EUCD| evidence), which will ke in e
ofk'\m\ F°\ic5'

oPTIMAL POLICIES FoR BNS

9‘ In BNs, uhlily nodes are I-‘,s(- fochorc
ot con be dealt with using voviable

elimination.
?1 Thus, for  this  case, we <on just  use

vovioble elimination.

OPTIMIRING POLIcIES: NOTES

Ql Ii_m-' If o decision node D has no
decisions  that  fotlow it, we can find
s policy by instantiating eodh  of its
pacents and wmruknﬂ the trrldﬂi
whlity  of each dedsion dor each porert
instontiation.
- no- forqetting D all ofthes decisions ove

A\Nodj insianhated .

gl When a decsion D is opfimized, we can
treat it oS a condom Varviekle.

new CPT

- st dreat  the  policy as @
€ §ex)

- j'wu rnm{- instanhation %, D 3¢
withh Pw\aa\:i(il-y !

93 At each iteration of ‘the deuSion orhmituhoﬁ

process, we can o];h'miu D; Lj using

Simple  varioble  @limination coleulations.



Chapter 14:

Markov Decision

Processes

SEOUENTIAL DECISION MAKING

14 "Sequentiel  decision molio”  compines  Chabic  dacision
maling dedsion  nehworks) & 84‘1“"“‘(
inference teg Kmms , dymmu‘c Bns)

MARKOV DECISIoN PROCESSES

“_‘] in

actions

states

.

gl Tdea: These are
networks.

NV
ORRO

iv\dqfin‘uh [ infinite / ‘Nac Hinite
. dedision
91 Formal dq{—"'\ihon'. a

states seSi
achons achA:

(0]
®
® cewards ceR;
®
®

Moskou  dacigion  Process ha¢

trangition modet  PCSel %o, )
ward  model  R(sclag):
osxeli %

93 Our 30n| s 4o find the or'Hmal f°‘icd;
orhm\ woy 4 act of evey state
to maximze e  uhiliby/ revord.
CURRENT ASSUMPTIONS
-9" Assmgﬁons:
® Process s shchashe ¥
@ Procass is  sequentiol ;
® Slotes are ‘{““j obsesvab\e;

® Model is womplete; &
- no learning i requiced
® Sktes & ackons are diserete.
- note +hot we can <3c\o_ between

stotes-

e an

m“?:?u MODEL : Plsels, ,a,)
O Modiov: Plsel Sy By, %o, %) = PLEEI S
® Shbionany:  pesyls,  a,.) s Same gver

Cse, @y, Se.) VYt

REWARD MODEL

9: Reward funchon: R(s¢, )< %¢

G, Pssumphion:  the reward  funcken is  shotionary)
e RCSg.a) s the same for & givea

B (s,0)-

9’3 However, the ferminal reward does ot
wove 4o be stabionary.
"‘3 /- 'f"" winn'mﬂ/lnsinj

8.' Goal: maximize Sum of expected rewonds
Ekc’e-“e"

DISCOUNTED REWARDS
9, I_dil: I ks infinite,  thea ?R(Sé,q,)u»,
ideal.

which is not
“ discounted  rewvocds”

8’_ Solubion:  use
it ¥ RUse a0

L., Where Qiscount  factor.
93 Tahuikon:  we ()refer whiity  sooner fnon
(ater-

PoLICY
8; The I.?"""ﬂ" is e choice of achon of

each  fime step-
Formally,  +his  waps states Yo

oe¥el & he

’ 1 ackons
TSy = Q-

(E?-; Goal: Find  the oPHmnl Po“‘ﬂ

» t
27 Elnd

*® ﬂ(‘jm”
« - w t=0



POLIcY oP TIMIZATION HoRI%oN EFFECT

?‘ To evaluate o poliey. we can compute Ql Tt W is finite, e poliy non-Shationary,
e  value of Afollowing T: ond thee is no  guarantee to  converyts
" - \osk ackion diffeert of cach time  step
\/T(S‘o): i’a’tiP(stls,,T)RLS(,ﬁ(St)) 92'- I W05 infinite, Hhe poliey s stotonary,
tso Se and e i o auoﬂ*"‘h'- for +Hhe volue
o3 . " s Such ot iteation  to  converge:
g) The orhm’d P _game Lest ocHon ot each time step
’ Vi) 3 VG0 W-J INFIVITE HORITON
93 Aigentims: G o dest witn o infinte o, we can

use
® o lomge anough N ond  exawie e

9' c,,MP “;3.‘.,,.; . be & Yo\icj at  the " iterokions  or
¢ pu L can one e e "j ankil  \Va "._\\‘ €.
€ 5 s shorts ®  conbimw b )
©® Toffline” : before the  proces i ) J :

® “omiine” : as the pwcess evolves. -
poLicy ITERATI
VALUE ITERATION § T we ot b 2SS

Q‘" -‘H_E-' we :F\'nd e wmoax values ih.rahvdj - .

ot the t™ Hme step: @ Poticy evaluotions -
Vs = R, s + ¥ TSN s WNVT(') s
Vo (s) = M:' R(s,a)  Ms 2

W M:" Rls,a) ?si‘ pis'ts, @) V*"(s‘) A 6 ?o\i‘ﬂ iMPer.mcn}:

O Volue iteration

R
max R(s,a) + ¥ T P(s'is,a) V (s') Vs
.81 TIn furch\nr, Tis) & afjn 2

argmox Qls,a) + ¥ ;i- P(s'ls, a) Ve_‘(s') Vs
o

< .
8’_ Aljonﬂnm-

8 Algorithen: policylteration(MDP)
3 Initialize 7, to any policy
valuelteration(MDP) n<0
Vi(s) — maxR(s,a) Vs Repeat

Eval: V, = R+ yT™V,
Improve: z,,, < argmax, R*+yTV,
g nen+l

Return v* Until z; = 7.
Return z,

a
Forn=1tohdo

Vi(s) <« maxR(s,a) + 72 pr(sr| sV (s) Vs
a .

9;; We can represeat  volue teoton  in
o mobix foem ComPLEXTTY

8‘ Value itaration:

a 4 -
R % ® Ean itesshion O(CISV IR
18t . ;
Vﬂ. ¢ g\ %18\ (©) Many itesations;  lineas onvargen
\8\»

" Y o
G Policy erotion:
: ® ‘2,4,. tesabion:  OCISC + 1ST1AD
® Few iterations: linm-qua&m‘ﬁc convesgence



Chapter I5:
Reinforcement Learning

PROBLEM

‘ Environment

Q: We want to leam to  choose achons

fhot  maximite fewords-
?-2 We have states, ackions & rewesrds, but

do not now the fronsition  of reword

mode's.
8; Cool: e want o ff(v-&

[N
¢
M ti ¥ EqLe]
0

Jearn Hhe mode!:

G Tden: We wont EIS

CompONENTS

9. eL °3‘“’5 moy include
© the modet  PslSia), R(s,a) 7

® +he r,(;cﬂ e &
@ He valie {unchm J(s).

83 Tncrameatol

MODEL FREE EVALVATION
9\ Tdea: Given a policy W, eshmate v es)
without  any fransition or reword model.

92 Strotegies:

@ Monte-Cado _evaluotion:

= severdl sample

= E.CZ¥% 1sm]
e Tt t Arpwﬁmnhon

o L8 & k)
n(s)zl %E,[T r, Isw]

©® Temporol _difference (D) evaluation: ~ e
Samrle

( A P
F“(;y = ECels )] + 'b’sil P(s'ls, ms)) V' (s') approtimelion

& r TV

Monte Carlo Simplest TD Method

V()= VIS +a R, +7V(S,.)-V(S)]

V(S,) < V(S)+a[G, -V(s))

MoNTE CARLO EVALVATION
G e

Gy s ?Ftr:")
% Thea
o = T+ gy V)
update:

- " N
N AR ARSI A




TEMPORAL DIFFEREN

gu TIncremental update:

w o
\I:(S\ & V:,lfs) + @ let T Vg1 - Vo)

G Tp . i decrtassd appropriotely  wite e
2 b of visited,  then
o

VA (s)  wenvesges
83 Sufficient  conditions Por @G
Zop=

S a, ¢ X
n

Hmes a shte s
fo  the cerced volue.

s 1
Ql' We DH“ chotse YACS)= nis).

8; Al Jovﬂ’hﬂﬂ

€ EVAWATION

G Tdea  Rotver  than

TDevaluation(z, V*)
Repeat
Execute 7z(s)
Observe s’ and r
Update counts: n(s) T n(s) + 1

Learning rate: @ « —
n(s)

Update value: V*(s) < V*(s) + a(r + yV*(s") — V*(s))

s s
Until convergence of V*
Return V*
COMPARISON
Monte Garlo __rﬁ
- biased eshimate

- unbiosed eshimate

- hgjh vananc

- low Variance

- Weeds \ess

- neuds mony
+m'lu\wio.s

'hﬁluh Aeg

MODEL-FREE CONTROL

of ewlushng the state
\/1(5)' evoluate the
Junction” Q"¢s,0)

gl Tdea: Instead
value  function
“state - action volue

l_&j&/ﬂ:j(rl%ﬂ + YT Pls')s,a)Ves')
< \

- volue of exzwh‘v\j IS —F,llowul by
T
8,_ Then, we wuse the rolicy

T'es) = ars:m 6" (s,

BELLMANS EQUATION

Tt olsa) e e optimel
funckion; e the orh'm" state-action
velue  funchon-
en @ (s,4)

Baellman qvaﬁ on:

of¢s,0) = Elrlsa] + ¥ 2 Pls'ls,a) ':f‘ ol'c:',a')j
{ s

Vi = T 67 (s,a),

&

cotisfies the  forlowing

whese
T(s) = ogMe* 8'(s,a).
(-8
Q.- LEARNING .
orHMiﬁnﬂ e sta
value  function WMs),  we optimite the
&.-functior Q" ¢s,a).

Qlearning(s, 0*)
Repeat
Select and execute a
Observe s"and r
Update counts: n(s, a) 1<— n(s,a) + 1

Learning rate: a «
n(s,a)

Update Q-value:
Q*(s,a) « Q*(s,a) + a(r +y max Q*(s',a’) — Q*(s, a))
s

Until convergence of 0*
Return Q*

g_)_ Challenge:  How do we  choose oul

ackon &’



EXPLORATION VS EXPLOITATION

91 Tdea: T¢ e agent  always  chooses the
Gokion with  the h-\jhesl- value, it s
“exploiting’,  ond e learned model s

. oot acwrate.

91 Bj ‘h"‘-‘"j candom  ackons Cexflom‘han) e
agent  may learn +he model, but pacts
of it will neve be

9' Thus, we need « balance.

common EXPLORATION ME THoOS

& Methods:
O g-greedy: with prob ¢, execute rondow

used -

ackion; Othewise, execute the  best
ackion 0" = ATgMOX @ (¢ 4)

o
® Bolizmann nEbquun=
increnses  shochashieity

increasing tfemp T

8(sa)/ T

e
Pla) = 3 T
a

CONVERGENCE OF @-LEARNING
Q &-Iaun‘ms convesges + gl,ﬁ.m\ Q-volues if
© eveny stale s visited  infinitely often;

(® ihe ackon selection becomes gready

as to0) &

@ +he leacning rate is
enough,  but not oo fast:

decreased  fust

Z o, o0, ?Cﬁ’n)1< oo
n



Chapter 16:
Deep Reinforcement

Learning

_MRGE STATE SPACES
9: Idea: R lerge  state spacas, Q- lto.minJ
s inpracticel  since Hhe  update function
has  complexity  proportional 4o e Stk
. Spece gize.
92 We need Yo orfwﬁm«h
O© e poliy Ts)=>al
@ tne G- function 8(s,a) > R; &
® the value fnckion V)-SR
Q.- FUNCTION APPROXIMATION
T owt selx,, %o
O Lineas :

® Noa-linear (ej neural network):

as,0) z glxi W)

GRADIENT Q& -LEARNING
81 Tdes: We wont o minimite the  squored

ecvor  oohween
® {ne Q-value eshmate: Q,,(8,0)

® the omat: 0+ T mox @ (s)a").
65;_ Squared  ervr:
Eeclw) = %[&w("-‘.5 -r-

' A1 2
Lis Q(s\a)]

?3 Grodient

28,
Wrr | [ (0 - - T QT 5T
2w

i descent
?‘; We con then use  gradieat

Initialize weights w at random in [-1,1]
Observe current state s
Loop

Select action « and execute it

Receive immediate reward r

Observe new state s’

Gradient: ? =[0,(s,a) = r —y max Q,,(s', @]

i OErr !
Jw

90,5, a)
a9

Update weights: w « w — «

Update state: s « s’

CONVERGENCE OF APPROXIMATION
.- LEARNING.

g Given Z %= % Tl <

Q- learning  converyes; but

® Linear arrwximakon
® Non-linear approximation & -learning  may
diverge.
- adi“‘ﬁ"j w do  incrage & ot (s5,0) may

introdue  @rrves  of  earby  stafe-ackion pains:



MITIGATING DIVERGENCE
Q To mikigate divergenc, we con use
O Expedence feplay i *
® Using 2 networks:
- O.-nefwork; %
- dosget netuorlke.

EXPERIENCE REPLAY
Ql Idea: shre previous  expedences ¢S,a,5,r>
b o buffr & Sample a mini-batch
of previous experences ot each SRP
o (eacn by &-learning.
9;_ Advantages:
® break torrelations  betwean  Successive
urdah_s (more  slable  leacning)
® less intemmctions with enirament nceded
Coetter datn  efficiency)

TARGET NETWORK

9’ Tdea: Use a separate target netuork
] —
which i onlj u Fd;-red. Puiod\ca\ld )

repeat for each (s, a, s’, 7) in mini-batch:

90,,(s,a)

We—w— at[Qw(s, a)—r—y m;lx Qw(s".,a’)] o

W~ w

- sintilor  fo  volue itedion.
9; Ad\Ianhﬂg; MiHsnfe divgrjmce..
DEEP @-NETWORK /PON
fg’ A “deep 8-nehwork”  uses  gradient

&-\mminj with

[0) d(o,lg neural nehworus:

O oxpuience replayi X

@ "'ﬂl:f‘\' network.

Initialize weights w and w at random in [—1,1]
Observe current state s
Loop
Select action « and execute it
Receive immediate reward r
Observe new state s
Add (s,a, s, r) to experience buffer
Sample mini-batch of experiences from buffer
For each experience ($, 4, I ) in mini-batch o
Gradient: 7 = [0,(8,@) — F — y max Q5(5', 21')]M
ow a ow
OErr
ow

Update weights: w «w — a

Update state: s « s
Every c steps, update target: w < w




Chapter | 7:

Model-Based

Reinforcement Learning

MODEL -FREE vs MODEL-BASED RL
gl In  model-free  online RL, there ace
ro eyplict  dnsition  or  feword
models, and simrl, iu.s(' associate

with  state-action pairs:

Agent: update
pohcy/value function
state action
m

9; In  model —based
c.x‘ﬂid(- tonsiBon  andfor  fewosd  model.

values

reward

oalive RL, we learn an

plan

Agent: update Agent: update
model olicy/value function

state

action
Fed @ UNIVERS|
93 Banefit:  Tacreased Sample fhiciancy

gq Drawback: Increased  complexity.
MODEL- BASED RL METHOD

Ql Tdea: At eack Step:

compLeX MODELS
'l Tdew Use functon approximations o
Hhe tmnsifon & fward wmodels:

® Llineor model:

paf (¥lsa) = NCs'| wly, ')

@ Non -lineos model :
- Stochashe*

Gaussian rmass ’

pof(s’ls,a) = ap(sime), W)

- defesrminishc:  neuol nebwork;

PARTIAL PLANNING
8‘ Tdear In complex models, fully

orhma.\g Hie Po\«.g/Valu fuaction ot
each Hme step is intracioble.
92'. T M;ﬂaﬂl’h +his, we O do rﬁrh’oi

plonning  that  involves

® & few sh'n of &-Iwn\ns'. &

© learning fom  Simulated  expesience.
MODEL-BASED RL WITH Q&-
LEARNING

O Execute ackion:
® Observe cesullant State % rewosd:
® Update *ransition/ reward  model;
® Uro\a{e Poliaj {value funah'm.
8; Algorntum  with value  iteration:
ModelBasedRL(s)
Repeat

Select and execute a // gimiler +o  G.~leaming
Observe s’ and r
Update counts: n(s,a) « n(s,a) + 1,
n(s,a,s’) < n(s,a,s") +1
Update transition: Pr(s’l s, a) « s.0,8) Vs’
n(s,a)
r + (n(s,a) = 1)R(s,a)
n(s, a)

Solve: V*(s) = maxR(s, a) + yz Pr(s'| s,a)V*(s")Vs
a n

Update reward: R(s, a) <

s« s
Until convergence of V*
Return V*

ModelBasedRL(s)
Repeat
Select and execute a, observe s’ and r
Update transition: w, « w;, — ar(T,,(s,a) =s"HV,, T, (s,0)

wytwy!

Update reward: wy < wg — ag(R,, (s,a) = )V, R(s,a)

Wg

Repeat a few times:
sample §, 4 arbitrarily

5« Ry, (5,@) +y max 0, (T, G, @),) - 0,,(5.8)
12

Update Q: wy < wy— apdV
55
Until convergence of O
Return Q

0,,6.a)

wo

=)




PARTIAL PLANNING VS
REPLAY BUFFER
9 Tdea: In modei-free  Q-leaming with «
( el .
“?l“j buffer, we urdah e &—funchion
based on Samples fwm e  replay
\m“‘«;
in the Fn.n'ms O‘ﬂni\'"’hm‘ we qr‘afq
6. by auuaHnj somples fwm +he
. model.
g,_ Replay buffe
0] Simplc;
® readl samples;  but

® no 3¢nwuwh‘w +h  uthes  stote- ackion
rairs-

. Packiol _glowing it _add
@ m‘)‘t‘ﬁ‘-

® simvlated somples; buf
® 5¢M.m\iza+ion fo  othes state -achion
Pa':lS.
DYNA - Q.
?'l" Tdes: We learn an explich  transition &
rewosd  model B lean dircHy pom
reol Qx‘;umu.

AN

[ Agent: update} &, Agent: update ]
n

model olicy/value functio

state

state reward

Environment

- outer loop. Similer 4o mode-based
— {nner lOaF-. swmiler 4o Modd—ffv.l?_
B, Alqorthm:

action
reward

Dyna-Q(s)
Repeat

Select and execute a, observe s’and r

Update transition: wy —w; — ay(T,, (s,a) = s)V,, T,, (s, @)

Update reward: wy < wg — ag(R,, (s,a) = NV, R(s,a)

Se—r+y max 0, O(,s". a’) = Q,(s,a)

Update Q: (;\'Q —wo—agdV, 0, (s,a)

Repeat a few times:
sample §, a arbitrarily
5 <R, (5,4 +ymax Q, (T, (5,4),4d) - 0, (5,4

X Qo (T
Update Q : wp < wp — apd V“‘QQH. (8,4)

o

Wy Wy

s

Return 0




PLANNING FROM CURRENT STATE:
MONTE CARLo TREE SEARCH / MCTS
¢ a\JcriHﬂ"'

?’ *mete” i a  heuristic Search
\

used ffar Vavious
Q" Tdea: instead of planning ot orbitrary

states, lan from the  current state, which
aext achon.

Hhe ffolloul ing:

decision f”“s“s'

hw.l‘:s improve Hhe

93, SJH_S" we fepest

stocting from e wot,

0] "Sz\gchon" : -
seleet  suceassive  child  nodes unhl @&
leof is reached.
- yoot: cwd— anml state . bﬁm
\eof w«nﬁrandu}« node  Cie o sl
- leaf:
has  baen YW yet)

onless e leof ends  decisively,

ote 2! child  nodes ond  choose the
¢
Lbest wode {wm +hese: . o o
wild node = oY ~olid &
- eni
\esf node ot
" candom kyou
@) “Simulation ": comr‘eh one o ‘ r‘mt
4 K
P noose achons  wn
from (o ie c
3 “deusive”
ame 1S
] p Eﬁkm: use the cesult  of the
© fe 4he nodes

o opiete inforeofe 10

\ayout
Py oot

on the ra*\'\ from e
\eaf:
93 To make this “rochable:

© Approximate  leaf values with volue of

defoutt  poliagi

1o Hhe

"
o A
&) & & (50) = nzs,.)'.‘Z:.Q'*

® Arrnximuh chonce nodes’ ur&fah'nn by
samrlinﬂ ('WM 4ronsilion  model:

&%s,0y = Rig,a) + ¥ 2NEsY
o

® For  decision nodes, onl, !KPMA Hhe mest
anism_g achons.

e ’Zln(n(ﬂ)
% argmax
of = j QCg,a) +c¢ ———-“I )

a

Ves) = MO ef(g, )

a?-

B Algorthm:

UCT(sy)
create root nodeg with state state(nodeg) < s,
while within computational budget do
node; < TreePolicy(nodey)
value « DefaultPolicy(state(nude,))
Backup(node;, value)
return action(BestChild(nodey, 0))

TreePolicy(node)
while node is nonterminal do
if node is not fully expanded do
return Expand(node)
else
node < BestChild(node,C)
return node

Expand(node)
choose a € untried actions of A(state(node))
add a new child node’ to node

with state node') « T(state(node), a)

deterministic
transition

return node’

BestChild(node,c)
(21nn(node))

V(m)de') +c
n(node')

return arg

max
node' € children(node)

DefaultPolicy(node)
while rode is not terminal do
sample a ~ z(a ‘ state(node))
s’ « T(state(node), a)
return R(s, a)

Single Player

Backup(node,value)
while node is not null do
n(node)V(node) + value
V(node) «
n(node) + 1
n(node) < n(node) + 1
node < parent(node)

Two Players (adversarial)

BackupMinMax(node,value)
while node is not null do
n(node)V(node) + value
V(node) «
n(node) + 1
n(node) < n(node) + 1
value < — value

node < parent(node)




Chapter 18:

Multi-Armed Bandits

STot{nSTIC BANDITS
oA Vit
O a single state ist;
® o set of achons facms A
@ space of cewards (offen rescled +o
to);
@ finito/infinite  hoizonss &
_ ©® avemge ceward  setting r=1)
g} Thee is no  transibion  funclien +o

be learncd since thet s & sln3\¢

| stte.
9; We only need o learn +the Stochastic

e funckion:
EXAMPLE: AD PLACEMENT

§ e
® Arms: Set of possible ads

® Rewords: 0 (o didd,  Celickd
Q:. What order should ads  be rrcsu\M

4o maxmie revenue?

_ Eﬁrlomﬁnn I TS n.xflnifahon fw\n\m
2-GREEDY

G Zdear Seled an am et random with pre
¢, and otherwise Ao & "amdj" selection
Gie select am  with e hijhesl'

so  fac).
REGRET

Gt R@ e e e Cunbenown)
leﬂ.chd ewasd of a, and Tet

A‘Velaﬂ e

max Rla)

angmex pla).
o

?2 The "df'-d'd rv.jvd'" of & is
loss (a) = e - R

g; The "@fnd’cd cumulotve Njfti'“ for n

Loss, = ti loss a,).
=0

G, optimiskic algorithm:

THEORETICAL GUARANTEES

9:' I e is cnstanh  Men for large  enough t:

P(ne#a‘) = €
loss, & 2E € o).
+=1

g;_ It £eﬂ’i‘, then for loge  enough te

Pla,¥a’) = &€ oc)
Lgssn = Z_I-L— e O(loj n)
EMPIRICAL MEAN

?: Tdea: We wost +o quankfy the  empivical
L, Mean L0 from e Yue mean Rla).
8;_ Tf we can  wite

| Rea) - Rla)l & bound

seledt e arm with
lo) & Blo) + bound.

fhen we can

E(l) 4 Lound, since

POSITIVISM IN THE FACE of
UNCERTAINTY
9\ that  refums

Sappese thare anists  on  orocle
for each

uppe bound UB'\LA\ on R(a)

arm o based on © tvials-

(s?z Suppose fucthe

lim 0g ta) = Rla):

ndan

at each step salect

m’jmau UB“(G)
a
*

8:4 Tuis aljon'&m will  converge b o

fmof  Suppose ve Convee fo subuphimal  am
o afte in{iw“’o\»‘ mony  Hvials.
“Tnea

Rea) = \)3*(-\ 2 UE*(a') . Rl Ve
But  Rla) 2 R(a") Ja' wntvadicts  ous

ASS\AM‘)HM Hhat a IS su‘aeYqul.

e best



PROBABILISTIC VUPPER BounD

QI Idu We  Connot aamruh an
upper bound with cecloinfy as we

. are 5¢m|>l'|v\3.

91 But, obtain
ofe  uppes bounds  most

PRI € £L)) % 1-§.

8.; Hoa_ffdmg's inﬁuali"y

log(3)
~ ’ °3's 5 1§
RG)+ 2 ) >

whee 0, =% of tias for o o
UPPER CONFIDENCE 8ouND /ucB
UCB(h)

V<—0, n<—0, na(_o Ya
Repeat until n = h

meosures £ +hot
of the #mes e

we Can

PC (a) ¢

~ 2log n
Execute argmax, R(a)+ 4| ———

n,

Receive r
Ve—V+r

R(a) < —naR(a) tr

n,+1
nen+l, n,<n,+1
Return v

8n= = in

- we choose e

bouwnd
Uc8 CoNVERGENCE
g‘ UCB  convarges  of na . -
“"l"_“l’,' - &% M incesses Jl-':}: increages
- So all eums are vl -'v\f\'ni'hl:’
often
97_ In Faerlu‘,

Hoe FF div\a.i

Loss, € 0((03 nY)

BAYESIAN LEARNING

'8' Let ¢ Le a condom vavidele for oS
]

rewards .
?I' Tdea:

2 == o g
@® Express uncerhointy  about y o pri
P, % .
® Comruh. postedor PO 2. a)  based

obterved  so  for

S f,
on sam[:lzs AT

9 B‘j ijts Theorem, we have

Yy @ pe) Ple?,.. e 19)

a
[{C AR

0ISTRIBVTIONAL INFO
9' We can eshimate

© the dishibulon ove iwe next Rwacd:

ay . a
LTA)E jeP(rM

9 Plalnl .,

rnq )ae

® e dichibubon over Ra) whena ©

he meon:
PRI | 62, o, cat) = PLOLGY, L o)
i 0= Ra).

8ETA DISTRIBUTION: Betal«,B)
Y T “Beta dishibutioa” has e property
i 7et0) ~ Beta(mp), them

g-!
Pe0) ¥ o' ' €1-6)

THOM?SON SAMPLING
(D Somple seveal roknha\ ovesage rewosds

e, ..., Ryld) ~PelRla)]4 ot Va

@ Eskimate Hhe w.n\riria-\ averge

82 Algorithe:

ThompsonSampling(/)
V<0
Forn=1toh

Sample R](a) ., Ri(a) ~Pr(R(a)) Va

R(a) « —Z R(a) Ya
i=1
a* « argmax R(a)
Execute ¢* and receive r
V<V+r
Update Pr(R(a*)) based on r
Return V'

includes

#hat




fﬂMPLC s12€

Y Taws In Thowpion sampivg. e omeut
of date a & sample size L
mJulah. the amount of t#rlnloflon.

9,_ In ?aer.uln.r, as A b b incease,
R@  awomes less shuchostic.

93 This ensures all  ackons are chosen
with  some  probability.

ANALYSTS

'gl' Thompson campling tonvasget +o  the

. best  am.

81 Tveorehical Loss, € °<‘°j .



Chapter 19:

Game Theory

MULTI- AGENT DECISION MAKING
9: Tdea: In r'ﬂtHu, there  is  usually
., Mo tHun one agent-
?1 Thus,  each njml- aceds 4o account

for  other oq ents'  acHons/ behoviors:
anme
¥ A "ymc" s any set

of cucumstances

whose  outromes dgrnM on ackons of
two or more catonal self -interested
y(u:jm-

PLAYERS

g‘ N Plajus" are oamk within  the game
that obseve state 2 take achons.

RATIONAL

9 We say an agent i “sotional  if

H“j choose  teir  best achHons,  unless
'Hl\t.j are ¢xr(or‘m3.

SELF-INTERESTED

T We say an aget s self-intuested”
if they only care obout their  own
baenefits:

GAmE THEORY

9 * Game 'Hnunj is o  mothemahicsl  model

of S(’m('qsu: mterochons amo.\ju— 21 agents
n a Jome.

INTEQACTIONS

8: An  interackon”  oceurs  when one ogent

. Aiuch aH‘-ed's other ajen-\-ls).

& Thus, the uklly foc one ot depens
on  other aau\fg,

STRATEGIC

8 We say aaznh are "sfrahﬂ.'c_"
Maximize ther uklity by  oking into
Heiv  influence  on the  game their

ackonS.

i they

vie

account

a common

CEXH

I.Jn

are wi: A=> R.

PAYOFE MATRICES
5’ Tdea: We con cepresent  aormal Aocrm

ﬁamcs us’.nj

Agent 1

/ Two
ackions
asent |
talies

“payeff mabies -
aclions
A
Agent 2
gent 2 o
One Two
22 -3.3
3,3 4,4
o oy
agent 2
fom joiet 3T
ackons rme (om-f
octigas

LEARNING
9' Tdea: Each aau\f decides Yo act
baged o
© the woddi
®@ othe ajml's', %
@ Mer uhiliy function:
TYPEs OF CAMES
G s
(0] Cvogerahvc - agents have
3»0\
@ C""‘KSHH"" - ajmts have a conflicking
Jool
® Mixed _  mix of both
NORMAL Fopm CAMES
.9- A ~nom\ ,ﬁ,m\ 3°"'°' consists 'F
© a set of ogents Tz Ay, N
® a et of  acHons aﬁ:r eoch  ogent
Ai=‘;qi',_,_' "imli
® oatwome of game s defined
pofile  a= (.., 207
@ +otal Space of jomf ackiont IS
ae A x - x Bot &
® +ne uhtiby furchons

s



PLAYING A NoRMAL-FORM GAME
G Ldea: Playes chose i ackons

ot the same *Time.

- Ao Commounication with other ajurk
- no obsarvohon of othe rhjm' actiong
81 Each playes chooses & strategy O which

con  be eithe

© “mired - probelsilistic dishibution VY
achions
® “Puﬂ." _ one acHon is alweys chosen

STRATEaYy PROFILE

G Tae  strtegy profile” i e soluion
b &  normal .{om Jame which  ouHines

. the  stmdegy each ogent ?lajs.

B we we "o 4o demte the  Stmtegy

L oF Py ©

93 We use 'o’_{' 4o denote +he sPategy

5 of all lej_;s axeept i

g‘, We use ule) 4 dencke the ukility
of ogent | under Siegy Pvnfv'lﬂ- .

DOMINANT (STRATEGY ]

9; We g"‘j ‘fgr Plnjw i, a g+'°‘+"’55 o

" dominates” stroegy s
uils;, o) 3 Wite!, o) Yo, &
Jo et uplep, o) > W Lrl,tr_‘\

91 A s+ra§v.3.1 s dominort  if 4+ dominates

o\l othes s+m+e3'.¢s.

DOMINANT STRATEGY EQUILIBRIUM /

DSE

D L
. i each ploger has & dominant Strategy.
9; % a game has ot least one DSE, ‘+han
we say bt is  dominance solvable”.

gEsT RESPONSE
Q‘ Givea o  Stredegy profile o608, o &
a st

s\'rah.a'\cs o; ﬁ

u teg, o) %

82 Note o rofonal agent wil aluiays rlay

o st response.

“pse”

response 4o e Courent) ofer aﬂuv\’S‘ G Buey finike game

NASH TOUVILIBRIUM / NE
8: We S“ o is a “ Nash n.c(w\\\mum
i u.m-h +
oy agen s sMhﬂ'J o
s o best cesponse do  the  other
B ogent sfrnh.-_‘ies 6.
Q;_ Altematively, o is o NE § no
oaznf hes  any incaabive 4o deviete

from  Hheir curreat S(’m-\'eaj ;.

SoLviNG FOR NASH EQUILIBRIA
B metwa 11 Tolew the chain of best
fesponses unhl  we crackh o stolle
?o'mh e
Q@ I some rlnju is ot r(njinﬂ
best  casporse, switth ‘o another
Sh‘hﬂﬂ that is  the best rurome.
® Repeot s wnbl aft  ployess %
Ploging e best response-
Y meod 31 Fix o Steiegy for ene
rlﬂju * ,f\'m! the  lest response for
the other

PARETO DOMINANCE

g We say an oubome © " Pareto  dominates”

a

anothes outome o iff
w;(e) 2 u;lo") Vi L'

Foeb wile) > wilel.

PARETO op TIMALITY

is " Pareto orh mal "’

'9’ An outcome ©
Parebo

iff no other  outome o

dominates  0;

MIKED STRATEGY NE

Y owe say o mixed stalegy T s a
e i
ECuloy, 0203 2 gCuite’, 3 Vo'ao
for  each njuﬂ i
NASH THEOREM
one

has ot least

(mixed) Srha.hsj tat is o Nash

el‘di\i\.vium.



Chapter 20:
Multi-Agent
Reinforcement Learning

FRAMEWORK
OPTIMAL POLILY

M
ulti-agent Games + Sequential decision making Y In merl,  me  ophmet  poliy svould
correspond to  some qa.hbnum of

the stochashc game-

Q, e most common  solubon  concept
s the  “Nosh 21.;'. Nibsium -

93 We can dgf—i'\e o Y velue Mhoﬂ

STOMASTIC GAMES Vy ) Zv .06 1 soes, ™)

QI “Stochashe 3.-«5" are M-43M+ mDPs,

81 Components: 9; Then,  we  Say the stochashc game

® N: # of egests has o * Nash ¢1uih‘|-rium" .
® S shaed state Space iff
® A.'"- action space of asuf ",, j"/---,[‘) ; @ > ;
@p: et ki fr gt j, P58l o) ey @ 7 Verd
: iHon on ' v . .
@ T:  Aransibon funchon, PL'ls, @).,a7) Vses. ¥j; YW4Tw)
© ¥: discount fuctor, O0¥E) }
@ h: honr C# of dime Siefs)
g e N INDEPENDENT LEARNING:
i Goal fird on opmel policy =TT, T NAIVE  APPROACH
here
v [ ) gu I_d!:a: AFFI +He ﬂme(e. u\juﬂ-
'“'1‘ . argrv:m% E')’ E-n-["el(s'“)], ) Q-learing directly o cach ageat
" B Limitakions:
a := éay..., a.”}' =4, T E 2 -_—
© mignt rot  work  well ajo.ms+
and  T;: S > LAY tie rmb;\)“i}n °I’F°""‘"s thmj wm‘ﬂ!*
smj|251

dishibubion over AL)-

-0 Q
Qq To play a stochasHc  game, rla:jers choose @ No 3d°f“+'-'- of w"v“\‘fﬁ‘e
thair actions af the same Yime, without ® Non—s‘f‘ahvnwj fansibn &

commanicotion or  observakion of o fla;jel's reward  wodels.

ackions:
-9" At each stote, all aavﬁs foce o Moge
qame " Caosmal  form game) with the &
of the current state &%
Ldna Hreir quil'j.

Jolues joint o€

of each rll&nu’



COOPERATIVE SGs

s "caoruwﬁvf_ SGs” are Fhose

LEARNING IN COOPERATIVE
STOCHASTIC GAMES:

whee  the Same  reword funchien s
shored  acrss  all  agents 301”1'7 [ § LEARNlNG / 6L
OPTIMAL fPOLICY Joi{letr()gel:tarmng(y. 0) o @-wlis for oqurt i
-6 " dibvium  in The
g Ta s case, Hf" 4’ S Repeat for each agent i
case of wormhve stochashi¢ 3 Select and execute a'
s the Pareto dom;mﬁnﬂ Qﬁ"'l'bnum' ObSeI'VeS/,ri‘dnda_“,wherea_i:{a|,_._,ai—]’ai+1’ .aN}
Update counts: n(s,a) < n(s,a) + 1
OPPONQNT MOOGLLIN‘\ Update counts: 7/(s, a) 1+ nl‘;l(s, a), Vj
G, Tdea: Cach ogent should  meintoin A* Learning rate: a « o
. ' Hons o n(s,a
belief over other aauﬂs ac .n - Update Q-value:
e cumvent  state, as this i T Q.0 = Qs+ afr 4y max Q6’0" 'y ') - Q™))
‘o ,fpnﬂu(oh its  response s s . -
92 The  method  n  which on agent Until convergence of Q' -
““""‘I""‘"‘“ this s colled ""H"’"”& ?; Tdea: Modif\J & leam'nnj fo  include
.o -
modelh'\j . “the OPFOVIN\‘\'S. ackom in +he
FIctzTIovs PLAY @ ptotes.
et ol 3y
& T Sk - e fotisnody mixed 91 In fﬂfHe_ulM, we wont ‘o find Fthe
(ayin a S N )
OH,OMZ"H o P9 “Nasw & ,s'und"'bo'\ for  the Game *
strateqy. R
. Method: &, G5,0) = (s ¥ ¥ 2L Pels, v (s, T, T
[0) hau\{»s mambain o count of the # of ses
Yimes anothx ajaM’ f“f"""‘s an  ochiens i ‘E?B This conveys the o.ja.m's immediate
. rd : e mwds
s, a) e |+ asap) Vil ceword & discounted  futu )
J J whea all ajm‘l's ,fo(low t+he Nas
Q@ Then, -hey urdam their  "balief about  this zqu&libn'um Polio‘nj-
i o
stateyy  of each state acoding CON\M“CE o€ J&al o
nits,a g Ror o Aode gme, i ol aaul,z
< ._t—') . ! . +h me algonthm ¢
HMe (s ap) ~ S its o Vc,/' learn using e sS4 i) I
n ) Tk
"J" t(r,aJ) ‘\Sdf’rl“:j")- then Fr.h'h"“s play
convasqes fo  the de respee
then calculate  the best
@ Twe aje"’fs can He o ovents. o
. . lief- ” + ]
responses ocoomkms t  this Lelief 32 In \’MHMM TJOL  converges 7O
Nash Q-volues it
i inFinitel
© each stae ©® visited  infiately
offens & b
Hishos
coming ate ¥ 5% i
® ahe \ 9
2
_ o
ez, 2T
'~ "
~volues  ase
8} Note the Nash & velu

wAic‘uL-




COMMON EXPLORATION METHODS

g Methods:
© €-3r¢.¢AJ S’a.me 1desr :s
® Boltimann zxrlomﬁang ::\;111 jen
ComPETITIVE Sas
8 “G"""T‘““" Sas”  are those whee  the
rewo.d 'ﬁ‘ﬂvﬁm s wo-sum;, @
oeTImaL PoLIcy
9 4hese  cases s

G The  equilibium n
‘e NE .
f—'?,_ In rarh‘cu(arl 4he oera\

* min- max
Jolue  function

1§
\ VJ[S) - m;:'\ Lees, <. 3 +¥2 Pr(“‘slﬁ';, 0-3)\,‘3(;.)]}
# a a K
LEARNING TN ComPETITIVE Sas:

MIN-MAX  &- LEARNING

g‘ Tdes: our wpdote s

(s, d, 07y €« Cl-a) & (s,00 27)
4 o+ VIO

MA_X m.I'} &J(S‘, aJI a—J)
ad o7J

Vi) e

Minimax Qlearning(s, a, 0*)
Repeat
Repeat for each agent
Select and execute action o/
Observe s',a~ and r
Update counts: n(s,a) < n(s,a) + 1

Learning rate: a «
n(s,a)

~ Update Q-value:

Ql(s, ', a™) — (1 = ))Ql(s, @, a™) + a(r’ + y max min Q/(s', a’, a)))
s s

Until convergence of 0*
Return O*

oPPONENT MODELLING

--9'(' Chn\lena:s'.
@ oOthe agents could use
di fferent alawiHnms

® ComruHﬂ& e  mia-max  achion

con  be Aime - consuming

gi Alesnative:  use Aetitious pley
p @emens

93 In rurh'mlar,

a(su

+his tanvees

in wmr-.h'Hve zap-tum 9

CONVERGENCE IN MM

® -LEARNING

3‘ In ra.rh‘culu.
converges

eqvi(ﬂorium |

MM &-\eo.minj
to e min-mox

(0] w state i visited ;nf;,.imj
Qac
ofteni &

. cahish®s
® he \uuv\mﬂ




GENERAL-SuMm  STOCHASTIC

GAME
G 1a “gueent-sum  SGsT e revans
of all onu\h con be celated
opTimAL PoLlcY
o Hfind e NEI

g' I;J_e_n: We want
Nash & {uALHOn of e
LeaNING IN  GENERAL-SUM  SGs:

NASH 0.-LEARNING.

Gome.

9{ Ascm&'om Se.lf--rlay.
92 Method :
© Uklities of the game are +ue
.- values for each agent
® Eocn aauf urdafcs their  8~volues
using
&-’ (s, al o) © &’(s,a", a’)+ I 1 ,\jash[&)(s-)J)
Nash [&](s')] RN IS T - @ICs')

L dot rndud—

NashQ learning(s, a, O*)
Repeat
Repeat for each agent
Select and execute action @/
Observe s,a”7andr 2+, r
Update counts: n(s,a) f_ n(s,a) + 1

N

Learning rate: a «
n(s,a)
Update Q-value for everyj = 1,...,n: A
Ql(s,a) « (1 — a)Q/(s,a) + a(r’ + yNashQ!(s")

s s
Until convergence of 0*
Return Q*
OPPONENT MODELLING
.9" Solubions: -
O Agents can tolie  equilibrivm acton i
w\;:.‘uc .
on-wnigve vilibda in Fru.hca
I " con e & lorg

- w\ui\'\\ovium wm(mhﬂ’iaﬂ’

+ime crauu af\lj under s+wr\j assumptions
- tonV
(wnique a.n(uili\aviv.m\
R \a
Fichitiows P'4Y )
@ vyjmcr. unlJ under s"honJ assumplions
- wn
(vd\'\‘l\ll Q'ivl\'lblium) - . st
@ Assume  every ageat i doing indepen

(Qousning
Nno  converyeace 0“““"‘“"“

CONVERGENCE OF  NASH
eL

9 Nash  @-lenming  converges
NE if

(0] every State
often;

© the leaming @R ¥ Satisfies

o the

s Visited ;nf;nih{,

2 .
'z'\’,ﬁw. LA & 2
@ e NE con be considered as

o 3\0\,0‘ oPHmun or

in  each sfa&c of He

SOM!-

- 3.;0-(“"“’215 um'uida
sint

put care Yo hold

n

chHr.e_-

Saddle  point
Stochashc

onV (f&@/‘f.l_



