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Chapter 1:  Vectors
THE VECTOR PRODUCT

a 7

-
notation :

qxbn y

- defa :
b

- a:c:*.:S:

.÷:÷÷o÷¥÷÷÷r ,- qxnb = tall lol

sinon
-

( in = unit vector in dir. of axb
)
-

* a x b = - bxa (cross product
NOT wmmntatire

.)

case

① Two H vectors ③ Unit vectors

→ a x b = O
n

since O -
- O ' Ct)

② .. . ... i÷÷÷ .→ laxbl = lallbl sin 90
1×1=1 knxj = -in

laxbl = lallbl .

1×1=1 in x kn = -j
1×1--1×1=1×1--0

* but in ai = I. I -. Kok = I ! ! !

④ Two vectors in Cartesian form .

g-- (I; ) I = (
b

's;) shortcut
#

#
,
i--- -

- .

,

lresutt-axsi.ca?!.::::...y.axbi
I

tip : cover

' '

rows
"

in descending
proof :-
XX order

,
and :

ex 's -

- Cai

=Outa ,b
, K - a , bz I

+ (-azb,) K tOutazbz in
+ azb, I - asb, in
to

= (azbz - azbz ) in t (azb , - qbz ) t (a .bz - azb, ) I .



EQ I OF A PLANE To find the of of a plane
:

=
i A plane can be located in space steps

by : , ) must know pv of a pt in the plane

① The direction of a vector I to the * 2) find a vector I to the plane

plane and one point in the

3) the eye of the plane
is

plane .

,

.

. AT = rn - an .

in ?
I . I = an . I

"" ÷÷÷÷÷÷÷
..:÷÷:÷÷¥÷:r~.n→ equi of a plane .

③ Two concurrent lines in the

let
rn = Jp

'

, an = JI .
plane
( contains 2 own 11 lines

or Ato 2 own
-paid

↳ 2 is a vector I to the plane ,

ie a normal vector lines )
#

iartesianei-osa.pe.

÷::.
"

re C¥1.It! ) .-hend=ax-by←§Ien!÷%g¥eythe
x -- o → the yz plane ④ A line in the plane & a

vector µ to the plane .

4=0 → the xz plane

z=o → the xy plane -

£

at zag ,
s 11 the place

② Three non
- collinear points .

+
z
-if

⇒ a
-

. k x E .

eg
: ta -

- ( I;) . OF
= I

.

tire
of e

plane of OAB ega
?

let na be a
normal vector

to

the plane .

÷:÷÷÷÷7= fees txt
13

Hee the g. yup
,..

= ( 'I)

is
rn

. (!! ) = an . no = O ( why ?
contains

origin ) .

⇒ 13Xtttyt 167=0 .



AWEN A LINE & A PLANE.. . let l : 1=9-1×1
A ✓Eeyore EQQ OF A PLANE

There are 3 cases

-
'

p
: I . I

=D

IN PARAMETRIC FORM -

-

- ¥ . P

-

ft
.

⇒/ ". .

① tpheanelineinte
the

p

a. ,

¥-7

Tindell
to 's

let P → good pt in
the plane w/

I
° bn I O ie OF = I .

pv rn .

③ The line lies in the
I OT's = anx-plane .

⇒ ftp..dz ,me .
} OF .

- an t the + ME

in
o bn = O

A
, in ier=atXkt_a rectory togo if = d -,¥ / \ the plane .

③ The line is tithe T perjury.my/afIIrpYa..*EIiEiois .

plane . I pamn-odIptn.ru=D
←

in the plane .

§ ° I = O
conversion

bwEm&PIE"

an . I F
d '

y
dot product of

2 vectors !

¥, pecan that
since I

is the

rect product of
2 reels 11 to

the

TO FIND THE Acute 4 BW A plane . a. = Exe
.

-

and I = an
° I -

LINE &
A PLANE .

Kari →
eg

' 1=(3,1+011)+011 ) .

L : rn = an + dbn find the 4
.

The acute
I bw a line

⇒ q= (
'

z ) × (I, ) i. cabinet is

p
: rn . I =

d '

in IfAP!:[is low the - lax thy-72=23.

line oh the projection
-

- ( II ) .

D= E. I

EEE:÷: a.ie#b.n=/b//n/cosO-.

= -38+33+28

'

& = go - o . I
,III:}:

" = 23 .

eg
'

re o. 1+0
.
)

E- C %) . k -. Ed . E- C I)
P.g.ms, t E Z

a k x :
'

= . it y=(I ) x (¥)
To FIND THE I DIST FROM A PT

-

- (E) HE) up
.
. vireo .

- s -¥4

xp ( 4, Bit ) -

- (IIs) -- CE ) .
. rt , sa -' T.IS

-
= (It )TO THE PLANE method 2 : rs 't t -.t.

6

/ t
,je

:⇐C tTET) .

!?¥%"
"

*.
.a. .

c¥÷¥H¥¥¥÷
:&
:)

-' '
tea""

Celesta :
2 2

a
,

-

- (3) x (%) eye yews planes=td -
. fafsa) .

isnr.CI#=-sst
method I : i) find PV of Q

iildist =
IPQ ' d.- ( Iggy . (Tg) I

-

- (E) t t I .

. . .
FIND

ii) To find a rect 91 of the line
= - is - 558

- 26 ' (III . (Ig;) . -834
2 PLANES

of intersection of 2 planes . = - 834 .

60-30,1 - 465 -1372k
- l ta ,

& ltnz
P
,
: rn . I , =

d ' // - 609 - 522k = -834

-

y
=) directorvector of l

- l god = 180
P
,

: rn . 12=9 \
,

!
'

= a ,
x are .

A

-
z

i point = (¥ I - If-44)
' ) To find the acute 4

how

To find a pt on e ,
we

need to

z planes
.

-

- (&)
do Ina,

.121⇐ 1111221650 ) gone the egas of the planes '

: the rect eqa of l
is

I = pv of apt
one till21×22) .



APPLICATIONS OF THE VECTOR-PRODUCT .

① Area of a parallelogram . ⑥Shortest distance bw 2stew lines

A
e
,
CE -- aid K, )

Pin
,

c

#
sACB is a right-angled triangle

.

§ , \ co
✓

n
' h
'
-

L
O

.

.

-

- Till , & ez
a
" :

¥
"
"

o

.¥I- - -
i '

, pie . axis.

I a. × k I = tall k Isin O .
-
-
-
-
-

7
,

.

. AT 11 PT→ABCD = 2x area of DABD⇒ area of Ngan . AT 11 k × !
= 2 ( Labsin O ) B

:a=l.
=

. at pea here pas .
.Ee!"Eid.

aso -

- Ants
.: AC = AB cos O

& Pd is the perpendicular
to both l

,
dlz . = IAI't cos O

② Area of triangle lay .AT/=tATllABlws0
⇒ shortest dist

but
,
de
,
is PQ .

A=Ita×b tick, xkz)
. FBI÷:÷÷÷÷÷÷÷÷÷i:::÷÷÷÷:÷÷÷÷÷÷÷÷÷÷÷÷÷÷= taxKl h

Soi →

= tax bullet cos
O 1) Find PQ

2) POT . bn ,
= O

v=caxb foe . ±=o .

}I"7
④ Tetrahedron 3) solve 2 eyes

chore

✓ = I bare area x height simultaneously .

= Ix area ye x height

= Ix tzlaxblh

V=tCaxkT
⑤ Perpendicular

dist of apt from a
line .

Q

:i . .) O×#
p

A I

Pa:i
sin:cins:S:* .

I

11×11 =
I kltvlsino

.:pa=t}×zY



Chapter 2: 
Polynomial Equations
Relations between the roots & coefficients Application

to the solutions

of symmetrical
simultaneous

of a polynomial ega
.

eyes
in

3 unknowns
. A

"

cyclic interchange
"

of e.pet
' Quadratic ega

:

axztbxtc
= O - y means y is replaced by P'

⇒ xztbaxtea = o .

/ I
p by 8h 8 by T

-

r p
let rep

be the
roots I ⇒ hence

, if an ega
in QB &

¥

⇒ ×2+ bzx tea = Cx-9) C×
-P) .

is unchanged by
a cyclic interdg '

= x2- Gtp) X top
x2 + bzx t I

we say that ege
is fym¥

'

⇒ up =
-tea & xp

-
- I .

"
- cubic eg

's

Transformations of eq
's

ax3+ bx't cxtd
=

0×3-1taxi Eaxtdz = O -
- Cx-a)Cx

-pkx-8
) .

-

'

Itis often useful to
transform -

⇒ up-12.
-bae

given ege
into another,

apt ottp8=
Ea

whose roots are
related in some simple

op8=
-I.

way
to those of the original

egos -

Quartic eyes
.

egg
' It3×+5=0

has
wob 9 d p

.

axttbx3-cx2-dxte-o-cx-okx-p.scx -2)Cx
- 8)

Find a quadratic egg
whose roots

⇒ otpt
8+8 =

-I

gptoftostp8+138+28
-
- I ( = Egp

)

are Inept .

qprt ops
-1988+1388= -I C=Eqp2)

dp88=E . This ega
is hence

Sum of the powers of the
roots .

* + ( t.pt)x
top -

- °

a+p=
- s

i sreyntpn-18^+8
! xp

-
- s

Let Sn = 4^+13^+8
"

. , ⇒ ×z+ x t ÷ = O .

I s,=atp-18+8
-
- Ea .

gpS
,
= at ptt =

-had .
,szi.II.ciseGtfo

's"- 2£93 .

⇒ xz -⇐x) -ist .. o
I

- d
I I,

= -

= bat - z(tea) I
e or5x2t3xtSz -- s ,

'
- KI) . ! x-- rip y= tx.

s
,
= a-'t p

" +8
"

"

y
.

. I , Is } ↳ subset
transformation .

= It pt + I

=
apt
It Pt let x .- ty
Tpr

⇒ ( Ig)
'

+3kg ) -15--0 .

{,= ytz + Eyes -
- O

Sn ? or 5g
't 3ft I

= O '

Suppose
ax3tbx2 taxed -

- O .

×=q ag3+ bd
't Ce td

= O

-
① ①*t②xp -170×8

IPgIf?::3:!!Pg?:I0③ .

} " ⇒ asytbsstcsztds , = o . eg
.

The age Hear-2×+1=0

hey roots 91/3
& 2-

Find the
cubic eg

? whose not

are 42, p
'd 82.

⇒ as
,
t bsz + CS ,

+ 3d = O .

.:aSn-bSny-cSn-ztdSn# for cubic, & up 9Wh
"
'

this method is
tedious .



The nature of the roots of a

polynomial eye
with

read coefficients .

Quadiahc
62 -4ac I?!

⇒ two complex
roots

⇒ real repeated root

> o ⇒ real and
distinct

cuts a×3+bx2tcxed

'

'

Since the ega
is of degree

3

andhas real
coefficients .

complex
roots occur

in conjugate

pairs
.

Hence,
a

cubic ega
with

real coefficients
has

either
• three real roots

• one
real & a pair of

conjugate complex roots
.

then

* if the Lateristhe,

92+132+82 L O
.

- so not
all roots

EIR

: egos
has I real

not

and 2 complex conjugate

oooh-

Quartic
a×4+ 6×3 text DX t

e = O let the roots be a
, P 't

& £

Does 92+132+82+82
co ?

if 's since the gunk F-
has

if yes
=, either Cii )

or Ciii ) .

real coefficients ,
the ega

↳ Does 4388
so ?

has :

Cil - two pairs of conjugate
complex if no ⇒ has to be option Cii

) .

roots
, OI

Ciil - one pair of conjugate complex

roots and two real roots
,

(iii) - four real
roots



Chapter 3:
Rational Functions
-

'

in;aging;:÷.fE¥¥÷③ AxtBaxZtbxtc

④ Ax2tBxtC
¥xt

⑤ Axztbxtc
Txt

SKETCHING RATIONAL

FUNCTIONS
Prominent features ② Turning points

① Asymptotes ↳ to obtain
:

method ① :
calculus ( date & dd×¥)

⇒ as x. y
→- ,

the ene approaches
a line

,
which is called

an

asymptote
.

stretching
key idea : if x→±a . yea

⇒

y=agmp
① y=÷+.

② TITI } etIggy;;.
have

if yes
to . x - a

These
curves

have 2

⇒ x=a is an asymptote ⇒

asymptotes
( one I ,

one
as)

-
-

if x sea , y→a*b
eg

. y=¥, eg
'

y!
⇒y=sisanE- asymptote a

. .¥

• To find the egas of asymptotes
.

case ① : y=a¥s case ② : y= AAIIBT
'i'

Y→±A ,

axtb = o yes
Is ,

axtb -10

⇒ x= -Ia is an asymptote
. ⇒ ×=

-Ia is an asymptote
.

Case ⑤ : y=Ax4BA- axtb
x - to . y → o x - Is . y

→
a

⇒ y
-
- o is an asymptote ⇒ y=Az is an asymptote

. The egg of one of
the 2 asymptotes

is axtb -

- O

Case③ : y =
AxtB
oixtbxtc ⇒ x=

-ka .

This cure
has

anobligueasymptote.ly→ Is as a×2+ bxtc
→ o

axibx to
= O
→ b
'-44=0 ⇒ I asymptote

→ BZ-Yao > o ⇒ 2 asymptotesI
b
'
-Yao co ⇒ no asymptotes ↳ Ax2tBxtC= (

axtblcpxtq)
+ R

Rule Cshortcut
)

x- to . y
- 0 ¥¥zasymptotes .

.;÷:÷÷÷÷÷÷÷÷÷÷:÷:÷÷÷:i÷÷÷:÷÷:÷÷÷÷:*:*.
Csame as

③ ) 2) To find
the eyes of the asymptotes

A to the x-axis

⇒ y=
weffofhighestpowero.fi#

is

y= pxtq
.

×→ ±@, y
→ AT weft of highest power of

× a

,
← y .
-pxtqp

> o

.

.

. y= Az
is an asymptote

. '

, either

✓
,

I
'

-

Dk or DE

③ × & y
- intercepts g=o ⇒
t

-
- o - I 1 I yoaxtb - l w/ tunny

⇒¥: on . .
.
.:*:B:÷÷÷÷+a⇒•⇒¥i;÷¥mmins

2) B
'
- YAC--o ⇒ are touches x-axis , ,

once → one of twinpfa!Y
"

.

,

3) BZ- 4AC so ⇒
cure touches x-axis , ,

twice
.

. '

,

⇒ D8 er Ba -
.

← → pls
, of inbsech

.

on

pls of inbred
inside

"

region
' '

outside of
"

region
:



SISTER GRAPHS

③ yZ= fcx ) ⇒ one symmetrical
① y=fcx )

⇒ y= If
C" I

about the x-axis

⇒ flip Inflect in × - axis ⇒
y= Iffcxj ⇒ y

'

so if 30 .

② y
-

- fcx) ⇒ y
-
- f txt

⇒ those pls
below the

x-axis

⇒ fi:p Inefleet
in y

- axis

must be discarded
'

eg
'

fail =

÷::÷;
tix .

⇒ith:"six.im#te.:ntte↳ C a , ± rb )
are
thetuigpes

on the graph y÷fCx
) .

i """ )i
. a is "

-

six, Bg
eg
'

y
-
- 3×-94-211×+1)

i÷"÷÷"""

④ y=¥x)
→ if Ca, b ) is a max pt of y =fCx

)

⇒ ( a. I ) is a min pt of y -- ¥ .

. it:c:÷::Iii's:*! "
→ if x=a is an asymptote of y

-
-fix)

⇒ y=fCx) touches the x -axis at x=a .



Chapter 4:
Polar Coordinates

SKETCHING POLAR CURVES

-

'

The shape of
a one can

be
* o_O

determined from its polar 4
' by ⇒ a line segment

listing corresponding
values of from O .

O & r and plotting
these words .

Importations
① r=o , 0=9 ⇒ 0=9 is atanto thecurve at O .

'

Polar coordinates are
an

alternative

system
to visualise curves .

② Ensue you
know rmin & rmax '

③ If r=O when O -- a & O =p ⇒
curve has a loop ⇒#,

⇒ some graphs
have complex equations bw g & p .

in Cartesian space .

④ If RCO ) = rc-O) , the ega
is symmetric

POLAR FRAME OF
REFERENCE

=

⇒
,

(

mfEtfo) )along the initial
line .

-

This system of reference
consists

and
the ege

is symmetric ( most likely
of type , Point

'

⑤ If rco) = rc IT- O) , r=f) )
along the

line O -

- IL
.

fixed
direction from O

,

alias =

⑥ If rco ) = E - r ] O ,
the ega

is symmetric
called the initial " he - C most likely
- *O>O ⇒ anticlockwise r2=fCO))

×

Pcr
'
O )

O so ⇒ clockwise . along
the

pot
.

to *

r > O ⇒ dist measured in * to stretch poler
Comes for

# initial line dir OP

O Circo not in syllabus) . O E O E 21T ,

* The polar
words of

a Pt
~

⇒ however , by convention , the amount of
tabulated

work

can
be reduced if we

know

not unique
. we

give
the polar coordinates

egC-2,7=12,
) -- ( 21 -¥ ) . whenrezoq.q.ae# the lines of symmetry

.

Result

① If r is a Junot of Esme's ,
RELATION Bw CARTESIAN &

POLAR .

the cane
is symmetrical

about the
lines

-

If a point
has coordinates C r , O )

=

in a polar frame of
reference' ie : x2+yZ= r

"

no = o
,
Ti
,
ZIT .

.

its coordinates in the ¥ =
tano. ② Tf r is a fmcf ofiY '

plane
is ( rcoso,

rsino)
,

Cartesian I
yhe came ,, symmetrical

about the lis

⇒ initial line is the x-axis

mo = I
,
If .

.

⇒ pole is origin .

CONVERSION
BW CARTESIAN &

POLAR AND
VV .

-

'

A =
A polar eg

? of a cane
is of the

eg3 obtain Calvin eye

form r = fC O ) . of r2( It is 20) = 16 .

=

eg
' Find polar ega corresponding to

r't trust = 16

the curve (×4yzf=a2(x2 - yz) .
( ×"y

' ) t 15 ( x )
'
= 16

X2ty2 .- r
' X .- rcoso y

-
-
rsino

16×2 t y
'
= 16 .

eg
" Obtain Cabin eg

'

⇒ (ray = u2 ( Pcos'D - r
'sink) of r =s.no#wsOsinur4=a2r2(ws2O-sinZO)

r sing cosy + roost
sino = I

= , r2 =
as cos 20 - ⇒ gust

+ ×si~=
I
-

egg show cabin eye of r=aws3O
=

eg
'

Find polar of of y
'
= (*""3-×

I -
a
-
- If ⇒ ¥ y + ¥ x

-
-

ly
is cxzejl

'
-
- acx3 - 3×5) .

✓ = a cos
30 ×=rwsO

y
-
= (xti )

'

( 3 - x ) Ty!In .

r =a(4ws3O
- 3050 )

.

.
.

coso :

✓ = 4a(IP- 3a(I)

( rsin 012 = (
rcoso t 1)

'
( 3 -

rcoso) .

(or
? ) r4= 4ax3 - 3ar2X

V2 sink =@cos20+2rcosot1)
( 3- rws

O)

( x4y42=4ax3- 3aCx2ey4×
rZsinZO = (3%50-1 Gras

O -13 - Pcos30 - 2%50
- rwso)

= 4ax3 - 3ax3 - 3ay2x

rzsinzo .- - r3ws3O
trust + Srws 0+3

⇒ ( ×2+y2)2= a(x3 - 3xy2 ) .



SPECIAL CURVES IN POLAR

COORDINATES
④ Circles .

① 0=9

⇒ line ray cx.gs
Cx-hit Cy

-N' = " r=2aT→gjYo,9Yd,
⇒ in Cabin :

y
-
- Hand × .

in, ,
⇒ eg
' of

"we Y ate
radius a .

= Chik) & radius r
.

Za

② rsinO= aif.÷÷÷:÷÷÷.#¥4 radius a .

from wsO⇒ Sino
90"AC.

③ roost = a r=2a ⇒ rotate alt pole

^

rws O : a

✓
2
= Zar cos

O X
'
- 2ax ty

'
= O → circle centred

at Caio) w/<µO=o ×z+yz=2a×
(× - at- a'+5=0 radius a .

×2tyZ=2a×
Cx - a)

2
t y
'
= a
?

t"
.
.

.÷io±
.

eg
, r=atbsin0 959! ×

.

.

.

.o=¥A
.

'

/ /

since , is a function of sin
'

it " %
"
"" "

(Ji
'

g.⇒

along
the line D= Iz .

, .

-

,
.
.
- -

-

I
,

.ex-tea's
.

"

-
-

,
' '

a atbz atIzb atb -
,

I

-

-

' I
-

-

,
'

,

.

'
i

- I

I l

-

'
'

The greatest valet
-

.

.

.

'

,
t ,

is atb -

-

.

'

✓

;

'

The least value of - .

is a
- b .

" cardioid
"

.

.

7¥;0=¥
o=E
,r f

eg2 real
It cost ) 0 ' FEZ" i

.

.

.

,
,

- ,
r

I

whole we
.

-

,

*
a

x-

'

,
x rA@ = If

singingcos O ⇒ symmetricalalong
rmax -2a

.

.
.
.

.

,',.. .

-

only 0=0- ruin = O .

-
-

,
,¥

,
'

,
. -

-*• . ,. ,.
. . ,. ..

so
a.i÷÷÷¥¥' "-

-
-

I I
'

a

r za i.gyu Isa a
°' Sa O .Ba °

-
-

-

,

.', ,'
,

'
.

,

-

.*i
.

.

.

.

-
' i '

.

I l I
'

,

- I
a

I
I

l
, I

- ,
I l

,

. , !
,

.

'
✓



Eg
'
r
-
- acztcoso)

O O 30 Go 90 120 150 lfo

r 3A 2.83A 2.Sa 2A I . 5A I . Ha a

no
-
- Iz

i i
- i
'

, x

I
i i

i
-

i
,

i
-
-

.

.
i

,

i
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AREA OF THE SECTOR
BOUNDED

BY A POLAR CURVE AND
THE

LINES 0=9
,
O -

-

p
.

O

I3¥*¥i> 0=0
TANGENT 11 To THE

INITIAL LINE

'

-

This satisfies da¥=o
* For tangent y

to initial lie ,

in :÷o .
dy
To

= o,y
-
- rsince

⇒ d(rsi=oDO

÷ ( rsino ) = o

roos O t dry since = O



MORE COMMON CURVES ,
#

But if only r > O

am me

r = aws 20 r= a cos
30

r am r
-

-Fatso
am

r
2
= AZ cos 20

my cog are

a > b a=b acts

m are

K > 0 K < O

Cosio

⇒
=

cos -0
-
since

¥

= I - tanto



Chapter 5:
Summation of Series
- '

. let the series U

FINDING Sum OF SERIES -

be a
, , us . .

. Ur .

. ,Two methods :

⇒ let Sn = II
,

"
k . ① method of differences

.

-

'

- If ur = fcrti) - for
) .

Exyamples
i ) 1+2+3 - . . + n = §

,

k .

then Sn = ÷2
,

[fcrti) - fer))

2) &
. .

"
= fcz) -fci) tf (3)

- fat -. . tfcnt') - fcn )

3) II. k
}

2) ¥ + ¥3 + IT - . .tn#-- ¥1 Sn = fcnti) - f Cl ).

=

If we
have a

, , uz
- . .

.

a

Quote
results from

MF 19 .

a ② Proof
⇒ Sg = ⇐Un .

i )

Er
= Izcntl) i , ÷

,

r =
1+2+3 - -

-
+ n -

r -- I
= Iz ( ate )

If s, is
a constant ⇒ series converges

.

i, rz=nCn"Y2n = nzcnti) .

If Sy
is infinite ⇒ series diverges

.

iii ) r3=
n

2

y
'



Chapter 6:
Mathematical Induction
-

'

. A method of pwning
.

NTH DERIVATIVE OF A FUNCTION

Steps:
- i.e . d fcx) = ?

1) Prove n= I

eg
'

if y
= e-
''

sin × )
.

2) prove n = htt assuming
n -
- k holds .

pure by
ind. that dd÷Ln= C-2)ne-''sin ( xD - Int) .

APPLICATIONS EVALUATION OF TERMS DEFINED
SUMMATION OF SERIES

Iii. -- Eiht un, . By A RECURRENCE RELATION

THEOREMS ON DIVISIBILITY

Cd
ELI)

- :
cent,

= flan ) , given
u ,

.

- Idea : let fcn) be the expression' Find Un .

and write down fcnti) .

① Show fci) = o Cmod d ) - eg
"

U
,
= I
, um,

-_ 34+2 .

② Assume that test holds the for Pbi an = 2(3h
- ' ) - I .

Claim : un = zczn
-t) - I for the formula Unt,=3unt2.

f- (K) .

⇒ from here
, prove

that fck") is n'- I →
Lns = , RHS = 2130 )- I

=/ C = CUD
also divisible by

the integer .

⇒ claim holds for n =L .

Method
- Assumeit is the fo- n =ki
fck) = .

-
- -

-
- ①

feet) = . . .
.
. . ② } eliminate

one of
the terms . ⇒ Uk= 2(3k

- '

) - I .

( eg
constant term) .

⇒ Uh, =3Uk -12

eg
' Pune by induction

34N-2+17^+22=0 (mod
16) V NEW =3 -12 (3k

-') - I] +2

Cet far ) =3
"-2+17^+22 = 2 ( 3k) - 3 +2

=213k) - I .

i. Claim is also
the

⇒ f(1) = 32+17+22 for n
-

-
Kel .

= 48 = 3 ( 16) .
= Claim is the for n

=/ .

Hence , by induction '

claim is time for n
C- N . Gee .

Assume it is the for
n=k .

objective : prove
it is tetra" '

. INEQUALITIES
method fck)= 34k

-I 17×+22 - ①
-

'
-

To prove
acb,

f C htt) = 341<+2+17141+22 -②
we might

need to prove
a - b - o .

② -① ⇒ fckti) - fck)
= 34*2-1 17kt' - 34k

-2

, 17k

=3
"" -Z
(34- 1) + 17k ( 17 - I)

= 80134k-4+1647
'') WRITE DOWN A CONJECTURE

= 16 ( 5C34k-2) +17k) .
i we assumed BASED ON A LTD TRIAL &
f-Ck) EO Cmod

161
,

it implies that FOLLOWED BY INDUCTIVE'

- - fcktl ) = 16 (5C34k
-

2) +17k) + fck ) . feet, ) = o Cnwdko
).

By induction
, the claim is the for

The the claim is the for n=ktI. PROOF

n =/
,
2 . . . ie fine for no IN . Qed .

<20 C 30 240 - .

O CXC 20 ZOE XC 30



Chapter 7:
Matrices 

PROPERTIES OF MATRICES

Equality
.

-
. If A

-

- B , then a = bi
,
.

Hi
. j

ZOAddi.li#ubtmchonY2mamces
.

-

A matrix is a rectangular army of
numbers

.

-

If C= At B. then Cii -
- ai;

-1 bij ti, ;
" C = A - B

,
then Cig.

= ai;
- bij ' '

g-
*

only defined iff order of A = order of B .

• order = m X n .Iii:÷÷÷ In.÷÷÷÷±÷i¥me.-
then big -- day. fi, j .

n columns
④ Associative .

-

of
.

A = ( Ibd ) 2×2 A -- (-L ) 2×1 Cadging,
'

'

if: yepA) = HPA .

⑤ Commutative
.

B = ( IsI ) 3×2 13=1-3, -2, - I) 1×3 ( wuewctor) .in = rat OB

C = (I}&) 3×3 cap) A
= rat PA -

SOME SPECIAL MATRICES60mahixmultiph.cat#i0Diagonalmatrices.

If C = AB . where

-

'

f
'

, All entries one
0 except

A is a minnmahix& B is a MI matrix .
on the main diagonal.

(II ) (
'

Idoin! ) then Cij
= E.

,
airbrj ,

and C is a matrix .

( = ai , bij t aizbz;
- . . + ainbn

;D20Transposeofamo.tn#
' '

If a matrix A has a transpose

B -- at
,

B is defined as bii.am .

%
④④= ( 'It:3:3

'

5×314×4) =L;%)
Note I AB I BA , in general . Terminology

eg
A =(

'

g..ba
.

) ⇒ B = (Ibd ) . - AB ⇒ A
"

p>multiplied by
"

B

exceptions
: AO

-

- OA = O

AI = IA
= I BA ⇒ A

"postmultiplied by
"

B

③squaeMatn#
A
.IA -- A-

'
A = I -

-If. order is n
⑦Mahi×Pow

④ Null (zero ) Matrix

-

' denoted by O :

- is An = AAAI.tt '

has the property such that ⇒An can onlyexist
if

Aisa"

A -10 = A t possible A , square
matrix !=

- is defined by any
matrix

Result I .

In = I .

w/ all entries equal
to zero .

Result 2 .

If D= (I'
,

⑤Identityma then D= ( 'Yin) .
-

'

The identity matrix ,
denoted by I :

- has the property such that
AI = IA = A f possible A

- and is defined as a diagonal
matrix w/ the entries on the

main diagonal
all equal to

O -



⑧InverseofMatn
'

'

' The inverse of a matrix
A
.
A - !

has the property that AA
'sA-

'

A = I .

*onlysquad
matrices .

i.e : A=a¥(I-ab) .
• 2×2 : let A = (9bd)
Determinant of A , det (A)

= ad - be .

*yIf det CA ) = o , matrix
is for any

2 matrices
,

singular
"

- \ det AB = det A x det B
det (A) to , matrix is

"
non

- singular
' '

.

#

The inverse : i) swap a
& d

2) chg signs of
b & c .

3) divided by
def A .

. 3×3 : at "

ng +4dg:Ldet A = at ehit I
= a Cei - hf ) - b (

di -gf ) -1 ccdh
- eg
) .

= -DCbi - ch) te (ai -go)
- fCah - bg )

= gcbf - ec) - h (af - ed ) ti ( ae
- bd)

eg find det A
,

A -
- (!

'

!})
det A = I (1×5-3×0) - (- 1) (1×5-4×3) -12 (1×0-1×4)

= I (5) t IC - 7) t 2C-4)
= - IO .

steps
① Take each element of the matrix in then

eg
'
A -
- (}

-

to§)& replace by in minor
.

For an element aij , if we cross out

(cogay =

y . o) - (2×4-3×3)

to
-3 )

the row & column in which it lies , -C-ha - o) + ( 1×4 - o) -Clxo -13)

We call the determinant of what is leftX-3 - o ) - ( 1×3 - o ) t ( txt -12)
)

as the
"

minor
"
. I

② Find the cofactor of the matrix . Caf A)

= (¥'}})
.3 -

T

Cig.
= C - 1)

"

Img. . my.
-
- minor of a . Adj A = (

''

y
'

y

,

I
})3 -

③ Find the adjoint of A .
C Adi A) 4 3

⇒ the transpose of the cofactor of A .

= (13.4
,

I
} ) .

④ Find the determinant of
dot A = I (4) - (- 1) ( g -g) + o

A . = 3 .

③ A
-I
= ÷ adjCA ) . i. A

- I
=÷(I

,

"

I,

'

-3g
)

.



TRANSFORMATIONS (only 2×2 )

-

"
A

' '

transformation" of the plane is an

one -to - one mapping from the set

of points in the plane onto itself .

Visualizing transformationsLetartecolumn vector (g) = x ( 'o ) + y (7)
,

and A

represent
the matrix (Ibd) . a

Let y represent the product Ay

=
(J: ) . ie :

-

-
-
' CE)

'

' 'I:in .. ."", .

= x (E) t y ( k ) .
⇒ So

, Act ) -- (9) & ACY ) = (!) .

- '
. Hence

, ( to ) is mapped to (I ) under A
.

u

and (7) is mapped to Cbd ) under A .

ROTATIONS C AROUND THE ORIGIN)

a

REFLECTIONS
.

:*
.X

,
= X

, y , =
- y .

'

"÷¥t÷÷÷÷÷÷.

HE÷n÷T ooo ⇒ man.is/c:::-:i::Tl
of P across -

y
-

axis (rotation anticlockwise by
angleof O )'

! For Pz :
=

×
,
= -y, y, = y
En To

. ,

⇒c:itc:n
y=mory=xtanOm!

÷÷i÷÷÷
"

t

:÷÷
msn.pe.

The column vector ( 9) is mapped

u
to Csi:3:) .

^

Hence . reflection in the line y=xtanO
can be modelled using

the matrix
⇒ X -

- ( !÷Ty) .✓
""
"°

÷: re
:
D

'zo ⇒ cos O --¥2
,

since =Imi .
:. cos 20 = cos

' O - sin 20

= ¥ - i¥ =
.

sin 20 = 2 cos O sin O

= 2v¥r¥. = FIT
.



STRETCH
(f) → c no) AREA OF A FIGURE

B'Cos

HE
UNDER A TRANSFORMATION

'

I Cibc: )
^ • B

' (atb, ctd )<""¥a-T%, ⇒matixis(h y,

"
Initial ma

-

- I

yn=µ⇒en,agema cameo, c ,,, a, ,
final area , ad

- be

# ( scale factor = ht-
o

SHEAR TRANSFORMATIONS
① Invariant line = x-axis

- 's M maps
an area of Isg . unit

a

to an area of (det M ) units
-

( '

o
) - Ci )

(9) → C Y )

Bio
.¥"

"
- -

-

⇒lm
*
k=

Is
AC1,0) = A '

2- Invariant line = y
- axis

^

,

*
A'a*, ( I ) - ( I ) C : ) a ( o, )

I I

Ii; ⇒HCi
'

I
I

I'?:"

im
.

r.mx
INVARIANT LINES UNDER A

-

(x
'

, MX
')TRANSFORMATION . ÷

-

: If a line y=mx
does not change
I image .

after a transformation
T
,

we say
that

.mx)

that line is an invariant to T.
M (m;) = ( In! , )

Determiningtheint.me
(I f)(×m×) = (In! . )

to a transformation - ⇒ 2tz?mm=m
*Insidetransformation T I7m××) -- (ni! ' ) 2t3m=m42m

O = m2- m - 2

modelled by the matrix M=l(Eb x' = X ( Ztm) -① = Cm -zkmti)

\
MX

"
= X ( 2 -13M) -② =) m=2

,
m= - I

Method # I - Lety -

-

mx be the

- invariant line .

⇒
y
-
- 2x and

ya
-x

are the invariant lines .

⇒ M (g) = KC} ) .

the system of egas
has

non - Zero solutions if
:. k=4

( II )(f) = KCI ) (2-zkz.tn ) is singular .
① or② ⇒ y=2×cm=2)

k-- I

= ( Yg). ie det M ①or② ⇒
y -
-
- x C m= - I )

⇒ (III}) .- (Hy ). = C 2 -Kk 's
-k) - 2=0 .

6 - 5k -162 - z = o

i y
-
- 2x & y

-
-
-x one

The system of egas 44
-Hxty = 0 uz. Sk+4=0

the eyesof the

2×-1 c3 - Hy -- o (k -4) (h .Do
invariant line .

Can be modelled ⇒ 6=4 or 12=1 .

by the matrix ega (EkIn)( ;) = @




