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Chapter 1:
Matrices 
SYSTEMS OF LINEAR

ERES
SYSTEM OF LINEAR EONS

-

we can use
matrices to devise a

w/ NO SOLUTIONS -

general algorithm to solve a system of '

In 2 dimensions ( ie . 2 - variable LE )
,

I no solution if
the equations represent

linear egas
in n unknowns -

e.g . consider the system of 9
' '

Y.eaugcmeyyetdmsfmafn.LY?
"b -

zparaiieilinesi egg? 3.
and

41×-1 ly
-127=9

er, ,

-

'

In 3ns,
there are various

2x -14g
- 3-2=1

"e

{r§} I ?} ) ! )
, possibilities for the relative positions of

3xt6y - 57=0
'

the plane if F no solution to the

we can then use dion to obtain ""m

system of LE :

for x.y
and Z - / )

rz
-
- ra - zr , ⇒ I! ! ÷ts/

"

) u
v

① 2 or more planes are ② The planes form a

parallel to each other . "

triangle
"

.
( intersecting pairs

of

7 7 X ① 3/1 planes planes from Hs
-

- r
.
- sr

.
⇒ f: ;÷

. . It H lines. '

Then
, f'

ri-rs-zri.it: !
②

÷:÷÷%n. ty
.

I
hence

, 7=3. , ④ ③ I plane listed twice
i
- 2g

- 7- (2-7=-17 and one other H

2g
- 7 = - 17 '

'

- y plane.

I Xty -127--9
X + (2) -1431=9

: .

SYSTEM OF LINEAR ERAS

HAVING A SOLUTIONS .

' "

The system of gas
has infinitely

many
solutions if the augmented

matrix can be reduced to the

indeterminate Oxtoyt OZ
= O -

Possibilities :

①
games.me/Y..ane

listed

¥790:c:plane ;
'#÷:I÷÷.



ROW ECHELON FORM
-

A matrix is said to be in
"

now echelon form
" e -g - (

'

so
,
:} ! ! ! )

if :

①Alls
are at the bottom

② The is'dy fonteLeft in
each µ! ! ! } !)non - Zero row is a constant .

- e e e e I

↳ this is called the
"

leading coefficient
"

for that now .

③ Each leading is to thenight µ ! ! ! ! )
lqqeff.int

in the rows above it
.

o o o o o

↳ ie # of zeros increases as

we go
' '

down
" the matrix.

SOLVING LINEAR Eats

USING
''

GAUSSIAN ELIMINATION
''

( REDUCE TO ECHELON FORM) .

i:÷÷÷÷÷÷÷i±i÷÷÷÷⇒e÷i: ⇒ i¥¥÷
. ..

.

Possibilities :

① r to
→ unique

solution .

② r
-

- O
,
u
-

- O → may
solutions .

③ r -- O
,
UFO → ne

solutions .



Chapter 2:
Eigenvalues and Eigenvectors
'

If A is an nxn
matrix

,

then a non -zero vector z
in Rn

.

⇒ the scalar it is called

ie K - (¥1 ), is called an

an eigenvalue of
A ,

and sea is said to be

eigenvector of A if 3
a scale

an eigenvector of
A

I such that

|Ay=d
corresponding to ± .

FINDING THE EIGENVALUES THE CHARACTERISTIC POLYNOMIAL

OF A
OF A is is known as the characteristic

-
'
.

Any eigenvector of A. corresponding
to the

Ford to be an eigenvalue,]
*

eton of A , which can be

eigenvalue X
, satisfies there must exist a non - Zero

shown to have the form

Ax = Xx ,
solution

,
ice .

I~ ~

IT / an + c , ,T
- '

+ can
-2

- - t Cn
-
- O -

ie Aq = XII . det (A -RI )
-
- Oi

-

-
ie ca - XIII

-
- Q .

why ? if det CA -d 't ) # O'
↳ where d = an eigenvalue of

then I
= Q (A -AIT

'

A
.

THEOREMS . = on Gina ca -Ni't
exists-

⇒ for the following
theorems ,

let I & # be

eig of E and Be respectively ,
and

¥
be the corresponding eigenvector

EIGENVALUES OF An . EIGENVALUES OF AB

' II: If Axn = dy ,

then An = any ,
'

If Az
-
- RE d BE = ME .

=
then CAB) = ( dm) I

-

Fn c- It.

( II is an eigenvalue of AI. )
( Im is an eig of EB

) .

Proof . If BI
-

- ME

proof by induction
.
Trivial base case .

⇒ AB = AMI
= MAY

If claim is true for n
-

- le
,
ie

= MRI '
Ak = X

"
.

then A
" '

= A- AKI EIGENVALUES OF KA
= An

"
I - i

. If Az=dz ,

then KAI -- Kd 't .
= a'' CA 's ' EIGENVALUES OF A -SI -
= "

"
"K '

-

If Az
= Rz ,

then (A -SI)z= (d- s ) 's V- SER . ( hd is an eigenvalue
to KA ) -

=D
""

. Dm proof : KCA 's )
= htt'd

( d- s is an eigenvalue of A - SI ) .

⇒ HAK -- CUNY -

EIGENVALUES OF A
' '
. Proof . CA - silk = Az - SHI )

= Az
- SI

- -

If A±=dk ,

then A-
'

E- at 's .

= ay - s± EIGENVALUE OF A+B

( at is an eigenvalue of A
' ! )

= Ca - s ) . Da
'

s
. If Az

-
- die and BI -- M't '

then ( At B) I = (
dtm) 's .

Proof . If A = die ,
then

( dtm is an eigenvalue of AIB
).

I = A
- '
II . -

-

i. At ,g= Izz ,

as required . Proof . ( Aunt BK )

= (dy +ME )

= (Italy ( = (At
B)I ).



FINDING d & I OF A

SQUARE MATRIX .

2×2 MATRICES

-fi
'

. If A is 2×2 ,

then Pcd) is a ⇒ the eigenvectors of A satisfy

quadratic polynomial - Az = die .
*
Note : we only

consider DER
.

⇒ the eigenvalues of A satisfy

det (A -XI) = O -

eg
Find the eigenvalues of the matrix

( 34 I ) , and the corresponding eigenvectors.

Let A = (I ). Then its characteristic eg= is

def CA -XI) =0 ⇒ 1=2
,
12=1 . → eigenvalues .

⇒
det ( 45

"

I.a) = o a- 2 → (; -31151--0 .

⇒ ( 4-d)C - I -d) + 6 = O 2x - 2g
-
- o . ⇒ ez

-

- (t ) , TER
+it -3,2-4+6=0 d -- I → ( } 3)(J) -- O
d
'
- 3,2+2=0

(x - 2)ca-I )=o 3×-4=0 ⇒ e,
-_ (3¥ )

,

ter .

3×3 MATRICES
'

The characteristic egn.
det CA - II)

-

- O

is a cubic ega if A is 3×3. ( let A- (a:}! !!!!! ) )
* If A is in

echelon form .

⇒ to obtain the eigenvectors ,
take the

the eigenvalues are
the diagonal

cross product of 2 unequal rows

of the matrix A - RI .
- Proof .

entries .

expanding . -

e.g . Find the eigenvalues of
the matrix for any

matrix A
,

Axn = RI , (
all - I 92 913

A = (÷ ! I) , and the corresponding
or ca -a⇒* =p .

"

ay
,

a

:3?; (¥ ) =/! ).
eigenvectors in parametric fun

-

⇒ (a
, ,
- a an 93 ) (¥ ) = O

⇒ det CA -II) = O is the characteristic eye
.

⇒ Can - d) x + (ardytca.dz = O
.

⇒ at
'

÷.
-

Ia) -- o .

But this can (
a

:D,}
"

) - ( ¥ ) -

- o
.

( t-d)fc2.dk-I -d) - I] - CHIC-N-i-D) + C-2) fi -o) -- o .
be written as

( I-d) ( 2-d) C-I -d) - (t -d) + If- I -d) t 2=0 and hence

( I -d) (2-d) C-I -d) - Itt - I -at 2=0

⇒ ( i -Na -NC- I -A) -0 : a- I
,
A-2. A- -t . ( ¥ ) is perpendicular to (

"

aah
,

.

'" ⇒

FI ! *on.
'" ''

⇒ FI 's
,
* e-

""

⇒ f
'

o

,
* no . similarly . (E) i a (E) if:}:)

.

i . I
-
- (1) x (Y) i

- Y
-

- (1) × (Y) : y -
- (1) × ( y)

Hence
, by cross multiplying any of these

-

- f })
.

=

(¥ )
, =L})

.

Vectors
. we can obtain (¥ ) Hae eigenvector) .



A SHORTCUT TO FIND 5h AND I of

3×3 MATRICES .

e.g .
' find a a ± of A = (III, ¥3)

.

⇒ det CA -111=0

@easiermethodtofinIieaetfIIEiI.a) I ÷:p:3.! :*::3 .

""

-

'

-

Add wwf & nowt .
-

⇒ at
''

÷
.
÷:)

.

Using
1st column :

(-3-a)(( 2-a)C-3-a ) t 4C2 -a)) -0t425¥= o

⇒ C- 3 -D)( 2 -a) (-3-12+4)=0

( - 3 -a)( 2-d) (1-12)=0

ie 2=-3 ,

12=2 & a =L .

e.g
? Find eigenvalues of A- C-

'

z -23¥) .
'

'

Characteristic eg
' of A

⇒ det (A - RI ) = O

or I?-I' a) = O -

y
add lr3tor

cr2*r3)
⇒
•+ (

'

I
'
- Iza !; = O -

using 1st column :

( I - d)((t -IK-y -a) - K2-a)) - o +2120-al -3C- I -al) -- O

( I -a)¢- I -a)C-y-A) - 212-M) t 2(7th) = O

⇒ ( I -a) (( 4+5,2-1,22 - 4+22)) + 2 (7th) = 0

( t -a) (122+7,2) + 47+121=0

( I -d) ( d) 62+7 ) t 2C 7th)
-
- O

⇒ ( Rt 7)(act-R) -12 )
= 0

(Rt7) (2+2-12)=0
( Rt7) ( 12 - d

- 2) = O

⇒ cat7)(
Rt 1) Cd

-2) = O

=) D= -7 ,
12=2 , D=

- l .



DIAGONAL MATRIX OF CALCULATING An USING

EIGENVALUES EIGENVALUES & VECTORS

.

The diagonal of
a matrix A

,

.

Since A = PDP
-l
,

D
,

is given by :
. An = (ppp

- 'In

/ ,

In!T.g.tn?I&dg+Te
-

-

CPDP-KPDPYCPDP-tt.ca#
matrix.

I
n

- i
. / An = ppnp

"

.

Let (⇐ eige.gg?:;off- -
resp d)

: . PD = (Eid, . Ezdz, Est).
Hence

,

AP -

-PD
,

ie
But AP = ACE , .

Ez ' E3)

lp-ep-IAP.tl= ( Aq, , A- Ez ,
AE3)
-

= ( Ren , . Renz , dens) (
=P"

/A=ppp
However

,
it can be proven
-

that

ypn=%
-

Proof by induction
.

n
-

- I trivial .
A- h : Dk : ( doo'

"

II ja ) .
""

:Y÷÷÷÷÷s
= (

"
'Y'in' ' .io#.)asaeq .

CAYLEY - HAMILTON THEOREM
"

" The Cayley- Hamilton
theorem slates that

a square
matrix always

satisfies its

own characteristic equation .

ii::÷:÷÷s;:%afthen PCA )
-

- O 'Ii¥÷i:÷:



Chapter 2:
Hyperbolic Functions
- "

-

The hyperbolicfmch.org are named because

they are related to the hypertwa .

°)#
DEFINITIONS GRAPHS OF H FUNCTIONS
-

Hyperbolic sine of x ,
Sinh x (pronounced

"

shine x
"

)
.

. cosh ×
'
n y

-

-
cosh x

÷7I...×,÷w."LngTI÷÷i÷¥"

is defined by * sinhx is
"

smaller
' '

|wshx=¥(e×+e
than wshx for all x

#

. Sinh x ya y=sinhx

The other hyberholic functions
are hence #→×defined as follows :

① tanh × =
sinhx
cosh x

I:tanhx=e . tanhx÷÷÷÷÷:÷i÷÷÷÷÷÷:÷÷÷÷÷÷÷i#
C- ex )

ye
"
+ y

= e
"
- I

sech X =

¥x , +
y
= ex- ye

"

-

i. em.
'
no , ¥÷¥¥÷÷

. .
-
-
- - =

.

-
-
- - -

-

④ wsechx = s¥
⇒

'

II
,

-

'

÷
,

> 0

|wsechx=÷# so ⇒ I -5 > o .
✓

- Cl-g)City
) so

⇒ -Icy
c l .

• sech X
* we can use the graph of wshx

BOY follows .

" "" " "
" "

• "" " "
"
"""

" " !
y=
wsechx

'

,

#
→

maximum -

p -
-

- -
. .
- it - - - -

- - i
-

l l

' -
- -

- - -×e.

/

1)I ÷. . -
-

-
- -

-
-
. .

- :
l ;
v

u

-\ & Hfunctions are NOT periodic whereas circular ones are

-



HYPERBOLIC IDENTITIES OSBORN 'S RULE
① wshzx - sinhzx = I

' '

A way of remembering hfunct identities
* does not Always

proof : cosh2x - sinhx
easily by relating them to circfuef work !
identities .

= [ '

zcexte
-

xD
'
- [Eco-e

-"I * only as an aid :

I [tzcexte-× ) - flex- e-x))(Ice'te") + Ice're NOT a concrete answer .

I #(2e-× ) (2. ex ) eg l - sink = cos
't ⇒ It sinh2x= cosh}

- -

I 1 . : . costin - sinhx = I . I
charge sign

② cosh'X t sinhx = cosh 2x

Proof.wsh2xtsinhx-LEcex.ie-xD:[
'

zcex- e
-xD
'

SOLVING HYPERBOLIC FUNCTIONS
=
. #( e"-12 + e-2×-1 e" - 2 + e-4) Examples

eg
'

4 coshx - sinhx = 5
. eg

'd
12 cosh't + 7sinhx= 24 .

= IT ( 2e" + 2e
-2x) = {(ex + e

-2x )

⇒ 4 [ Icette
-×)) - I(ex- e

-9=5 .

⇒ 12C It sink
't ) -1 7-sinhx = 24 .

= cosh 2x . .

'

. cosh2x t sinkZXI cosh 2x .

*
- ⇒ 12 sinhxt 7-sinhx - 12 = 0

③ sinha = Zsinhxcoshx (' 2) 4e×+4e
-×
- ette

"
= " O '

(4sinh× - 3) ( 3sinh×t4 ) = 0

Proof : Zsinhxwshx
Let e×=u

. ⇒ 3u + Eu = to . i
. sinh x = ¥ ,

Sinh x = -I .
= 2 ( Ilex - e-x) ) [ '

zcexte
-x))

o:±÷÷÷÷÷:÷÷÷i÷÷÷÷÷÷::i:÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷"
"

÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷÷÷
:""

(coshZxtsinhx)
- 7-coshxt 7=0

= IT (e'"Yt ex -T - EY -I e- ×-Y + ex -19
- ex

-y
, es

-

x. e-x
-y) ± I, [zex'T - ze"

-T) ⇒ wshzx + (
wsh2× - t) - Fwshx -17=0 .

" sink =
-I

i. x = sinh
-' ( -I )

= {(ex -19 - e
- × -Y] ⇒ zwshzx - 7-wshx +6

= 0

= .. .

( Zcoshx - 3)(
coshx - 2) = O

= sink (xty ) . #
wshx = Zz , cosh X = 2

⑤i cosh ( xty)
= coshxcoshy + sinhxsinhy

: . x -- cosh
-' (E ) ,

x= cosh
-' (2)

Proof : coshxcoshy t sinhxsinhy tanhxtlemhy

= I,[(ex + e-×)Leyte- 9) + (ex- e'key-e-g) eg5 Ci ) prove tanhlxty)
= ¥xY.

= E''+ e'
'

te
'"'
+ e-x-s.ie#e-x-y.ex.y+e*yy tanned -

- ee
×

: tanhcxty ) =

-
- The"' + a-x-s) tyh,#g=CExIt+C7i-

it Kee:.D
= cosh City ) -

*

i:÷÷¥:÷e =
. :÷:::÷÷¥i¥¥⇒
=
ex'T- e-
"
I
, ex

-I e-
×-Y+e× 'T

, e-y
#

+ e-
*

Ie-x-y
-

E×tYI×ee¥×J
Cii) Deduce tanh (3×2

=
3tanhX-tanh
It 3tanh

'
X

-

± 2e×-Y-2e2e×+Y+ ze
-X-y

let y = 2x, =
exes - e

-x-y

-

e×t¥y ( I tarhcxty )) .
then tanh X ) = tanh( x + 2x )

" tanhCity) =
tanhxttanhy

= tanhxt tanh 2x -

-
- lttanhxtonhy .

It lanhx tank 2x

Ciii) Hence solve the ega tanh 3x= Ztanhx .

Since tanh2x =
2thnh×_

⇒
3tanh×+ tanh

's
×

It tanhx .
-

= Ztanhx
I t 3 tanh2x

" tanh 3× =
tanh, +
2th
It tanh2x
-

It tanhx 2ta 3 tanhx + tank x = Ztanhxt Gtanh X
lttanhx

C. Yf7fYh ) = tanhxClttanhx)t2tan ⇒ O = 5tanh3x - tanhx

Itlanhx t Ztanhx = tanh x ( 5tanh2x - l )
=
tanh3x +3tanhx

QI - e
: tanh x = O

,

tanh x - tr . tanhx = -1¥
⇒ x -- o

,
x
-

- tanh
-' (rt )

.

x - tanh
-'

( Irs)
x -- O ,

X = I 0.481



INVERSE HYPERBOLIC FUNCTIONS
Sinha has domain

, range
C- R (and I - t)

"

tanhx has domain c- R & range
- texel .

.

'

. Sinh
"

x also has dom
, rangeEIR

.
.

'

. tanh
- '
x has domain - texel

&
range ER

r y ,
n y '

y
- sink

- '
x

, l

l
l

y y
-_ tanh

-'
x

/
cT# a

×

,

l

l l

l

l

l l
l l

l v i' "
since cosh x is NOT a t - I function , . .

we can only take the inverse for

only a certain subset of its domains .

- :
sech

- '
x (domain of sechx ⇒ × >0 . to be l- i )

Yr

→ Let the domain bet, " ten! my!⇒}!!. I
g. g-

sear 'x

* mix

: sushi.## .

✓

'
'

ath
- '
x C I

"
-

coach"x (€4 i i
^

:
I

,

I
,

/
,

h ! I

y"# .

I I

\ : :
i f
l

l
l

v I



INVERSE HYPERBOLIC FUNCTIONS

IN TERMS OF LOGARITHMS * given in MFM ④ wth
-Ix

① cosh
- '
x let

y
-
- wth

-'
x

Let y =
cosh

-'
x
.

Interdxdy ⇒ x = cothy

X =
e' + e

- y

i. x = cosh y F-
x = Ice's

+ e

- Y )
XEY - Xe

- Y
=
est e

-T

2x = e' + e
-Y

( x - 1) e 'd = (x -11 ) e
-Y

C- e
' ) 2x e

's
= e
"
t I

o = EZY - 2x e 'dto.

.
EZY = Y

= u2 - 2×4+1 Cu -- e
' )

-

'

-

y = Itn ( ×¥)

⇒ u ( =ey ) =
2×±V4xZ-4#t I= Hence I coth

- 'x=Ih(×¥)

e
'
= x ± VET

.

#

i

'

.

y = In ( xtVxI ) or y=
In ( x -427 )

= In (( x - text VHF )
a¥⇒

= In ( XZ
- (XZ - i )

txt)
=
- ln(×tVxI)

-|Hx=CxtxT) .

② Sinh"x

Let y
-

- Sinh
- '
x

⇒ ×= sinhy

= Ice 's
- e
- T )

2x = EY - e
- Y

⇒ z×eY = EZY - I

0 = EZY - 2xeY - I

i.
e
's
=

2x I ✓4×2+4-2
= x ± v .

i y= In ( ×+✓×⇒ ) - : x > x Tx > I

Hence sinh-tx-lncxtvx2.tt#
③ tanh

- '
x

Let y
-
- tanh

- ' x

⇒ ×= tanhy

=
EY - e

-Y

#y

⇒
Xe
'
+ ×e

-9
= e

"
- e

-T

( x - l) e 's = C - x - 1) e
- Y

i. EZY = -×
⇒
2y= Inf - x- i) - In ( x

- t )

-

'
-

y = tzflnc- x - i) - lncx-D)

= 'zln(i¥ ) . (def for -taxa)

-Hence / tanh- ' x = Itn ( IIIT)
-



SOLVING EARS INVOLVING
ego

, ( prove coach
-
'
x -- Inc

'
) ) .

INV HFUNC Let y
-
-
coach

- '

x

eg
'

Sinh-' × = Inc 2-
× )

Hence eg= redoes
to ⇒ cosechy = X

⇒ esinh
-'
×

, z -×
xtvx¥ = z - x ÷y=× .

'

. sinhy = I .

⇒ ✓x2+I = 2 - 2x

Sinh
- 'x=ln(xtVx# ) ×z+ , = 4 - 8×+4×2 ⇒ y

= Sinh
-' ( ¥ )

i. esinh
-'

I ×+✓×⇒ .

0 = 3×2-8xt3
" 4=2215"

"" "

= Ing ¥ +✓÷I )
.

'

. x = 81/64-41371372 since 2-2-217 - o

= sI ⇒ lx=oi = In ( ltV×x4T )
6

⇒ wsech
-
'

x = In (1+4×412)
Eg
"

Sinhacosh B - cosh
A sinh B

= Ice
"
- e-A) tzcete

- B) - IceAte
-A) ICEB-e-B)

Inch) = sinh
-'( ¥ ) t

wsech
-
'

(¥ )

=
. I,(eA+B- ers- A+ ett

-B
- e-

A -B
- eat

'

- ers
-

A+ EA
- B
+ e-

A -B

) inch) = In ( Z, + vcz.TT ) + In (t+Y!)
=
. # (2e A -B - zero

-A )
= In ( Z, t E, ) + In ( I + E ) - Inc } )

I f. (EA
- B
- e

B-A
) I

Sinh CA - B)

coshzx - sinhx I l = In (2) t In (9) - 1¥- Inc3)¥4)
Sinh

- ' ( 2x ) = Sinh
-'(Z) - Sinh

-'
x

i. cosh2x = I tsinhx = In(6)

let C -
- Sinh-42×1. A .- sinh

-
'(¥1, B -- Sinh

"

.
: n = 6 .

=

⇒ c = A - B

c: Sinh C =
Sinh CA

-
B )

= Sinha cosh B
-
Sinh B coshA

⇒ z, , y, , w,,⇒,

/
2x = EIHT - x ( E )

(4)
Sx = 31¥ -

5×13
x = 311¥

i 169×2 = 9 ( ltx
' )

160×2 = 9 . : x
'
= ÷

/ix=I¥
eg3 tanh

- ' (2x ) = tanh-' (x) t tanh
- '( f).

tanh
-' (x ) -- z4n( 'III)

i. ega simplifies to

'

zinc 'I⇒= '

zinc'¥. ) + Ein÷,)

C.a Inc 'I) -

- Inf x.
'

I)

(e - I Y = EC 'i¥)

2C It2x)( I -x ) = 5-( Itxkl- 2x)

⇒
- 4×2+2×+2 = -10×2-5×+5

i 6×2+7×-3 = 0

( 3x - 1) (2×+3 ) = 0

. : X - tf , x =
-

Z
.

→ reject
' : x El Ct , I )

i
.

x =
I
3 -



Chapter 3:
Differentiation eg

' af, sin
- ' CF)

= C 's ,

DIFF OF SIN
- I
& COS

- '
*
domain : - text =

=

- '

' similar to diff . of tan
-'
x . =¥→

eg
'

da, cos
- 'VI

① sin
-'
x

=

'
a

- VizIxCx't )
, I OBSERVE gradient = Idf > O Fx in domain .

\
I

=

j¥CEx-E)
sin
-ly I let

y -
-

sin
- '
x . =

l l21-TVI.si#-isi:..si::;:'÷
.

as" : in: =

y ,

"

cosy -_✓l-xT .

.

- oaf, > a eg
'

da
,
( sin-' x )2

, I '

'

- IT
,

= ÷ = ↳ in
-
'

(x) # sin
-'

x
'

,
i

l l " adf.ir#
.

= 2.sin
-'

Cx ) v¥
i
-1

=

| '

'

- ddxcsin- ' x ) =
.
→ in MFi9 .

-

ie #(sin-
'

fan) = f
② cos

- '

X (domain : -Itoi ) Vtffcxjgz

r

(
1¥ - °

Let y= cos
- '
x
,

ie cosy
:X .

( - day ) : . - sing = ¥ sin
'

y
-
- l - cos

'

y

⇒ ÷ .

. ÷
,

" sins
:

. :*. . .

=j¥

-I " ddxccos - 'Cx )) =
-

ie (cos - ' fan) = -fY
✓ I - [fix)]Z

DIFF OF HFUNCTIONS
' '

'

- da
,
fash x ) = If

, Elite
-×)

Ice's - e
-x )

\ : .# Cash x )
' '

i e=sinh&
dxcsinhx ) = da

, 'z( ex- e
-×)

= {cette
-×)

-/ " odtxcsinhx ) = cosh × .

-

' "
- atctannx) = ddxlsoinshnx )

= ¥Csinhx)wshX-sinhx¥w
Wsh2x

= wshZX-sinh
Wsh 2x

= a¥ = sech 2x

-i - I ddxctanhx ) = sech
-
X

-



DIFF OF INV HFUNCTIONS show ⇒

eg
'

diffwrt x y .
- Sinh

-
'
Xt tanh

-
'
× '

only for one
vein of x E

① Sinh
- '

x
C- i. is

costly = ltsinhy
⇒ d¥ = ✓×¥ + ¥ ( = O )

let y= sinh
- '
x

= itx
'

⇒ x - sinhy

y
( H -"WHT "

I - ×
'
+ NII = o

C.day ) cushy = IT / i. ddxcsinh-' x ) =
.

Vx⇒= x
" '

'

'

' = ¥y . #
C.2) x 41=+4-2×2+1

O = x
"
- 3×2

⇒ ¥ =
.

= x'( x'- 3)

I XFI3 - : outside specified domain

sin
- '

Cx ) = In ( x +VHF )
. : x=o ( if data .- o ) .

⇒ ddxcsin- 'Cx)) = ×+T( It tzcltxzitczx))

= ¥⇒4th¥ )
=

I + ¥×T
a ¥÷,

=
VHXT + x
-

✓HxT(xtv )

=
1-

Vltxz .

② cosh
- '
x

let y
-
- cosh

- '
X

sinhy = cosh's - I

⇒ x -- ashy-
sinhy

-

- V

C. day ) day = sinhy

#⇒ off
,

=
. I i ddxccosh-'Cx)) -- v×¥

.

= 4- -
✓XZ - I

③ tanh
- '

x

Let y
-

- tanh
-'
x → tanhy

-
- X

C - day ) sech2y= IT
: . dddx =

¥
.

I
"¥tanh'xs

Notice that , if ye'zln(
'III)

¥ = IT, 'z( Index) - Incl-xD

= EC# - ¥ ) ( i : tanh
- '
Cx) -- LincI) ) . )

= 1-
I - x2 . ( = ddxctanh-'x))



OBTAINING d2y
DIE WHERE Y & X

IS DEFINED IMPLICITLY

eg
'

Find daft at (1,2) on the curve

2×3 + 2y3 - 9xy=O .

( ' II ) 6×2+65 off
,
- gfytxadf

, ] -

- o A dairy- off, )

⇒ (65-9×11×1 + ( 6×2 -9g)
-

- O .

= LYFT, ° ddtx
= 4y(d⇒2 ! !C :3) 25¥ - 3x# t 2×2-3=0 → obtain da¥ in tens of x dy .

(F)(4g If + 251¥27 - I-3daL
,
+ 3xd÷z] -14×-317=0 -② → diff this 91 again

wrt x
. (find ¥1 in tens of

at ( 1,2)
, defy = 3y-2 ay

2y2 - 3x
Tx , y & x ) .

=
3 (2) - 2C 1)

2

TEN = ¥ .
→ find Iq .

② → 4g ( Haz )
'

+ zyzddtf - 3dL, - 3×4×1, t 4x - 3¥
,
= o .

4C2) ( F)
'

t 21259¥ - 3(Is ) - 3417¥. -14cL) - 31¥) -- O -

⇒ ( 2125 - 3) da÷ =

-
'¥

. ; d2y
DT2

= g → find d¥z .

OBTAINING DIY WHERE y &
X ARE

DXZ

DEFINED PARAMETRICALLY
"

"

If x= fct ) d y
- get ) , eg

'
x
-

- t
' -2kt , y

-
-
4ft - D

.

Find ddtfz .

then ⇒ =

'II ¥x=¥¥I=¥¥ c.Eh :#

( III . = II, .

da¥=E×cd⇒
Subsequently , 9¥ -

- Ix dat, = It ( ¥)

-
- fI÷÷c÷ ' =¥I¥⇒k¥⇒

IFIL-ed-efat.de#ya--Itfczt-zt-
'571¥, )

= - Czt - 2T
- '572 -12T-2) ( fz¥ )

= Fida, date] =

2C 't 't)¥¥,
= Itf date, )2d¥] =

-sat let - It
?

= -8 ( it f)(t
'
- I)3t

-3

etc



MACLAURIN SERIES
'

"

"

For
any given fcx

)
,
it can be shown that

fCx)=fCo)txfYo)t×÷f"Co)t×÷f"CI = :÷i%i .
-

Examples
-

① ex
.

. It is known that ad÷u ex = ex. ( x -o , dd¥ueX=i )

Hence

•

xk
ex = E - Ci) = It × +

+
I

k=o
k ! 3 !

- -

-

↳ in MF 19

② In ( tix ) . ( In ( x) is undef at 11=0 so series undef for it )

↳ for x 31 Hence by the Maclaurin series
.

' fcx) = In ( HX )
- fco) = Inco) = o

' f'(x ) = ( Hx )
- '
→ f-

'co ) = ,
- I
= ,

Inc HX) = X - t (3) . .

- f
' '

(x ) -- - Cltx )
-Z
- f-

' '

( o ) = - l Inc ltx) = X - + YI . .
- f

' "

(x ) = 2C It x)
-

3-
f.
"

go) = 2

→ in MFG

etc

③ tanh
- '
x

f-(x) = tanh
-
'

x - fco) = tanh- ' 0=0

f'Cx) = ¥ = Cl -xD
"

- f-
'

co)= I
' '
=L

.

.

. tanh
- '

x = Ot l (x) to t 2×34 - .

- Z

f
"

( x ) = - ( I-x' ) L -2x)
= 2×(1-+2)

- Z - f-
"

co) = o tanh- ' x = Xt
. .

f-
'"(x ) = 24 -x')

-Z

t 2x L-UI -x'53C-2x))
= 2C , -×2)

-

2+8×2( I -XZ )
- 3
→ f'

' '

co) = 2

E

y
= tanh

"

×

By setting x
-

- O'

i. data
,

= ¥2 can also obtain

f-Col . f '(07 , f '
'

(O)
Cl - x7 IF

,
= I etc

c.day ( I -x7d¥. - 2x -

- o

c.In a-x7da¥, - 2x da¥. - 2¥ - 2×1×7=0



Chapter 4:
Integration 

INTEGRATION OF HFUNCTIONS

'

'

It can be shown easily
that

↳ ✓ sinhmxdx = tmcoshmx + c

sting
t.IE:1?::.uT-r-inmns .

① / If 'C×) et'" dx = e

""
+ C - ④ Some hfunt integrals are best evaluated

by using their exponentiabased defas .

-

eg
, f×ex'dx = If2xe×'d× = the"+ C '

let us wshx eg
' f tanhxdx

eg
'

✓Sinh x DX
. ⇒ du -- sinhxdx

.

=/ swinhnxdx ( JITdx -- int )
eg
'

Jee
- ×3dx= -tf - 3×2e-

"
dx =

-Je + C -

=ys;nhz× s ;nh×d× = lnlcoshxltc

÷ =f(wsh2x - 1) sinhxdx eg4 ✓ sinhmxdx
② 1) f'Cx) [ fcx)) " dx = CHn + c -

- ✓Cuz- 1) du
- u3

= ✓ ICcosh 2x
- l ) DX

F j
- u

+C

eg
' fcosxsinnxdx = sin7 + C wshg - wshx

t c .

= IT sink 2x - x + c -

eg
' f XV DX = ✓ x ( I -1×7 'T dx

egz fagh3z×d×
U=sinhZX

eg
' f cosh' 2x DX

⇒ du Eash
2x . DX

= Iz) 2x CHXZ DX
= If@sh4xt 1) DX

= ÷[CyxI ) + c - Josh' Hoshi DX
= izfsinhx + x) + c

= ztcitxz ) } + c .

= ✓( ltsinh' 2x) cosh 2x DX

-

-J ( Itu ) Idu egb ✓tanhxdx = ✓(t- sech -xldx

eg3 f
'

If dx =/ txlnx DX
= If ut Iz ) + C

= x - tanhxtc .

= FINZI t C -
= sinhzx + sinh3 + c .

eg
't ✓cosechxdx eg8 ✓sechxdx

= ✓sinhxdx = 2) e÷× DX

=/ ÷e× dx = 2✓efId DX

= zfexetexdx -

= 2) uzd÷
,

u
-

-
ex

= zf ez¥ dx .
let uI¥e×dx

= ztantcex) t c .

⇒ 2J du

=
- 2 tanh

-' (ex ) t c .



1

INTEGRATION OF=
"

"

Involves compiling
VAXZtbxtc

square
-

Y
' I ✓¥×zd× Er =/ dczx) . {

special case → b = O .

Let a
,
c >

O -

= If d×
= f-sin- ' ( 2x ) + c .

" /✓az¥dx =
sin
-' ( at) + c .

= Isin- '( II ) + c

= Isin-' ( 2x) t c .

I:i÷÷÷÷::÷÷÷:÷÷÷÷÷÷:*.
= Tsin- '(Ix) . Z t C

= Tsin-'( Ix) t C .eg3 )# dx
eg
"

✓ 2×2 - I
f dx

= ¥2)# dcnfhx ) = tf, dczx )✓(r2xf - I

= Ish- ' (rzx ) t c = tzsinh-' (2x) -1 C .

When b. to . We need to complete the

square .

"

/n×±p¥dx = cosh
-
'

(×±qI) + c .

95 I }vs+Id× =

!
+ is

"ha¥⇒ax=sinrex; ÷
.

I
"

= (sin- ' (YT)) }
3) /# dx = sin

- '

(×q ) + c .

= sin
-'(i ) - sin

- 'CI )

✓ 92 -HIP" *
for defining : to

= It -II = ¥ -

eg
'

Jvz¥d× G
"

I dx

= Jv dx

= DX

=/ DX =✓✓¥TzndCx-3)

=/ dx =
cosh

- ' ( ) t C '

=✓w,,×⇐dCx - i dx=d" -t) eg4 f!
,

# d×
4×2-12×-134

#must he the same ! V4×2-12×+34
= 442-3×1+34

= sin
-'(x - t ) t c .

( ie u --x - t )
= ✓1-

= 4-4×-35-2, ] -134

rice
DX =4Cx- If-9+34

eg
? /✓×z!g×#d×

= Ifi
=

(2x-312 -125 .

✓C2x-3)2⇒d(2×-3)
=/ d'

4
= Iink"FII)

=
x-D

= tzfsinh- 'C"H
,

= guy.µr ,
= sinh

-' (x-13 ) + c . =L ( Sinh-'( i ) - Sinh
- '

fi))
= tin

= Incite )
.



INTEGRATION USING THE SUBSTI

+ = fan#X egZI.it#dx.Lett=tanIx
⇒ dat

-

- tzseitzx

=zcHtY- "
-

t = tant, ⇒ date, = tzsectzx - ⇒ I =/'- ⇒ dx=¥zdt:
=

'

zcitlantzx) Ty
(3 -CEI)) '¥dt then wsx=

'III.

¥2,
= tzclttz) . → Idk = It dt ' =Jzu++},dt
-

(tan ,z×=t,
⇒ sink" and =/ at

cos
'

2x = wife .

cos x=
cos
'

'E- sink
=/ z¥,dt

Then
,
sink 2costzxsintx 2

= #rzpdCrzt )
= I

= ¥ - 1¥

tt ws×=¥
= #tartrate

↳ = rattan-'(rztantzx) -1C .

in MFM .

/

eg
' I=/o÷z÷×d×

1- = tan 'z× ⇒ = Esea'zx
=

'zCItt4 .

⇒ dx=¥dt . sinx -- 7¥ .

⇒ I =/
'

'-
02-1,7¥ ,¥dt

= ✓2- at
x
-
- IL → t = I

ZCHTZ) -12T ×=o → t
-
- O

" V ,++¥dt

=VCt+IIdt
-

-fiCtt's)'-1¥ dt

=/ tan-yty)
'

Ff) o

= # (tan- 'B - tan
-' rst)

= # IF - E )
= i3

g-IT



APPLICATIONS OF

INTEGRATION

ARC LENGTH OF A CURVE

CARTESIAN
@ ' Are length of one

→*Xu = pots, + APT
. - + Pimp - Let this be

( n- o )÷¥i
"

" ""

From Cl) :

← / (855=18×5-1 (Sys?

"x ,
✓

⇒ ( ⇒
'

= I + (¥5.

" 189 As g× - o ,
the ear

reduces to

c-

" ' ( d⇒2= it (¥5
"

or dat
, =Ji+(F.

Then s =/
"
ds

×
,

Tx DX
,

" I"¥n+⇐÷÷÷÷÷÷÷÷÷÷:
( c) use a

suhstn

PARAMETRIC

4g gtf!!
'

ITI,
earlier

,

we have proved

( Ss)
'

= ( 8×32
+ (Sy)?

¥17, ⇒ ( Itt -- (Fit:(¥5.

As 8×→o
the expression simplifies to

C⇒:(¥5 + ( ¥1
'

and

hem| s¥Yf¥T+(I at .
-

POLAR
r -- Ho) w/ ⇒ ( Edo):( IoT '- r

'

"
i

:

"

or :*.n÷
#

0=0
and hence

⇒ ( Ss)
-

= (Sr)'t
Crsinso)

'

As so-so ,
sin so-so. |s=/o,%(fF)4r#

⇒ ( Ss)
'
= ( Sr) 't r' (805

⇒ (assay -- (Fo )'t r?
-



AREA OF SURFACE OF REVOLUTION
r y

.

"FIT swfaaea .

Ss - 25£ *neplaayby×whenthe\
'¥÷÷i¥÷f÷÷÷÷. :÷÷÷÷÷l¥÷:*m⇒ dags = 2Ty

DS = 217g ds

v

ie S =/ Ztyds -

CARTESIAN

: =VhCa¥I : ds=VltC¥ .

-⇒ IS =

zxyvH(E⇒d× -

-

POLAR
'

'

'

'

-

off -_Vcda¥Y-(ay⇒T : ds=✓C¥5tC¥T at .

-⇒ 15=1! zthgvcdxaj.CI#dt .

-

REDUCTION FORMULAE
-

'

'

Throughout this section .

let In = ✓( fcx) ) " dx .

✓Sinn x DX Example of application
'

PIT
suppose we want to find IS '

'

÷÷::÷:* .÷÷÷÷÷÷÷÷÷:*. -:÷÷÷÷÷÷÷÷÷=L-cosx sin
"'x-Jewsx )(n- 1) sinn-2x Cws x) DX

= I
.

=

n -D)cos 2x sinn- 2x dx Hence Is = Is . Z - I

= I

= O t (n-1)✓( t - sink ) Sinn
-2x DX IS

.

In = (n - D) sinn-2x - sin
"

x DX

I* similar derivation for= (n - 1) In-z
- (n - " In '

I fcosndx .

-

'

-

n In = ( n - 1) In-z #

In = Cn In- z -

or Inez = LIT In .

- the reduction

formula .



✓cosh
"
X DX Applications. Find value of

Jo
" "-

cosh 5×d×. ( = IS ) -

" In = [ sinhxcoshn
-'
x]!

"

t Cn -1) In-z'

'

In =/ cosh" ×
u=wshn

- '
x

= ✓ cosh
" - '

x. cosh ×
: u

'
-
- Cn-hash

"-2x sinhx
⇒ " In = (( 4)( f)

" '

- O) t (n -1) In- z .

✓

'

= coshx
. : n=s ; 5 Is = ( E) ( E)

"

t 413
= sinhxcoshn

-'
x

"

'

V = Sinh"
or Ig =

,}4 + FIZ - ①
- ✓ Sinh - x - Cn- i ) . cosh

n - 2x dx n =3 : 3 Iz = (4)( E)
'

t ZI
,
-

In = sinhxcoshn
-'

x - Cn -itfccoshzx - 1) cosh
n-2x oh,

or I3 = 2¥ + 5- It- ②

In 2

It =foh2wsh×d× = (sinhx]
,= sinhx cosh

"- "

X t (n- 1)✓cosh " -2x - cosh
"

x DX
= ( Z - o ) = 24 .

⇒ In
,

= sinhxwshn
- '

x + Cn - 1) In-z
- Cn- 1) In (→②) :. Iz = ¥4 t }(¥ ) = 5¥ .

⇒
n In = sinhxcoshn

-'

x + Cn - 1) In- Z
'

(→①) i. Is = 70¥
,
t 455¥

,

=
5523

Is E -

✓ cotnxdx
'

'

F'' ' ' let In -_¥¥o+n×d× Jtanhnxdx
(
Z
- S2 = I

'

'

'

Let In -- Jo
"

'tanhnxdx .
" " "

✓cot "- X '

split into cot ⇒
In =✓tanh

-2x - tank d-×

(compered to
sin, cosh ,

ater
you split

into -
' )

-

- foot"-2x - (cosec2x - I ] d× =/ tanh
"-2x . ( l - sech

'

x ) DX

= foot"- 'x cosec
'
x -✓coth

-2x dx
= ✓ tanh

"-2x dx -✓tanh"
-2x sech 2x DX

=✓tanh"-2x dx -✓(tanh x)
"

DX
⇒ In =

-JC- cosec' x ) (wtxjn-Zdx - foot"-2x DX &
derivative of this

⇒ In -

- - [cTI I - Ins .

⇒ In = In.. - ftan7you
= In-z - - o )

In = - (o - ¥) - In- z ie
In -- In- z - # (F)

"

! cees .

ie
In = ¥ - In-z -

✓Sechnx DX adxsechx -- daxccoshxi
'

= -@shx)
-Zcsinhx )

✓cosec"X DX = - sechxtanhx
It S2 = I
Fest I

'

'

'

.

In
""

sechnx DX a- sech
"- 2x

tf '' In = ✓cosecnx DX u
'

:(n- rlsechn
-
'

sxfsechxtanhx )

=✓sech"
-2x . sech

>
x DX v

'

= sech2x

= ✓cos een-2x . cosec 2x dy u = cosec
" -2x V

'
= used×

v = tanh x

u
'

= (n-2) cosec
"} ( - cosecxcotx ) CZ- s

'
= I

In = tanhx sech
"-2x -✓(n-2)C -sechn-7)(tanh x ) DX Tc F F

✓ = -cot × I - tanh ' = sech
'

⇒ In = (tanhxsech" (n -2)) sech"-2x tanh-x DX
⇒ In = cosec

"-2x - -wt x -✓Cn- 2) C- cosec" -4)C - coth) d'
= 41¥54}) - o} + cn-zyfse.hn-2×-11 - sech'D dx

=
- cot x cosec

"-2x - (n- 2)✓cosec" -2x cot 2x d"
= - cot x cosec

"-2x - Cn -2)✓ cosecn
-2x ( cosec 2x - i ) d×

= (E)(T)
"

t (n -2)) sech "-2x - ( n - 2)efsechnx DX

= - cotx cosec
"-2x - Cn-2)✓cosecnxdx + ( n -zzfcosecn

- z×d×⇒ In = (F)(F)
""

t (n - 2) In-z
- ( n - 2) In

⇒
In = -cotxcosecn

-2x - Cn- 2) In t Cn-2) In-z or (n - 1) In = ( f)(F)
""

t (n -2) In-z .

⇒ (n - 1) In = - cot x cosec
"- 2x t Cn-2) In

-z
.



- Then ,

OTHER CASES ' " s VLIET-1C Tdt
can Iy= -e-

'

+ 4Iz -④
- T=f✓Ct4etYCws7+sin't)dt -3=-5

'

-1312 -④

C" =ff4e-tdt Iz = -e-
'
t ZI , -②

= T
I
,
=
- e
-'
t Io - ①

-4
.

and Io =J'e-tdf =L-e- t ]! = I - E
'

O

( resubstitution eventually gives Iy=s=
24 - 655!

In --Jj the
-tdx

a-th vi. e-t ⇒ In -- f- the
- t)! -f - e- tant" '

u
'

-

- nth
-I

v= -e
-t

= (O - E ') + nine , ;
⇒ In = - e

- '

thin - i -

In=/! xne-Mdx U -- e
-×
'

v
'
-
- x
"

-XZ *
Ntl

U' = - 2xe v =⇒
a) Is -_ (F)(E)LIKE)(3) Io

Ii.fi . = ,

⇒ In 't % . ×

(1)

a-Chan v
'
' ' i

. Is =
10×86×-4×2 In = (#e- '- o ) +÷, Inez

.

In =/! ( t -XZ )" DX ii. nu.×yn-y→× , v
-
- × . 11×947×5×3

= -zm.ci -xD
"

i 251 ( N""
(nth 'In= e- I + zIn+,

⇒ In :(xci-x'In ]! -Jie- zn×c ,-xzgn-you,
693 '

o

rent ⇒ (n - 1) In-z= e-
'

t 2in

= [ xcl -x'In]! -121×41×2)
"

dx ie 2In= ( n - 1) In-z - e
'!

= (O ) t 2n✓C×z- 1) c , -xD"
- '

t ( I - x2)
" -'
DX I

, =/! Xe-×' can use successive
s-hast't

= 2nd - ( I-×2Y+ ( i-5)
" "
DX = -If:(-a) e

-X
' to solve Ci )

In -- - 2n In t 2n In- i . =
- {[e- ×

'

] !
ie cznti> In = 2n In- I = - 'z(e

- t
- l ) .

or In -_ 22¥ In-i '

OBTAINING THE REDUCTION

FORMULA BY INTEGRATING
BY PARTS TWICE

n=4 ⇒ ( 17714 -
-
- e

-¥
+ 4C3) Iz -①

'

n'-2 ⇒ (5) Iz = - e

-¥
+ 2 ( 1) Io - ③

Io -- Jo e- xdx (→②) 5Iz= - e

- ¥+211 -e -¥) .
a- sinnx v'= e-× = [ - e-×]}- "

In =/
,

e-
'' sinnxdx ii. nsinn

- '
xwsx v= -e

"

= , - e
-E

.

C-① ) '7Iy= - e-¥-1 #[ e-¥+2 - ze -¥ ]
u
-
- sin

"- '

xcosx

In = I- e- "sink) - 1¥- e - x. nsinn -ix. cos ,,d× u
'
-
- Cn-Hsin

-

Kash -' Sinn-'xtsinx )
" 7Iy= - e

-

¥+1,242 - e - IL)
= (n -1) sin

"-2x cost - sink = 2¥ - Ige-If
= (n-1) sinn

-2x ( I - sink) - sink⇒
In -_ (O - e

- ¥) -11¥ e- "sinn- '×ws×d× = Cn - 1) sinn
-

2x + Ctn) sink - sink ie
Ie
,
= 2¥ - Lse

-I
,

= Cn - i) sin
"-2x - nsinnx

We e
-x

- I v
-

= - e
-×

In = - e
2

+ naff-e-xsinmxcosx) - f!- e-''(Cn- 1) sinn-2
⇒
In =

- e

- Iz

t - nsinnx ]d×}
+ n (o - o) + n/o¥Cn - 1) e'sink - n) ne-xsinndx

⇒ In = - e-¥ + n(n- 1) In
-z

- n' In

ie
(n'+ 1) In = - e

-¥
+ ncn - 1) In-z . QI.



(n=4) Ic
,
= - It 1212 - ②

(n -- 2) Iz = - It 2Io -①

and Io =/! sinhxdx
u
-

- CI-x)
"

V' = sinhx
= [wshx ]!In =/

,

"

( I -x )
"

sinhxdx.
ui= nc ,-×j

-'

C-i ) V=wsh×
= cosh l - cosh O

= cosh I - I . ( let this he
''

a

"

)
I

⇒ In = (CI -xjhwshx)! -✓wshxf - na -x)" ] dx
° (→① ) Iz = - I -12A

U -- CI-x )
" ' V''- wshx= ( O - l ) - (→② ) Ie, =

- it 12C- Itza)' nd! coshx ( I -x) "-'dx u
'

- Cn- DCI-Hn-7-0 v=sinhx
=
- 13 t 24A

= - 13 t 24 (cosh ) - i )⇒
In' - t + n

sinhxcl-x )
""]! -f! sina.c-cn.nu-× ,n-2yd, } = - 37+240" '

=
- 37 -124( Ice

'

+ e-
'l)

= - t + " ( O t Cn- I)[ sinha, c ,-×,n-zd× } I
,
= - 37 the t 125

'
.

In = - I t n Cn - 1) In-z . Red .

OTHER METHODS .

- £×C×^"e-×3) (n -- s) Ig=tzC5tDIs - Te - '
let -Ice

- '
- i ) -- X -

= (n+,y×ne
-
is
+ x

""

(-3×75×3 Ig
-

- 2. Is - f-e- '. -②
⇒ Is = X- tze

- t
.

day, ( int
'
e

- ×3

) = (nti)×ne
- ×
'

- 3×nt3e
-× ? Cnn Is -- Tut ') Iz - Je

' '

⇒ Ig=zC×- ye- y - je
- '

l l Is = Iz - Ige- ' - ①
⇒✓ day, ( ×nHe-×3)dx=/Cn+,) × " e -×

?

- 3×n+3e dx = 2x - e
- '

o
o and Iz ×2e-×3d× = 2C-Ice

- t
- I )) - e

- '

or [xn-45×3]! = (nti) In - 3. Inez = -tf:C-3×2 ) d-
''"
dx =

-

Ice- t- l ) - e
- I

⇒ ( e- t - o ) = (nti ) In - 3in,
=
-

Ife
- ×
'

)
"

= I - Ie- l .O

" Inez = fCntDIn - f- e- !
= - {(e- ' - D .

'

iadxcltlnx)
""

= Cltlnx)
""

t xcnti)q+1n×)

I=/? cstlnxlcltlnxRdx

= Citrix)
""

-1 Cnt)CHlnx)? =/
,

-

4CHlnx5dx +µ ,#n×g3d×

Hence In# t Cn -11) In =/,% thx)"'t Conti)ClHnxYd× = 4Iz t Iz .

.

.

. I =4(2e- 1) + ( 2e -12)

= toe - 2 .

= ( xcltlnx)
"")

e

n=2 → Iz
-

- e. 23 - I - 3Iz- ②I

Int, 1- Cnt 1) In =(e(2J"- l ) 4=1 - Iz = e - 22 - I - ZI , -0

ie Int , = e. It
'
- I - Conti ) In .

" O → I
,
= e - 2

'
- I - Io - ⑥

Io eci ) dx = e - l .

(→ 00) I
,
= 2e - I - Ce - t )

= e .

C- ① ) Iz = 4e - l - 2e

= 2e - l

(→②) Iz = Se - I - 3C2e - it

= 2e -12 .



-

'

da×xCHx2)
-n

n=2→ 413=312+2
-Z
-②

= c ,+×zy
-n
+ XC-NKHXZ)

-""
( H)

n
-
- I → 2Iz= I , -12

"
- ①

= ( HXZ)
-n
- znxzcitxz)

-n- I

= ( tix)
-n
- 2n -1×41-1×5

" " ] I' 'fo
'

¥zdx

= ( it ×4
-n
- 2n -4×2+174*25

" '

-
' ( 1*25
"

) = [ fan-1×36

= ( Itv)
- n

- 2hL
-

+ (Hx2)
-n

- ( Hx4
-n"

) =( If - o ) = If

= ( Hlf )
- n

- 2nd-1×4
-ht Zncltx')

-n "

↳① ) 2Iz = It
,
+ I

= ( I - 2h) ( 1*2)
-

ht 2n(H×2)
' " "

-

i Iz = If + IT .

Hence ( I - 2n ) In + 2nIn+,
(→② ) 413=3(If -1¥ ) + I

= 31T
g- +

l
.

= f.
"

( anti )CHx7
-n
- 2nd-1×4

-"

d× / .:Iz=}Izt
-

= 1×(4×2)-n ) ;
ie ( I-2n ) Int 2nIn+,

= (2-
"

- O )

or 2n Int , = ( 2n - 1) In t 2
-n
.



RECTANGLE APPROXIMATION TO THE

AREA UNDER THE CURVE
y n

y
-fix)

"

"
The area of the Da, + I

fcatnk) - -
- -

- -
-
.
.
-

- - -
-
-
- .

is

/atdx.

- ⑦ The combined area of
the

' '

Ff
"

- rectangles is equal to

"
'''
'

'tis a:÷ii÷:i:::÷⇒⇒
.

rectangles is equal to

% ¥2
,

K -flat ik)
, where u -- bine .W
-

I rectangles

1178<1%+12474+1%+1371
-

hence

flat ik) a fabfan d× a !Haitink).
"

b÷÷\ flat i - BI ) C )!fcxjdx c flat Citi)b÷)
.

-

↳ as n - a
. by the squeeze theorem

,

both bounds approach
the definite integral .



Chapter 5:
Differential Equations
1ST ORDER LINEAR DIFFERENTIAL ERES
'

"
A

"

differential ega
"

in ×
, y & derivatives WORKED EXAMPLE

of y
is linear if y

and its derivatives

all appear
in linear form ,

slept Find Rex ) = ✓Pdx ;
w/ no products

or powers
.

dy
×
-d×
t y

= ex .

↳ ie it takes the form
i. x )

: . If, + ¥= # ex.

F- (x) dat + aC×) y = HCX) . i . IF = efPd×=efxd×=em×
= x .

Step multiply both sides by

ie /da×It¥y=t¥{I ran ; integrate
both sides wrt × .

or dat-cp.az e"d×.y=fae"d×d→ geoff.

-

(x) -

y =/# . x dx

= x t C

⇒
Xy = xtc ie y

= It ¥ .

SOLVING 1st ORDER LINEAR DIFF USING A alVEN SUBS -11 TO REDUCE A

EATS .
DIFF EQN

,

TO A 1st ORDER LINEAR EOE

'

-

we can find a function Rcx) such OR TO 1St ORDER Edc WITH SEPARABLE

that Rex ) - LHS = adxcrcx'T ) : VARIABLES

ie Ray
-

dat + pg )
= adxcrcxly ) IExdfindthegersdsolutionfcy-xlff-y.usingtfsuh.SI

-I V= y
-X - ( express as x -- fly) ,

-
Rex) # t Pyrex) = ddxcrcxly ) r

-

-y
-×

⇒ v(day
,
+ D= Cvtx) .

.

'

. dr
⇒ ✓= x' + C

, ,
C ,

-_ 2C .

= RCH df t R'Cx ) - y DI -
- dat - I ' ⇒ ✓adf.ty.mx . Cy- xi -- x

-
+ c .

⇒

Pyrex ) = R'G) y
ie a¥=¥tl -

✓ day
,

= × y
'
- zxyt#

= #+4 .

⇒ Rcx ) . P = R'( x ) or f✓dv=f×d× y
'
- c

,
= 2×9

ie × = y
or p ( = ) = Rp} . Iz! Etc ,

car . 2T
.

Thus fPdx=frrI¥dx= incrcxn
. IEEuasinq.ua?suy:tn-gjIjaguarundis

or RCx)=efPd×iT u=yz ,

.

. # =2y¥ .

multiply both sides of
# by Fi and

integrate both sides ;

↳ we denote RCX ) as
the

⇒ ×ad×I = u - 4×2
'

Fi - u =/ Fi - Adx
"

integrating factor
"

. IF = (4) u - 4x .

⇒ IF, + (-f) a = C- 4×1 .-* ,
* ' " =/# C- 4×1 dx

By equating the LHS and
RHS i =J -4dx

⇒ integrating factor, Fi
= e
""

= - 4×-1 c .

¥ ( Rex) y ) = RCX) - d = ell
-txldx ⇒ u = - 4×2 + cx .

⇒ RCX) . y
= f Q - Rex ) dx

=

e

- thx
⇒

y
'
= - 4×2-1 Cx

, CER .

\
= ¥ .

#

ie ) e) Pdx -

y =/edPdx. ddx
-



SECOND ORDER LINEAR DIFF EQIS

WITH CONSTANT COEFF
FIRST ORDER LINEAR HOMOGENOUS

DE
'

"

i:÷:::⇒÷÷÷÷÷÷÷:÷÷÷÷.is:7↳ ⇒ =
-day

⇒ fly dy =/ -bzdxe
.

"" "" = "¥ " + °

\
⇒
y= ece

- tax

⇒µaI÷a=±e→:' '

in
.

'

'

ta::" gig:
he

-
' '

-

If we know the form of the solution
,
we

can find it with doing any integration
-

Example . Solve addax + by -- O -

we know y
-
- Aem" , Armer .

⇒ a (Amen ) + bCAem× )
-
- O .

(÷Aem× I am t b
-
- O

or m =
- ha .

(as above ) .

2ND ORDER LINEAR DIFF HOMOGENOUS ERIS
-

WITH CONSTANT COEFFICIENTS -

-I ' we want to find the general
-

The two solutions can be written

I as

solution to the diff 9"
y
= Aemi and y

= Bem" -

|ada¥+bdIxt9-
if; for any second order lined mmmm" "'

④ Using the auxiliary
method , we can

assume

that y= Aemx.
→ ⇒ = Amen the general solution of the DE

is the sum of the two solutions;
day
DT2

= AmZemx.

"en.
'

acamremx , + bcamemx , + ccaemx ,
=o

ie /y=Aem×-Bem"
"

I#j7°
'

(the complementary function
%

( i. Aemx y ⇒ /am2+bmtc-→
'

this is the
"

auxiliary case # 2 : Mi
-

- m2 ( D= O )

Now consider whether y .
- Bxe
"
is a sole ?

quadratic egI
"

④ the general sole
is NOT

'

The AGE could have been ( AOE ) - ( Aemxt Bemis. Why?one⇒!,AfB!e!g? ⇒ If
,

= B (e
"
t 2xe
")

writtendowr.im#mediately without > instead :
If = Be

"

-12g

EI consider da¥z - 4daL, -147=0 ' ⇒ dat - 2g -- Bem.

anyintqdiateworking.be
cause

Ade ⇒ m
'
- 4Mt 4--0

it is vwysimi
to the

'

em-25=0 C-Ix ) ⇒ dd¥z - 2daL
,

= 2B e
"

⇒ m=2 -

= 2( daf - 2g) .
⇒ a solution is y

-

- Ae
"

.

⇒ day
diz - 4¥ + 4g -_ O .

( this matches the

DE) .

⇒ the general solution
is

case #3 : m
,
i Mz # IR ( Dco )

we let m
,
= ptqi . ( then mz= P

-Ei ) - y=AeM×tB×em€
⇒ the complementary function

is
⇒ y=eP×(Cwscqx) tcisinqxtbcosqx - Disinqx)

y
= Cemil + Dem" =eP×(cctD)wsq× + ice- D) sinqx )
= cecptohilx + Deep

-qilx

⇒ e
"
( Cee
"
+ De

-9") * A
,
BER .

⇒ so CTD ER and C -Dis purely imaginary .

⇒ general solution
is

5-inII.gs?.I7s:g;?Q ⇒ came unities .



NON - HOMOGENOUS LINEAR

2ND ORDER LINEAR DIFFERENTIAL

Eats
'

"

These hare the form

addftz-bdf-cy-fcxt.fi
④ Consider first the

1st order homogeneous

linear diff of
'

→ the solution consists of Z parts :

¥-2y=3×-tIyT ①
cists of an alikywnstat'

Fi = et
Pdx

= er" = e
"
.

↳ satisfies the DE ÷ +29=0 '

'

ax ② III.I.⇒ amain amor
"'m

= Zzxe
"
- Eye
"
t A -

constants .

⇒⇐x⇒"*÷÷÷÷÷÷÷÷t÷÷÷
Consider the DE

# t 2g = e
"

. * The general solution of any
linear non - homogenous

⇒ sole is /y=Ae-*tte3 7

DEX* / y
= complementary function + particular integral

.

the same •Fontan {#function ! To find the particular integral
'

We observe that , in both cases .
-

the solution
consists of

Z Pats "
' '

-

we can write down a

"

trial function
"

,

① It contains the complementary function,
whose form is determined by the RHS

which can be found by solving
the of the DE .

corresponding homogenous eg
' ( LHS) . Take the second example .

let the particle integral ,

⑦ The second part is the same

"sort
"

of Ip =
ce3x

.
(y
=ce3× is a

sole to there ) .

⇒ y=ce
"
, # =3ce

"
.

⇒ Ip = tse
"
,

function as the RHS of the DE .

⇒ 3ce3×t2ce3× = e
"

.

hence the gen
Sola is

we denote this as the
"

particular
Gee
, ex ie e} , y

= comp . fmct particular intel
.

integral
"
. y = Ae

-2x
+ ¥e3×.

-

T
from earlier .

Which trial function to use to solve the Ip
#

"

'

If the function on
the RHS

trial function
fcx ) - has exactly

the same form as one

n÷÷¥÷÷÷÷::÷::÷÷÷÷÷÷.in:3Exponential function
aepx

new trial function .



USING A SUBSTA TO REDUCE A

DE TO A 2ND ORDER LINEAR DE

WITH CONSTANT COEFFICIENTS

⇐ I:÷÷:÷i÷÷÷÷omon*
- '

* =eu ⇒ ddui.eu = ×
.

DE reduces to

i. day
,

= dfu.dz
(÷ - II ) + 3(data . d¥d¥)tloy= to .w+42

= # dfa .

Hence ×d÷x=dIu .

⇒ day
thence the general sole

is

da t 2 data + toy = 104+42 '

y
= e-

"( Aws3utBsin3u) t u-14

( * day

(
da× = f- I×( date) t txt)(dd÷ ) Aoe is m

' -12M -110=0
-

⇒y=¥(Aws③nxhBsinl3lnxD+1n×t4
=I¥uff÷ .

- f. Ii ↳ m=

-Z±r
= - I I 3. i

-

= Ttx date - IT# complementary function
is e-TAws3utBsin3u] .

⇒
x
- duds = d÷z - Eu let a trial pi be y=au+b . → This satisfies the DE,

hence

( O) t Za t 10 (autb )
= Iou +42 -

(weff of u ) ioa = to
.: a=

,

" Pi is y=Ut4 .

(weffofuo) 2Gt lob
-
- 42 c

'

- b --

42



Chapter 6:
Complex Numbers
DE MONRE 'S THEOREM . AN EASIER METHOD TO SIMPLIFY A COMPLEX

- NUMBER.'

/ (cosotisino )
"
= cos not isinno .

-
- '

-

If w =
Catb

,

where z = cosotisino
. (easier to simplify ) .

④ when n is a rational fraction , C+ z

(cos @ + isino)T = cos Pqot isinfo - ctzt ;
we can multiply

the num & den by

( at bi )
(Ct÷) (atbi) (ctdtz )

Howey there are further values this z -
W = -

(2+1 + c ( 2WSO)
'

' '

can take . Co2-11) + c( 2- tf)
=

APPLICATIONS
EXPRESS TRIG RATIOS OF MULTIPLE relationship bw trig & algebraic et

:

ANGLES IN TERMS OF POWERS OF cos no = polynomial of
us O '

TRIG RATIOS OF THE FUNDAMENTAL sin no =p

!?;gmi!! ,
sin .

. } teghfmin
"

LTE
"'x=aso .

tan no
= poly of

tano since or tanO
-

-
caff are related

to the weffy the

ANGLE . poly of cost , since ,
tano .

- "

cos not isinno
= (cosotisino)

"

= ( C tis)
"

,
c - cos

O ,
s -- sinO .

= Cnt nc.cn
-'

( is) + nczcn
-

kiss' . . + ncnc ist .

(coeffof Re) fcosno-ecn-nczcn-25-nqcn-4s4.it#
(weffof In )fsinno-nqscn-t-ngskn-3-ncsssn-I-I.tt

(TI) 8c4+4c3 - fi - 3C -11=0 .

It

( 8c4- 89+1 ) + (48-34=0
.

I

Let c = cos
O .

⇐ ⇒ the ega reduces to

cos 40 t cos 30=0
or

(I ) cos 40 + isin40 = Cctis)"
cos 40 =

- cos 30
'

= c4t4c3Cis) t bags)2t4cCisP
this)

"

By CI ) , we see
that O -

- If , O
-
- If ,

( Re) ⇒ cos 40=44 - Gc's
'
+ S4)

O - Itf and O -- IT satisfies this age
.

=(c4- Gaza-d)
t Ci-e5 )

= ( c"- bi -16Mt I -2T
-1C
" ⇒ c=wsIy , c

-
- cos f ,

c - cos If and cY?

i. cos 40 = ( 8ws4O - 8050+1) ' ( by polynomial
^ ( Iv) 4+131-8+8

=

-1a -

-

-

I = -I -

nots )

(II ) cos (O) = - cos (T- O ) .

' a- If ws4o= cos 4¥
cos + cos + cos If + C-1) = -I .

- cos 30 ---cos If = - cost- 4¥ ) .

.

.
cos If + cos }¥ t cos If

= I .
÷

= cos 4ft . .

'

. cos 40=-0530 -

similarly , O -- If → cos 40 = cos
'

II
'

= cos f-If )
and - cos 30 =

- cos ( 9¥ )
=
-cos (IT- f- 2¥)) 0=17 → cos 40 = cosy-11=1

= - cos f-If ) = cos 40
.

- cos(3T ) = - C-I )=1C=wsyO) .

O -

- 5¥ → cos40-cosfwzty.ws ( 6¥). i. O- If , 0=351, O -- IE and 0=4
- cos 30 =

- cos (
'II)=wsC¥ ) satisfies

= - cos (F- 6¥ )
0540 = - cos 30

-

= cos ( Ef) -- cos-10 .



EXPRESS POWERS OF Sino & cos 0 IN TERMS

OF MULTIPLE ANGLES '

;①zn+tn=2wscnc- '

pecan , if -2=050-1 "in O ' \ ② zn - iz = zisincno) .
then zh = cos not is in

no '

⇒
Z
- n

= cos C-no ) +
is inc- no )
#

⇒ I'm a- cos Cno ) - isin
Cno) .

Toexpresscosnoinkrmsofmwtiplea.gl# Toe×paesssinnOinkrm#mutas

* ( n=i ) zttz = Zwso .

* z - tf =
Zisino.

. : (z + f)
n
= ( ZWSO)

? ⇒ (z - Iz)n= (zisino)
"

.

.

.

. znwsno = znt (7) E' + (2)E! + En
⇒ Czilnsinno -- ( zn -¥ ) - (7) Czn-2¥) - -

= ( zn -1¥ ) + (7) (E
-I ¥) - -

,
:C2il^sin"O=CzisinnO)-(7)(2isinCnhO#

2^wshO=2cosnO-(n)(zwscn-zlO-(2)(2wsCn-4÷t eg
'
Use DM theorem to show that

costOt Sin'll = f- cos 40-15) .

(265016 - ( Zi Sino)
'

= (zttzlb - Cz - f)
b

Eg
'
show sin70 can be expressed in the form

⇒ 64cos
'
O + 645in 'D

= ( 76+674+152-720 -11552+62--4+ z
- b )

asinOt b sin 30 t
csin SO + dsin7O -

- ( 76 - Gz
''
+ ISE - 20 -1152--2--654+7- b )

7

(Zisino)
't

= (z - ¥ ) ,
2- = cosotisino

-

= 2. (674+20+67-4)
= 40 + 1212-4+7-4 )

⇒f- 128
-c) sin76 = 2-7 - 775 + 2173 - 35z

'

+ 35 z
- t

- 212--3+72-5 - z-7 = 40+12120540) -

= (Et- z
-7) - 7- (z' - z

-5) +21 (z3- z
-3) - 35ft' - z-i ) . €64)

'

'

'

cos bot sinb -0 = 614-(40+24640)
( - 128 i ) sin70 = zisin 70

- 7- ( 2- sin 50) t 21 ( Zi sin
30) - 35 ( Zisino )

⇒ cos 60 t sin GO = gt( 5+3cos 40 ) . *

(÷2i ) f - 64) sin70 = sin 70 - 7-sin 50 -121 sin 30
- 35 Sino -

(÷ -64 ) :. sin7O= ( 35sino - 215in 30 + 7-sin50 - sin 70) .

TO FIND THE NTH ROOTS OF UNITY OR ANY COMPLEX

NUMBER ' Exa, Find
,
in any form,

the 8 complex
numbers which

-

"

nth roots of unity t) roots of the ega
satisfy the egn. 2-8-1=0 , and represent

them

in an Argand diagram
.

z eg 7=1 - 7- '

z8=l .
72=1 → 2- = I 1

.
: z = cos (kf ) + isin ( HTT ) for 7=0,1 . . 7 .

z4= , - 2- = It , ti -

ninety
B . ( 5,5 ) 171=1054%1 ) -1 sin (¥ )

( - neg , E)
As ' ' "" = i .

Zn = I Aa Az

⇒ " II:c: + isincuza.io, .
a,,.,÷⑧#÷÷%ua , as " 't

"
.

" " " t '

Ab

i . 2- = ( cos Caza + o ) t is in (KUT
) )
÷

C-F . - Iz ) At
( E .

- E)
✓ (o, -17

⇒ fz=wscEuIo!?inn÷⇐] Ysaeueaggmphiyz.org:7?-tofndtte9reatstdiem-aoeaw+vaiueyaB : was! TAB '
'

= AGB
= OB - OA z

Iz
,
- zzl = distance between the points = OA, + OB

representing Zi & Zz .

= , + ✓-5-57
= 55452 - I

⇐×az The complex number W is a root of the "

= 1+552 . = 552 - l .

z3 - 1--0 .

÷ 17- S- Sif = I z - (StSill . → AB .

( A -- pt rep by Z ,
13=6,5 ) ) .

Ci ) Show I +wtw
'
-_ o -

W is a root
→ w

?
- 1=0 .

⇒ (w - 1) (
w
't w ti ) .- O

well .
: WZTW -11 = 0 . *

( ii ) Hence show
that It

wht Wu , where ke Xt,

to when he is a multiple of
3
,
but = 0 when

k is not a multiple of 3

→ h=3m-11 or h=3mt2,
me It.

u is not a multiple of 3
-

u w w=3m+z→ , +whtwzh ( Hence the statement

u is a multiple of 3 -
K = 3mi ME #-

↳ 3Mt ' d '+w + w
"

= , + w3mtz+w6mt4 is proven . )
= I + w3mtl+ WZ

(3M-11 )

i. I +wk + wzk = It (
WB )

'm
+ (WB)
"

= I + (w3)mw2 + (w3)
'

Mw"

= It (1)Mt ( 1)
'm
=3 . ( to ) .

= I + @3)Mw + (w3)
2mW'

= I t (1)w + (1)
WZ

= It w't wht

= I + WZ + (w
} )w

= O .
= I + w + WZ

= O -



TO FIND THE REAL FACTORS OF zn- I . egz Express z
'
- I as a product of 2 linear

- '

n
-
- 2 - E - I -

- O & 3 quadratic factors ,

where a" weft one

⇒ (z - 1) (2--11)=0
→ -2=11 . egg

' Faction.se 2-3 - l .

2-3=1 → z=eiZ¥, u-- o , It .
real and expressed in a non tnigometnic form

-

n=3 → z3 - I = O -

zs = , → z = e

" 2¥
,

h -- O, It . 12,13, 4 . 3T,

⇒ cz-nczz-iz.tn " = '
,
e

"

.

e

"
-÷!

⇒ zs - i = ( z - e
""

) ( z - eiTjftz.ci#ycz.ei'FyfiEeil-4Eyfz.eiHIIIeitEhgcz
- eity

.n
-

- 4 → z4 - I = O

⇒ ( z - 1) ( 2- till 't
't 1) = o -

i 73- I = (z - g) ( z - ei ( z - ei
t

)
= ( Z - 1) ( E - ( zoos z * 1)( E- (zoos E) 2- + 1)(E- ( 2ws3,¥Iz + 1) ( z -11) .

Steps
By the result

in step ②
:

① Solve the ega zn- 1=0 .

zn= , → z=ei2h
,

no , , .- n
- i

Es - I -- ( Z- " ( E - (2052512-+1)
= (Z - 1) (Ztt ) ( E - 2 (F) 2- + 1) (z't 1) (E- zf- Iz )z+ , )

Hence
,
the factors of Zr - I = ( z - 1) ( z

'
- z f -

'

z) z ti ]
'

'

' 78 - I = ( ZZ- Izz ti ) (ZZ + Izz ti) (Eti ) (z-1) (Ztt) .

one

(z - eiht
'

)
,

( z - e
"2¥ ) etc . = ( z - 1) ( z't z -11) .

② Use the following
result :

TO FIND THE Sum of THE FIRST n TERMS OF

( z - eio ) (z - e-
IO) = ZZ - zeio - ze

- IO
+ I

= zz-zfwsoeisino-iws.IO)
-' is"

"

A TRIGONOMETRIC SERIES .
cos O -isino

= E - 2- (zwso) + I Use of a geometric series-
" (z_eiO)(z-e-iO)=E-C2wsO1zt

-

-

If fcu , and g
ca) are linear functions , and

a is a constant :

/ (
wsotisinojfch )

To FIND THE nth ROOTS OF A
IIa""'t"" =

n

a'
" '

(wssin7) , by dm theorem .

complex NUMBER . ( Re) : a'
"'

wscfcuyo) = Be ,a9
" 'zHh!

'

Zn

! ! ! ÷.
°

.

-

in tm:Ias"sinCfcuiol=ImI,as"'z
= (reio )

'T
. ( e
"¥
) . " O ' '

-
- n - t

'

eg
'

show
, by using dm

theorem
,
that C - i)

" - '

wsczu-no =
sin
Cosa .

=

r

'T eine provided cos 040
'

= rtneico.TT! II. C-1)
" "

cos cue-no = Re
,

C- t )
"- '

zu
"

,

z
-
- wsotisino

.

eg
'

find the roots of the eg
? 2-4=8 - i ) . → a app w/

#
= Re ( z ' - z3+z5 - z7+z9 . . . - z'9)

,

a -- z

fer, - i ) = reio r= ( 8535 + ( -8 )
"

r= - zz

= 16 .

n = to

f o -- un
-
' Eri

-

- reft"If¥)
8153 - i) = 16 cos -Ift isin -If . =

- IG .

-

- ref"¥
2-4=8153 - i )

⇒ z4= if ios
-If + isin

- If = lbeit ! = Re I -ZW)

¥⇒ )
⇒

2- = (veil
- Iot)÷ . it

=

Ref
-

l - ( cos 200 + isinwo)

= zeil
-II)

.
ei
2¥

,

n
-
- o , -11,2 .

=]
=

I - cos 200

⇒ z
-
- z

-

Loos f- Ey +2¥ ) +
isin ( - It, -1¥ ) ) , n

-
- 01142 - Iso = t-lz-w.si

)

= since

SIMPLIFYING A COMPLEX NUMBER a.so
.

(WITH A FRACTION FORM ) EASILY
Use of a binomial series
-

'

'

'

'

- ' qtzhyn = , + (7) zu + (2) zu . . tznh, z-- cosotisino
'

If the
denominator is in the form

⑦
a±az or a + bz , it

can
be simplified

i.pecyzyn-ucyywsho-CHcosuoi-tu.sneasily :
k k k

Fat
= ⇒E = azfEEzET / : . Im (HEY = ( 7) sin not (f) sinko - - t sinnho .

-w k
⇒

egz By considering cititanoihwsifsino, and setting
= -

" aztzlzisintzo)
n=zp

and letting 0 be a suitable Value ' show

that I - ( Zf ) e ( Y) . . + C -DP (Yp)
= 2 Pwsfzpt) .

ly n

g.gang ,zp=
wszpoisinhpo

atbzn
= a¥zn -

( ititanojdp = it Ciano) + (E) Citadel
'

- - + (Fp) ws4O -

zn

=
k (at Kzn) ( i2P = ciyr :C - DP )
- (Re) i. I - (9) tarot ( 7.) tan.io

. - t C- I)PffµmYO = Yossi.
a2tb2t2ab(znttznt

let 0=1

a¥z=!!;w cotton :'-( 714241 - thief ' = :Yn÷, wire : cent.

i . I - (7) + (7) . . + C -ill :p ) = zrwsctapti) .


