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Chapter |:
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nofe: fhis assumes U-M"Wltﬁz
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Fundam
entals

EXISTENCE + EXTENSIONALITY

EXISTENCE

G Tae Priom of Evfeme sheles oot
Srere exists o cet with ° elements 7
A&Y

for this set P, n sohsfies

for oll seks X

EXTENSTONALLTY

~g'- The. Axiom of Extensionality
o Stis heve the

states +heb i
some elemenis, they are quA\s
e if every elemeat in % isin Y oad VY
= Y-
Trie UNTOUENESS Of ¢
G Tnese fusk 2 ovions e be wsth
to Pwvl. e '-"‘P*ﬂ set, ¢, s umﬂ-&-
Proof- By Pofwi, @ exsts. we only
need prove i \META'\ESS-
Now, s‘uﬂynsg 3K, Ky suck at W, b o
have nd elements -

COMPREHENSTION
on shakes ot

G e Prom Schema of Comprehersi
i PCXY s o rwrwkj of @ set
stodement ), then (for any s B,
a set B svch thed XeB .‘fu-i only i XeA,

g X P(X) s bued

X ¢ P(X) is &
Hnere, exists

* gp=ixe PO

y P00, B
1
£ pge: BB 0% S of

g,_ Fathumore, W
Proef- Tve Aol SwevS
WS gnigve-
°"lj taw«ﬂ- i
Suppose 48,82 such ¥od (
BN Pk oad B’ {xen PO fr sme PR
Clesrly, 1 XeB,, xeBs olson ond WV
B pris Implies BB &

PAIR, UNION b THE power SET

oms o Siw. s

~?__ We need b dﬂf\ﬂ. other ot
sats oter fhen ¢ CThe fint 3 only tetlus tﬁms{s‘.)
PAIR
-QI Tne Aviom of Paic  states thot, gver &Y sets
LB, Hee et a s € whose elements Ragoin, Cis o
st of sehs !
oe ooty A and Bs —
e yx:(x=p V =8> 2 Xec-
_gz We tan also show C is vniquey using e Aobxt.
z \
Dencte. §0,8%F o5 The =t wontoiring A b B
sk Hre shucthonh AT fo e set §AAL.
we

93' Tn comlsination with the previous 3 axioms ,
an ot 2 new

S

© Let As@= @ Then the AoP tells us
"1¢, ¢% . e 9%, exists

B nan, e & BHGE By F o

we con olse deduce 4.¢’ {d!} exists -

UNTION
~§| The Aviom

s o st

of Uniosn states Hhok,  for oy set S,
frere exist U such b, for any set 2,
wome Set AES

Xe VU irwionl:] it Xeh for

XeU & Xeh, Aes}_

e

ys: 3V 2 [VX'-
92 A\T,.;,\I usi,j the AoExt, we coa show S s u,\;‘r,__
cesent  the union af- elements S,

Dencte US ®
AUR as Sherthand for U{A,GE.

ergjer sets  pom

ond
" We con use the PoP h ceste |

3
cwoller ones:

POWER SET

‘Q\ The Aviom of Power Set shates for ony set A,
Here exisls & sef P osuch thot foe any st X

%xeP ¢ andh otly if XS A

e
ya: 37 2 [¥© wep e RER].
_-Q"_ we on also show ’-P(_X) s wﬁ‘w. qu the. rd_‘dmj axioms.

Dencte ’P(M as  the ?oull.r et of A

"0 Eramples
&, Evome e
bt § B Fr 2 oluoys
elements of RUA)-

® PP * ®

o sugh = i# 198

®© pjrmd) = 4 b o]



SET OIFFERENCE

INTERSECTION
Ql' We do wot need oy sxioms ot .
escdoe T Interseckion of e sefs- Q" Gumiedg. e 7 define A\E :oC
. gy e e AT
-?7_ fiven o s ARB, ve use the PoC/ lethng PX) Y& n

with PO = “yeB'. Weinn define the a rsulbiny

aRBs
output sd'nsHM-m behwen A\e:il)(ef\\)(kgg.
e €BY-
ane: 1% xesd

coNSTRUCT

use the sels we heve
wmber

%" we cn definad
P s k) Cond 20 to &

set-

Qz To perheslen,

with n ele

~n each nahwel W

we Would like nelN Ly "'f"-‘l"""“

ments -

to o set

2ERD

@ Gnee B is the orly
elements, “We Wf“"‘ conc
o=¢

ONE

‘Q”i nHana\n there ok Moy gely with one
JLFI\!_ | s thesed ;Lo's;

sef with no
lude. Fhot

element, wt

L = i0% = 4%

e

THE SUCLESSOR, 8. DEFINING
guESSIVE ELEMENTS

any set x is ol-f-‘m.dn

.8, The “successor of
o be x U 2,_7(.:(

@; We con use this to &tfim. o method P

obloin the mext notusl numbe;

neN, we define

n U ¢nf-

S'Nll\ M.‘j

nt\ =

ORDERED PAIRS

G Given any dwe s X% Y,
we  define the ordered PO
B e (M= 4ixE % YE
-g.)_ We can use the Bobxt fo Show
dnot QYY) s uniquei ie if
x=X' & Y=Y, dhen
%Y = Cx, Yy, et view VUSSR
Proof- Cote 11 X=Y-
Then, OOV ° ‘:%X»<§§={x§,
Similenly, ol ¥ = .fzx'f ={X§, LF,ML)‘
Cose 2 K&V
Taon, 4%¥§° $%,v'5.
Hewe, S8 4% %

XY)

os xvEx X5
X=X

So i, '% - AR P y=Y-
(F»wdl,
ordere

We con use this d&finiﬁon of an
poir o weste ordered r\_n.,rlcs for ony ni
y = ((xl,xl.. Xn_\ﬁ, ?‘n)-

\—huple i simply e seb SHED

Cryoky = %

(Where o

g of N

OUCTIV
o i:e:s _ METHoD OF OROERING N
'—Q-‘ Let m,neN- We say M<n

-.9-' Aset T ind
ond
Ciemis less e n) ¥F nen-

@ o€l

n “ordes reldion” o & set-

® Ip nel, thea S(n)=n+|e-I.
# oo Has B O

OF INFINITY

f Tafinihy shates Hrot

THE AXwoMm

-g; The Axiom »
an induchve S

Q,_ We con thea J.lf.’nl.
rtSu.lej n

N={xe$-‘ xel VIE,

o exists:

N using Aol & AoC,

whee DB the ndudive set  defined by I,
ond T is on induchve et
N is uniqe 'f"‘""‘ e Pt

(8; We con olse shew

94 Negt, we con shev

Proof  Sinee- 0el, wher I
boged on i defiition”

N is industve:
5 en induchve seby

oeN algos

is is eweqh h
,,CBRTesmN PRODULCTS

@ Given ony poo sers X &Y.
we XxY P be

ey = "Lwe P(P(XUY)): w=txg . X

we

X, 5é‘f-zg



Chapter 2:
Relations & Functions

RELATIONS
FuNcTIoNS
@‘ Given hwo sels *a&Y, 9| A {-'uwhm ,F s a reloben svch Fhot
a binory relekion from X kY b, k) € T then  by=bai
s a suLSd‘ 0{ X \/
- ie for ony fast coordinate in f) thee is only
More  geneally, o set R eclled one ordeed pair with thet st coordinate.
o velagon if all the elements of R iy,
e ordereh P ?7. for any fwo sebs A& B, fis a .f{mch.njj:om A b B
if esch aeh s celoled o exocHy ene clement  beB.

We use +Hne nolebion -F:A—)B 1Y rzrmw\i— +his-

TeRmINOLOGY
pomAIn OF R

‘@3 The domain of & linery celafion
is the sk of ol X for which xR,
- \J){_ )(_‘_E JWC‘F); x|$x

INJecTIVITY OF g Q-0

R - d et
, or dom(R), Q' A funckion o 1,\|._chve Cie 1=0) i
£Oxp ¥ £0%,).

for some y.

RANGE OF R SURTECTIVITY OF § (oNTO)
) e 2 0| Qa L."\ﬂ.r rel Ton or ran
g g y relotion R, ), @ A fucdion f B8 sefechive G onk) if

is the set of all E| for which Cx,y)fe,

Jor some x. on(f) = B, e YbeB, TJaehA ? fG) = b
FIELD OF R @IIECTIVITY OF § Ci-l & ONTO)
Q The fold of @ \sinng celation R, °f pua (R, s -%: A ‘F“”""F"" Fois l,;luﬁvg # is both inl’que 2

dL*innd. o be sz'c.cl-'we_.

fetd (= domR) U mac):
Imace OF A SET unpER R IIMVEKTIGILI.T*I oF §
T e image of & A undes @ biney b B a A fucton f 35 inwedible if g exivs.

s the set

RCAY = &be ma(R) (a,)ER, ach}. g,_ We ean prove f s injective i oad only if
-F s inverhble .

INVERSE IMAGE OF A SET UNDER R

8 The invese .Muag of
is the set

p:ucs) = {ne dom(R) : (Ca,b) € R, be BE _

o SF B undar a l,.,\,.,:j relafion R

INVERSE OF R
8 The inverse  relokion R of a binony celodion R
s J-ryﬁnd- laﬂ
R = {1&04\(%) x dom(R) : 2=(h,0), Ca, L)€ RE_

_C'-OMPOSITION OF R, & Ry
G Given bwe relatons R % Ry, e compasifion
s definad by
R,e Ry = "té dom (R) % pa(Ry) : 2€(ac),
where 3b 3 (a, ber, NbeR, }

of R AR, o R,0R),



EQUIVALENCE RELATIONS

Q; A relation R on o set A is:

0] f_gfluiw. YaeA, aRo
® 55mmv.Mr. if Va,beA, aRb ¢ bRa;
® hensive i Va,bceh, aRe N WRe & aRe.

Caz_A celotion i on u’viwluw.#. relakion if it s

fefiexive, Sdmw‘thn'c & hansifive
EQUIVALENCE CLASSES
~gl_

quwA\Mu relakien on a set A-

e ﬁ class
set

Let E be an
a€h,

s the

clement

Given on

°£ o modulo €

D]E = dxeh: abx}.

gl We con prove Yhat -
D aElb if and only if [a3=Cbl

D aBL i sk oy i IOV

and

(Prof: MATH 143 WA onad)
PARTITIONS
9| Given ony s¢ A, @ FMH‘HM\ P of A
s +hot sotisfy

is o collechon af nm—v.mfsl’ se
+he fwﬂnulu\J

O r0av,=#
@U’P:A

g EV'-(:] equivalence velotion E A gives
o rb-r-h‘hon OF A- (Proof from above:)

ve,re® i &

on

»Denote  AJE = {(al, aend.
.@3 We can Pyov!_ A/E s o P,,.HHM of A-
Prof. (el ¢ cine aelad. (o a€a).

Then Ya,beh, (INCLI= @i e ey
e d-s,omi' -0
Ned, VYaeh, aelal. (sine € is nflu-w.)
Hence U(_E/A) =pA. —0@
O & © wa suffuet fo prove the daim- @

let P be a (;n,HHm on a sel A.
cuch that if

aeP & ayeP, then aEqy-

@“ Then,

Let the relofion E  be
JP €P such +hat

Wemrth E is an equ
Pros-
O Rr any xe A,
is o Fp«ﬁﬁnﬂ_
E is
® For any
be thot FPeP 2 a,eP & %2
0,6P apd aeP, implying a,Ea,
Heace E is symmmebic:
@ let ae5, 0,6 A sueh  +hat
a el & 4P, whe RReP & AR
aa_eP However,
s a contdiction o8 %P,
“lR”l'

ivaleace relofion-

as P
+hus

JPe P conkiniyg &,
Hence aEa Jach ;

reflenive-
ats,, it must
eP. Thus

also.

a,/0,€A  svch rhot

aEay ad a,€Eay.

Suppose

35 definiHon,
uis implies POP¥ #, which

Thus A= P, imr(-jiv\s
Hence E is hensifive”

® As E is symmdvic,

viveleas refadion —

a,& P, and

ae ( ond SO

raflexive,
e hﬁ& ﬂ

oan

SET OF REPRESENTATIVES

Q let E be en gquv&lh\a. alafion 0N 2 set A-
A set X is & st of R.r«.suvhvhw.s for E
one element of each

i X contoing exacty

vivaleace closs;

. \[ale AE, L (1 (a] = duf for some e (a].

g let A be o set with rofhﬁ‘ ordunj A

OROER RELATIONS
PARTIAL ORDERING

g A celation R s
aRb & bRa .mrlw.s

“ﬂh:-jmml-hc if
a=h.

?,_ A celotion "<" on o st A is an
order relafion on A it s reflexive,
Mhsgmmzhric and  Adraasitive.

We abo call 2@ rwh’l ordeing on A
eq Fhe identity btion & on A where
R §eaa): aehl.

- Ris ra-{-lntivt;

- R iy hassitive) ( aRb, e D a7 bre Haxd aRe)

-R s MthmnehlL (aRb, LRo D azb.)

Q A celodion R on a set A s asjmmehc
it oRb and bRa connet be mmull—nmnslj e
Q For any tha\ nrdumj " J__\_“ on P owe con
define o shick orJM'j 2" fom 1t by dedoring
Mot Vo,be A, akb if asl but a¥b
ToTAL /LINEAR ORDERING
(g for any ro.rﬁal ordumj L7 en A, we 3oy
a,beA oTe mmfml’le it either adb

or bla.
is a rorhn\ ° 1\3

A bhtal [linesr nrJMnJ
elements o mmronl-le.

in which e very F“‘."' ° F
CHAIN
@ for any ?o-r%a( ordeding

o chain

on A, o
IF every roir
ble -

g

is called
C o compe®

set CCA
of elements in

LEAST/ GREATEST ELEMENT
Q Let A be a sef with & forh-‘ ordumj 2

let BEA- Then, an element beB i &
leost element of B if L<L' VbeB.
B

Q Slm.(wla, L 8 a auo.k.s{’ elenment °F
f bab VYbeB.

MINIMAL / MAXIMAL ELEMENT

=in.

let BEA. Then, on elemeat beB is @

minimal  element of g if thee o no ‘Smalle’

elements of 8,
e i b'ab for some beg, +en b= b

mavime] element of B if
of B,

92 L is o
thee o no "lorjor"

e if’ b2 b’ for  some Ves,

Similorlj'
elements

+hen b= L‘.

g NO"’L e lcas,’ element is a\unds Minimgl'

bub a minimel elemeat  may ot be a leost

element -
aj ‘F:r q,\aez+-. et adV if %"Z‘?
Thea Lis o leosh clement , as it Aivide ewry
+ve ithu
However, Z \‘l} no |-.3y hoy & |leoat ._\.uv'm‘i',‘
fhee is o othar indeges theq  dides both 2 &3
Bounoss oN SETS
P oy A is o set with arder rel "l
E\)| ppose i i or ofion Q,_

Then, xefp is & lower bound on gech

Bur thee ove imfinﬂdy many

ivimel elemants;

Qvery prime P § Minimel,

since it ¥ net
other  kve ink.ﬂtrs

| ond H-Self.

diistble by

T"\u\, an elemeat
lower bound / infs mum i

f°$Si\pl¢. lower bound-
Similordy, 0N element Féﬁ
vpper Lbownd- / Surrmum if

rassMc wpper bound -

other Han

qeh is the aruuhsf
it is He arv.o-l&d'

is the lo west

# is the

\ouerst



Chapter 3:

Fundamentals
THe AXIOM oF CHoICE

Q Lt C Le a colleckon of sebs, whee exg.
Thea, +he Cortesian product T, C o theset
of fuachions of: C—> ve, w,ﬂ‘ the property
Wt VceQ, «cc)ec.
® obe: this defr works for Loth finite and

;f*"\"h- collections of seis-

g The Axiom of Choice stotes evey  Corlesian
ondud- of any  non- emrfj eollecHon of seds is
non-o_mpl»g

2ORN'S LEMMA

Q" 2L shofes that for any pechaly ordeed set A,
with order relation 4, f every choin in A
has an VppY lound in A, then A hes
o moximol element-

@1 We con  prove Fom's lemma s lgiml(g o.f‘uiva\ml—
o the Axiom of choice -

of Set Theory Il

WELL-ORDERING THEOREM

9 A set A with ordes relobion A7 is well-ordered
if every non-emphy subset  ©of A has a leost
element

‘Q'= Thea, +he WOT shates every non- emphy set A has
2

a well- ordumj ;  ie thee exists an order relofion

£ on A svch thet A s well-ordeced  C with respest
o

4

@ Aﬂo.'m, WOP is also logically e uvaleat o the RAxiem
3 Lyl e —

of‘- Choice .



CARDINALITY

Two ses A & 2 have Hhe same

l cocdwality  if fhee exists o bifestion f:A>8,
ond  wiite (m=|g),
-.8", Tm.'
1 .
o = 1Al _— Fshown in
® |al=181 & 18l=1Al VAB; % Ay 82.
® (1= 18l A 18l=ICl = jp)=icl I RRC
w,
<& ON CARDINALLTY
G ey (M€ 18 T thea s an
injechive fimcﬁon F:A-*B-
@ Then, we can prove for ony seis B,B,A:
* ' = s 182 Al
it ACBEA, tha 1By|= 1AL imples 18
Prof- Since IA)=1Al, F:A R 2 \ijedtion:
Then, et {ﬁ“'g, 1‘.3"} be Sveh thet
A=A % B,=B ad Paw® fo & Bo® $(8y) VneN-
o "
¢ A, VneN-

We on use induttion h prove A
Next, s Cn® An\gﬂ for Some 0.

od
Let C= UC,\ - Thu\‘ |f a€ ‘F(Cn), then  a=f(c)
n=0
By depﬂ, cef, & <&B,»

implging,  FC) € FAY = Py
Similoly,  H) & fCB), as F KOO for some beB,
Hhen  necessadly c=b (os oad S0 CEBn>
which is & conlvadichon:
We now know £ € Apg\ By = €
On the other hond, if a€ Gy, +hen aefyy % a¥ By, . odso
a=fa) for some a'eh,- Sine ad By, we als know a'§B,-
oz po') € £(Ca).
which  implies
then a=§()  for some ceC.
a=f(c) € £C6)= Cavi

for seme ceC,-

Fis ;n}uﬁvc)

ned hence fley € Gy

Thus ale(',n s so Hot

Treefire  C,. € £CCaD,

Sobsequeatly, i ae fCQ),
Then ce C, for some neN ,  implying

Cag = £Can).

Fvbv\nj oe ,\=|C'\

aEOC,\, then @ €C for some ne N-
n=|

Cbnvuselj, i
Tn pockicder, sice Co=£(C, ),

o= () for some ce(:"_lr ;Mr(\.’iﬂj
Tresefore (St €O ond ,Q, Cn have the same elemals,

\73 c.xkllsionnlil'a fce) = O C,\-

as)

ae £(C, ) ; thu
aefC).

"<¢"  lbenaves lee

.Q: Pam hee, we con show <
an order relodon; e
© Vagc: (Al <8l N la=iAl > lacisl s ) L
e £ s
IAl¢ 18] A 1g|= = 5 ®
gl=lcl = (al<iel ; hronsitiie !
\al <18l A lBlgle] = IA] £c].
® (Contor = Schesder—Bemsiem Thesrem) e
ix & IS
Va,8: if IAISIBl & 1Bl < VAl 4hen IAI=|Bl.}"Mhﬁmuw“_
il e cesulls of © @n b prove

ng[ .
Al
both £ & 4 ona  injective:
We now rv\\l& .
Su.ﬂ)cse we hove ir\iuﬁw

cwome seis A& B. Then Ca-F):A—vA (s alse injechve-

foadtions {:A78 and g:B3As o

TThen, let X=9CB) amd Y= gCpCAY.

Rrally, fet D= A\C- Define 3:A-)B by

jtx) = !{:@, xeC

L X, Xx€& D.
I xeC, then fe) € Cq for some n>1,
implying OO €ER, -
Moreover, Since fo 2 By 2 A, 0, Wt dgd-n;L.
‘FC*‘EP: We alse lnow h<B Lj conshuction i

) -
cpﬂun\mﬂa, fox)e B-
§C. This implis x§ Go

it xeD, then X

Sim':lofl:j s
So

ond hence X% A\B, “xk®
Yxeh : SCX)EE~ (So S:A—)B-)

(ie xeB.)

Therfore,
Next) suppose Xy, x, €A svch thet  qCx) =3CK).
If %%, €C, +hen £ $0x), implying %7K

T x,%,€D, then cleorly %3 also.

since

£ is injechve.
If xeC § x,€D, thea fx) =%y nowever FOxDeC

whilst x, & D, s Hais is > conbradichion

A similer "ﬂmmu\i' slso shows %€D K Ay eC lesds b o
conhadichion 400 -

Trerefore, X7 %, prning  § 18 injeckive .
Swnilody, let beB be ackihony.
Tf befCO), then IC suwch that FC=b, 0 gced = fer=b.

or beD. If LeD, 3(:)-'—':: havielly,

If by F(C), dhea either belo
ond if beCoy then beA\B,
Theefore VbeB, Jeel such Hhot g
show g s sunqechive-

is both injechive K supedive,
ond we Oa2 done.-

fha. ossumption that beB.

conheadicting
b- This is Svf;f.'::.w to

Sin it is also L;,'uh've_.

Thm{ww. Al= (8l /]

B we wete Jalclel ko cnfy
IAL ¢ |8l but | Al % Bl

G Note et for all sl B&¢, Igl<lel

Pm.{- Note ot the ""'f’:j elafion fom ¢+ B

is both vm-.umuﬂj a f'umcﬁon and ;r\juHu,
but not Sujeutve  Cond so not Lijective-)

Ths S suff;q‘uk B prove the resulf- g

C(Url:j X< A/ and s .F(A)s 8 we ?—f ot Y= 351-'(9\\ ¢ 3(5) - X-

Ao\o\ihwllﬂl gince Cﬁep is '.niuﬁvg, ¢ is al o bigdhe funahien
o 1¥]= 1Al.

Th

Hence

A b (Saf\cﬁ\ = Y.

So IX’: Iel, 'IMFIJJAJ |A|:|B" which we waaled Jo show - P

YeXec A By e priows pref (V=181 inghts 1XI=1A).
But Since X:_ScB), ond g is injeche , we must have. S’B-)x & a L'||'u+'m.



FINLTE /INFINLTE SETS

A PINITE SET UNOER A

QIAsefAis ﬁ_ﬂlﬁ*if—hasmume THEIA&E@
cordinalihy as  some ae N. — IT
T +his cose, we wrike A= N: F\)mTION IS AWAYS FIN e
Q We con rv'\t VMN, there is 1o -.g" Lt A& B L seds, cuch thet A is,f'.m'k- Suﬂmil .f:A-VB s @ finalon
2
;,\iq_,,l—m_ mopping  from N o XCn. Thea fCA) & @ Faite sulset  of B, % lfml< 1Al
Procf.  Suppese cweh o mopping exists- Proof - Assume |AIZ1,  since the prof 3 baviel if A=
Thea ij woP, thee exists & leost clement o €N T e .
whidn sakisfies S propely: hen A= (%, %, - ﬂ'\—l}. So  fA)={Hay), fla), - F(nn_P}_
Clscly %0, Sine thoe s o prop” suleats of O- Subsarpraatly, let b HaD, ok than find Hne least
Then, cither n-neX or Cn-N&X. index { >0 Jor  which F“ﬁ“’ flo) G it exists)
I (aDFX, then X€lamd ond ot b= ().
Pgoin, If fho bl FORY, Hhen we conbinue  This  process
cannot

Su\.gaﬂvuﬂ«,’ i fnaX s injecne, we con define
& new njedive mapping 3=cn.n—> X\H"A-D—S unkil it does; sine we know Ocil‘i'lL"
by acky= fb) Ve ln-D.

® g i the “reshickor” o f suwps n-l-

Jo the set n-l.

Hence F(ﬁ‘)=‘:_|-wL|: - Lm—l’k %rsm MGN: l"’"’;'}

Mo former dloim.

Then, let the  fuachon 3-.F£A)—>A by gtb) =% & a(h.)w;u‘\/loo-

Then g is injective as £ is, ond g mops (n-1) b &
proper svbset of -1, Singg X € ¢a-D.
This  conhadids the. miniwl-'ly of n.
On the ofher hand, i Cn-DeEX, we noww Cn=0= (k) Cleery q i injechve ; theefore  |fA)) € nl. @
for some unique ken  (since £ ois injechive)

n-
o, tet greacn > XMnE b THE UNIOoN OF A FINITE COLLECTIoN OF

R, ik
g=4is k. SETS IS ALso FINITE
e o oper tubset
() do o props 91 Let A & B Le finite ses.  Thea [AuE € IAL+IB,

ml;b nf n.
wita |AUBI = AL+ (8] i ANB=§.
and 1Bl20, Qe A=i(°°'“|l" "m—\_g 8

Aﬁ"‘.‘": g is 'w\icd'iw-, and il meps
of isef, which onbedick the mini
Thus no sveh N exists, pretg O eloim.

Progf. Let  1Alzm

gulaueness OF CARDINALTLTY 8=ibo b, - bautl
Q Fr any finile set A, i IAl=m % I|Al=n, e ,n_( ’

Then AUB = (R0
(P UB) oy at most ™
o elemants miq

heace [AUBL £ £m+n)=lM+IB]_!

G- e Lo by Lr\—l’S , implying
“+n elements-

wt b rtho\, 1auB)

H\u\ m=n.

Pyoof- If mn,
Howewer, LJ the above rnof,

to  conhadichon-

e either men ©F nem.
However, since som

both cases lead
M]jH be lass tHhoa ) §

Hence necessanly m=t 12} e
N Is mFINITE %1 For any pinite collection of sets S: Ug is alse Fn-'h'
"g’- We on PV N & infinife P.E';"_f If $=9, Us= ¢1 t-sh-lslishinj our bese Cese.
e not finite- o =& . am ol
Proof . Considar LN> N by “Trea, ossame for come S ¢ho P Pyt the doim Pells.
Clo_p-rl-j, dis o ‘ﬂ'li“"i"'\' but s"L"-‘]""\H‘J. An V) (US\ s also Fnih_ \'U He above rnnF,
the set even Awmbes 5 2 il g H lei also Wold S=iPg My, - %3
subset n;{ all aaturols! Br:ﬁ ) ¢ Oﬂd.M ) s -.S gc'r { e h:“
Hence N conot be finike, oS y i uchon, this s svfficeat fo pro caim- o
i would.  lead o ~ conhediction otherwise . @ T
oweR SE
SopsET OF A FINITE SET ARE ALSO W Powcr SET OF A FINITE SET IS ALSO
e~ 4472
FINITE FINITE
9 Let A b o finite set, and B<A- g for on ,f;n;h set A, A s also  fimite:
., snite also. I‘.I
Taen 18l & 1AL, o g i fir -d Ci 20), hen TAI= g, which is fntle
o4 the inclstm mapping’  L:B2A - given Proof- It p=g Cie [AI20), . = {gl, whih is fntle.
Then, assume for some se Asdaa, - a,,} fr which

M. First,
53 Uy="b VbeB.
Cleadly Fhis ~spf"3 jaectve,  shouiag 181 1A VR s e
Then, let 1A]=n for some neN- Sul:su[vm"‘ﬁ. o
If n=0, 18] =0 nga.ssw"lJ‘ implying G’¢- Taen (A * 2 ue:
C- ‘;_CE'FU%‘ an C}_
observe l(B\ = le\ = \(?(A‘)\
18| & 1@\ also ae .

A = AV {ant
where B = {eeq’m‘): aneel &

Clesrly BNC= @

SVLsu]vu\H.j,
Since. | ’P(H‘) l is ,ﬁn‘\*&, rw_u.s“mllj

Taus |PCa) | = | Bl + @] s abe finite -

B\Lj induchon, +his S wffio'\ud' h rwvt He dam. g

Sine A s fimite, His rmdvt coneot  go o indafmitely ;
Yaus Tme N  such Het B-":Lo:li,, - L!m,,}~

This &5 :v,ﬁ«;u\f to pre R ik prite. g



cOONTABLE SETS

Q, A set A s "countalle” if
tal= IR

Qz A set A s
it 1AL ¢ NI

Qs For oy
o I.'uizcﬁm £N->A;
ouwt the clemeats of A as on infinite
sa.tluu\q_,-

Yot most countable’’

countable st A, Hhee exisls
e we con wrife

_
A'f‘o: Q, a, - -g

EVERY SUBSET OF A COUNTABLE SET
13 AT ™MOST CouNTPBLE

Lt Ben TF A s bl
fhen B is either fim'h or countable.
PLDF- Ip B is ,J:.'nih we hawe ow conclusion,

So Surrosa B i iI\FV\ﬂl'
be the gnollest index ky Svch

Lt ko
ond set bz oy -

hat a"_neB ,
be the smallest index (uau-

Thea, \et &,
Han au_le B, seting b= ay, -
Svbgequently,  we confinue  Hhis  proess fr

each i{eN, os sine 8 is infinife,

B\ {u, b, - b d ¥ P

Hence B:{L.' L’_.'g ==:4k4,, a,,,
s.LLscq..u\u. of A ond we o d0Re ¢

.t, 0Bt &

THe CARTESIAN PRODUCT OF couN TABLE

SETS IS COUNTABLE

Q et A and B ke countable sefS-
Then Mu.sl‘ﬂnlj AxB s alse wunioble .

Proof . Since [Al= IR = (8], we & represent  them

g mf\nih sequendsi
it Az{a o2

Ca ) € (A<B VijeR:

oed Begbosbu b -k

Then
We con thea define & Llltdun drom N o Ax8
by the ,f.llu.nnﬁ
— >
) (ay, L)
(ap, b D Cln,L, ° S )
Ca,, ) Cap, b)) pair enly geis Wit

"on” in wey.
fuis proves AxB s
esuntsble. %

C oy b -

?l Let A:, A, - Pa be finifely mony counlable sebs-
Then __'TH,: is also counfoble.
1=0

Proof. when n=
e +he cleim is e ,‘kv::mL n=N-

Fris is e resul} alove.

Svppos
Then cleorly
N N
I‘;Ai = “Al x AM-H .
= \=0
Na) .
Heace TIT A; i alss combbl, PV e

deam ,IJ.,';, P Nl
H ~
(gj indachon, nis & s"’ftF“"“"+ [ el

e cloam) %

%3 Let Ao, A“ A, - be a

7L IS CouNTABLE

g We can show +hot l-ﬂ,‘ ‘lNI
P . Le: { =l/z, lt is even
s ot lmm/; I is oad.
Tren  cleovl, et = o, 1, -2,2,-} (=2).
S0 each ¥ s W exacHy ont, S° Hhis
S o ‘.;ichnn fwm N to . &
_.@ IS COUNTABLE
g- We can S'lmilwb show 1R = IN].
Pod.  Voe ®, 4= 5, whee abeZ 2 bio.

Hence avuJ abiorel numler can be assacedd~

b oan ordeed pur Cab) of
1@l € [Zx Z|, and sin=

?va,u-s.
UL is wur\hlolg/

DL musk b ot most countnble-
However ZeB, s |Z) ¢ [®).

Sinee 12l = INI =

lZxZl,

LJ the Conlor - D.mslén

Theorem | ®[=[R] , o5 rtﬁ\,(rlt’w ]

THE UNIToN OF COUNTABLE SETS IS

COUNTABLE

9 lt A ank B be countible sets.

Then AUB is alse wountoble .
9 Lt Ao A Ap be a .Pmih colleckion  of covntoble  sefs.
Then U A; is alo comlle.
Pgn[- Hdndh we tan USe induchion -
If acl, His i jusk the above cesolt
Suppese the clam is tne for n=N-
So N+
U A UA U By
=0 =0
coumbable wu'nh\-le
covntable  collection of countoble sels.

od
Then U A; is alo countable.

&“—"F let A’ = ‘:_ﬂ. a. @i, 7

Then we con dgfine o bijection

Hence

of .\)‘\Ai and N L\\j
v
a Qa
ao,o Lo 2,0
a
o, a a
Wi 2,)
a
0,2 a
. u 3
! 2,2
o l l
t. ve these v thaae ones
all in Ao all ;n A, all in Ay

} for each ieN.

befween the elenents

l.UAil:[NI/
=0
ondk we one derd- gy



UNCOUNTABLE SETS

R IS UNCOUNTABLE

9‘ Resh) we prove that he open interval (O1)
o the same cocdinolihy &8 ;
ie thue exists o ‘oi(«ﬁm pg:oN—>R.

-2
Proof - Let 0= i[x:) We claim ) i a Lil'ef-'h'nn-

Suppose. f(o) = §C0)  for some a,be (0,), a¥Fo

Then 1-2a 1-2b
ala) - lbleN’

23 0= (a—lu\(a-\—'u—lnln—l)_
Sinee. a%b  we ao.f Mot atb—2ab-l =0

This implies ab = atb-ab-l = —(a-1)Cb-1).
However ab?0  and —-(a—-l)“n")<°/ since 4,k €01} ;

Husg this s a wnivadiction; hence § is injechve.

Then, Suﬂ;usc_ fO)=r.
5 -
This leads rs k-

= i+ (2-r)x -1 =0

X (-2) # Aoy - uedy _ Ce-2) 2afriy’

2r 2r .
We  claim o< (r2) + ety
Py < | Vr& k\{o}_

Proof -
of i i 0, 4hen (e AT 2D
Hence 2% A .
1r )
We alsp con in{'.r (_r-;_)-(-m < 2r,
' i)
-2 + AP
ML AERA Y |
2r
There is & Similer \.,,‘,,‘-4" whan <O
L fore for any reR, Hhere exists  an xe€0,1)
such  that ‘F(ﬁ)=f‘, so fx) is s\rir.:.ﬁxz Cand
Qz. We can a0 Prove R s
PLE_DF We con prove R is
co,N is unceuntsble,,
R s cwunhoble Then we con wnte out

So

uncountable.
uncombable f we ¢ how

o we will 4o 0

Suﬂ:ose
all the  real numbes in o list:

Subsesuantly, tuke the
0- by b by by, " 4 "‘5 ) ":‘

iagqonal dlaﬂ‘s of each

o- b b b.b, - number  (ciccled in purpl),

21\22) 23 2

0. Lu\uth“
6 -
Y C: = T

(4,
0. b, Ln‘“ﬂ@"' ‘ ‘(5' L=t

Then, \g rl?.fq'm'Haﬂ, r*-(": VI:CH, es r Jiﬁ'ﬂls ;wm e

in the EH" Ae_cfuvml F[‘“-'

Se @\ >IN, showing R is uncountable.

ond  conshuct o number r=D.c'cz(3___

Acy) IS ALSO UNCOouNTABLE,

AND PR = (R

show \’?(N)\’UR\, proving PN) is albo

‘g" We con 0(50
uneovntoble -

ﬁ_\-,_u{. ﬂso-'-r\, we con 'lus{
cordinalily &S he  infurvel
preoy > PR b the  fotlowing:

with  decimal “fm‘;h" r=0bbyloy

prove P(N) hos +he some
oM.

Then, et

let .F(r') =8 |o"-l |°": n&ﬁ*} .
ge) = &3,30, 30 =

We claim £ i3 injective:
Proof.  Suppose £ =), e o selon),
@t r=0%bb, - and  r=20qGG-
Then for any e, oL ¢ R,
s 1oL eS8 abo

However * .
i) i k0, teen 10 b

inhau— betwee,, 10 ond 1 10

a smile ¢

i the urﬁ?w.

LL(DI\J'I:S b R, and tudewant  hols

fors.

) ‘oi—\ L'; must b fhe unige lr\kju'
betwten 07 & 107" s vl
povig 10 Wi 6l , s WG

2) ip L=0, Hea oeR,

Lehween 1667 & q.10%"!
+Hhe Sane holds fne Pr S,

n R-

Thea since  R<S,
Haws ¢, 70 as well.
Since. € ok 8 aa»ﬂlf- in evey decimal rlnql
r=8 ; herw ,F is ;n',v.chve.

Nesk, let 9 AN > €01 suck bt
Vacd:  ga)= 088,
where [4, €A
a; :zl .
5, l&- A
Then a; E(O,D with  an w\'-clm dagimal  eXpansion.

S"]?ro;( A,BEN Suck thot am)=3uz).

D 040,08 - = °"°I'°1‘°;"'.

Then f\a.u_s‘San'[j q;= L; ViéN, }mlo':’;,\j
that if (€A, Hhea €8, and via vese:

Henw Ac<R g BEA, ) et A=B,

Sv g s ."\iu-ﬁvu
Since. Hree exist  injecfive ons

f:(0,1) 5PN)  end 3 AcR) = (o),
COY\SLT\/MHJ f(o’ (‘)( - (/]?(p{)l/

ond  so l&‘ = [‘P(,ﬂ)l z

and s6 Hhere is no iv\&ju



Chapter 4:

Algebraic Structures

BINARY OPERATION

G ek S be b, A binory opecation
S s @ Fw‘"fwn fom  SxS P S.
gz Ip x:$xS=>S i ° Linory  oper=tion,
we wrte axb instead  of %(a,b)
as the ou.;?.&
(g Examples of binary
® + - x on Lor R (NOT =)
@<= on R = R\¢o}
® U ond N o PP

ASSOCIA TINITY

of K.

oruﬂ‘f’"ﬂs:

Q let ® be o \-mu_v’ oren-ﬁm on S-
Then % is “associokve  if Wa,b, €S,
we have (axb) ® ¢ = @ x (bxC).

Q,_ We can show @, 8;.:-% o ochitery

with n7z\, #en

well —defined, rzaordltﬂ‘
the Pw‘vd’

elements in S,
a % a, K--- Kap Is
of +the choice °f bracketing
Prock-  We let the " shanded r,,g.‘f" of Oy 8yr 40
denoted oS <a,0,,85 -, & ay, b ke definei-
(o) =% * %2

rtcu'sivdﬂ |,_.1 INE a,
Jaq] ¥ 00 Y073

and a4, - ,an7 = (q“g” -
(So La8y,a,7= (apra)® 433

(88,0327 #((@F0)) ¥ 83) ¥ Oy
n elements is e1u| $o

ek.)

We claiw every Pwdud— of the
the stonded product:
If n=z] or n=2, +het
claim  holds Mv(-.(l:j

is no choice of bracluting; thus the
in  these coses

,2,-, n elemens,

Tuen, cssume the claim is twe for

and SvrroS!. we ore a',v._ﬂ ntl elemants of S,

¢ @, 8, 1 qng "
of thse elemants con be o.xrrtSﬁ‘&

veh of fome elerents

Juct of e

Svbs MH_." any Pw)ll'-f'

in the form b¥xe, where b the ,MJ

e a,, -, 4 with. (Skgn, oM s e rw

remainirg clements @y .., Qny
AR =

But gsince b= {48y, -, a7 oad €= Loy, Bup, - %a?
we can express bxc by '
bk = {apay, - A? * (<“u+|-“u”_: e ag? X Ggy)
= (Lay, 8y, -, agY ¥ LA, Ouny "n7) X Gay
= K8, 0y, e, Oy Bltrs 7y P app?  Cby induchion
Hone e claim & also e fir n+l- hypothests).

e cogm is fre Wner-

T ’f“l Lj Induchon,
commuTATIVITY
? let * be a Lmor‘-j or.rahon on (S
Then * S ¥ commutative i a,bes,
we have axb = bxa-
UNITY / IDENTITY
Q Let * be a binacy ruv'hon onS.
eeS is an 'idmhlj"

Then an element
axe = exa=2a Vaes-

for x if

CLOSED UNDER X

g Fr any binory oruuhm E3
"closed undes x"

on o set §,

we say that S s

it Va,beS:

MoNOID

axbesS.

?I-, Let S be a sef with binasy oru-o.{-.'m X
Thea S is @ “monoid" if ¥ s both
associotive; and there exisks  on idenkily
element € ¢S with rurui b ¥
* dn  Cab' s axb,

we use the ne

‘e
and oMt - axax-sXa,  with a’= e,

e whee ¢ is He :Aez\h;:, clement wrbt ¥
@- We con prove Hhe idertily element of o7y

monoid

is w\iqw.

Prog. (ot S e & monoid which W hoo il
dements, ie e ot €2c
Then V"“eg, ae,:g'.; o ond  ae,-¢aza.
Sof oece,, +hn 0,8, =¢e, = Las

ank [ oz e, then eye = ey = €-

Thus ¢=¢;, rviv(nJ vni-lugng;s. a

UNIT & INVERSE
%} For ang monoid S,  an
aeS i called & "ot

exists some beS ,F,, which abzbaz €,
where ¢ is  the identily element OF S

iy
@1 T this case, we ool

element

of S & et

b the “invesse’

of a-
Q Once 0gdin, we coa show the invese
°f 0“:1 onit in & monoid S is um‘t?w.-

and aeS be & unit-

Pmo{—' e+ S k a monid,
Sv"ms'. by & L o both  mverses F &

So thot “LI baze and ab, * L ac=e

LI = L'e_ = L,(AL,_) H (L,a) Lz = eb, = Lz’

Hence

prving by=by 3"""‘3 e desied VMiqanes- g



G.ROVP

8‘ Aset G Is colled o "jrovr" if
G is a monoid, and evey elemant
L oGl e vnit-
Q,_ Heace, o set G with @ binogy operation
is colled o grovp if:
ie (oW = alke) a4, ce G

G) W is assocative,

Jeel such thet aezeace Yoed ;

VaeG: Fbel such that

@Hm exists on ;AMB{J, it

@cv&a element of G has an invese, ie

ABELIAN GROUP

Q. A qeop G is further considered  “abelion”
if the operadion * o G i ale
ommutative -

Ql Hence, any abelion grovp G satisfes Hhe 3

in osddifion o1

Pwru-ﬁcs abowve
Va,\,e(; : ab=ba.

@ it is M-‘ e
EXTRACTING A GROVP From
A MONOID
-Q" Let ™M be & monoid, and M. be

Hae set of all units of M-
Then ™F is 2 qrovp-
Proof. et a,be m* Lo ebiheg.
ot g b exist

Then 'o|3 dapt,

polze & b¥ze

Suth +Haat
Henee  CabyCla = @l e
= A(_,A_‘
= aa”
=€

We con similyl._l thow (L'lq_—')(AL)-'-( also-
This i"“r““ ab is a unlk, with inverse

b
Henw M¥ 5 “closed" undes bhe binery
"F‘-ﬂﬁm on M.

is also assogodive & hoy on
as ™M has these pv° parties.
% pas an inVUSE

o dwe. g

S‘VHuPAAH,. m¥
idﬂ/‘h’(y clement,
Forthecmere,  Sine
i+ Tnnplies Mm* s a P PRTRY S

all atM

A

ab=baz=e.

MANIPULATING EXPONENTS IN
A GROVP
9‘ let G be a growp
Tren nmelT, a"*’": jn'jm'
P_vgo[l- Ip n=o, 3"“":3”‘ Aivially .
Pssure e clam s e Sor Soe. rel and all meN-

ond jeQ.

Then jnﬂ_jm: (j_jn),Jm
= g-4"3™
. f]'j"+m
IF nem»0, Hen the RHS s bhe cesull of
Mu-lHrl\\]ivj I\‘\;W\ topies of g L:j ore. Mo g,
whida s 3'\*"“ M by dggfesiton:
I} ntm=-!, +hen the obove ¥ gt b gqq7,

whitke (s £<|‘ml f L:J": 30\*"\)4_,_

Lagtly, § nem € -2, Hhan We RHS is  mulfielying
[nem| copies of g' by o Py of g, whic resulfs
be

in Jasm| = epits q J", whick con 2%~

Cntm) + '_

wnten as

holds f NEZ and meN -

A siwile A-T,,MAJ-
+n“' VM' "€Z . L'] ;"\Aunﬁa-\

Hoace +he claim s
fo we ae dow.
Ql Similocly, for ony grovp &, if geq,
hea (3"‘)"=3""" \Im,ne 7.
Groof- If nzo, +hen = gmEe =y’ $o e chipmis e -
for s neN,

TkM, ¥t claim is e

i+ '(Mrli,_s <3M)vl\‘\'| - (Jm ", (a'h)\
- er\_ JM
m(n+)
S the daim 5 e \fme Z, ney -

Howaver, .'F neZ~, thea Cj"'l)" = (j"‘)_L Jr sove LeN
But since ,ﬁrv ony hed [Tt (h‘l)_,-,
‘HN#S/ (3"") ® = [(:j"')”’"]f| = (jml)" = \']—MK: j
So e

. e VM,AEZ, ok we ore dore. @
@3 Lasﬂj, if

whee G is o 3I°Ur,

Proof - If =0, fhen (Sh)" =
s true  for this volue of n-

is e fvrsnmg nefd .

m(4)

mn

claine s
31‘""6* commate | e that 3h=h-1'
+hen (39.)" = j"h," VneZ .

e:ees 3°h°, o tha claim

Thea, assume the cloim
Tt folous thot (gn"* - (gm" - (qw’
= (snk") ‘ 5‘"
= G“Chna) h
:j"‘ (3!/\") h
/\+ll,\f\+\
So the el s e VV\C-H—' )

La.sH\j, if n=-R for some Red,
. -y - -

thea ("= g™ = [Gw*]T = (gth?) ' Y7y
- —43-( - h-"j"’-‘ an W' (sina j,lﬂ commufe).

Hence He cloim is frme \Jne Z, so we o do2- @



CycLIC GROVPS
SugarovP

‘:\5 Let G be a grovps
element. Then
{97+ {3K= kez} is o goop G

catled +he " S-:Lﬂvo-f f G ju\uuhd "j 3"-

and  g€GQ ke an

CYcLIC GROVP

g A ﬁ”‘f C is colld a G\jf-lw.
A
SEC.

(E?l In Hhis cose, we Soy ot g
is o ‘“generater’ of G.

THe SET OF INTEGERS mMoDULO N

? For any neg® , the seF of integus modulo n” ,
denoted by "L/aZ, is the

set o equvalence classes of 7L under
the relofisn congruence modulo n",  which

d"f‘.d L:’ l‘F a-b = kkn, i jestll
—

azbh Cmd o)
'
F s is alo wntfn
N as n|a-b.
.Q;_ We can r,ovg Hhat /fur ony NET,
AT s o csclic §rvP
Proof - et [a], Cb] € Z/nZ.
Wwe coa dlfim. an  “addifien” nrmﬁm ].3

Tal+ Cwl = Ca+b].
why? = assume [al=fa'] o CbI=CVI
Then o-o'= kn and b-b' =Rn fvsome
l,Re Z-
Hence Catb) - (a-b) = (wi2) n,
so atbza Lal' Cmod n).
Taus  [a+b] ° [a'44'], so this uru-hun s wel

M,f'w_A.
Next, + is hivially associahive, with & ety Col
d oay elavant [aJ€ Z nT hos on inese [-a].
Morover, + ic commube, o L/nZ is o selian
group vndar this operation -
LG-S‘HS‘ sine  [al= a- L3 \fae ol e, 01§, T/l is
cyelic | with  geaernbor C1l. g

ORDEK OF AN ELEMENT
Q let G be a guop-  Then, fir any geq,
the “order” of g, denofed by o(9), s
the smallest  inteqe, seh hat  ghee,
Suvch oan in'kﬂv exists-

I{: 5"*6 V’V/l, +hen  we '“:J 0(3)=o<5

ORDEK OF THE INVERSE OF AN ELEMENT

9 let G be a gog- Then, for eny geq,
0(g71) = o(g):

Cb\i_‘)_: o(yd = ne N-

Then n is the smallest +ve integer such b ghze
So (a"’)" - e-

If Tmen Such  that
Lot cides implies that 7=

& oggy = oper €
ORDER oF ELEMENTS IN A FINITE GROUP
Q I G is a finite  grovp Ce it 0"5 has »ﬁmk.lj mony elements),

tea eveny elemat of G has finite orde

(_j—-)"‘=¢, foliing inverses of

o oanhedrtion:

CONNECTING ORDER To SuB GROVPS

g Let G be a g and 354 swh Hhet o(p)=n, nen-
Then 3 3 it kzm (mdk ), ond glze ff n|k.

@10{’ gvProst lesm Cood 0)-

So k-m= &n, LEZ.
k-m Rn % .
° 3 = j = (ﬂ) = e, 'Mf’\:];'ﬁ that 3k:3M
Thea, '§vrro£¢ 3":3”‘
So ak-m - e
This implies

Assume  k-m = ng*T

4r
aqr e’t r_ o ’ﬂl’d"J r=0.

S R B i
So n|Cl-m), Im'(J‘Ma, B k=M Crwod ).

1 weo, Hun giegee W B0, @ Folk @
‘?:: Let G be a q~p- ond let 36—& with D(j):h.

Then <97 < {e g, 4%, J""f, whee €, 9,9 ,j"" oe all disking -

Freof. cleorly jeg gte -
Then, svppse  keZ , and k=nqtr
Sine 6‘4:35 am gFe ce 8 s 7€ {ﬂ:j|31'"',j"“_f_
fe,9, - 7 ere diskinet,

S;bsnﬁ‘uﬂd, ench ebrent of
Lo cause ff j-ll-_—a"" jl«_cnu lym  where 0&mek ¢n-l,
Men  a|(hew), s & impssibley s KEM

P"""va o alamenk of this Seb e @l olsfinct. @



SUBGROUPS

CONTUGATE

G, the "CDn'Ivjde,“ of H in &

-8‘_ Let & e & grovwp Then HEG S
s oled a "Svkjmp" of (AN ‘8;' for ony Snvf
Hoitselp is o grop Cuith ruspet b0 by some get e the set
SHS—‘ = {ﬂhs_‘ ? heH}_
-

the. binany operation defined on G.)
e duat jef s o sk of &

colled e Chivial” svbgrP of G-

SuBGRovp TEST
g let & be a d""'f,
Then H is a svbgrovp of & iff

Va.,hel—[, ab'e H.
Progf- Rirst, suppose His o sbgmp o &

Then VC\,LEH’ L'eH  necessenly,
and smee H s closed  wet Hhe brﬂﬁm

°or L, we O-.{- +hat able H, as desied g

Ve, beH,

and HEG H:}:¢.

we have

“Then, Svppse we hawe ok e H.
S Hi P, oo on debeas Hat  aeH,

H has an idertiby etemenl
beH and 47, we get
A2 LeH, s eah elerent

ae'zee H, so

TThen, ’m'o'«j any
Hat  albt = el
of H is unit-

-3
sinee He lo]ﬁOrU orem.ﬁun on G is asseciedive,

LM—HJ,

necessedly  the  binory 0fun-ﬁun on H is alsp astecistive

T"u'Tf"( His & grovp - and  Sina  HECG, W
g

Aptlows  Hat H is a svbpop of €.

CENTER
'Ql.; For ony qwup G,
Aenoted 2(a),
the  cet
z(a) = {?GQ' 29=92 Vjea}_
QI We can Show ECG) is an abelion
Subgrovp of G-
Proof - ee e,
-Thll\, Suﬂ;ni{
Since. LG:GL (as
AT L L

ond  hence L' e 2(6).
T4 follows  +hat

o)y = aCs’P = algh™d
= (ﬂj)L_' CSOL'I - j(n.L")'
sl 2C0), proving FTO B &

+Hhe "cw}u." of &,
is  defined b ke

as

) B
o, be2(8). b gl be obey
LeT(e)), theefore

b'qb,

Sina

and so

S"ijv') of C-
Va,LeQ Gy a;pa),
B

Lasty, sinc abz ba

2(6) is olso abelion,

G Noke et 2O= G
(% 2€6) o ‘measure”
the gqrovp is-)

So we Ge done.
lfF G is abelion-
o

how commutphve

is

Qz Once asain,

we can Venfy +at  gHY

is a subgrovp of G-

Proof-  Since H:d, = 5H3*¢¢ also-
Ten, for oy ab€ 3T by 42
az gng & be ghag” e huhge H-
Hen 067 7 Cqhg ™) (3237
= (gh ) (3h797)
= 3(k,h,_")3—ll
and sine  hh, e H Chy def?, Sina His o S"Lj""'r),
"'I""“f’"- jHj" is also & sobgep -

NORMAL
Q Lt G b & gob and H be a sobgroup of C.
Tren H " normal S'-llsamur" If all the

wniujo.h subgrovps of H e equel o H.

SYMMETRIC GROVPS

.g‘l Pr MJ neN, +he "s"mmﬁc Jnvr of “J"" s

is a

s the st of ol bijeckons  f5 {13 nfs 41z nd

)

ond  we dencke the sef Lj Sn-
% We cCan rr.,:rv-su\i' an  element 6€S, os a sort
kN
of mabix - _ inpat”
e (I 2 3 f‘>
& G 0y an
93' for any neNl (Sl = Al
Poof. Thee oe n choices for &y,
(=) choices  for @, (sina fis '."l"“H"‘)
wad S0 on, unkl we gt Hat
Yure s (choice for an
So the numbe of r'nﬂuh\'bﬂ! of %0, %
s e () = e %
W, Rr a»3, Spois aoh akelion-
. (ot (123 - " _ (123 N
Proof o 2.3.,.0 M"r‘(z,gmn
Trea (l 23 .- "
o =
( ’F) 3 9 ) ">' Lu~+ (Too‘):(

= (5°fl)# (’[uo')’so

[ 23 --n

3y 2...n/,

gn is not ebelon. Z



HOMOMORPHISMS

'Ql" et G, and Gy be greps:
Then, a pfu\bﬁm ¢'—4.'—741 s a “bwmnmorfl-ism"
i VA, be &, we hove

paw = 4
he binony -ruohm on G,.

PIO)

whee 2" denotes
Q,‘_ Examples:
© Toe hiviel”  homomorphism
Fla) = e, Vaed,
@ Reduction modulo n” map
G0 T/ by
Blmy = (m3 \meZ
@ The "O.xponu«l-" map
3T <87 3¢6
PBlm = g™ \Yme 7
Homo MORPHISMS  PRESERVE”
THe TOENTITY
G L GG b o §p homemorphism-
Then ¢(eﬁl) = €, .

Proof- By defa,
Bleo) = Bloa; ) = Plea) - #ley).

Mo [@le )T [ Blea] = [Blea)) [ Blea))gec)]
= &= ¢(5a|), 0s requrd. B

HOMOMORPHISMS ~PRESERVE
INVERSES
g Let f’ GG, be a g "‘mmrrhism.
Then Mged,, $G)= (Bpl™
P_iAf for each SEGI, observe thel
g - B = P97 = Ple) <%,
Henee [gep]™ B - B = [B9T - <au.
o wat Pl (61" %

HomomoRPHISMS PRESERVE
POWERS
Q let @G 6, be o gop homomorphism-
Thea Vg€l , keT, we hew ¢£3")=[¢(3)]k_
Proof-  We first e Hhis WheN by inducfion-
wn keo, PUN: Plea) © = [FQT,
estoblishing 0w lsse eost-
Thea assuming e cloim bells for Sowa. ke,
rote wet  B(gM) = B39 - g - ¢
: (@1 gl = [ g1,
so He claim holds \JkeN-
Shsequenty, if L=-" o Sore meZt,
Yhen ¢(3I-.)= ¢(3"") s ¢((3")“)
= [ﬁ(j") 1= [[_¢(3)]A]M= [¢(5)]_m= (#9] L,
Gnd o s is Svffit b poe He chine Wolds VEkeZ. g
THE comPOSITION OF HOMOMORPHISMS

Ts A HOMOMORPHISM
? Let P:G G o PG> Gy be goup bomomorphisms:
Then (\Pop)‘- 6,3 Gy s ako a grop homomorphist-

Proof. By %f*
Blay422) = plap = @)y Va,a,€ G,

2 Pl = PO 3 YY) Vb, b, G,
where. ;7 B3 > +ha vaa nrlﬂ-’liMI on

G, Gy, ond G3 nsru‘hvz‘}
Momce, if we let o Bla) aad =8, dwen

\y(¢(“l) 2 ¢(“1)) = P(Pa)) Y(B(=))

= Y(ga a)) = Y(g@y - Y(#(a,)
5 (Ye@)a &) = (Yo i (Yo Plap,

V""FU"‘Z’ that (({'of’) s o T honomorphism o5 vel!,

keRNEL
B et Bl W gop hmevehin.
Then the “lkemel” of §, dencted “kar @7,
is Jn,,j—ind 3o be the sef
y ker @ = {3&&, | ¢(3)=ng'§_
%; We can Fﬂ\ll, that  ker ¢ i<
Su\nﬂn...r of G-
P_vggf- we °"f|'(:| he SVLdFur Test-
rst, lar § s cmenply T ldzee, ® e, € lar .
Then, F &b ker g,  Fhen ;
Plok) = Pl gL = G [p0] = (e ea] " = e,
oand so ab'e keed also, v,,;fvivj ot IM?‘ s o sobgop
of G
.g" Moreover, We can also  Shov +hed ¢ is ;"i""h"'

3
i’f_""ﬁ.ﬂb—‘f ker ¢ = {QA'}

o

Then, assume ler g2 {‘&,Z.
Suppese Hhee  yisks @, beq,  svdh WMot ¢(0)=¢q')'

Heaee Bla) - BG) = BW - po)

D ¢(a'o_‘) = EQI’ }mr[jinj +hat aVle kzr¢
Thus  ab™': ec‘l . iMrlj}uj Hat  a=b.
Twis is Sufficiaat o prve it g is injekne 2

) , et & be o grop o H te a sdyop of G
Toen let the celakion At en G ke such thot
Vo, beC, we have a~b i oad sy f abT'€H.

81 We can prove Hat "~ is en
vivalenc celahion.
Poof-  Sin for oty 4 Pla-a) = Plee)=t,

avo ; henee M is  reflodve.
abeG, i oavb, i implas it
& closed undar L inverses,
saying that  bra.

Then, for ony
ob'eH j sine H
we qet that ()" = bale H a2,
So ~ is alse JerM—ML-

Lastly, if anbh & bvc fo Some a,L,ceG,, it implies
trat ol ' eH oad bet € H.

But Sinee H 8 closed vnder mmplimhm,
hence (A\v")('u") =~ gcleH also, inrlj'mj

So ~ is hansihive (ond hanca oA t?;jvn[u\m. reledi

thet a~c.

an). ]

9; Then, for ony clement aeG,
the. "rijh‘f coset  of H Semrahd. \xj a” s
o\l.fiu& to be the Set
\ .
Haz §ha: weHS,

is the ulu'.valc.na class of & with n.srtd'

oad
b Al
. a1 fgec 37

"

iﬁeﬁf 30"€-H}
{Jea: jﬂ.": h  fir Some "'C’H}
3° ha for some heH}

fqec

1

= Ha. g

@“ Sim]lov\_l,'
Swin, that Va ke,
Then, +he Cleft coset of H jumkl* by )
is the set

aH= doh: heH}

class °f ~e -

we an define &N u7u‘va\ut._ relagion 2
we have that anb if aa

ond s an ¢1vivﬂllr\(.&

Y Note thot IF G obelio,
then aH = Ha zfl’ar any aecl oad SVLJN"I’ H.

~ on G
4 only if LlaeH.
f«- some o€l



QUOTIENT GROVPS

NoRMAL Su garovP

Gl G e o 3P Than,
a  subgop Hse is coled &
! normal su\:rf" of ¢ i
3“5" = {sha—l, héH} = H Vjea.
Q’x We use the nofotion "Had" k
nernol suw

denote  tnok H i e
o} G.
MULTIPLICATION OF RIGHT COSETS
.9 t G ba o grovp- Then, for evvy
e Aformule (Ha)(HY) = H(ab)

subgevp Hea,
gives o el - defined multiplicshen  of dgnl coseAs

it and ody if Ha k.
,F..- al' dc‘hi-

Poof.  Firsk,  assume (Ha)(HLY = Hab

cosets of H .
ek qeb asd et be ecbiing.

Then cleody His He.
So (Hf(uk\:cnﬂx\io.\.

BJ def?,
Liting g7 =9
and  hance SHJ
Tus  H=qHy", implyivg
H4G.

or HJ\M‘- Hsg

s implies (3».)132)“: gqe Ve G
we See thef J"kJeH also,

A ¢ H  and 5-‘ng|-\, of (—\53\*3"-

Hal. »

(.onvusdj | s

6 be tueh Yhot Ha= Hay aad Hb= Hy-

et a,bo,b
Then \.\7 dafnitien, aq ' eH ond
Nexd, obsne that

abl a7t = ﬂ(u'l-l)“l-l = Gatbb™Ma) (™).

H o bb'€H, s allae aHa™'= H.

b e H.

Sinw oHa™ =
But Since we oSsumed aa'e€H, s (LM )a")(ags) €H
“7 closre ‘F mlﬁf"’mﬁﬂ)l so ‘LLFI“]—‘ eH.

Ruf sine GLLI-'ﬂ{—I = CAL)(LfInI") = (ab) [nlLl)-le H,

it pllows 4ot (HaYCHE) = (Ha) (Hb)) , ard 50
mulfiplicatsn  of n'JM worels is  well-defivad-

QUOTIENT GROVP

g' @t & Lo & J""f' amda HaG.
Then, the “quebieat  grop” of G by H
wsets

s the st G/H of vi3h+
of H wvnder Hhe opeodion (Ha)(HY) = Hab.

91 We con wedfy Fhot U is & 9P
Proof- By the above, we lnow e binory
well -defined -

oruﬁﬁm on G[H is

Then, nobice et for aay cosets  Ha, Hb & He:

(CHAYHMY (He) = CHab) (He) = Hlob)c = Halbc)
= (Ha)(HLS) = CHa)(CHLCHY),

So +the opetion is  associative.

Then 4w idenbly o G/H i the aml H=He,
and He inwse of fhe et Ho the et Ha™l,
So A/H 5 indaed o Jnulx

GUOTIENT MAPPING

Goar & w2 O
\ . .
Tnen the Tqueled mepping

we foaction 1G> G/H Y

g = My
g’; We can show

sed & 37

¢ is uic.cﬁvl,
homnmorr\niﬂ"\'

.9"‘ ef & be & 3”'1" and

THE GQUOTIENT GRovP IS AGELIAN IF
THE ORIGINAL GROVP IS ABELIAN

-?’ et & be o Jn\f' ond Ha G.
S‘T’I"’“ G is obelim. Then &/H s also obelion -

THE QUOTIENT GRoOVP Is CyeLIC IF
THE ORIGLINAL GROuP IS cyeL1ce

Ha G

Svrroi& G- is cdclic- Then G/H s alse CJcll'c-

Proof - Ir G= (g7 frsome 3¢ G, +hen eny elerent
oF G s in Pe M Jk ,{(«rlou e .
So, fiver 2y Hae G/H, we knew “:jk o some keg,

we 5o Ha= Hp = g4 = I IAE (Hj)"/ whare,

¢ s +he "]WW+ fr\muvarkisw\.

Hence &/H: <Hﬂ7/ co ik IS also crdic. )}

ALL SuBcroups OF AN ABELIAN GROVP
f\RE ALSoO NORMAL

T @t G be an ol gepe

Toen all  subgrevps HeG ore normel.

E’Bﬁf' et deo Le ochitmy.
Then | gHy = §qug's het ] = dggTh hek] = fuchedf < b,

so H is normal- @

EXAMPLE OF A QUOTIENT arovwP: A/ T

G oo e gop ©, i o G oy g

Then T is & s‘,\,aw‘,r cf_‘ B under addifion, oad gince
® s elan, T is & norwol - 34

Hene  the t!'voHM"’ grp @/ T exists.

gz Nok the elements of Q/l ore  of the ﬁm Z+%

where 9 € R.
fcthar deduce  cach elerent of Qlz

Tn fact, we con
ooset DF the 4fnrm Z+gl

s oniqrely  cepreseaied Wy e
whee OS 8¢l
TorSLoN
9 @ & be & 9o
Then G is olso & Vaesion” i
G has ,f\'nik order.

every clement  of



LAGRANGE'S THEOREM

INDEX
- o(y) oIvIpEs Gl
9’ Lt G be o g ond ¢ = g’ et G be & e §vvp-
svbgrovp *G . Then, for any 9€G, o(g) divdes (AR
Then, +he index °f H in :, e P_lgl’f Nofe H = <3> s & subgep of G,
deacted "_‘j l?:):ll‘ 13 ulunlwﬁds = and et (HL= o8-
T\w.hr of dishnct  left Sine (W1 dhides 161, Hhus
. 'J(j\ dividas Gl alo- B
n
.!IGI =n =) § =€
Gt @ e o ke grop, it lal=n.
LAGRANGES THEOREM Ten Vgeh, we have gize
Gt & ke o finle gop, oed let H Boof ot geG e ochitmay:
be o subgrop o il Tuen, neassady O divides N, so
Then JG:HL = ‘TﬁT n= k  whee lL:D(J), wd ReT.
Pwof-  Qna  He gt coels of H in G foems Hence J".- j“‘: (3,‘)2__ olce,
a titon of &, let  Ha, Hey, v, Heo 0S  needled 8
derote the wolleckion distinet rignt conls
foste e S T EveRy GROVP WITH A PRIME Numpes
Then, by dafiiion, U Hag< G, OF ELEMENTS IS cYyCeLIC
and Hﬂ;nHﬁ'=¢ it g, Suppost G s a gop with lal=p, whee
Nexh, Since f: H-> Ha; by gz ha; i & pis & f"m Aumber-
Lijeckion, consegactly (H]= |Ha;l. ‘nnu\ for oy non- idartily  element  geG, G=(97;
Heace (Mgl = tHy) = = = [Haal. e dmusEEke
Tt forlows +that lel= (Hal+ Maf- + (Ha, Proof-  Sinea P72 thee exiss & non-idanhy
= nlHl elemendt geb- |
N - " >, L o(q) >l
ad 6 n= lGiH] = lel g wt He=(p. The \H sice  o(3)
(] But since  [Hl must divde \C| \:j LoU-A-\T-l Thearem,

| and as  posihve  dliwsers,

and la\:r onld has
G=H= (5), Showing

H-,fallnws +hat |H[=r=lL|’ So
Hat G s "j"-”" ]



RINGS

.8| A .,i,n s o se R Lquiﬁ!nl with hwo

L'w\un sfm’nﬁons (usuallj danched by
sddifion ank  mutkiptiation)  thet sokisfy e o, byceRe
{n\\nul.\ﬂ'. @ (ot +c= a+ (b+e)
(ON:3 isHM Alldum grovp wrt +4he  binony E @ JDER sveh 4ol at0=0taza
erotion Y . . . Y J——
OF_ +, with sty 07 ©® ()R suth Het at C=a) = () tas0
@ R s o mmoid wrt the ‘-inu:’ .rgm' ".“‘J @ a+h = bra.
with bty 17 and }_>@ (ab)c = alke)
® Lt & Agnt  dishibutive laus pold; it ©® FeR suh Hot al=la=a
Vn,L, ceR, ab+c) = ab+ac & (atb)c = acibe. } - @ (etl)e = actbe
® aCbte) = abrac

B It muplaten i R B commublive,
e  abz= ba VYa,be R, 4nen we call

R a communtive vhj".

PROPERTIES OF RINGS
UNIQUENESS OF IDENTITIES AND
' INVERSES CHPARACTERISTICS AND  MULTIPLICATION
G Lt R b aa ocbitey s Then: % Lt R o
© the oaddifive  oad Mulﬁr\iaxﬁ\ﬂ- jnverses (
® of R ore vnqw; ond. Then  K-C= r+r:;
for o e, s addhiw  invuR S : . mes
UniTe,J ob asuolly dessted =0 §oond oy £ nlk ¢

chor R 0.

ving with
JreR

.4r+r =0

i n divides ©).

*Hms«_ ,fnll.u from rﬂv;w: Hhearams -
ADPITIVE IDENTITY IN MULTIPLIATION
T Lt R be o g, with oddifie idantity O

Ten \oeR, @:0F Q-a=0:

Proof . Sine O
heace 040 =0.

So, by dishibubindy,
a-o:a(o+o) - a.0+a0.
— Ca-0) o bofh  tides  yields

o neaded:
gz L¢+ R be a '\"‘j with chor R=0-

is similer)
Taen k- =0 \rer .'E ond xml; if k=0-

s the addifie idantly.

Adding
0= @0,
(e r”[.‘ ot 0a=0

ADDITEVE INVERSES AND

"“ULTIPLIU\TION
G oL R W o dng, o a,beR be osbibuy.
Then ,
—(nni ond.

© (-ab= a(-b) =
® (-n)(—“ = ab.
ENDomokPHISMS
8; let & be an abelion anur' with
the gop nranh'm dencled oy .u‘liﬁnﬂ-
Thea the “set of endomovphisms of &,
dencted by End(a), 15 e seb of all

jnvr hnmomnrrhisms ¢ e G

g,z_ We can glnotinr. on  sddifion  on  End(c) |,:,’

%ﬂﬁMCTEAISTIC

Y Lot R be o ving. Then +he

vehamciuishic of R, dencted as char R, (F+9Xg = P * Y@ VP §eenac)

is +he o o wultiplicaive  ideafs

> s of the multip & g} We con also dlzf(nl. o mulhrlimﬁm on End(C)

Uin the gqoup R under oddffn, if s "
(¢\P)(3) = (¢='~PHJ3 ¢, ¢ € End ().

order is f\'n'\('t-



¥,

SugRING TEST
&

SupRINGS

QR we abe insist = s i

Then o subset SER

Lt R bae @ v‘v\d.
it the "+ asa X"

o rU‘MS on R res hict 4o L:nm:l nru‘ﬁw
on S, ank if S B @ iy with respet
fo Hhese reshncted or,_,a,;;,,u 'f"" R.

ie +he

s & "Su-Lr;,.J‘

mmrumhvt doakly of e rnp R S

must be  tHe same.
whj? - they ey ot ogree.. )
o r=TfT, S* Jre1, [23, 043}

lg= 013, Is* C4] | ekl

Let R be o rinJ’ ond SER yith S$¢

Ten S is & sul,y'mJ l{ oadh MLJ if-.
0] lg €S , whaee l|'~ is e mulHrlMM. Mb £ R;
® a-be$ ValeS; ad

® abes VA, LeS.
Poof-  Fireh, ossume SER whufn Ha fwee
conditions  abowe.

Thea by ©, S & sbpop of R with

fur-.d 4 adddion.
S is Closd undor mulfiplication,

“x folles F AN i

R.
mulﬁrliuﬁw_ .d.u\-Frb e,

Then LJ ®:
6d  assocabiity o
ol it s e for

Bj (D, S hos o
and "j e :M'\:l.ut&! 4 Hhe.

iduﬁb 4~ aam0jd~
we lWaew Fhot lp_=]g-

F;mll3, o dishibuive laws hod in S betme

hey alp  holh n R
Heaw § must be & Ay, ond 50 i & s:.L.a,J 1 R_%
Convuseljl ostueme. S iS o svbiing * R.
wet "+"l

Thea gine § is 2 suLJn? g R
i foll fom B SEPP Tt fhat
s closeh e ""h”'r'ia#-q o R,
Va,beS by dafinibion

a-LeS Va,les.

SimiIcA7, sma S
We kpod abeS

Firally,  since oy "‘f"""h"‘ o= ls €5, we con st
all dhrgp  condifions  one Sn.l-f#d o=
CENTRE OF A RING
Q( Let R be & rving. Then +he “centre"

of R, dewhd Y 2(R), is definet

b be

2(R) = d2eR: #rorz VreR].

g;_ We can rn\ll. R) s also o ,.‘,\3,

Q‘B Note if R s commubshive,
then 2 = R.

RING HOMOMORPHISMS

\B let R and S be  ringS. Tnen,
¢-' RS is o ‘In'nj

a fwmﬁon
hﬂmmoq’h‘-sm“ if:
O Plask) = H@F g VYabeR;
® Pl = @) B VabeRi ond
® gu = s
PROPERTIES OF HomOoMoRPHISMS
% Suppose P:RIRy s & A hormomorphish -
Let reR, e M\-ihuu. Thea:
© @) = 0’
@ ¢(—r) = "¢(F),'
® @lke) = KGO \JKeZ ;
\JaeN, ond

® @G = B©]"
@ ¢(r"‘) : [¢(,—)J_" Vne—N if ' exists.



TpEALS AND QUOTIENT

RELATIONSHIP RETWEEN (B: GG
AND KER

{Sl Let ¢'-G.-?&, ble &« gnP hemomorphism .
Then ker @ 5 a normal  Svhgrovp of G
trggf- (et K:lu.rﬁ

Then we Wnew K i a _w[awr 4 &
@ gel be abibay.
SurroSL h-'jk\f‘ for Sowe leek.
Ologarve +hat  Since
B = Blgkg™) = B@LL) P

= ¢[3\ Ce) ¢CJ)—'

e

’
he ker =K, oad so jl<5—|£|<-
i+ shows Aot

# Jollou,
IF ur let J" Joka e rln.m Ifs.
P

3" kaE K \Jjeal
ond  stne HuS

Tk followy ik K=jlﬂ\j",
. (olds V\‘]C‘C, we thes honre Hoat
g,_ let H b a nomal suLJm,r of G-
“Then there exists a grp homomorrhism
G636, s vt H= ker §-
Pygqf (7 S = G/H, dr  He ﬂ'ua'HM‘I’

K is narmsl in G. a

and  consi
homomonlism 4 G5 G[H g by
"'L(S\= Hj Vae(..
Obgerve.  +hat 3eku'¢t .'fuJM!] i ”3"'”(_,
which wes i aud only if se_"e H,

which  sceet -vt,_,; °"b if jéH-

and W Y& done- g

ICERNEL OF ABELIAN G.ROVPS

g" Lot R ont S ke rings, and @RS
knmom.,-rh;;m.

" kamel  of ¢" ,
get

Hene H= lear 1.

‘o'. o rir:j
Then, +he
defues o e the
reR: #) = Os b

"

dancted \‘j “ker ¢ ),

is

e ¢ <
Ql Note that by conshmction, ker ¢ i an
addifive  sologrovp of R-
1pEpL OF A RING
gl Let R be 2 nng. Then, &
suvbset TeR is colled 0N "ideal
of &
@I‘ls a svlﬂmr of the ‘i“i’"‘:
3P R; and
@ T “obserks” muttiplication
ie VeeI, aeR, we hawv that or, aeT.
gl Example @ the “gero ideol” of R; ¢of .
Frst, nole gof is He piual sbgmp of R
under  addifon .
Taa, for ony aeR artbiny - 0- 0-a=0¢30f,
so <o} abyorbs atbiplishion as 2l
idaal o R

So %o} is on
PRINCIPAL TIDEAL GENERATED BY a
g’, Let R be o wmmalolive rirn, ond @R Le N\“h‘ﬁ

Then  the "rrimiro\ ideal Jmld k:] a" s the sef

aR = Ra = {seR= S=ar fr some reR}.

RINGS
QUOTIENT RING

Y R be o nng, and
%‘ ‘:\* ideal of R'nﬂ
Thea the st of 7
‘wen e shruchare of &
i) addition given by
i) m,mrli:mﬁm J'MA hj
or any T+o, T+b e R[T.

_P_n;of. Frst, sin@ T
and R is alelion
by definition RIT s
addiion.
Then, SWps* Jo, bV eR
ond T4+ b= T¢ A
a-a'el
nofe ‘HWd'
ab-a'b+@
alosorks mulf Plioﬁ’on ,
-telI,

et I be

wt  wosefs RII con be
Ang, with

(I+a)+(I+n = T+ (atd); and
(T+a)(I+b) = I+ ab,

i dditi y
o sttt shyop f 8,
(onder +), Hhen

well W undar

Sudn thet T2 =T Tre!

[
Twis ;Mrl.‘cs and L-b c¢TI.
Svl;s¢1m4’3,

ab - a'b =

'L—A'LI = (a-a)b + a‘(L—L').

Sine a-a'cI , ond I
Ca-a')b €I
a'(b-t)eI.

addilion,

r\emssa';lj Similocly , sing b
we Mt hawe that
T is clwd unde
ob-ab el
T+ab = T+a'l

Fimlhl s (a-a)b & a'(b-b) T,
and
Tigs shous kot
s well-defired-

Cp_r{niv\l\jl T4l 1
swa  (T+a)(I+)) =

Also, Mulhr\'\mﬁfm in
Sine

(A THNT ) =

= (It albd) = (];n)(I+Lc) =

fr oy T¥e, Itb, Trce R[T.

We can .s'lMi(MJ show R/T

RELATIONSHIP BETWEEN
AND ICER
be & 'i"j humom;arwsm-

Q; Let G:RAS

Thea leor g is en idesl  of R-
N
Bt T b e e
homomorphis™

so
o M*'Hrliaﬂm

l-,m v’mi

mulh'rrtcn‘h'on,
\/(Ita) ER/T .

on

'.JMHJ wrt
T+al = I+

R/T is assocehive,

(T +al)(Ttc) = (T + b))

(T+a) ((TH)(T+c)

also

SAJ—% +Hae d,'_dh".u"ln. laws -

v section)

of R Thea
&« viny $: R R
ker ¢ =T.
Let
q: R R,

ond  consides Ha T-nl"l'n* Mﬁu\'ng
Ite JacR.

sina RIT & a rvy-
i“) =Ita: It0,

R=R/TI,
by
Then q is @ rir\lj
But sna & €kec { :f-u} only f

which  holds ,'f and m\lj .'f a€l,
st have Hhat I=kr ¢, and we 2 done.

Prsf-

lt[ﬁ) =

hnmamorrhism

)

we mu



Chapter 5:

Elementary Number Theory

INTEGRAL DOMAINS

.%Eko DIVISOR

Ten, &n element
llm &wr“
b%0  such Hhat

INTEGRAL oomAIN

Ql let R be AI commutadive n'nj,
whee R¥ ¢OF.
Tan R is an lintegel domain if O

is the °"l:] zer0  diviser;
‘ ie if ab=0,
g_;_ Example: e ving z.
CANCELLATTION pROPERTY O
TINTEGRAL DOMAIN

thea eitha a=0 of b=0.

F AN

\g Let R be o commutative n'nS.
Thea, wWe cana show thet R¥ C:_O:(» is
and only F

an inhjrul domann
\a b, ceR, F ab=ac ad a0,
\hof Rrst, sppse R is an i

Gt alb,ceR such  Fhat
a(b—c)=0-

domain , and afD

L—c-:o,

+hena b=c

| domain .
ab=ac and  aF0.

W\U\ a‘o- ac:= QI so
Bt sne R i aa in
‘OJ Mxmrl-ivn , we mush hawe Hhat
ard so b=C.

Convarsely,  assume e concallodion’ Fmrwh belds -
wt abeR  such that ab=0.

I a=0 e clom 4»1(-:“: Jv'\vi-'U,
ato, S0 nar.cssn,.‘l" b=0.

so assume ad0.

Then ab=0=0-0 and

FI1ELD

Re 2 A Th F
Ql Let F b & nng en,

S o "Ll if

® it s wmmuiodive and

@ every non - 2ero element of F has
in F.

'y Mulﬁp\iufu& inwerse
.gz Tn other words, for each acf,
Fa'eF  such +hat aa b=l
-83 Examples: Q and R.
EVERY SUBRING OF A FIElD IS

AN INTEGRAL pomPIN
R ¥ this also pre

g Lt F be ° fed- Then eveny  subring i
A ol E g
F_@_A{ Sine mullir“cn-*iu s .(;f.'.\u fhe y:.mn_

as in F, and mulhr\imﬁm w F s

wmmubhive, we wnew R iS4 ommsive

rirb.

Thm’ sv”:ow. we hare al\,,g swh hat abz0 in R.

n\o.c:ssmiln, fhis  equdion olgo  holds £

| exists in £ b dgini‘lim,

Newt, .(: a0, +then a”
ond so atab = b = P
Tas rmw-s i,f sl in R, Hea a0 °r
So R js an infgpel domain- B

= 0, ek o b0
\,:o,ul

Gt R oo inkege

GAVSSIAN INTEGERS
G The ving of Causion integers”, dendted by 0,
is Jyfind b be the get
2] = éax bi :
with addifien  given by :

(axbi) + (c+di) = Catc) + Cb+ddi

ond mul{-irlimhon goeo by
(ax\i) (e &) = (ac- bd) + (ad* be)t-
Norm
@ Let a+lbe € 2hil  be M‘ﬂihu:]. Ten,
athi, oclenoted "j

the “rorm” oF
N(atb), b be. ul.m‘

) = Az+Ll-

h

NCa+bi

PROPERTIES ©

CHAR R TS TeERO oR P

|  domoin-

Then either chor R=0 o€ char R=p,  where P is .r;‘me'
chorR4D and dar R S sk prise

Pv_g_a{ Svfro&(
Then either chor R=1 or chor R s wm{»s}fe‘

T chor R=l,
be an ir\{ﬁml domein-
If cher R s wmros'/k,
tea,ben. Then = a-lp
cs = (abd-lg = O, wheh is o

Hen R= ‘:03 , and SO connat

dhen dhor R= ab, where
sad  s=belg o=

non-wo,  but
conhadiction-

Hence r\ecaSsM'IJ if R s aa inleaw' S
fren  der £20 or chor R s pima. B '

EVvERy FINITE INTEGRAL pomAINn IS
A FIELD
Q let R be & ,f\'m'k fnhful domain .

is also a fetd -

Then R

Poof. ot a=(RI, b neR-
f aer ke obibegy with a%0.
Let Hhe  muttiplicafion mep B:RIR by

" GERY VreR .
Noke @ is injechive © i Blo)= ps), thea
orzas, ond by the cancallafion anw’j
"EL'—SSA:\'[J =8

Then, Swe R is fnile,
By inckivhy, gl =0,
N—cusu‘.l(j R= ¢cg).
Sv\vSlTAAHJ, I’J s..;]._;HﬁI:’,

whidn soys hak ul,:bm:\-
a mul-liphuﬁw- invege  beR,

p must alse e sueciie -
wd sine PR) €R and (R[=n,

Thus  each aeR hes

R must ba o ,j-idi- B

“"”GZ} *i s swh that

g INTE GRAL DOMAINS
€

thee exsls a bER  such ot gy =1,

ondh S0



DIVISIBILITY
G oL R b e eyl damsi®

LR be orbitreny -

ard \et g
Tren, we s3y “a wodes b F
Here exists ¢ ceR svch tt b=
and  wnte alb.

o tb if

* e wodd wife
a dots ot didde b

Tve DIVISIBILITY RELATION
Ts REFLEXIVE

g' let R be an i
Trea aja \aeR.

Proof.  This fotlous Jrom Fhe fuct that
a=1-o VYaclk. g
THE DIVISIBILITY RELATION
1s TRANSITIVE
g Let R be on ',.\kja.l
Then Vn,\-, ce R, if‘

ral  dlomain.

damain -
alb ond \:lc'

necessonly alc-
Proof-  Since all ond ble,
akz=b and €= b2 ,f-f some W, RER.
Thus c= W2
= (%
.= alk)-
Ginea (WRYER, fhis dells v afc, se
ore dene.

alb, e B ol Cox+eY)
g lat R be oan inhjml domain.
Tren  Mab,ceRr, i olb o ale,
N.tgssmilj a| (\n\ucy) V"/j eR.

P_»_<{~ Sinee alb and ale,
¢ akz=b ok aR=c ,f;vsw k,2eR-
Thes ,fvf' ony x/jsﬂ’
bxt ey = C(ab)x+ (a)y
= alkx+Ly)
and so  al(bxrey), as ragired- g

ASSOCIATE

?{ We con define on u]u'wluu relaion A~

on nnJ fi'\\J R L‘J 5"“‘\"‘3 thet
aml if alb e bla-
w\n:j’. > At83.
‘(Q: We Saj a and b ore “associate
2
n R .'r. a~b

UNIT OF A RING
Q‘ et R be a ring Then, on elemant
reR is called © “wit” of R

if r hos o mulﬁfalicdiw. inwverse
in R.
g;_ We denste R* Jo be the sef of

all units of R.

[ 3

and ) &
W Lot R b on i dormain
Thea, Jivu\ ony A,\-eal
we have a~b ¥ and only if
a:u\;' where u.eR*.
Pl@_nl-' Firsk, Svpp=® anb in R.
Tuen alb asd bla, =

kLeR  sun Hef bzak asd
boak = Cb)k = b

H'_I\Lﬂ.
I b=0, +hen az04=0,
whee LeR*.

On the other hand, ifL'—\'—O, H
and- La e concallofion rv-rwﬁj
So RER®, ant Fo pof

Cpnvusel:j’ svrrst aczub J‘-r

Thea Lla Afollone .-..,.,.mnu\.]_

But nofe u.—lg = whb =

Thus o ~b,

exists
azh.

(ak).

and S0 azh= [.LI

haa bl = b (R,

necessad

(ﬁ,llws.

some u€R.

b, onds alb

mrlnrh-a He  proof. i

IJ k=l

also -



DIVISION WITH REMAINDER

pIVISION WITH RemINDER IN T

g" Let abel with  b>0-

Toen there exish vnie infegers 4 i 6
with Og¢rch, swh that azbqtl
@I' Note that
0] q s Lnoun os The 1~n+iu\+"
of the division;  and
@ ¢ is Weawn as The “reminder
of the KoAsion -

GREPTEST commoN DIVISOR
?1 Lt R be en integel  domait, d abeR
be ockitmry, with a%0  and Lo
Then, an clement JeR is ealed
"srtahs+ common Ajisor”, o "Jcok", of

w ond b i

® dla ead alb and

@ If eeR s amother comm
N o tat oo ant elb,
Q1. Note +he Jnahs{- common  Aiviser of

a osd b mey not  be

+hen M:!SSM'\‘, eld.

uniﬂvt b

on  divsor of a and |,’

pIvIsio

Q Let

Then there exisls
«=p¥t §,  with

—

N WITH REMAINDER 1IN AN
with p¥O:
Y, §¢ ZU]  such  that
0¢ N(E) ¢ NG
Let  of=otbi and lg:ch{i, for some

« pe L0,

a,b,c, d €L, with C*0 ond AFO-
Ten ek A0SR
B S adi = di K
_ Cnr_-l-hd) + (Le—ad) i
ot a*
b = r+Si, \emed
; ac _
wth =z TELT e @ and s= :,;+:_‘_ e O.
SuL;sEﬂIvU\'HJ, choose mne @ swh Haaf IM-rI < _|:_-
W ¥z mini € LT ond S= ""‘FV'
Note Se-Z'[‘-']/ as "t and "y e dosed. in
Then,  cerhinly wzpYtS:
Moreoves | note et
= o
S=°(-FY— F(F\—FT

F(r+si) - F(m+r\i)
F(Cr—w\\ £ (s-Mi),

u

VO RN Hi

[

lp (Ce-m) + (s=n) 1) I*

| > CCr-m)‘ + (s-n)")

NCp (Co-m)=+ (s=n)).

- L
js-nl &3,

But sine |r-ml € ank

wnsul.u\l(J
ondh o

Hece NCS) € NCRY - € Ncp,
oHar  contifion n& the theorem- H

3
Co-m) &L aud Csm'g Y,

Co—m)* ¥ (s-m € %,

fwvi'\a He

pIvis
Ql Lt R be on iyl domin. T,
we soy R has & diusion oiaa';“\ﬂl
4 R\§of >N

if- Hure oxists &

sueh
exist

with

QI T this cese, we call

fu\diun
thet Yo beR with Lo, e

‘L:reﬂ suech  Hhet a=byt

A(r) < J(L);

or =0

4 +the " Aivisor

f‘”‘"h"‘" of R.
RELATION BETWEEN @ AND GCDS
.Q". let R be on 'mhjr-l domain, and ﬂ,LGR\{o} "
Mloih-uu. Then,
O If & ad dy ore beth artak:% common  divisers
of =« rd b, He Ay and
@ IF 4 s a J«aks{' commen  AiviseT ¢ @ and b
and Jzéfz is  sueh et dp M +han
s & Jd- of o ond b

ne.ussa.n'LJ dy

awd a-s[< %
2

He ry il.

Ton PALAoRITHM DIVISoR FWCTION



THE €ucLIDEAN

-B‘I- let R be on i"hﬂ"‘ domoin  with
o division -lsev'd'hm, a,beR be
M\n'ﬂ'ﬂ“n-
Then,

to efficently fud He gt of

the  Eucdidesn olqoithm

A,Lék\{o},

and

+he Euclideon alJ-n'H\m

use
a and b.

we A

.8;- Tn other word$,
shows that aivu\ any
ﬂco\ (a,b) alwon exists-

FUNDAMENTAL TOEA
U ne fodenentol idea  tnot  makes e
Euclidenn olgorithm work is as Aollous:

let R be on 'mhj,,l domain, and

thee exist @, L,t,rek swh +het a:l-tl'fr'-
.f a end b

Surrns&

Toen, on  element deR is & g

if and nnl; f it s a Jr_d of

ie Jd-(n, b) ~~ achB,r)_

b and T

disach.fawg,,

E_n’_of- F’\ﬁ“, hrrost
Ha & alb

This iw\f[iei
So af (arls b(-0d), el s A

So A i 4 commen diviser of b oand
diusor of Lend r

die
7

Then | suppese e s a ‘o
Taus el and el
Mence ef Logerl, o ela
common divisor of =+ ot b.

S'l\ouliﬂj that e B &
But Since & B 2 J‘J of o and b, #  pollows
thet  necessenily A is elo = g
"J b and r- R

rwof can be used b poe. +he

eld, aad 5o

A similer backwed

st 8

gcd (1009, 33)

.law\'ﬂnm

EXAMPLE :
) q We con use +he
fo  far the Jc&

Eucljdaon

of 1069 ond 3.

ALGORITHM

PROCEDVRE

Q‘ et R be on ishgel demain

with a  divigion nlrn'{»hm,
D denctes the

ond  SvppR

divior funchim  in +this  case.

Then, givea some a,beR  with a%0p
calwlfe the

and biOp, we con
g of e e b as follewS®

(D we f;r.d’ cemy out o division with

remoinder o Jd’ Hhot

a < \nﬁ]’. + Ny

where 9, reR and eithr =0 or

D(e) < DLCb).
® Thea, if %% it implies bla, ond
wnuﬂmﬂj thet b= acdfa, L.
use the

® othewise, i fF0, then we o

lemma o the (et b deduce that
and(A,L) ~ sc&LL, rl)_
® So, we can comy out another division
with remoinder  of b by o ad'

ot

a9

b= My t LEW]
ad  either R[=0 o D) ¢ D(r().

where 42 € R
= sd (b, r,\ , inr&inj ot

® P«Jaiv\, if o +hen
q=gek(ab) oS well-
inftr JAJ(L, ) ~ aci(fl, ",_)'

© Otherwise |~ we o

ond S0 we ore ceduced B
3"“ "f r, and -

calealate &

@ Wwe con contiae Hhis fm.a.s! jo obtain & sSucassion
of divisions  with remainder:

az bt where the last  non—tw

is

plh) > Dl 777,

b=z N+ 1
() 2
Thea, Sine

n=nRi,+tn
J"f « remoinder of o, as
decrtasi sequence aaters!
2= rn—l'LrH'f fa lﬁ 1 f
faq = T0ln + o,
® But since gedlab) gea i)~ ar gl ), and
w\d So

we con umsu1w+lj infor Q= jcl(rn,rn_l).

0= acn\ Ca, b) also-

this 15 @

remainder  obfained .
we  must wu\%wﬂj
SH cHJ

aumbess ¢

n \ rﬁ-l ’



THE EXTENOEO EUCLIDEAN

con b used o

-%" Tne Euclidean aljavﬂ'h""
such that

fnd  elaments x,yeR
axelyd,  whee d= Ju\(n,\-).

PROCEOURE
g We coa lwmr(ish e oabove "3 the
folluul'ma'.
® Suppsse affer  curning  the Ewclidean .13..;u..v.
on a and b, we Jm.,,k divisions b
remainder
az bt N * = leave ont
b= qut i the lost shp:
AT ]
iy = Taataa *

nL
fhe order of the f-‘1vlﬁnns'

@ We now fevese
and [solate the remainder in each ove!
oz Tnz= Mo n-l
ooy = M3~ (a2 -2
= b-nd
= a- be,-
® Then, we coan "\mdﬂ-—suhsh‘)uh" the  below
U\vﬂﬁms infe  the abo one,  which will
t\lwhu“\) ferminode  whan  We hove '—*r"“‘"
3:4(«,!.) = = ax+\3 ‘f" some. x,jc—ll,
which s what  we wanted o do

gmmvl.e: 1009 x + 333 = |
(B’ We Ccan wse the Extender  Euclidesn
n\\Tn’H\m 4o ,ﬁnl infeger  solufions
b the c.qvwﬁon lOO‘Ix.}JJ:’ = .

T"\U\, obseve if we swbshile @ info o,

we Jd $hnat
| = S—(lu-ﬁ-ﬂ-l z 5.3 = 14|,

IF we  subslhihde (©)] inh  Hhis  new l-Tﬂ\ﬁU‘, we,
sv\.:sw,-—u\{-(j Ukl et

ALGORITHM

L= §3—-l4-] = (14=1%1)-3 = 14y = 9.3 144
We eon lluf "Laf.k—subshhﬁyj" ke Hhis,
conclusion Hhot

(‘IU\'{“‘“J arn vinJ of the

[ = 10097 - 332l

and o0 umxn;.]:: hos a Slubion  X=? and g

owr Z.



LINEAR DIOPHANTINE EQUATIONNS

g’ gurrﬂt R s on .‘nhon\l domain  With
a  division alaoriHnm-

lineor D:‘orhuva. l'luaﬁnn (in

Then, o
2 vorobles) is a1y ..1u.+im of e
{«M A!+LJ +C,

whue o bceR and %Y % the solubions b

+he uﬂ[vaﬁoﬂ'
IF A LINEAR OIOPHANTINE EGUATION HAS
A soLTIoN, THEN 3d(«,\.)|c

domaia  with @

G olr R b an iy

Aivision .(J.n'{»hm, and et ab,c €R

be arbitory. Then, if Here  exisls

a solufn B the quion a.xq-LJ ¢,
+Hhen S:J(A,LHC-

with %y eR,
P_@F- Lt &7 J:A(l,L).
Then dle and

A\(ax+\,\-j)=c.
Se dle, and we o done. 1§

IF 3d(¢,b)lc,
HAS A soLUTION
g Let R be oan integel domain

gljafﬂh"\x and.
with

alb,  implying that

ax-«-l.,:c

with o  division
a,bceR be orbitroys
ato ond L#0-

Thea, f 3
op\-\.J z=c hes

Proof-  Let J:jd(n,B).
olgoritiwn el w Hhet

such Hmt  axet by, =d.

e Euclideon
%.9, ¢R

Then,

Siace &l # fptlous ot kel
Sucth thet €= Ld, ond S0
cr kd = Kklagrly) ol Ll

s> that ax-t—l:j:c hos & soldion

%skxe and Y= lf-jo. 8

albe & ) ~gea(ab) =) ale
-q" gvrrusl. R is an .'nkjm\ domain with
o  divsion nlJnn'“\M, and let “,L,¢¢‘R
be orbifrmay-
Thea, i et albe o I~ geble®),
necessasly alc.
Plg_of Sinee albe, there st exit @ keR

Svdh Hat ak= be.
| is o J‘ABf}Bl“L’

Moreow, ~ Since
xy € R such vhat

we bnow Hhere must  exist

ax-]-Lj =).
Thus, if we mul#rl:, Lot sides L"] c, ue Jd’
acx+ \ac3=c

By since b ak, se
acxt “k:] =C
= a(cx+\c3) =c,
as ﬂﬂ\iNA~ g

[Ww’vxa ale,
d=3d(a,'o) 2 a=da,,
5 g¢d (g, bo) © |

g"uq-ﬂhm'mhavd

o dijusion .lJ..iHm, ond

b=db,

domain with
let abe ﬁ\{o}

be osbitreqy-

Suppose azgdla®, < et amda, ad bdb
for some ag, b0 & B+

“Then JCA(A.,,\,.)N‘ necessarily.

Proof - Ficst  we Wt ot IxgeR sueh dt

ox+ly =d.
So  (dap) + (Aboy T4
onb canculliy ot e d4¥° guds et agxeloy =1,
ahids swag that §edlao ) | 15 and ® ju*(ﬁo.(-.\—vl

(as 1] schlagle)  holds hivelly) @

.g" let R b an ivﬂ"aml domain

ExAMPLE: FINDIN
10 1009 + 333 =5
Q We can use the formuln gwen above

THE GENERAL SOLVTION OF A
LINEAR DIOPHAN TINE ESGUATION
with &

division  algerbhn, and  a,bceR be
such Hat a0 L b*O

Let d=5¢4(q,h) be swch that Aie,
b= dbo -F:r some.

as Ana and

ond  write
ao, bo €R-
Thaa, the wM{ald’t set of  solutions o the
f-jvwﬁo'\
ax+ LJ =c whoe X%y eR,

is sivu\ \sj
(X.j) s

whee KkeR s uLifﬂ/:’ B ond

Pc—rh' wlor  solution +o m:-(»LJ =C-

(Ko-\'ldm; \'jo"kq"),
(oY) s &

Eﬂ"f Ej aSSuMPHm, (xg,j.) is & solubion ES N<+L5--c,

"Mrljlmj +h¢+ axe+ Ljo-_; C. —0®
Let (x.4) be another colufion ho the uluaﬁm,
So tht axt l”3| = c.-

Sulotacfing O fom ® pelds that
alx %) + Lly,-Yod = ©
b= dbo Jiv« s

—0

and

and mhiaa the  substs a= da,

(day) (x,-%) + (b)) (Y- Yo) = O

Recurr N} this 3«.{1 ws et %(‘rk)=’l'n(.'1r'jiu)-

Hence by | ap(x,-X).  But since 3::“%. L) ~ 1,

We o infer that Lol (x=Xo), asd o x| Yo = kko
for some  keR.  (This .‘urliv.; X,= % +llo).

So  agCleby) = —bely"Ye)

ond  Fhu -
* leay = —cjl'Ja)i thea, i we e for g,

we  get +hed Y4,= Yo Ka, -

Thus  if (xpy) 8 @ colufion o Hhe  equbion, Fhen
(XY = (Rotibo, Yo ko)

Qy\w.mdj‘ bt f X = Yotlbo end Y= Yobaos e

ax, +by, =

= (axgrly,) + K(ako- bao)

¢ + k(Cdog) bo - (dbo) 20)

o (xptlebe) + by, - kao)

= ¢+ 0

= C,

and S0 LX) is e solukion o the a.-’v-h'm. L}

¢. THE GENERAL SoLUTION

fo find
al  +he solubons to {ooqx+33‘.j -5 Cin Z).
Brsh, \'j r..um'ma e Euwelidesn ah-.iﬂw on He ey,

we J"+ thet  gedCio0d, a)= 1 and that
1009(F) + 23(-2m) = I
Twen,  since 3f.acmoq,;z)[s, the alove 92 hoo o solufon.
§ gk At

Su\ugaruﬂdl hulkf% Lobh  sides I:j
1009(35) + 33(—to%) =5,

our I.TAH'" has  Hhe r""hw

slubion, nee  apzaztool & bosh= 33,

and 5o lor  Solution (qu\",):(!{,—lh?ﬂ).
Tn \
Jﬂ.{- +he JW
becov  the JLA 6 | in FRE S5 aad so Hhe
de- coluion of this 9% i
(xg) = (35+33k, —10% — 1009k) ,

whae LeT is ”"ih“j-



q\ULTI?LIcAT.Ne INVERSES IN T/nZ
'g? We can wse linear Diorhuknl (1unﬁms

to calalote  +he mu.lﬁrliaahw. inveese of @7

elemeat in  T/nZ, if it exists-
g;_ Ta rorﬁwlu', we con shew [ale ZInZ

has & mulhiplicative ioverse. if ‘X+'\J=l

has @ solution -

&'ﬁf’:‘ Obeve [a] s o muIHrlianvc
inverse if and .nlJ f phee  exish o

[X]& Z/nl such +hat EA]CX] = U7

This is uivivn.[ud'  the assaction  Hhat [ox]=011,

or fnat axZ| (mod n.

T hen, Hais s the Some &S Sy n | Cox-1);

e I\J = |-ax f,r some. ye zZ, or in other weds
has « wldon. &

whether ax+ny = (

.9; Hence, Hhis s oll(\tj rossi‘alg it 354(.‘") =
g‘ Note i = wl : .

y VO if n=p hee p s pame, tea  gekla,p) =I V (el e@fn)\Lo]

and o ZfpZ is & fieds



PoLYNOMIALS OVER A FIelD

BI Lt F be o fied Then, ue
defire  the set o Tpelynomials  with
wefficants in F descted by FOe,
®
Flx1= ‘:q°+n'x+ “z"t*' v +anx:i N30, ajef Vl‘i.

g;_ We ean +turn FOx] inb o cmmutative n‘nj;

o m

wen = i 2 .

3 - f .'=Z.>ﬂ;xl and g5 T bix',  we e
Ls0

.h.f;ne an  addifion  and m“ml’"“ﬁ"‘ by
mox(m,n)

f+g = _Z Ca;+ b %i
ond e
men . :
e I_sz_ix-’ with ¢z Tk,
DEGREE
'g'z Let F3 e o set of rn‘JnumF-ﬁ'
with mff.‘du’s‘ in  some 1q,_[d F:

Let fe FOXT  Le ocbitrory.
dencted l'j Jgsc{:)'

Thea, the "alusru" of £
such  Hhat q‘-$0.

is the lNJu# index i

deglfeg) € max(deg(h), deg(y))
G oLt B obe on odibey fud, o fiqe FOA
ke u‘"h.‘,:, WM, l'f hJ(fﬁj)*Q,
then  dey(f49) € max. ( deyep), deyy).

moxlre,n)
Proof - By dafnitea, 'F+3=i_?,,f'i+":’*"-
So all t‘)cfluul! lf r.w: of X -H‘r
mox(m,n) oe equd h O 5o B FI40

tHen AEJ(Fﬁ) ¢ max(mpo) = ’“"‘(d‘j‘f)' dey ).
deg(fg) = deg () + de9(9)
g Lt F be an odiany feid, and .F,jepog
be  orbitany.
Then ohj(ﬁ]) = deg(f) + degg).
Poof- By defe, f3= :Z_:c;:‘; hene &ll
offide of pows of X i e o
u'u.l b O, ;'"f'J;’ﬂ olfj(fj)s chf-F)i— th(j).
Noxp, olswve Hhat

C, = ZA-L
on i J “mensj

s aDL’“H+q|LM*H-I+ ¥ 4;m"n“' +‘m-hn‘lo.
Thea,  since ‘J=° Vj>m, n al fm oflr anky in e

Sum obwe o ;7,‘| o O-

LilewBe , Since L"“’"'_] 20 when j<m, all fepy Lg_éf! a,kb,

in the sum  alove o -.Tnl b O
am’-\=° & L"l"l:bl

Heace Cmen = “m"’,,, ond.  Since

e ,fw,f— thet F is an .'n{-jnﬂ Aomain

Hut @b, = Conn O

Jells ws

Tws is oot ko pre

FCx] Is AN INTEURAL DOMAIN

e Fole en oty fud.  We con
show thet F(x] mwst be on integral
domain.

Proof-  Obsave if F3e FT\ o}
+Han JZJLF) ond dvﬁ) exist,
and I-J the above dﬂ‘ﬁ) = dypre degly).
So fy*o, ok with e foct that
F(x] is o commutstive  nrg, Hais S

svﬁ‘.p-‘uf o show  thot F(x} is &n

H ’\flﬂ(bl domoin-

Haof Aquj): MmN T A'\-j('F)"’ Jﬂ@) g

.FC‘] HAS A DIVISIoN ALULORITHM
G Lk B obe on ockimg fel

Then, the

division

Flx] admits @
function -uj(-) )
je Flx] with j'to:

iv\hjrul Jomam
alj.,.mm with  divisor

e f‘f ”J F.Ijmmi-k ‘F,
qreFix] sun Hat  P23057,

there  exist
o  degte) < deg(y).

and either =0

foof et S={f-gy: 1eFDAIf

It 0e€S, then thee otk o g€ F(x] swch
+hed £=9%. ond we oo done.
Ofherwise, let reS\§o} be ocbitrory.
BJ onshuchio, = f-q5 Jor some € F0«],
and & f=gy+r oS needed © %
Next,  soppse  deg(e) 3 deg),
and etz oo + Bqyx T and g° bt ('m-c"m-{#-",
whe b,40 sme §¥0, and nzm.
Tren, sine  byt0 and Fois o fud, Ll st exsh

-4 n-m

let 6= r- abmx g

= n n- - 4
Cops"+ a, x4 ) = (apx"+ a b '-m_."n + )
= - a-l

(apq - Babm S F

go  thet Agjtr,) e d!dCr).
Huwwul n= - anbm-'x'\wj = (f—u) - “,.Lm_'x"'":’ = {'._(1{_ “"‘L"‘-l"“-m)J/
r o5 an clment of S o{: smella}

so reS, wn'fvtdid-;lj o choice of

Aojru.
Teore 49 < dey o ol vedfpey B S desnmposikon
‘F;31,+r where =0 o AﬁCr)< A'{j‘d’ does  evisk
EVALVATION
G Lo B b an ocdibey i ond
fe Flx3 be orbitel
of C

7

e Vevolusion of £
s defast t b€

4 ag

Then,
where  ceF,

£Co) = apc+ pniC

RooT

U Lt F ol an sk il o
feFlx] b ockimy:

Toen o ceF i a “rot of £

it fe) =0
EVALVATION H
G oo A
hmamorrh‘sw\" of
o be the magping @ :
gien by g(p) = £ VfeF

omOomMoRPHISM

Toen, +he evoluation
F of some C€ER s defined
FlxJ» F

-9’2 Note +hat ¢c is a Y homomurh'um-



THE FACTOR THEOREM
E‘_ lt F be o ,F..ul, and CEF be c-fLifrvn_

Ten ¢ is a ot of f if ood ey if

(x| g in Flx) ; e ke g = FOs1(x=c).

P’n;uf First, assume (x- I f-
Thea, by dafinifion, then wats Some  eFD]
sich that f£2(x-0)q-
Nofe @(xc) = €-C = Oy  fhus,
£lo) = #_(f)-' ﬁ(x—c);{(.ll = O0-A =0 :L‘-w'w}
et ¢ is a wol of F
Conva:sdJ, suppose € 1@ ol of f-
Applying  diviion with remainder of by &),
we Lnow thee nussmi(j exists 1,reF(x] swh that
fzlx-c)g*%
whee €30 or  dygr JtJ(x-c)ﬂ-
Either  woy, fhais J“““"*" s o conshoal I»bmminl,
in the :fvf"‘ e f" s fREF:
So, Af’(J.'n:, ¢< o dhe ¢7: J.'f.ds +hat
0= f = fip= A((xcqer)
= APAEGD+ 0
= 0-Fx<)tre
5.0 % fo
59‘6-'1"5 Hat  folxdg, s o)l f.

Thus .f[c)=0 !.K_-A_HJ when f is Muﬂ?ft o [1(-:)[

ionplyirg oot eac 4 = FOxIx=0). B
f HAS AT moST DEG(f) DISTINCT
Roors IN F (IF f#0)

8‘ let F be a fied. Then, any
rohminl fQFCX]\é°Z has of most
ﬁiﬁ) dishet rofs in F.
P_'E’f" We F,.w_ this LJ induction.

Rrsh, if dea@s0, Hen foho , whee foer\pof
Hence fodo VeeF, Showing f has e oels i
esbL(i:ki.a oe fiest base .
Siwilady, if %qm, thea fraxgk for some a,beF,
with a#0.

Tea nofe =0 iff actl, iff ac=-b, ,‘H‘ c= -a’'b;
g;-th.';l.;a.] PR TY = S

ge {: hes '_‘Ar,Hy o vt in F,

\sase case.

Next, sufrm h@ﬁc)"\ﬂ Pr sme n2l, nszfl and

assume  all rq(\-rpmi-'r of clegree ke nl  hewe at
oost k woks i F

prs f hes no  roolsin F the cesult is 'fvivial!’
true, o asume ceF is a vool of .

B_‘] the Fachr Theorm, — thus f:(x-c)F,‘ Sor Some

‘f.\EF'

Talu'.na dga,m,\' of Loth  gioles d;:l-!; that "ﬁffn)""'
Toen, nofe YeeF, f(a) =0 if ond enlJ { (0-fn@9

whidh lolds  if  and onlj f azc or )0

But fnla)=0  hes
n Aishndt  valve F o€ F;
hence, f@)0 for ok mosd el dishinct

TP\& cloam ,)Ea Hows La Ny p\(}uchb"- m

value

.91‘ Let F be o ,F._m_h._ J}.t.(l-

:g: for ony r'i'“‘ Pr we a@a  show

PRIMITIVE R0OTS moDULO P
9¢G, o) Is mAXImAL = WY vnea

_.g’: let G be o fiwite ohelion P and
S'lrrﬁ!. Je-& s guch e o(J) is mﬂ‘i“‘"
Then, o) =k, Hen Wee  VheG.

LPWAf n N’J)
F* I¢ cyalc (F IS A PINITE FIEW)

\ Then the
goup F* of waib of £ i

Proof - Siace F* 5 a Finike abelian GO e con
chosse an  elenant  ce F¥ ot  has mayinm | order.
Let +his ordes be k.
Then LJ the above lemma, a_k= | VaeF*

I I’"’"’*"‘l"'/ the f'bﬂwiﬂ’ ol eFlx] hea o
least  [F¥| aishnct w00k, s PP < k.
contoin

But we alse lnow Xl o only
at mast [FH dishnct  roofs, S0 k¢ | F¥L.
Thus k= IFFl, sk w0 thee  existr oa elerat
of F* lhovg order [ F¥I-

Heee (EFL s cocl-'c,

('IZ/pZ)‘ IS CYCLIc

awhich we wonkd b rm&.m

(p Is A PRIME)
Hot
the  goup (Z/fl)* s cyelic:
Proof-  Note for ony prme P, e ing ziht
5w finde fleld

the =bove Theorem, M.a_SSﬂm'IJ we Mk gab

Sv, \"J
fhat Z/fal is 605[1'(' I3}

ot most N Aishinet valves f.r akF wost



CHINESE REMAINDER THEOREM

COPRIME / RELATIVELY PRIME

.Q: let a,be Z Le orbivy.
Tren, we say o ond b are
it acd(q, =l

PAIRWISE COPRIME

'E’ let ™, m,, -, M be o list of inhaus.
We sey s list is  pairwise urnm: it
ey r_ﬂj of é'_"’},"‘" clemvents (S urr'wm.,'

.

e gedlmg, m)= | T4
CHINESE REMAINDER THEOREM PR T
G Let o8y, -, 4 dene ockitray  inteqers,

ond et m,m, ., m be a list of

FnirwiSl. ari\me in‘i‘s'd-

Then, +ne ‘j‘*""‘ of [CRATRAcE

[ Az a (md M)

KT A, Lmod M)

xz a, Cmed my)
has a solufon %€ Z, ond tHhis
solufion is also wai ve in  modulo  mMmy.m

ie f yetu is o soluben b Hhe i’;km above,
Fhen xzy Cmod ™M, - ~m).
Pﬁof— First, assume there  exists 'mlven‘
LI. L,_, o kk sveh  +hat
lklzl Cmod m) L'__=o (mod m) {LM_ED (ol )
(h’-s'o (k44 4Ll;| Cusd ) cbnro (mad ",
6 ElO tmod M) ! : H
() ™ - ’ L0 (med m'_\ [L,,_al (med M.
Then, nofe that
u.
T oak; = ab+ &b o+ o kol
S]]
e + 0,(0) + - 4 a, ) Camod )

a, Cmod MO,

"3
so that Zabi = a Crmod ™).
=1

=

w
Similor wmruhl-imu’ show _Z ali ¥ a4
[ =

so  +hat X-’_i L s o sluben b the sjshn g, ;_1va+ions.
e=1

We now thow wh:] L, exists-

Since  b50 (mod ) Vief2s, -k}, i follows

that  Llm Yjegas, el

Let M = mym, ..y

Toen i by M, for some CEZ,  thea b anhatol
snﬁ:f(u L=o wod ) for 2etfk

oYy sabitfes  the first "’j"““‘": wt
weh Hhl M = Cmod ™).
CC,]=[M,]" in Zfmz,

Next, nuas
‘h jlul a crsﬂ
We Lnow Hhis  con onlj h"ff"‘ {f
whide ja hm ean onlJ ocewr iff Jul('“,,m,)=l-
But obseve if JcJCM,,m,):\:l, b iMrI,‘u M, & om shee
a rm fw,fw.

By def2, *hs Jochr wold dinde btk my ard e of
the othe inl‘Jux in M Tmmy ey, I-Mrl\,j;,.a +his
pime is o commen focke of  m, ad sere M for it
This is @ eonbradicfion,  as My, My, M is
Ur""‘”"— Lj assamrﬁ"‘{
Thus M, nuzsiﬂ\'l\'j
iMrlj-IV\J
So letting b= oM, Jiv'.s

gm =l Cmod ™).

3clel such et
us  the ink\-ju we want.

A simler fno{ con be
exist as  well,

ond  his s SIIFqu}' b shed a solufion  exists. "

(mad ~) Vje:‘l,z,---,k}’

‘po;miw_

hes o Mu“‘irll':h‘ﬁv‘- invse  in Z/m,Z,

wse b show  why by, by, -, by

(we con set LJ-= GMj , wher ¢eZ a <

m

4

m:

J

)

Nowl

Surrosc

we con show whj

XYETL  both satiy

Trea, in rc«-ﬁcu{nr,
mil =y Vi

imr(ni q

So, LJ A &Y,
i ploss that ()| e,

'I'V\rlvf,ygj

(x1= ij

this  solubion s uniT,g.
the stlem °f “'\‘j'"‘"w'

xsy (wd w)  Wiegyz,-, kf,

since ™, My, -, M o rﬂ.‘ﬂuil{ ,.r;m,

in I/M,m’_.-- "‘Itl . 7}



EXAMPLE:  x32 (w3), x33 (ms), X2 ud)  (Z/memy - T) = (T T) (U, T) - (Tfow T)
* K

g- We con use the Chinese  Remoindes Theorem
X€Z h the ’S’*"”‘ 'g: Suppese My, my, o, Mg ore rnimn'u a»rrime r»sifi\:t iniﬁws-
Then we must have that

bo find the colufons
(I/Mm,_---m;l) z (l/mll)(l/m;l_) v (Z/mT).

XS 2  (md 3)

xz 3 (mod s)
x=2 (med F). Proof-  First,  let [], = aZ+x for any neTt, xet.
To shet, et M|=5-'1"=3§, M, 2 33:21 aad My=25:15, Then, lef the homnm"']’him Lehueen "‘:js
using  the  nofoti - the proof- .
d nototiea e f of ;5 (z/"""‘;'-' mFl) - (Zfm2)(TYm,E) - (Z/m) be '*'f“‘ by
Then €6y ¢y ove  defermined by ssling ¢([=L],...mz...... Y= (2], Cx]
@ 155( 2 Cmed ?); ﬁrsl, ' * ™ m, s Tt [x]"lj: ) V[’]mlml_,_mlﬁ Z/Ml"x'""ln.
) e show  this map s wcll-&pf-‘wi-
I D‘]M.M;---MK = cj]"'l'“r" gt then (mm, - my) | (z_J)_
® In rorMu, we have et mlOey), om L0y e, my ey,
Mot ek S0 e o [, = [yl o ek 1€iSk
He. -
nce. ¢(Ez],\,.'..}__..mk)= B((Tm, ), SHovicy Tis ™ s

well 'Jlf;nml .

Then, we o similorly  check g preseves

addition, mulﬁrlirpﬁﬂ'\ oad  the wnily.
we  Show kuf=éo}_

® 15¢; = | (mod F).
T chou $ s in"u.h'vt.,
Svrr-u we hee o ast Cx]m,nz...mk such +hot
¢(fﬂnln\‘ _.Mg) S (C°1"l|: [o]q“ ["Jm,‘) i
So, we get phat ¢ =l =1 and gl Tan x  sabfes Hhe  Syciem g coreneas
= = . x20 (mod m)
Hewe b= QM) = —1(38)= =35 {“0 i
14
b= M, = 1(21) = 2L and { _
by = CgM; = 1¢is) = 1S, xzo Cmed ™D
co ¢ e skm,  oad by e
so our soluhon f o s\:jsk-m is C(IDAJ xz0 is o soluben v the 34 on i
\ uniquesess uf colubions n The CRT we eoa deut
e = b+ aby + %2 .
. L ) ;(s) bat  xzo Cred sy te), Eﬂ"‘l"‘---'m' Lﬂ"‘.";—-mn'
= 2(¢
= 2(-35) + 3(20 So kar § is the Be el pew mot f i imjedive.
5 % = 23- f=5 jeive:
Next, H  show g sujetie,  syppse we o
Tws solution 5 UMl madele 3572105, 0 Mok ger o0 orbitrony alement
it Uel is  anothsr inkju- solufon o Hhe system, K
la)] e Tl _
HU‘ 3 = 23 (M‘* ID:) N ( ! MI Y [qz]ma_' ' [AKJ"IK) ;]:(Z/M(l) .
By CRT, JxeZ suveh +hat

{xs a, Cmed ™)

AT a; (md Mm,)

:FsomoRPHISM

0 Let :R=>S a i homoraorphism -
Ql & # . n . urkum o similor dcf-‘niﬁm

Then, ¢ is an Ihmwrhlsm if exists  for Womamorphises

s albo ijeshon . . '

; ¢ s alse o ST ' befween RE S . 22 a Cmode "",L\
g;. thmukvr.l:]- ’f is b0 on D ond  gince

i trere  exide o ring homomerphise? ((x1 -

prsoR sk et PoPps i and it 7:’ :Lm:.nm") _ (FQJM" fin o Bl

¢°"P= idg, where idg ond idg O d;’ ws " ﬁ( " 1"'"’”"(‘

the ideabily meps ot R ad S ﬂ‘]"‘ﬁ"l\'j' So, since ¢ s Lotk ;"l-“"\" & SU‘}'—‘“"‘- it Jﬁllﬂu Fhat
gs If an i:nmorr*""m exishs  bhvenn n":j‘ ¢ & I.il't.r.h'vt, oad o f s an ismurf hizm

2 ond S ﬁvm Z/m,mz e T S (Z/m, l)(Z/MLl) < (T . ]

R ank S, the we soy
and write RZS.
g& Note the ralahon "' on ings =

relation .

oce isomorphic” ,

v.Ta'valu\u

an



FIELD OF FRACTIONS OF

THE “FRACTIN" EOUIVALENCE REATION
Q'l: Let R be an -mha,d domain -

et +he relafon ~ 8 Rx (R\{0]) be

swen thet  (a,b) ~led) #§ ed=le
is an GTJ\A(MC'- relohon.

Then ~
Pﬁ_’-’f' Rrst, since ab= ba, if Aollos
that  (a b))~ (a, L)I shwb\} ~ IS
reflexive.-
‘rhU\' if' (a,b) ~ (c,N), +hen
'\mss‘wilJ dzbe; s cbzds, t0

that  (c,d) ~ (o L)
Lasty, suppose we “e gives Ca, L), (), Cef) € Rx(R\{o})
(e, d) ~ (e p).

Ca,b) ~ (c,d) and
:f = de.

Such  thet
Bd d-.,[!‘, Yhis inrfiu
Mu”\'r“jina Hhe ,f’mnlf l.?'l ’:_1 f \71'!"!5
adf < bef
£4 adf = L(“)

ad=be and

S af(d) 2 Le .
inlegret  domain  and 430,

o conclule
and  Hhrus

Thu, gina R s an
we can ue the canglleds rnr'r‘j

4hat  of = be, so ket ta8) ~ (e f),
ot ~ is bmsihwe. B
Ql We dente Hhe s of equivaleace classes
of ~ by QR).
% Exmr't'- ®
[la, )} “shuss " T
FIEw OF FRACTIONS

'g:' Let R be on inegel domein:
addition epesitor ‘Flfnr aofofimel  ease,

we. wnit Ah- o

r-rncu\f +he ui.,;valul'&

cass (V)] in GQR).

Then, we con defire &0
on QUR) by
(ta,0] + (e ) =
and o mu\Hrh’uﬂ"‘ Or"‘H"‘ by
Cta,01 * Ced] = [Cac, b)) .
o et QL) s o b W
o these  dwe 9 ons, called  the

",f;ud of frockion “ of R.
Pof- First,  suppee Lla T 2Ly )] oad  (Credd]=(aidy]
Thea, this implies abzba &
SVL“I'VMHJ, pote  That

("141""':‘1)“:-“1) =
T (Lay)dd, + gl by

[(I.‘q-LL), M)]

We con

¢dy = d,cl_

(“:L,_) dd, + (qd) bl

(4 + 65¢) ‘Llil),

wd thes (o dbiC), Ld,] = [Caydy+t,6. b4,
so [Ca )] + [eud)] = oy k] + (Cardy)],

5»“”"‘3 + is  wel ‘h&:-\GJ«'
e also well oh,qﬂi"

A simler fm/ shows X
Next, we clum [(oL]e Q@) s the eddife
idantity,  wahert per\ie} s octibey

c QR), w hovt

Fedeed, note o any [c,0)3
= [Cle )] = ()]

that
(o, 0] + [Ced] = ((od+be, )] =

bed = bde-)

(e lod u!,vsm‘l] wlds cince
[con] = [Ga)], s Yhat

B similr chack shows tHhot [Ce, N +

[0 W] it the addifiv ideakly.
A simile proof  chews [T s He mlfjfede  idudly o acp).

Sbeagartly,  we claim Fr oy fa,0)] Lo
o oy celfe], [, @] = [ea)) ™
Frst, nol ako,  Since [ ] # (00 imples

as ¢ $0°
Thus [CL,A)]ESLK), and

Ceb,a] - (@] = [Chaab)
with a  simle rnﬁf :l‘lﬂwl"y_ that
()] = (cta)3”t

show

use  similes  lines nf renSonivy h

other condifars of =

(@] € QR) with

ack0 , and so « F0

7 = Cand,
[Cab)]- [chya)] = [N, 5o Hhet

We con
ocr) bl-ll-j s the
ﬁlu.

AN INTEGRAL DOMAIN

R4S : rer}

g Let R be an inlegel clonsin.
b He .w’uvinj {'IL

Then
R is isomorphic ='ER} ¢ QUR).
Proof - we fist wify &,:i‘T’;.—er 5 a sbiqf acR).

Clody sinn LRy, s that Ro b the unify & &)

Thea,  giwn <, beg, rebie B4
L
!

a_ a.1-b-1 -
1 2 e 2k ¢ g,
oad
ab
[}

a Lo ab
'_'l— = — € Ro,

S LJ +he Sulvlnj Test Bo is a "‘"""_‘) of R.
Sul.w]\mHJ, let the fusshin :R2Ro by ,,—(.—):_'C VreR.
We claim o0 & a n'.n lm,mmmrh'wm.

Tndeed,  for any r,seR, we heve ot

© olCr+s) = "—‘"Iﬁ = —'F + —f- = )+ o(s);
® stes) » B

&Crs) T _|£S|_ = —r-_%'_ = 6lr)+ ol9); and
® o - +,

so Hat o 5 a n'llj hwvﬂr’hhn.
Moreover, o is deorﬁ sjestive, ond  the foct Hat
ker o= §°} (since o’(r):% imrleg roo) fells o 'd
is also ir\iu-ﬁvf--
Thus o s
iSnMnTHSWI, rw.,(nz the  cloim.

EVERY ELEMENT OF R HAS AN INVERSE
IN QUR)
Then for

g’ lat R Le on infgral  domaia-
e exish an alé QcR)

Lijedive, antk  hen must olse Le on

uu\.] element  aeR,
such +at a-a”'z= I
Proof- Nofe since QLR) is & fed,

eleent of R, hes an  invese in
Hhe clom .{—-lluus Afom

ey non- w0
Q).

Rut since Ro ¥ R,
here

EVERY ELEMENT OF OCR) CAN BE WRITTEN
AS ab™ ; aeR, LeR

.Y s
~Q' let R be on i'\‘ljml Aomain: Then far ony
tlement e QUR), we wa show Hhe must
exist some  agR, LeR suwh +hat 1:“‘,-'-
Roof - This fotlews fom fhe foct  that
- _,
RO

)
©
(oat $hat T € OLRY). /]



LocALISATION

MULTIPLICATIVE SET

g Lt R be an mfﬂnﬂ domain.

Then, a subset SER, whe S+4,

s coled o Mulhrlm:t: sc.+h if _— Toen he
mul v

- “ r ‘u\b‘h-d a$

|€S and S IS

ie if aeS and beS, then abeS.

pous  in RxS,

relotion Lunj Hhat

LOCALISATION
Q leb R be an infegal domain, ad

S b a mull-ThadM_ st S in
“ localisabion of R ot S°
S” R
fre st of equivalave clasws of

R.

i$ d#u'ad o be
ordered

with +e u'u'valmu.
(a, L,)..:(c,d) F ad= be in R.

Q The oddifion ead mulfiplicstion -ru-ﬁ-ﬂs ore  the

som in

SR as H‘j ore in

8QCR).

Qz Also, R is isomorphic b o Simier subiyg of

(ca-4db) + (eb+da)i

= (crddlat b)),
commwlabve 0 C

W

Slnnwila. mulﬁrl icofion i

observe ot Afoe any acbie €, we howe

New),
ok a 13 2
Cor W) A7 ) = (ﬁﬁ-(%)%(%-“%)‘
T 1+ 0i
s,
S: Fhat zvend, atbie € has =« mulHTHc-Hw_ invesse
T L C.
We cowtd Jso  show e dishibubive  laws hold in &
freld- 7

Has  wowld be :uf,FaiM‘I Jo show € is @

SR (:'l with aleneminato” l) and.  evvy
dlemant of S has <« mutfplicative  invese
in ST'R.
g The sat  of complex umbers | or
s g hle e o _— RIMINOLOGY
poirs  (=b) € RxR, whee we f‘f""’d TE ARE FORM
each ordedd rair (=,b) L:j a+bi, _QS,TANO C The e
P olet el n,
whee i*= ) frm mEarbi, e alcR,
gz Moreover, we define on oddifion on € e e Shaadocd o’ £
by repL PART
Catl) + (c+dd = Cakc) + (bedi -"g': Let 2e @, ank suppose 2= athi
od o mulﬁpliaﬂ‘ﬁ"' on € by whee  abe R. ’
(a#\al)(c"’*‘) = (ac-bd) * (adtbe)i- Then we .MJ a€R is the " real
L deacied b Re (%)
€ Is A FIELD pork” of B, dudt
B e cspect fo e o opusdes IMAGINARY PART
h.fww-idal.wt we con  Show C s ‘g? Lat ze @, and suppese z = atbi,
o  feld where a,beR.
‘1'30{ Since  +  ogres with the  erdinony Th . "
adatve  thudve on RxR we coa  deduce “oowe 5y andi e leimg
! od” of % dencted L Im(z)
€ is on obelicn 7 wadar addition. P ! w) N
Than, nofe et COMPLEX CONJVGATE
([a.+l.l)(c+di))(!.+-ﬁ) = (Cac-bd) + (ad+he) i)(¢+.fﬂ B Lot z2€C, ond tuppose z=at I"i/
- h
(('"-‘“)e - (adib)f) * ((a-l+k)a+ (ac-Ld)f) where abeR.
- Then +he ‘complex conj ae” of #
= (ace-‘de - a _bep) + (agp- L + odetlee) — I3 ‘
ond “ denoted LJ T, i th“d b Lo +he
(DAH-;.)((C-(-JE)(!'PF)) = (o+bi )((ce—df) + (n!2+aF)i) a:mrlc.x Aumber
= Z = a-bi-
(a.(u;-olf) - LU¢+c1C)) + (L(cn-d.f)+ a(hf-cf)) ; z a - bt
. . MOPULUS
= (ace -adf ~Lde - Lef) + (Lee—baf 4 ode + aof )
_ @‘ Let 2€C, and cuppese z=a+bi,
- = (Catli)lcrdi))(etf), "
s owmg_ mulﬁrliuﬂim in C s w sseciahive. whesre a.ILe R.
Noreover lec i o } Then,  the “modulus”  of %, dAencted-
! 5 o muMfpleie il sk ofe. Hhat by Iz is  defined P ke
Cothi) (cakd) = (ac— W) + (be+adi b —
2l = Ja*s b2



PROPERTIES OF ComPLEX NuUMBERS

— [ —
Ttw =T+ D
Gt queC be odkitey
Then 3w = T+ -
Proof - Wite = atbi  and  w=crdd
whee o, 6, ¢,deR.
Then 2sw= Cate) + Cbeddi-
Twes  Trm = Cate) — (L+d)f
= ate - bi -di
= Ca-b) + Ce-di)
= FT+n, o needed . @
—_— = e
w =2 W
G let we € ke ordity
Thea FW = Z-W-

2
Lt zec. T (P F
Poof- wate %= atli, whwe abeR

Th B S
o Fv C i ieplyiy e

L
T °

1y - 2 L
(t)_-’ﬂ'h" +:TP|-

But nofice +hat
e . I atli
T Z al ° a e+l
a+bi
= '."+L"
=.£t3 + .,_‘rgl-
-,
amrluku& the r’f B
T =2
? Lt zeC. Tn @) =2
CTivied proof-)
T+3 = 2Re(R)
Q Let ze €

Then 24+ F = 2Re(?).
( Tave! lvwnf')

-T = 2t Im(?)

g Let zeC
Then 2-T = 2iIm(?).

—-— - l
-2 = 12l
Y oLt zec

Then %--%_ = |i',z'

Re(R) < IRe(2) < |2l

Y Lt zed
Then Re(z) € |ReR) € 1=l
Proof - Lt 2z athi, whue o beR.
Then cesdy o < la], esioblishig
S i ofify.
o gy
Next, note |Re(2)| = at
I R e 1
= 1w’
So thot [Re(e)| < ||, estoblishig
e second inul-..\:‘u. |7)

In?) € 1Im(2)] ¢ 12

(L—] Let ze C-
Ten In@ € |Tm@] < 2l

(Similor  proef # the  “Re” schon.)

12w| = 12llw]

8 Lt 2,we C:
Ten (2wl = (zllul.

EYEREY

G wt zec
Thea 17| =12l

TRIANGLE INEGUALITY FOR C
8 let z,we € be oty

Then m_u.ssnril:j [2+wl € 121+ lw).



PoLAR FORM
ele

QI Let the ame OeR (in rodions)
be r.rLih-nr\vj-
et m‘-lu ¢xrm¢n‘li|

Then, we defi o
foncton ot B, dewtd by e,
‘oj N
e‘e - s O * isin®-
of O,

?z Nofe #hot ndordluf
lv.ie| = Jex'o + 0 == 1.

POLAR FORM
ovbitrory.

g Lot €T e
Then the "["’l""“ fom o T =z
iven b
3 J H:]
= re

’
wheee = |2l and O is the ongle
/ﬁﬂm Hhe rasil'ive Y -aoxg o the (me. vaMf

fom (B f te g
ARGUMENT

B oLet zed e ok ord write
2= r®  Lith nOeR .
Tren O s colled  Hhe ““3“’""+
f 2
m\ILTI?LICﬂTIOﬂ IN POLAR FoRM

z,5,e € ot jim in  polas

g Suppose
form,  with %= r'I"-igl md HEne
for some .6 eRY end 8,86 R.
i(9+6,)

Then 73, = (N )
ml

P_rgt_af- EJ dqfiniﬁ
¥ = rlglo’ = 6 Cus® + isin8;)
H
and T rlzl 1z r;_(us 6, + isine,_).

Thus
72, = (r (us 8, +15in,)) (7, (050, +isind.)

= 60 (e B+ isin8)(cas 81 ising,)
S [( s 8, ws 8, - sinB, 5in8,) + (sin®, w58, + cocB; sm&) ‘-J

=N r:_[(ws (9' q.sl)) + (sin(el-ﬂ}l));.]

((8,+8,)
e i which we wenld P shew

St = a0

DE MOIVRE'S THEOREM
'Q': Let ze C\{0} be o-bitory, and
suppose T = e®  whee reR? o OeR.
Then, for any e 2, we vove that
= r"e“"°)
foof. Rt if naze, en 2= 1= et
Fw-.'ma Hhe lbase os@-
Thea, astume  the csull is dna e some neB.
n in®)

|

Twis imrli!& 2=

Sﬁ'
th: tﬂ_z N (r"eib\e))(rv.;o)
- rﬂH'_;(nS-i-D)
-, %'M" - r_v\+| Ql'(l|+l)9
proving  Hhe  claim holds for aHas well.
chion  that  the cluim iz Pn YneN.

I+ /fblh: LJ indu
o« ol #' ony neN,

Moreover,
(r-—ne i(—ne))(rnei(ns)) = 1.
But cince rﬂe_“"e) - (rziﬂ)"
’

it ’f"“”"‘ Hhat fr—"e;""s)) - Crv_'s)_"
?

which exisk \'J wn'zi\q/u&i Df inverges:
e VneZ,

Tlnm,fv-( the daim s
ove dlone. 7

aad we

THE FUNDAMENTAL THEOREM

ALGEBRA

T Tne Fundomertnt oo Algebm  siutes Het
any non~— conshont ,»IJ.M;-I fe C€[x] hes @
root ian @C; e thee  alweys exists &
ce € such et fé)=0-

ALGEBRAT(ALLY CLOSED

‘gl Let F be o fud- Then, W soy F
is "-bd.mimllj cosd”  if €Y Ao-consfant
polypemial  f& FOT hos o nd in F

@7_ AIM-HWJJ, F s ab.bn;f.uy closed  f sad

only if wery non- constont Fcbmmial fe FIxI
coan be fachored as 4 rndud- of linesr
e JD\OM'nlS

f= clx-aNix-ay) =

;e F  add n:lﬂtf)-

. (x-8p),

where <, e



SoLvING EQUATIONS IN ¢

SOLVING ¥ =a In €
? Lt ae€ and NETZY Lo ockiiny.
so Hat 4:n_i°

Write a in rolll Aform,
for some ceRT and B¢ R.
Then there o  txacHy o distinet  solutions

T b the epefen 3hca, give by
OQ-I.I!.'I')

t= V;‘ 5 ei( n
l
where ke do,, -, a1,

Proof-  First, assume 2 is a solubon
Yo +he ac,g_ (which we knew exisk  dee
do the fondorasil phastm f olyrbro),
and  urke %=sei¢, whee 530 od BER.

This  implies that

g A at i
fe () 2 sTe fooa.n®

z =
Then, since | S = [n®] it s thet €25
so Het oo afF
Addiﬁomlh' n¢ = B+ AT for som kezZ,
o tet = 8,22

jelds

But nele Haet only telly L= 0,1,y n-)
o tht thee

distinet  valva fo e boof %

e EmHJ " rusill‘. b vools.

HMI‘J, we on \,Mb these o= indead rools Bf

e u:lwh-l
TS TS SR i(® .

(AF.E£"+ “)) = rel +2u-)= mls.- a. 773

exAmPLE: 2t = (141)
Q’ We con use  Hhe method  deseribed
obove to find the solufions in €

of the equation 3t (1)
sk, nole o= [Perts L
0= ba'($) = G, so teat

P L

I+ ,fpll-..u that
[}
- v (R4 2L .
= (-fz-.') e (’+ '*) , ll-tfn,llz'g}
bR
kegonrsf o

2 2= 2%

Y olet F obe o fuk

QUADRATIC PRMuULA PR A FIELD

with char F¥2, ond suppose
we o gien a,bceF with a¥o.
Svppose furthwr dhert exich o GEF swh that o blae
Thea Hhe 7.;.4»4: u'w:hf"‘

ax* + bx + ¢ =0
hos  soluhens  §iver exacty by

x= (-biy) (2a)"

nohee  Hat

P’J'-’—"F N ]

a(c—L:J)cm")‘ £ Lbagaa) tc = “"‘)_I""”lm‘)'f ey re

T u”)(V5 2y Kb - W72 2by )
=0

so Fhed La')"ﬁ volvs 4~ RO, ’ e el o

He 1unnlmh= uim#a.,., *
Cm\vvsdjl svppes that  XEF ﬂﬁ-‘ﬁ'i aadebx4c=0-
Then, alx*+abx) ¥ ¢=0

D alfs a'bx + 7" 12) -(gay Lrec = 0

SILY 4 (4a) (et =0

a(x+ (3a)
(V- tae) (Y™

5 arx+Qa'l) :
(x+ ()" = (-tee) )

Fom e, nole the hoo st woshy -'/—l-ll RHS oo
eince o b
J

-1
'!'_J-('lq)

NE (ay!' amd -y 2y Yae -
Thus x+ ()7'b =
and S0
x= —(a)'b 2 yoer,
x = (-bzy)- Qa7

proing Ha  Husem. B



IRREOUCIBLE POoLYNOMTIALS

ot Bl put,  a e FOT =

non-constant r»quiof-

Then we SAJ Hhat f is l."d"du‘" ;f'

F odmis o prPT sotin £ g0/

whee g he FOxD ad dagey), Syl 7 |-

otherwise, we soy F s “irredudble’

B 10 oter weets, f irreducille i
wheaever we have & *:-h"u-ﬁ-n F:Jln
with J,lne FOx],  necessanly either § °F

h must be constont -

4y £32, f Is IRREDVCIGLE
2§ Hes No RooTS IN F

.Q"- Let F be on nfLihu:, ,f;._u' and
feFlx] te @& r"b’“’"‘"' with  deg()72.

Su"w. f s srreducible.
Then f has ne nots in F-
Prosf - Sugpue § hog o oot cef-
Thu\, Ly the fachr Theomm,  this .'mrli!: we
on wrk  fElxcdh for sme  he FLx].
But  since 43(x1)=| and  degCk) = deygp)-) 71,
this is 6 conhodichion o ov  essurphen fhet

£ i irveducible .
Taus f conwl have oay b F, o=y
e clm. ()

‘hﬂ iz 2 o 3,
2 F IS IRREDUCIBLE
Q Lt F be an obimay fud, and

‘FEF&] be o ru'y\vﬂl-l such  Hhet thl»fFZ

or dcj{.{)-.: 3.

&‘ﬂ”se £ hos no wts in F

Then £ s irredusible-

&'ff S'urrnt $ i redusible .

wite fagh,

Then e can
whee g he FI<T o penmconstad  prhped.

ﬂ',f)l'-u thet  deg(f) - JAJtJ)+ hdlh\,
(since  degify =2 o 450[4::)

ond s0
it frae degg el or dgCW =l

Either way, this means £ has & linesr
foctor,  aad Hhis  linear fod necessanly hea &
root in -

T hen, his implies § o o wet i F,
which is & condradiction -

Thaus s irraducible  ofler all,  which we

wanled o rm/c-
£ Is IRREDUCIBLE <= dyy ¢p) =1

Cf Is A NON-
In AN ALGEBRATOALY cwosed FIELD.

g let F be on ol Lr-icnll:l closed  fietd-
Ten & on- constent r'ljmmld feFlx]
is  ineducible  d wd ony 4y =l
Poof  Cleoky, & linenr  polponnl o4 %3
,Fdl i3 irﬂluu:‘xlg R
Convu:llj, )F fe F(x] is {rreducible
ond uglﬁ", then f hoa ne ots N
F.
gut Hhis is ;mrm:ue ona. F i “f]"'"i"’lb
closed, so thet tHwe o€ irredugble
w FxI. B

§ HAS No RooT IN F

CoNSTANT poLYNomIAL
)

TRREDUCIBLE  PoLYNOmIALS IN
RIx]

fr=0 > £2)=0
Q’ Suppose  fER[X] is  suwch Hhat fts)=0, where ceC.
Then neessadly  £(E) =0 also.

Ppof-  Rrst, wnie
fzoan'+ R,,_,xn_‘ + -t oax ey
whee g, ), -, ap€R ond ap$0-
Then, sine  £() =9, it Aollews Hhet
0: a4 a,‘_,c"" +
Tolm& w.‘mal«, of botn sides K thet

-
-l
. 4 QIC +4,

0=0 = " "
ac + a,.¢ +

o 4 ¢t Ao°

H = z - =
a, "+ A'\—IC + - *Q‘I" + a

= “nfni' 0 = _
(3] + 4 aT + 4,

so Hat f(T) =0, compldfing the pof B

f Is IRREDVCBLE In R(x] <)
2 @®=1
oR de_,(-p:?. AND £ HAS :2 REAL ROOTS

Q let §eRBT be a non-constaat  polynomial-

Thea § is irreducible v R(x] jf  and only if

dgglP=l, o deg(f)22 and £ hos no reaf oofS-

if ‘{‘]‘f‘” or 4ﬂ(f)=2 oad .F nes no resl
Jeal

Pﬁof- Rrt,
rodls, thea the wek i e preview sections

usg tht f s jrreducble-
C°'“"’s'{']' sy fellx) 5 an ircudacible,  non-ceatisat
P{Jmminl.
Since REC, it follos That fe C[xJ abe-
Ten, by the  Rolomerhl Taeoww o Ay, £ oo
mrlu oot ce(.
If ceR, thea f hos a el nol, and
Jhe irnMLiHj of .F Ao ‘ﬂ‘ﬂ—:l'

bt THC oad 0 C

Otherwit, ckR, so
is also o wmof of 7[
Tren, opplying e Fache Tham,  we

g Hut
fn' Swme  other r{rn‘u] he C[x].

£= (x-c)(x-T)h
Nofe. that

3= (x-0)xE) = X - (eaTIx + T =
Th,‘;/ i owe ey out  divishn  with cersinde of £ 55j
in R(x), we & pot  fEgh'En

whee W, e R

ond J‘J‘f) <2

with emarder oV

But if we do He some divsion
Clkl, we Lnww we G et Fegnto-

Sne He Jfemeindes «t \mil]‘u, i s it r=0,
So thet W= h"

x*- (2fec)x +lei e RIX].



TRREDUCIBLE POLYNOMIALS 1IN

QA‘\’IONN. RooTs THEOREM

G let fe BI] be a non-constoat  polynomial,
ondh supp®  reB & o ot o f-
S“fr"u fwﬁur :M+

n -t
.F: “n**"‘H" * +¢l,x+q°,

whie 8,6, -, 8,6 Z o a,¥0-
Thes, if r=-;—', whee 97 ond ad(m):',
we st have that ‘Llﬂn ad rlll,, in Z.
E"l“f’ Sina .f({j: 0, it plbe Fouf

n -

4/\({) + «,._,(%)" . ra (e agel.
Mulﬁrbina botia cidas by ‘Lﬁ and  rearmesiy
Sivu us

ao'iﬂ = '(°'\rﬂ4 '“'\—\I'Ht*"“‘" qlf‘l.ﬂ_l)

= —f’(“nrn_l‘* a,, rn-ai P a tn-l)
Sl«ow'uj +hat r | aot"'
Than  Since jﬂiff, tl") =, ] it
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