MATH 146
Personal Notes

Moccus Chan
Taujh{' by Ross Willord

ond Qi“"ﬂ Tran
Uw Medh '2S



Chapter |

Vector Spaces «.

? Let T Le Aetd -
Then, we saj \/ s & “ vector grme
ovef [ if  fhew  exists
© on oddifon +:(VxV)V Ly Hlxg) = xty
@ o scelar Mulﬁrl;ﬂﬁm x: (FxV)>V Lj x(a,x) = ax;
and  the ,ﬁ,llm.rj condifions  hold:
@ V is on abelion grop with  respect

4 addition;

® lex = X \xeV ;
® ““"Hf“ﬁoﬂ s ossociotive; e allx)= (ob)x

and

@ the left and aget  dishibutive oot
e "‘("*'j) = ax+ag and  (atb)x = axtbx

hold .

N
F® Is A VECR SPACE OVER F  (E2(N)
8 We con show thet the  Cortesion rn‘lu{'
o= !(ﬂ ay, <, ap) aelf Vle‘l,z,...,,.f%
is a vechr gram over B with rzsrﬁﬁf
to the addition orwﬁ""
(a0, -, a) + (b, by, o,
and Muﬂif(ia&m Dru"'ﬁ""
C(n,,a“ v, ay) = (C"u Cay, C'n)'
P_"’_qf This ,f-(lous d:nm vn/'fljl'v‘r’ eoch nf the
2. condifions  olove- B
82_ Note that we smmll\j tay “he  vechr spoce "
b rfr f the  vector  space F" over . (R3(D)

COLUMN VECTOR  NOTATION (E2 ()

8 Note +hat we con also wite elements of
" a5 column wehrs’ ;e of the Aform

ba) = (ol agsby, o, aptln)

al
e,

% where 8,2, 4 €

®" I A VECToR SPACE OVER e,
R® I A VECToR SPACE OVER R, &
C" I A VECToR SPACE OVER € (R3 )

Q We can show
O @ is a vehr spc over O/

® R s a vechr space over MRi ond
@ " s a vebr spoce o C.
Proof - This  direchly  followts  flom the et P
@, % ad € ore Aralds (mAT 145),
l.uf into

and  substifutin the "‘sr“h“
dhe alove  [emma- 7}

@" s A VECTR SPACE OVER e, %
" Ts A VECPR SPACE OVER R (R3 (2)

g Mofeover, we con ako sho that

@ R 5 a vechr spe oW Q;
@{ s o vectr srnu over R.

and

\fa, be IF, xe Vs

Va,LsFF, xe V- (DZ)

: rwrcsiﬁm

* assiJnmufk

MATRICES (p3(N)

Q let F be @ ,ﬁglo\ and mﬂ&l
Then, we so A s an “mxn mabix’ with  enbies

fom F .'{, + s o{- +the form

a4 %n In
A = %21 % 20
i %m2 A mn

whee  a.eF  Vieity--,mf, Jf"z }

Q Alkﬂlﬂhv'-l\l, we can rw.rrtsenf A via the
notation
A= (g ) iedty, -, mf,  jeduz, ., al.
.J-ENTRY oF A MATRIX ( D3(2))
B Given o mxn  eadix A, the U-enhj
of A, or "aij-", is  defined fo be the
enh’:’ in A ot the e o f"'

o lumn -

RERO MATRIX (03 (3))

g The 'mxn Tem mabix, or mere Si'“rl_'j
the “zen mabix,  dencted s "o, s

o(afian- o be

W)
o o 3 i

ie e emxn  mabix  where  whih "‘*’_‘j
u1ua\s 0.

MATRIX EQUALLTY (D3 ()
8 We mj fwo  mobies A ond B ar e«1v¢|
if ond Ml:) f ‘J L;~ Viedt,2, -, m}, jeft2, ., a}.
N)ﬁTka ADDITION (D3 (%))
G et A e B be mxn ke it ecbis

‘ﬁvm Some ,fu.(d F.
Then, the Taddifion’ of A e B
s JQFMJ b be the mahix  where

Jencfed L_‘]

"A+B",
(a+|o) = ey by Viefta,- o, jefta, -, o}.
MATRIX S(ALAR MULTIPI.ICATION (o3 (‘))
Q—' let be o mxn mahix with enties flom
Some ,fil.ld H:/ and ceF be uL(Jvufj
Teen  the  scaloc  mutkipliotien” of A by ©
denoted LJ “"cA “1 is Aﬂpfw\zl\ b e the

mahix  where
(ca)" = C(‘"-) Viedn2, -, mf, )ﬁ‘:lﬂ,...,n}.

SPACE oF mxn MATRIKES (E3)
Wl Fole o puk
Then  the sraug of all mxn mahices  with enbies aﬁmm ff,

denoted L:] ™M (H:)' is Jtﬁml o be the

mxn

set °f all  pxn  mohies  with  endves f,om F.

82 Nofe thet M _ (F) is o wchr space  oler F

with  respeet b the  mahix  addition and
Scalar mul-HrlicaHon o pesations.
P,oof This  Abllews Ao \/uif:]:.:j ech of the eonditiog

in D2. A



FuNCTION SPACES (EY)
T Lot Hhe set D¥P be aditoy, oand let F
LC a ;F(l"
Then  the "srm o al Ponchions fom D b FF,
denoted by EOT s defind b be e
set of ol funchions of the fom {:DF.
81 SimiloAJ, we cn  show that P s a
Vechr space  over F with cespect to the
oru'n»{'iuﬂs of ‘J’-'\.Mﬂlim addition
(4900 = fod + Vf.g¢ F, xefF
ond ,]qmt_ﬁon scalar MulHr““"H’"

(cf)tx) = cfx) Vfer® xcef.

Pr#. Sinailes s{vn‘:\j:] b E3: vuif:I each ondifion
in

D2 holds.

PoLYNomIALS (D4)
SET OF ALL POLYNOMIALS OF DEGREE AT
moST n (D4 ()

Q Lt F be o fed.
Then, we dencte PalF) h  be the et of adl

f“lj'“""i“ls with mff!&(l\ﬂ »fnm F and of
cee ot most Al i
P,‘ (F) = { g‘n q"x" B qjg F qu'ol|’ = n}}
poLYNOMIAL SPACES (D4 (2))

gl— let F be a oﬁcld-
Then, we denote [ H’TX]" b be +he set

of all laoljnamials with  coofficients fom
e
Flx] = {Z’aixi LAk VJ-eNu{o}}_

Q_L Then, we can show that FCx] s & vechr
space over [ with rgsr“{- o the
orunﬁnns of r"'Jmmid addifion

(f+j)(x) = ig(ﬂ,,fh,,)xn Vf,Je FxD
and ra{jnominl scalosr mulh'r“‘“ﬁm

f6) = _gn(c.n)x" Vfeflx]), ceF.
&'ff' Similer ‘h"k\?\'] o E4

BASIC PROPERTIES OF VECTOR
SPACES (SI-2)

CANCELLATION PROPERTY FoR  VECTOR
ADDITIN  (T1.1)

Q Llet V be a vechr space:
Suppose there exists  some X,S,QEV soch  fhet

X+ = U*?-
Then ng:as;a.n'lj x=y.

UNIQUENESS OF THE 2£Ro VECPR IN
VECTOR SPACES  (Clit C1))

9' let V be a vefor space-
Suﬂnn 0, 0,eV ore bLoth Zen  vecths.

Then r\zr.essan'lj Q=0,.

?’—""f' This ollows Arom the  foct Hhet  Vois

an  abelion reup onder addition. B
UNIGUENESS oF AODITIVE INVERSES IN
VECTOR SPACES  (Cl.I-1 €2))

E;F' let V be a vedor Srﬂu-

Then for any xeV, ther exisfs one  and
°"‘j one  Vechr jev +hat .raﬁsfts x+\\J= 0.
P_"l?f’ This  also ,f.llnw: 79»“ +he /‘u{- +hat

V s an abelian J°F under addifion. g
Ox=0 VxeV (1.2 Q1))

Q let NV be a Vechr spp over  some Seud Fr:
ond let O e the addifive identily of fF.
Then, for any xeV, nmsmrﬂj 0-x=0-

P’@ - Tl'\l’f, OjA.m, /fbllous /ﬁam the 'ﬁzd- ot Vs

on  abelien rouf undar  oddfion. 7]

20=0 VYaeF (TI2(2)

g Let 'V be a vechr s‘raca. over some ’f‘
oand  let O be the zeo vechr of -
-ﬂw.f\, /fnr nnj a€ {F’ n,_u_,_mdlj 2.0 =0-

@. Th,'s, A\ja'm, ,fu"auls ,)Qnm +he fnq‘- ot \/ s
oddifion. @

ad

1

on xbelion roup  undar

(-a)x = -Cax) = a(-x) \daefF, xeV (N.2¢3))

g Let V Le a vechr space over Some 7[;,_“ F
and let  aeff, xeV ke arbifrmry.
Then l\tCESSarHj C-a)x = ~(ax) = a(=X).
Egaf. Proof i cimiler fo the m{‘j of s shabement
Pr drgs (MATHIY). B



SURBSPACES (SI.3)

Q let V be @ Vechor SFC! over  Seme ,Ftld- F
Then we sy the subset WLV s e

"su\'sru" of AV
O W@

® If xewW and jeW, then (x+j)eld; and

Q If <cF and xeW, then cxeW. (D6)
SUBSPACES ARE VECTOR SPACES OVER fF WIM
RESPECT T THE OPERATINS OF V (TI. 3)

Tl W obe a sy of o veshr spee Voo,
Some 1&(& fF.
Then W is abo o vechr spa over F under
the ormﬁmx of V reshikd o W-

{0l AnD V ARE suBsPAES OF V (&8 (V)

Q let V. be a vechr spae
Then {0} and V  itself o eluiays

&,krms of

P_m_a( {oi is Vacuoug[j a SUL:{JM, ond Vis 'f’n’w’altl

'S suLsraa 3]
chm) 76 A suBsPAcE OF RCx] (ER(2))

: e con show thd  BGR) i o subspace

of RO
Pwof This  sfems  fom the foct et :
. P (R ¢ RIx1 L:’ A:fmlhon,

. 0€RM); s
. P(R) s closed vader the addifon &

gmlg/ raulbiplication dafiud oo RCI. B
{(ai,.)e m_ ) | Z' a, =0 } 15 A soBoPace
OF M n(F) (€8 (2))

Q We can show that  the set =(a Yem CF)IZ 4= o} N
Sukrcae °f M'\xn(q:)s Hhul neN s G.I'Lll'f‘f:]-
‘i"’_"f’ Similer T»«Oof h the above.

{(ai.)em cn=)|:zj,. =1} I noT A
-' h—

SUBSPAE ofF M (%) (g ¢(4)

Q We con show the cet (a)em (F\,Za _|:(
f\__°+ a suLerE of Mmm C H:)

Pof- Lot aleityem, (F)lZa 1] Le odita.
j e hary
Thea, nofice  +hat

D

,‘Z:_I (“*L’)aa = Z;(a%+ )
= )+l
- l/

% et ath & (o s
a+b & L(a‘j)<mmn(H:)lElquu-_|}, 4

SuBSPACES of R* (Eq 1)
ﬁ: Note thet the  solspoces  of R ove
O B> itselfs
® lout =400},  and
® ol lines n R thot pess Mgl L0,0).

SuBSPACES OF FF* (€1 (4a))
g Ta Ju\ml, ,fm- any d;.l.l F, +he s-ALsrau.s oiﬁ
F> o
QO F* tself
® ¢of; and
@ al the “lines”
e of e o fOper | (D)= KE), (Hers
SUBSPACES of RS (&1 C2))
g Similerd ) Yhe suLsr °f R:  ere
© RrR® itselfs
® dopt = 5¢0,0,00§ 5
n R; that rut +knu3h €0,0,0) ; and

i F MJL- o.

@ ot lines

® ]’li"is in R that pass H!muj‘w (0,0,0).

SUBSPACES OF > (€3 C4h))

‘{;?, SIMllﬂf‘j. .jcof' Mj ,FQ.IA fFI $he SULSI)MS
of P ore
O ¥ itselfy
@ 4o
@ all +the “lines” 2  thwwgh O oad

e o the o foug e [ (D:k(@, (edl cern
@ at the "rlﬂnzs' "n w2 -H\-wjh 0-
of +4he »fum\ ‘:(x,j,ﬂéﬁ[ Ja,b,ceF  such thel m\-Jﬂa:O.}



LINEAR COMBINATIONS & SYSTEM OF LINEAR

EQUATIONS (Si-4) e
LI“EQR CMBNGTIOM (Dq.“)) assumed-

is

-Qf Ll V le & vechr srnu ovr o 'F‘Ll*
£, e et e st SEV ke SpAN of A FINITE AmMOUNT OF VECTRS (E0G1)
weh ot SHP T suppee U s e ebe e over com Jou

Then, we roj o Vechr xeV is &« and let SsV- Frther  assume  thot
“linesr  zombination” of veches g S S =7:V" Va, vaf,
if thee  exists  a findle  number  Of it the site of S S Anite.
vechrs Uy, ., Upe S and scalocs Then ' i —fullnws +hn*
8.8y, ., aqefF  such  that sranCS) = ‘lLa|VI+ a Vo = GV P AiefF V"‘ibl.--,ﬂ}}.

zaWU 4+ Gu + + G %,
e i SPAN OF A CouNTABLE AmMoUNT ofF VECTopS
whee a7l (DF ) -
Q . (ko (3-1\)
s Tn this  case, we also sa.j Hat  x g .

S & lineer combination °f the vechrs Surrose » & - _ — sru o some q"ic.(d *,

® ond et SeV. Rerther  assume +hot

(Ther VERRAIR VX s . }

=<
COEFFICIENTS of A LINEAR COMBINATION E Ve e
(1 (2)) e \si= (NI
B Lt V be @ veckr space  over  Some Frark Ten, we con show  thet
3 and (et e  vectsr xeV ke & - )

‘ spon(s) = span(éw]) U span(év, g
foor  cmwokion | of | the  echrs Gty e, f pantiv p W) U Uspalivgmwd) U -
where ScV and 3#9‘. of in othec werds, that
Assume.  Hhat XT Q0+ U, 4 ot +Balin, where SFN\CS) : U Sro’"‘:\’l'vi:'", Vﬂ}

n=| -
X1 8y, ey ap € TE: SPa
N

Then we denote  the scolors  ajs8y, -y An€fF  os OF AN UNCOUNTAB'—ﬁ AfmUNT oF

fhe .thﬂ:'\ci'ds” nf the  linear combinadion. V'EC'TORS CE'O (3‘3))
SPAN (DT(3) T Suppme Vis o veer gpemovs soe i
Q\ Lt VLo o wehe g owr some {"_l“ F fF,  ond let SEV. [Fathe aSSume  that 1S1>1N);
oad  let  the subtet  SEV  be  such ot e the size of § is  uncounfelle.
S-*—¢' Then noke  that thee & ne  Tobview” Si'ﬂruﬁcdims
Then, . we J(,F,\. the srnn' of S, dencled h  the ff‘""‘"l" for srm(‘g).
as Sran(s)" , be the st of ol
liness  combineions  of  vecos in S. SPAN OF A SET IS AWWAY A SuBSPACE
‘Ez Noh {-ha‘]’l /fnf OI\\I(J\'RM.E' we szh\e OF THE PARM Vecm SPECC ( Tl"f)
. Q Let N Le a Vethr space ovu Come w
span(g) = ¢of. ' and et SEV- rﬂ £
ExpMPLE 1: SPAN of (l,o’o) ‘ Co, |‘°) I~ Then ﬂlcﬂ-ssavilj cran(s) is  a  salspice of V-
R3 (Ew) R Tois folous o veiiog cnch subipce
g Observe thot i 93, the srm of a,00) A cndtion  for gr,.,.(;)_ B
(000) R s Ql Moreoves, sran(f) is  the  smallest possible”
fao0 + LCoLo) a,berd subspace  of  \ fhetcovhins S, in the
gense  thot
or  more !imr'j ® S ¢ grw\(s) H and
‘:(ﬂ, L, o) ﬂ,l-& ﬁl'g @ IF W s n\J other S'V-Lsrﬂq of \V4
ExAMPLE 2: SPAN(dx" : n%13) IN @03 " containing S, then  span(s) & W-
(Er0(2)) GENERATES /SPANS™  (DB)
g We can show thet Jor the  vector  SpA® -Q( let UV Le o veche space, and (et

®Ixl, the span of Sk kY i SR the s& Sev.

nf oll r.f nomigls in @QIx2?  whose  consfont “"f'f""‘u‘* Then, we Snj S ":]u\emk.s" V, of

eTla\ls D- ” S "Slm'\sl~ v, :'f srm(ﬂ = V.

Ez Note + prove grm(;)= v, we iusi’ need
to lmvt_ wuj vechr in V con Le wnhen
as o linear combination o{ veetors <,

S span(s) € V by dofinifion-
CThis Aollouss Ao exlensionality.) CR6)



LINEAR INDEPENDENCE 3. DEPENDENCE
gneamy DEPENDENT (D4 (1))
| let V Le a  vechr Space oves  some

Sud F, ad lt SSV
Then, we  sa S is (im.odj dependent”

if there  exishk o Ainike aumber  of skt
vectors u, Uy, -y Ua€S  and  scalass € Cary €
whee €0, o, 0 o all_not 2w, such  that

Uy 4+ Cuy 4 o + cﬂun=o.
Q’_ T this cose, we also say  the vechrs  of S
ore  lineorly oleru'“’\+'

G ook Het S e sy Susmud,

fhen S s lim.o-—lj olzfgndu\{ ii and ..\l; .'f
there  evists & Ceprey, -0 ¢ ERT,  wher
Ceyiq, o CaY F (0 0), such thet

o+ Cauy T 0o (R (o))

QU Gyt

LINEARLY TNDEPENDENT (DA 2))

vedor  space  over Some ,f;d&

?‘ let V be &
F, ond let SeV-
Then, we $%y S s ¢ ‘inwrlj imhrmdu\{-"
'f it s pot lmw—r{j Jefu\ et
e ,f-r every dhoice o dshnet ), uy, -, un€S,
EF CsC, v, CnEF  ove scalags  swh  thot
M, + Cuy + - + Cnun =0,
then m_r.f_sso..;lj =€y = - = €n 0

-
S= ¢ty - Unk,

Qz Similu"\j, if S s /ffm'*'(, ”j

thea S is “"e"“'lj iﬂl*&ru\ﬂuﬂ' .IF ond nnla I'E
whenever  (€y,€5, <, Ca) EF" o cuh Hat

CU + G Uy + o F CaYn = o,

then - TR
f\:u_sso.n\J € =¢ = =¢az0:

2

TRIVIAL REPRESENTATION OF O (R7 1))

'.Q": Note that fw' any vechor Space V  and
u eV, we  denske  the

Vectors w,, Uy, -
“haviol rnrftimhﬁm of oev '’ o5 @ lineor
camlyinakion of Uy, Ug s ot Un by

+ Oup = O

ou, * Ouy + --

EMPTY SET IS LINEARLY INDEPENDENT (2F(2)

g Note  that the zmrl-j set, ¢ \ is
VOcuou s(j linenf{j ‘,\Ae_rldu\{- .
¥ e \inearly & v osels mwb Ve nen-tmphy

‘-3 elt,{in'\\"\un.

o] Is LInERRLY OEPENDENT (R?(2))
@ Note  that  tne cseb ok s lineody Sepuodet.

since I¢e) = 0 is o  non-tivid refmsu\hh.m of
O as a linear combinafion of Finikdy  mony
Aisknet  vechrs  in S-

OeS = S I LINEARY DEPENDENT (R? (s))
'Q'Z Note +that any subset  of & yechor space that
contans  the  tes vechr s l'muwlj olerudwf .

(s1-8)
ExAMPLE 11 S =d(¢0,1,)), €1,0,8), CI
€0, 1,1, Q,0,8), (1,2 2) IS
~q,,’I«lEN!l-‘/ DEPENDENT INn R3 cegq.') :
Q We can  chow that e  set  S={con, a0, ch2f
is \inw—r(J dc_runAud' w R3

ExAMPLE 2: S={L,% Xl Is Linemely
INDEPENDENT IN Z.[x] (€1S)

Q We can show that  the s S=dpw 23
independent i Z[xd.
if thee  exist 4o %142 €% swch that

is l‘meorij
Poof - Note that

2
a,(+ & x+ ax s ag)}=o)

thena L‘1 Aw,.‘l.‘niﬁzm newsson! 07,4, % 620,
and  this S s‘ﬁx“l”“‘ b prove the claim.



S Is
s=éog

LINEARLY DEPENDENT (=
OR SOME VECTR IN S IS A

LINEAR ComBINATION oF OTHER VECToRS

In S
Q Let

Then

S“;_O} of some

combination of

Pas

CTI6)

U be a veshe space ond lt SEV-

S s ll'mMJ Atfudml- i ond oaly if
yecke m S s e liness
ofher  Veches n S

We qc{'ﬂ’ fawv& the  backwed '"T"M(_ .
fiesk, nofe  we  Wnew W"j G0l s Un:w‘J
dc_rm;).u\\- /{ﬂw. o pavioss sechion .

So, Sul;roce there exish & vedor ves

sveh  that

VICu 4 Gu,y ¢ .0 F Colhn,
where ¢ e F ond i€V Viedh2, -, l.
Without loss in Ju-u-nl.'lu], assume Wy, By 8 Lishned -
BJ a.swmrl-ion, since V*%u‘,uh ey “n}, nu.r_sro-él_-j
Uy, e g, ¥ e At
Rm\(,]‘ since

0 = (~DV + G+ Cu, + oo + Gy,

ad ~(30, At Aolown s ineady dlfnndul-- .

Next, we prove the ,fuvwr«* o«jumu\l--
Aseme S s linwlj Agru\du\l-, so  that thee
dishact  w,uy, -, u,e S and a, a,, ., on el (not alt 2)
sveh ot

QU + G Uy + o & Bau, SO

exisk

Wehout  loss n le;ﬁ, assume ai#O Vic%l,zl...ln}_

Cose [: n=1-

Then  GU,Z0,  ead cinm @ R0 it fotls Fheb =0

(snce ,ﬁglls e inleqml domuns, so  the conallotion

F""rka orrliu-)
Hemee oO€S.  If S7ge} we o2 deve;
otheruice, we tan ric’A N Ve S\¢ of, ond we
con  wnte 0 =0y, [’*V-‘j some  veche in S5, 0,
be wrben o¢ o lineor combination of ancther
\Ju;hrl v, in §-

Case 2° n>l.
Then sinca a,%o0, we  con solve ,fw w,
- -\
Up = —an [“l"(“' alu.l_ 4 -+ a"_lun_l] )

.U T - -\ N
" <_a'\ I“l\“i + (-an ‘z)“z + ot ("“n an-ﬂ"n-;.
showi Un o be urvgsud as o \ineor

ambination °1C vthar  elements  in s.



BASES % DIMENSION
BASIS (DI0)

Q{ leb V be o vehe space.
Then, we soy o subset seV i o
“lasist fr VO
O s s h'mn-f‘J indaperdent ; and
R A s
G T i e, we also sy et e
veclors of S 7‘“"" o \basic ]C.r V-
STANDARD BASIS €
g. In W, define the  “shoadod lasis”  for
B the  subset
s=ées e, end,
whae e s the vedhr with
coordinale | and  other coardindks O

gl In Pa(®), J.-.{-'me the  "staadord  Losis”
for Pn(ﬂ:) as the sef
S‘-{l,x, Xt o x" 3.
CTr s olse & h ve § s indesk
o Losis P/\(F))~
UNIsVE REPRESTNTATION Oof ELEMENTS
IN VECToR SPACES uNDER A BASIS
(T\-6)
g Let  §ViiVa, =+ val be o lbasis fr o
veche ;r‘“_ \-

Then ,f,r “uj xeV, x con be Unf‘iw-‘_j
ﬁ.ff".stl\lu as o inecr  combinafion of

ViVy, s Ynd
e there exish e unigee n-hrl:. (3.8y, ) A € F"
svch it

x = aV + AV + T AnVn -

(si-¢)

V IS cEnEeAted BY S, ISl = INI
D TcS Is Aso A BASIS FoR V (n3)
g let V.  be a vechr space, and  astume  Hhat

\ s jmmkd L‘J o comnbnble set S-

Then  Hrere  exists & subset of S Hal is
o basis ,fnr V-

H"nllj, we  Can rnv& T o \lasit ,J/.',, V-
O Ascume T s \ir\ewl~] rl(_reM’Mf"

Thea Hee exish  aa,, -, A A not 0,
sveh ot

av, + v Ve 7O
Tt foileus  that

Ve 2 —a, v = o = a” X

W 4 g a4, Ve,

DA‘h-ooltoﬁwl te  nshuctin  of T.
@ W om prve by indectior that Sr-ﬂ(su\=5r~‘(7h’ Vil t.

whese
Seziudgo l eed  TTNSEEY L iged
Thea, It xeVEspan)  Then  xespalip)  for o
10(30_ m, o Hab XE srm(Tm)C STM(T)-
R Sfollaso et v=sf~\cTJ-@
EVERY vECToR SPACE HAS A BASIS
(TH3)

.Q We con rnve Hhat every vector srv.u. hos
a losis:



REPLACEMENT THEOREM  (Ti-9)

g Surrosl V s a  Vechr srug with &
,;—'i nile c,».m'mj st :
linearly 'mdn.rumf subset

let T Le a

in U+ Then

® qTg¢ sl and

@ There exsh ¢ seb HES  eonfuining

QKac-H.] c\si= 1T vechrs  svch that

TUH ju\uv-k.s V-

V Is FINITELY sPanNED = AL BASES oF
v 9. HAVE EGWAL CARDINALITIES Cciq)
.@z Surr‘”e Vo ois e ,Jc;,,;}.,l] sr-nut
vector Sr“""'
Then all bases of

hove the same amount  of

V ore 4ffnik ond
clements-

DIMENSION
FINITE /INFINITE -
?;‘ We S'--] a  vechr spece V s
",f'mik ~dimensional” ;[. it has & basis
mnSiSH"j Of 'S ,ﬁm'}e aumber DF
g vecthors -
B Otherwise, we SaLJ (VAT “infinite
: dimeasional . Nf‘
DIMENSTON (p12)
Q let V  be o . ile ~dimensiona! vecht
! Srar.b /fl
Thea, Hee "J.\M!M'Ilr\“ °

DIMENSTIONAL (DI12)

l. vV, Aersfed as

“ dim \/" , is A',fnﬂ* t e the.
un'u‘w. numbes of veelhrs in eoch Losis
{or V-

Ql By convertion, vt dim4ot = O

g; Examr\es :

@ Aim F = n
@ amC" = 20
@ dim mmn(ﬂ:) = mn and

@ dim P,\(FF) = n+l. (Em)



ANY FINITE SPANNING SET RR V
CoNTAINS AT LEAST n  VECTORS

g ld V be a vech’ sr-a with  dim V= n.

Then I'F S i a ,)f'im'k Sruminj set ‘ﬁ"’ Vv,
m.ussa:ilj Isl»n.
S ceneeaTes V, lVIEn > S IS
A BASIS POR v (<i-92 (&)

vechor sraq

8 let V Le =

s“rr"“ S Juunks v, with  181=n-
Thea S 5 & Lasis ‘)c-r V-
Pﬁf’ F\jaln, Lj He  Erxisleace Thewem  (T1-3),
Hee erists  some cubtet TS  such Hhat
T is a bass fr \a
Bj Fhe, above CM“"AJ, (Tl =N, so that
;? \ghf\, v\&Cﬂ;SM(j S=T
S s~ Lasis ’f:" V- @

I /JC,llows Fhat

S IS LINEARLY INDEPENDENT >

S CoNTAINS AT moST n

fL:?‘ let V be a vechr Srﬂ-u., with  dim V=1
Sur[wsc. the subser SEV s linuzlj im)afudﬂai'-
Then S contuins  at most  n vectorS:

S Is LINeARLY INDEPENDENT , ISI=n

=2 s IS A BAIS

8 Let 'V Lbe a (vechr s

S\Arrost the subset S€V

and (VI =N

Then § 8 @ basis ~ for V-

P_V';Bf Prrrlj.m] +ha Fl.rlnu.ml\f Theorem ,{nr +he
sl:mm'unj sef F md  Hhe l;nex»lj indn-r'l“‘"*
set S, there must  exsft a sulset HEP
unh-..'\.J ‘Fl _IS] = n-n=0 Vechs such  that

SUH ju\unlz&' V-

But sine  IHIZO, heace

S qenemles V. (and  hert is

fnr V)

with dmV=n,

({8 X)))

ond

VECToRS  (C(-%-2(3))

o V (c142 W)
with dim V=10

is ( ;HQN“J ind‘r@&'l\{'

.gL let V Yo a vetr space

EVeERy LINEARLY INDEPENDENT SuBSET OF
V ¢cAN BC ‘"EXTENDED" To A BASIS

OF V (c1-42(S
with  dim V = n-

Lesis

Supprre Lo =gu, e wed i o tneardy  indepesdet

sulet of V, whee €LEM

Thea Hwwt  exish e HeV  such thot LUH

is o lasis af V-

Proof - If bk=n, ‘"1 crazewy  Lois  Aaally o
,}‘,4— V-

Ip len, Han '-1 +Ha I?l-flnu.m‘f Theorem

He s v\nihlk cet P and L,
exiskk o eulset  HC F cantainim 9
lF|—ILI= n-k  vechrs such that  LUH
v
By CU2C), [LuHIZn: But

LUKl € TLi+ IH) 3 ket Gl = 7
so Het JLUHI =N
it ,fnllouls Lj crg2cy)  Hat LUH

basic ,fw- VR )

W I A SUBSPACE OF V

D dim W < dim V ;

dim W‘-:dim\/

D W=V (82 )

Pogf- If Wricl

W e a sulspue  of e vechr e V-
Tren  dim W € dim V,  with equalily occenirg
if ond only i Vaw-
Hen dimW =0 € dim V-
otherwise, W contpins &
Then G} s linearly ;ndnr'/\f’-'ﬂf'
the  Vvechrns
that  Swy, N linesdy -..\.hfuwr-

Nole 4hat this rwuss comnot g0 o ;mh,f-'niklj

wed i alee tinesly iv.d.f..dnl- in

non-¥N Q’zc}.r ul_

Condinue 4o choost

for

Hear necesswilJ

jtmrvks

o

Wy, v wp € W sech

V-

since g Uy,
This implies  that  k€n-
Next, Lj Ti-S, Wc Sran@_w,, ey u,,_}) = grn“(_T) 3

T, sina TEW, nLcusa-n"j

Tt ,F,llnws Heat w=sr6~nCT), so bthat T i3

a  basis  (sinee b s also
ond
dimw = [Tl sken= dmV
Noke that i dimV = n=dimi), Hee @ Losis
s abo o \ineacl ;,\d,_rm,«- e wnfm'";'rj "
How, by CIATCH, et st ol o
fr VB
W IS A SuBSPACE PR V
ANY BASIS oF W AN gf  “ExXTENDED"
A gASIS IN V (ClA2 )
{2 Lt W Lo o s of He UeElsrmmpace
V, ond et S be o bosis of W
Thea we con Vexfead" S b @ basis  in v
Broof- By C1a2 €6),  kim W € dimV-
Let T:%w\,.--,uh_} le o bass for W, @ that T
is  lineorly in ek in U, which e fum
erlies T s limulj '.ndarmhn’r in
So, Yy Q52(), we @a ‘odeat” T + «

basis in V- @

:ru(T) C srw\Lw) = W.

[-'m.w‘-] {nd-n.rudnn+),

‘J["’ w
elemeds-

Lasis

To



QUOTIENT SPACES  (S1-3)

REPRESENTATIVE (D13)

COosET &
g let V be o vechr space, ond
be o sul-srncz of V-
its “’"“r"";'_']

Thu\, for o gver xeV,
“eoset " of W in V, dectd as

s Jl'fmd b be the set
x+rW = {)u-ul s wew}.

",

Fote tot  x+u € V.
g Tn this case, we calt

2
"fl.rrtsuthﬁvc" of the coset

tmod W) C(p13)
vector sr-u., and
SuLsrAu. of V-
Yxay Cmed w)’

& o

xXEW-

X9
8 Lt V be o
lt W be @&
Then, we wnle
if end o H
v/w (p13)
g Let V be o veshr space,
ond W & suLsrnu. of V-
Thea, we dene “wfw e

wod W) as  the sef

Viw = { xtW :  Xxe V} ;
Ve let \//W be the collection nf
n V.

K—jew-

"V

sds  of W
V/{e} = V (€1 ()
g For ony vesher spece v,

v/4ed -

neassorily

coser TeST (PU)
.@: Let W be a s..l,srnn. of

and et x.jEV

[

S (mop W) IS AN EGNIVALENCE

RCLGTION oN V (r3)
Q Note  that  dhe  relafion Tz (mea W) i
ivaleace rddation

LTIPLICATION IN

an - &

ADDITIoN & MV

Viw (DI%¥)

?: Lt V be a vehr spce over o fiud
F, and let W be @& sulspace of V-
Thea, we con J&f-'u an  addifion o
VIW L5

(xt W)~ ('j*W) = ((Kfu){-w);
on V/W Ly

ad o  sculor Mu”’igﬂttﬁu\

@ (x+W) = Cady+ W

fr any  (ae F and xye W.
g Note  thet these  «ddition and mulhr\lcnhm
aruuhms ore  well- d,.fmu cL)

V/w Is A VECTop SPACE

CTHE OVOTIENT SPACE oF

g Let v be a vechr sr-r.c, ond W o
s..Lgrmu_ nf V-
Then Ahe st Vw s vechsr  space
wer [ with the opuatiess of coset  addition
denoled o3 the T-u*i"‘*

and Scaler mulHrliuﬁm,

sroa. of Vv Lj w".

V 8Y W) (Tui0)

sasrs FoR Q.UOTIENT SpACES (Tii)
g Let be o vechr Sr- with  4dmV = n,
and lef W ke & su\sr-a. of

Hhat i WK,
such  that

V  such

Let ‘rLV\:---.an Le o basis v,
Sy v} s o basis for W
Then,
© The set $pn * W, -, Vat W.S is o Dbasis
for V/Wi e
@ dim(V/w) = dim V- dim W

é"“V 200, dimwzoo P dim Vhy2oo
) : Ll-'(' Vv |-e an

inife ~dimensional  veche ce,

and ot W be an iy‘f"mik ~dimensional suLsrAq

DF V-
Thﬂn’ '\o+¢ +hat Hhe case

that  Aim(V/W) Z @

it s ot pecesonl

(r2)



sumS & INTERNAL DIRECT SumS oF SuBSPACES (SLY)

Sum oF SuBSPACES (DIS)

Q‘ let V be & vechr spue ovr F,
and et l"ll ’ w;. be  subspaces -f V-
Then, we define  the "Sum” of W, anh
Wy, dencted o5 “U‘(-Nz', h ke +the set

W+ W, := {v.a-v,_: vew,, view
TINDEPENDENT / DISTOINT ( DIS)
Broler Vobe o vehr spa, e

let W, W, be su\.sroeu of V-

Thea,  we sey W, e W, o
Vindependuat”, or “disjeint”, ook

oy if  W,NWy = 40i.
(INTERNAL) DIRECT sum L)

-E?: Let \V) be o vechr sro-u., ondh
et W, W, be i dent Suhruu

o[— V-
Then, we define the  Cinlmal)  direct
and  Wy", deots a3

be the set

F

sum®  of W

WO W, w

Weu, = W W, -

*i& @ s the asktion  Afor Y4

W, & ou, o i,dlfmJMf'

E? Note thadt W © Wy s well-defined
2

as lor\J as w, NW, =¢of, CRI®)

WHW, IS THe “SmALLEST suBSPACE

CONTAINING W, § W, (L2 (2)

g let V be = vechor  space ,  and (et

;uLsraas of V-
""""”"‘.Ij t+he  Smallest

used vhen

W W, be

Then W +Wy s
S'*Lsrnu. of V containing W, and Wi
Eﬁ"f" Rrst,  we fwvf- WtW, & e :u'l-sr-u
f V-
@t (v|+V7_\, L"l“"ﬁ" ul|+h),_ ond aeF,
whee vl,.ﬁgw\ ond Vy g€ W, .
Thea, sine W, and W ot solspacte of
W W, | r\gd—xﬂ:(] Ve w, and v, e W,
S0 Hhat
CV V) & Cayathy) = (v + (Uptuy) € Wit W,
Moveover, sina  av, €W, and  aveW,, mussm"_-,
alv+vy) = ay +av, £ w,twW, ,
prot] WitW,  is closed  undar cdaibon  ond
scolor Mumrl;:ad-'\m.
Tien,  since Vv, = V| t0E€E Wy +W, Vv(e w, %
V, = 04V, € W W, V\’;‘Wm. &+ ,.f.,ll.,w: et
W, € wdu,  and Wy & Wy W,y
V et
Fnall let Y be & sebpe of
3 r
condains  Loth W, & W
Vv, €Y

c[osul under D.J-Jf.#un ,
and v, W, v\euSSAn‘b .
the

Sine Y s

1?!»" every
I ,fvllaus Huaf \,J|+VJ2_ E\/I Onmr{l-ﬁn‘

i

vew,

Vzw®w, ¢ \Wvev: 3 uniaw weW,,
woEW, 3 vw+w, (L2(3)

g’ let V be a vehr srue, and et
W end W,  be subspaces of V-
Then W,OW, =V if ank oy f fr

thee  exist w-i1w.

'-Vfrj vector  (veV,
such thet

cloments W EW, aad W el

VEWtw, .

Proof - () Sina VE W@, necsssedly  VEWRW, ank
W, N W, = do}.

veV, ond note thef

thet  VEW W, .

since VIWAW,,

at

it 'umrliq
So, by Jaqf—iniﬁm, there exist some WEW,, ey
such  thet VEWAW, -

w, W,

Nk, suppese  we hove  vEuy quwy'  for St

ond w; € \Ajl .

Then
0 = (Witw,) - (v, + uz‘) = (ul-uu\‘) "(“';.""‘a.ll-
Sinee  w,w'eW, & vhw'ew,, necessorly ww €W, %

wl’w:.( €W, o-‘jol S0 dhat
.
w € U, 0w, =%

'
Cw, —wl') = Wyt Y
Heace wl—w" = w!‘__wl :O’ ‘Hrh]wq et wﬁ“’l‘ x wz_=‘*lz,‘l
V”"-"‘J uni1w_.\,_gs_ &
veV o \e

evvy veehs

(&) 37 n.ssyw\r-Hm,

NEL L Ao some
Lj L2¢2) neussmﬂj

weW, & wel,.

wnikn as

Hence VE W*W, , and
WAW, EV ;e NPTV
Next, let xé€ w,Nw, . Then —X&WNW, .
Thea, note +hat

0 = 0+0 < x  (=x) € WitWy,

A.SSer‘,';"l' ne;:a:ssm'l.g %<0 -

and e to Hhe \m'u]vu-s;
that V:w,@wz. B

Thus W, nw, = {5} ) So



AimW), dim(W)< 0 =D dim(wtw,) <o &
Aim(W) + dim(wy) = dim (W) + dim(w,NW,)

(T2 ()
g" let V be a vectr space ove Some Atk

F o oand leb W, W, be fui dimensional

1
subspaces of V-
Then nu.zSSo-n'lj

ond
Aim (W) + Jim(Wy) = dim (W) * dim(w, Nw,).

P_"_“_"f' First, nete WNAW, is « sulbepeen
of wi (M), so that
dim (W, AWy} € Aim(w)) & 00
Negt,  leb  {upmy, -, wel  be
fro oWy N,

Extead this  bosis

W, tW, s il dimensionel,

€Cra-2.t6).

o« Lu'.s

h 9t the  bases
°'F W, ond

Sy 74 Uy, uu,v‘,...,vm?
which

slzi'ul,...,u,‘,?:‘,--—:"r-g °f Wa,
we  can “lmjs do Lj c183 (SN,
@t §=<u, U, Vi Ve, 7, -, 2T
We clom S s o Lasis ffl" Wty .
Trdeed, corsides

au, 4 Fa N byvy+ - + LMVm"“ﬂ;"‘"""Lr*r =0 ‘@

Fr some scalers  ay, - imy, by by, S
m'\

Lvy + o by, T —au = e — a3 - =G
Sine He RS is o linew combindin of Vechos

\n lel the RHS €W, ; and since the LHS is

& (ineer  comlination nj’, vectors in W, He LHSE W,

Thus v+ bV, € WOW, -
Newt,  siace ‘:“.,---.“ul is o Lasis (fv w,Nw
e i ' 2
exist secalars dj o e Such +hat
bt v = AU e & Ay
So
by o+ o bV - dyuy - —d, 2 0.
Sina G, ey Uy, VII"'IV""I s a basis ,fr Wy,
nlussn,{lj L‘ Sz bpysd = o =4, =0-

Subshhde L2zl ik @ o get et

At dapy LT T -(-crz-r =0-

Thea, since g uy o, T i o hosB for
W, we kave

=¢ e - F cr=°,

i-\dl.fadh\‘i"

a = ...=ay

Fm'.‘"] S is lb\eurlj
SULKT.IMH} let x4y ewWtu, le "’L“"“_'],
whee xeW, ond ye W, .

T‘\m, sice S, oand Sl Gre. boses Af"" w,
ond U, ra.sru:HVlJJ , we caa unte x erd Y

as  lineor combinabens  of vechrs i Sp and S5

ruru-h'w-lJ:
Xz @4 e+ G ¢ bU +bmVm ;&
NI R I SRR HONE R A
whese A,,...,au,L,,...ILM'4||___,4k'c“.__',_r‘f_
Henwa

b Caprdgdug + Gy vae + -t bt 4p

x+J= (al+1‘)u, +
(s)-

whidh s Nﬂridué b oshey  xEge span
Thus W tWy € srmcs), and Sinez ;rn.n(S)& Wty
Lﬂ tl!,Fi-\ih'm\, W _fo Wows  that

vuih;n] that 5 s indeed @ Lasis  for
Wty .

LW, = srun(s),

In rr/ﬁr.uln,-,

Ao (W, +W,) £ dimlw, 0W) = 1S1+ k
= m+r+ k b

< Cmel) * Lr\-h)
= dim W) + dimW, -

8 let V be o vecor  space,

dim(V)<eo, UBW,2V D dimW+ dimu, = dim V

(”Tl.n. €2)

g let ¥V be & vechr space over fF,
Le f,n.',«h.-dimsim\

ond let Nl , “Jz
s«Lsrm: of V-
Su'orose forther thet V itself s Finite
dimensional , ond w, ® W, = V-
: dim V-

Then neasson'lj dim W, + dim Wy

PL"_D{" Sina W@OwW, =V, necessanly
So, l'j Triec), i+ ,f‘.ll-ur thet

dim W, + AimWy = dim (W) + dim(WNW,)

W, N, = ¢o%.

= dim(v) + 0

Am Wy 4+ Aim W, o gy .

COMPLEMENTARY SVBSPACES (DI5)

“gf Let V be o vector .\‘rm, ond let
w be o SMLer-‘ °f \/
w' ,F vV s said

Then o  subspace
b e o "comﬁmuﬂ'wj W"‘f“"" oo

ie

it WeO W = Vi
® wnw =it
©)] g,J+wI = V.

dim W + dim W = dimV

and

? Let V be a vechr space, ond  lef
W Le @ s.,\.sr-u. of V-
Let W le @ co..rlc.m,‘m) sulspece o W.
"o dim V-

Then nzass:m'lj dim W + dim W =

EXISTENCE
let w

and

Lbe a g.,Lsr.m of V.
Then there al»Ja-Js exists  a amrltmufwy sul.:r-u.

W b w ef M svch thet WO w' =V
Poof- Rty rete that  every ke lineory  indapendecd
set con le extended o o basis V  thaf

has & countable :ramniw, set  (A3).

Herr, avery linwr(J ;..A.rmu.,& sulet of V

Con Lo ewtondsd t o basis for V-

It ,fulluul! +het LVUT gv.Lsr,u W of V ke,

« cam(lmﬂo\'blj mLsrAcc w. g
NON-UNIQUENESS OF ComPLEMENTARY SUBSPACES

(@ €2))
%) Note thot umr‘tmuhﬂj wkracts of @ j;w
vechor Sr“-l vV ore not ne(.gsso.n'lj w\ic'v(-

-3 - .
o ViR, s s, conml s jann],

Wy = ‘ZCU:D,-—(ﬁ ;
.

lth W, and Wy ove

observe that
nomr|mu|+wj guL;r,.a, to  W-

OF COMMEMENTARY  SuBSPACES CUYD))



Chapter 2:

Linear Transformations and

Matrices

LINEAR TRANSFORMATIONS (S2-1)

QI lef V ond W ke vecfor sraas over the same
afic.(d .

Then, we saJ the. MM TV 5W & a
“lnese basifonan” o Vo W
(LN 2@ Tlxey) = TR T L) Vx’ﬂev; and
(L2)5® Tlex) = cTx)  VxeV, ce &. (Dl1t)

R: Tn this case, we Sy the  fuackion T:VaWw
is  “linesr".
T I LINEAR O Tlexwy) = cTex) + Ty) cP2)

.g—' let the ﬁmtﬁﬂ T: VW, whee V ok W e

vechr sraa.s over the some -ﬁeu -
I if Tch+J\ =cT(x)+T(j)

Thea T is = linear if and oY
for all x,jeV and ceff:
2€R0 TRANSFORMATION  C£23 Cla)

GF for any veche spoces Ve W the
“amm ﬁus,famﬁm", given “j "Hivoaw, s

definad by Tolx) 20 \xeV-
TOENTITY TRANSFORMATION (€23 ()
Q For any vechr  space V, the  Tidefily

Mmsfvmaﬁo’\" I,: V= AVARRN Jiv-.\ by

Ty = x IV
T:VAEY 8Y Tlayt--+a.Vn) := (a, -, 8p)
(€23 (3))

g Let 'V ke o finite-dimensional vechr  space
Eviva, oy o} be a hasis for

ovesr

F, and let \V-

Then, +he mnrrmﬂ

T:Vo3F Lj a,)

Tla,vt-- + a,va) 1= (8,
is lineos:
T: 6" FK,
g let F Le o  field, and seppose lgken-

Then  the ]’nlu—hm Marri'\j

T(x), ) %n) 1= (R, ey %) (EBCW)

T: " S “._.L Lj T(x,,-","n) FEIN S TR *1)

is  lineor:

N’
Q' I+ alse /fnllnws ot we have

Tz 0 (P3CN)
g let T:VAW Lo lineor:
Then necessadly Teo) = O-

T(x-j) = T(x) - TCy) (P3(2))

Q Lt T:VAW Le linear
Then necessodly Toe-gd = TG = Tly) Vxiye V-

T(a, %)+ - + apxa) = @, TCx0D
g’ let T be linesr, ond 8,
X)) ) A€V be ulci‘h'n-rj-

Then necessanly

Tlayx, + =+ an®nl =

apnefF  and

aTC) + == + A TCn):

e o+ a T (P3(D)

¢V VY Is A BASIS FoR V, du, - Wn]  ARE

ELEMENTS FoR W
Tivaw 3 Tw)ewy (T2

g; Lef  SVii=sval be a Lagis for o veehr spoce v,
and  leb Suwen ] be  orbimey elements of ancther
veche  space w-
Then thee  exists @ unique linear  mopping T:VW
such that
TCy) = Wi, Tvn) = Wa-
?_v_o_of @t veV be ekt Sina  fYVy e, vag i e b
Fo V) thase  must exist a,..aqeF such  Fhat
vEavy + . 4 4aVn.
Lt T = T(A.v.-t~~~+4n""\= a,W4 -+ anta Chy B ).
Then, I,.J conshnchion, A7 4%y jelen, we hee
e 4 Ovy)

Teyy = Tlov+t O Vit OVien

= 0w|+-o~+ 0wk_'§|wu+0uk_“+ 40w,
T Wy
P“"V"*‘j uniTAvu.sL
Newk, suppose these erists ancther  linesr mapping LV W
se b5y in -
"f‘]' ] Lev) S W o ooy LLVA) Wi
Let vzaut--+a v, whee veV oad g, ene -
Thea

Lev) = Llaju, + -+ % aaVn)
= allvy)t ¥ PIRRA'A)
= aw, A -4 A Wa
s aT) * o * an TV,A)
. Tlvt o F anvy)
oo L = T
\JveV, so fhat T=L, Py uui='m¢$~

Henca L) = Tlv)

2
R 2.1

Tlay + - + %) = A

2 3 A UNIGUE LINEAR MAPPING

8



NULL SPACE / KERNEL (DI3(1)

g let V. and W Lo vectr spaces, ond
et T:V 3w be linear:
Then the  null space tef
he b’ of T dewhd a5 TNCT),
is ol-j{wt o be e set

T, or

NCT) := éxeV | TG =0F,
RANGE/ IMAGE  (DIF(2))
g—’ let V and W be vechor spaces, oand
lt T:VIW be linesr:
Then  the "rujz" of T or the “im?""
°f T, deaoted as "R(_T)“, is .quir\l*
o Le +the set
RETY 1= {760 ¢+ xeVE
NCT) IS A sugspace of YV (T2:2)
g let T:VaAW be lineoar.
Then m.u.:swil] NCT) s o su.LsraCt.
of V-

RLT) Is A suBsPACE of W (T22)
Tl Trvsw b linear
Then neu.ssm'lj ReT) s e sulbspace

of W
{Vi -, Val Is A BASIS PR vV D
span(§TCw), -+, TCva}) © R(T) (T23)

g‘ Let 'V and W be vechr spaas, ond let
TV W be lineas.

Surrnst the set i."u"'x Val s o basis -fn(

V-
Then naussar\'lj TV, -,

NULLITY (DI8)

gl' Lt T:VaI W be linear | and  suppose

TCu$ 3MU‘+¢S RCT.

ot dim(NCT)) € %
Then, we define the “aulliy” of T, dented

LJ 4 null.‘l-j (T)"’ 4o be g1 val $o
Aulliby (1) = dim( NCT)).
RANK (D11)

Q‘ let T:VOW be lineor, and rurrost
that  Aim(R(T)) & o0
Then , we d.c,f\'v\c the Tk of T, denvied

by “makeT)’, b be @l +

cank(T) = dim(RCT).

RANK-NULLLTY THEOREM (T2-4)
g Let V and W be veshr spaces, ond
let TV W be linear with

Aim(V) & @
Tven aecessonly
nk(T) * ﬂullil‘j(T) =
NET) s e subspe of V(T2
by cLe2 (¢) necessonly

dim V),

Pﬂ“f’ Sine
ond  Aim Ve,

r\ulli*\](T) < dim(Wd ¢ -

Tren, et mulilg(OF ket TP et
R NLT).
Wa know thet we e covbens”  fo el "
gt & bais oV, PRVA S
Ao so-
Not, we clam  §TChg) oo, TR & o basic
,fnr RLT).
Firsh, we Shov ST, - T} spas RLT).
% T2:2, RLT) = spealdTtw), e, TCRY, Tl T D).
Than, Sina iv,,..-,\/,(} i« o basi fr NCT), ngass-n'fj
Ty = - = Tlw) * 0.
Hener,
ReT) = spen (§T0, ) Tewt)
S  nedded-

ek, we thow  FTOMR), o, TG i Unedy  indapuadent:

Consides

Cut)Ta) * - & ¢ TWa) = 0, e
ES
TlepVin + - + V) = O

Hence.
Cuti\Mugy + - + CaVn € NCTY; thea,  sina

Cupy, -1 n €F

Ve id s

a bass  fur NCD,  thet ek do dueF cuin vt

CuaVig + o ¥ CaVa T AV, + o AV
? -A‘V| e = W F Gy T C\Wn = 0.
Sin %_Vl 1 V'\“ s @ Lasis (Fnr v, wr\ul’w'}&
d; = - = dus Gant O T =09,

dﬂwi-j { T, -, Tlw)l s (ihuv(J indupondort:
“‘"s“‘]W‘H‘I'

ranl(T) + v\ul(il'j(T) = dim(RT) + dm(NCTH
=k o+ Cn-Cu#) +1)
=N

- aallT) + aullbyCT) = dim(Vv) . 173}

ONE-To-oNE Ci-1) (DY)
g' Let T:V2W be linear.

Then, we say T s “one-h-one”  if, fr
any Xy eV, T(x)= T‘J) implies Xz,
onTo (019)

g Let TV W be linesr.
Then, we saq T s “onto” if
R(T)= V-
TsoMmoRPHISM (D19)
@l Lt T:VAW ke lineor:
Thea T is on ".'som"rhisn"

it ot s Loth  one-fo-one  and onbo:

» we :GJ

E?: We say AV ":'Somorrkic" b W

an 7somurkism T:V>W  exists, (D20)

and  denote this Lj the  notehon

Ve w'



T 1s 111 & ND=§o} (L3)
CONSTRUCTING AN  TISomMoRPHISm From V)

g’ let T:VoOW be lineos-
Thea T i5 ‘one-fo-ome if and ,,\[; if
T W
NeT) = §ot. '
Q' Lt 'V and W be vechr spaces.
Thea, we e wnshudt  on ismorrlnisr\ from Vv

b W as ,fvllowS:

@© Choose o basis 4y, Vel for V, and o

NLTY=éod.  Consider <
'_‘]EV sveh L l
asis  SW, -y wal for W
® let the lineor baasformation T:V oW Le svuh
Hat Tl = W Vked,2, - 0.
(T exishs ;  this Aollows  fom T2.1)

x=y (and henca
@ Thea, Lj T2.S, T i alo an is'nnorrhism.

= dim W (T24)

< Suppose
Hat T = T(j).
Then
TCx-q) T -
so  that  x-y € NLTYG
to  bhet

le) e 0,

heac  X-Y <0

T . @
VZW ¢ dim V

&V -, w} Is A BASIS PR V
T IS TSOMORPHIC ¢ §T(w), -, Tev} s CF Lot Ve @ L e fuedinaiad e
spaces ver e eld -
A BASIS PR w  (T2S) prest © fie |
A, - . . G ond ’
Q et V and W be veh Spues ove s pud betn V is  isomerphic Bh W _f__,_L_';__f
F,  with dim U < oo dim V = dim W-
Let {v\,.-.,v,.} be a basis for V,  ond let dim V = dim w < T 15 1=l =)
TGRS T Is oNTo ¢ oak(T) = dim(V) (T2-3)
Then T s on i:omnrrh-'sm if;ud_o_rdi_i{—_ ey
. g Lt V and W be hoo veche spects  over e
{Tw, .., TOWE s e basis  for W-
fidd oand  assume  dim V = dim W < e
Proof - () Consider
Let T Vo W be lineor.
T + - + CaTCVa) = O
= Tleyy, + - +CaVp)=0- Then the ff"""“'i"j ore ‘;";V“l"‘" fo one onothe:
Sing T 5 ovedoore b dufimifion, heaca. ® T is one—h-one ]
qut - Flavn = °, @ T s onlo 5 and
ad o5 fuvad B boe o Vo @ rank(T) = dim (V).
AU&SSAA(\] ¢ - =¢a=0;
hewe 5T0a) -, TOAT B s e f W g .SET OF ALL LINEAR TRANSFORMATIONS (D2I)
(=) v {T(\/,)',_,,T(v,,)] s a basis ,f-— w, L..l Jarf;n.'ﬁ-,\ g let V oad W be vechr Srncts‘ wer
£ (v (vn) anersles  W-
¢, oy T g y = RCT) Tren, we let L(v, W) € wY denste the set
. cpan ( 4TV, .., T} = m, )
Tows w7 S (T Vﬂ}ff» g of ol lnaas ransfommations TV 2w
whee e second '-‘l-m(ﬂj ames - T3
Thea, sinee wz= R, T 3 necessonly  onto- 4(\" W) IS A gugspace OF w\l (Tl.g)
wt x€ NCT). Sinee ivl,.--,vy\} s & b fo VY, g let V' and W be vechr spocet over Some
Hrere must egut  some ul,....ﬂf\eﬂ: suth Fd‘ F-
= v + @,Vn- Then nr.a.ss:uil_-l Ly, W) s a s“kr‘“ of
v
Hence w".
T(va) -
0= TWx) = qlT(Vl)+ + anTh Pi';"f C(W[j Llvw)c WV, co we anlj aeed
Sine  § TIWY, Tw)] is o besis fr W by amunphion, to chow Hhat i is non-emphy and S
closd  under  the addifion £ sealer mulfiplication
s T, Te] i linesdy i"hf“m" o M operstiors of W', ’ .
a, = = 7 A0 Ao note dhe  ten Faapprudion TorvW i in doyw),
wnd go so that  LLV,W) s '\'m_""‘rh]'
x= Oy + + Ova = O Next, asume T,U€ J(v,w). Note that  for ay xyeV 4 ceF:
(T+Udlexey) = Tlexty) + Ulexey

so  thet ELJ 13) Tisl-l. B
2 cTle) + 'r(j)-l- Ul + u(3\
T c(Te)) # (TR,
CLj P1), so that T+Ue L(v, W)

Qv\sﬂ‘uﬂf\‘ﬁ-} NCT) = f‘b}l

Shawing  THU is  linecw

P simile D'jumnnf shows cTedeyw) o5 well  VeefF.

(3 -
Thu, lv,w) is e .n-l.xrnu. of MI‘I, and we o dene



MORE ON MATRICES

TRANSPOSITION OF A MATRIX La IS A LINEAR TRANSFORMATION (T29)
g Ld. AE My (F) fe ki - g Let Ae M, (F) Le arLﬁf"r_'j.
wnite au 8 - Ay, Then Lﬁ‘-E"AFM is nl-ussﬂﬂ'lj a lineor
Smi ﬂl"ll- - Pn /.
. o Proof: We pwwe Cexty) © clg & (4 "
e e rnasposfon OF HI denoted a5 —_F C:FF r the L:uul? {'Hw: f‘: LAP;' Vx,jen ’
W G WO B Ao b L e wie e (8) (L),
1 Y %, o P %n "~ G/
A = %2 %, - %m2 € Mnxm(ﬂ;)' A= (“| a, - “n) .
,.: .:' « Then Laleey = Alexey?
n %an ™mn > Cexpby) e * (exyty,)o, + - + Crptyday  (by L)
MATRIX VECToR MULTIPLICATION (D22) S clmat ) F (g Yata)
Yol AEM P ond xeED e orlifry, . cn + By
wheare B s  some *F.Jd- LACCHlJ7 = :anx)+ Ln(j), as nceded.
We dt{ing “Ax"  h be -'TW' h
a : n m =
T N Y AN £ L:m, (7)) > L(F", F™) BY LA)=Ly IS
L W i Gt A 1-I LINEAR TRANSFORMATION (Pl)
{ %m2 LY, X, n; N
Z S g et L:m  (F) > L(F, F") Ly LA) = L, VA€M, (F)

v 4h
e e @ enby  of (Ax is ‘obleined Ly mwfiplying whee s & fied:
the enbies in  the it aw of A L., e ‘enbis of Then L is neﬂsfﬂ-ll'l] a one-fo-one lineor Jmngfnmdim-

x .
¢ and Hien summing wp  the resuthont  produdts: Poof  We fiot showw L8 linesr.

Ln(*) z Ax (Dla) Blj P2, we iusl' need b show
g let F be a fidd, od (et AEM (F)

L(cA+B) = cLeAY+ LL(B)

A BE Myn(F), ceffi  ie L= clag® S
To do this, let xeF"  be acbitrory-:

be u-Lith-
Then, we let the funchon Ly EF" e Wite A=(a a, - a)) e BzCh by o b)),
defined LJ LAl = AX xe fF". So that cA+B = (cotl coth, can,+ia).
"aj * MATRIX NOTATION So
" Loag(d = CcA+B) X
wan = X (earb) + Kylen, +b,) 1 -+ R (cantly,) ('-7 L4y)

g Let Ae MMM(F), and
BRI S + Xyap) + (bt * Anba)

- 2 %
A= % e, ... ay,
HE = cCAx) + Bx
Cmi gy % 0 CLALX) A LBL*)
Then, we uso_a'.ﬂnc nolakion a)- h  dencte LcA '8 (x) = Cclp * LB)(::\,
]
Qj = (:31) bk sne xeF" was u[.ih«) Hhis s nff{dwf b rw\'ﬂ
""J' ' Lcl\ﬂl = g[_n*' LB . as needed . g
ond  We con  also wnte R oS
Next, we prove Lo -
A = (“| a, - nl)' ( Assame %r some  A,BE€ MMxnCH:)' we have Lﬁ=LB'
A?g: X0, + X8, + o0+ Xy L4 (1) Ths means  Ly(x) = Lgb0  VkeR o AxsBx ke
i Let Aem(F) Lo odilury, and wdte So by He Mahix Equly Thesem, A=B, whik &
A= (a a s‘«ﬁ;dm{' b rwvl Lois -l

an)
®,
Then  for ony x= (‘;) EF"  we have
*a
+ X

Ax = X’ + X8, + - n%n-

a; = Ae; (L% (2)

g Let AeM,  (F) le osbitmry, ond wnte

Ac=(a o, - an).
Surrosa e, ey, en} ore the shonderd

basis  vectors ;fnr F
Toen  necessanly Pej ® %
MATRIX EQUALLTY THEOREM (c2.31)
" Let A, Be M (F) Le ocbitrary.
Taen A=B if owh ooy if Ax=Bx VxeF"

n

F_vo_of' (D) s obuows-
Ax= Bx Vxe 6"

(= s:.rr-u
Ay ® Be; iji'.':"':"}, which

Twis imrlils
talls wg (l.:1 L4c2))  Hhat c;:\.i V)'é!',---,ﬁ]-
Tt ,fo\lnul! that A=B, a5 needed- B



COORDINATES (S2.2)

ER ASIS (02 .
%’k?u 50 : o vechr 2;) with dim \l € o8 LJF : VS F" Is AN ISOMORPHISM (TZ.!O)
Tren, on Tordend basis for Voo W ot Voo ke s over some fiud
bagis ¢ v, -, Vol with a bl order, with dim\ =n, osd (et ¢ Lo on Grdath
eg le,, e, 651 s the ghaoderd ordaed Lasis fir bosis for V-
¥, sine we coa defie © “hht arde” Then,  the mop EJP= VS is an isomecphisn
indaxes must be in " incsasing

Lj xnjir\j 4he

ordes” (€30¢D)
COORDINATE VECTOR C(p2s)

g‘ Let P=i"‘|.  unt Lo en “ordued  basis”

for @ .fin;ﬁ-lim‘iaul vector  space \Z

B Tib, we fon wate ony xeV in

the form X = El“u“u: where @, a4y € FF-

Then, we defne e " coordinate  weeter " of

x celotive o B, deaoted as "[x]F", h

be
2
[X]P = (:L) € H;A'
n



MATRIX REPRESENTATION OF LINEAR TRANSFORMATIONS (s2.3)
aite-dimersioal vechr  Spact C J: L, WA M, (F) IS AN

T:USW  be o liness
TSomopPHISM  (PS)
© Llet 'V oand W be finite-dimensionsl vecter spaces
ordered

ot Vo Wb
over ff, and let

-h-n.ns,j'wmnﬁm-
Vasis ‘Fr V, and

Let r 2V Vn} be an orded
) ) ordeed  basis wW.
et ¥ i“’u--,"‘n} be an ) as 'f“' s over F, and  let F amd ¥ Le
Then, the “mahbix re resentotion”  of T in the .
' f 5 bases of 'V and W rc.sr:chv!.lj.
bases and ¥, denvked as Ctl,, =« ined
e f ) e P def Thea the mop [ Jg : Levw) > M (F) i
05 the matix . r"‘ F ' n € oon
SomecdhisM ,  where mzdim W and  azdim V;
S = -
(vl = (Crewly, (T, - Lo, ) . n ot words,
In pochicslar, if T VoV is linesr and f is an ® mr any T, V€LV, W) and ceff, we have that
ordesed  basis  of the finih-d:mmsim.l vector  space Vv, [T+ U]; = c[T]; + [u];; ondk
we dencte @ For ceM  (F) f
- on ,  thee exists & vnigwe
[(t3, == (7%, - ; - x =
B P € LUV, W)  such Hnat (e = <
whee mz=dim W and

i? Note ot [T1Ye M (F),
2 F mxn
A= dim V. (R12 ¢»)

Qg Also, we hove
Ve e w,
T(VJ) P k] "3
where 8, densfes the element ot the W ow
p)

olumn  in  the  mabix CT]:_ (R2¢2Y)

and it
)

FLA];’ = A (€33)

g Let AeM  (F), whee F is o fied.
Let Le the Shondord ordeed  Lasis  for F",
oad Y the shondont orderd basis  for F".

Then nzushr&lj CLn]; = A

creo]. = [TIY- Cx], (T2.0
R ( JP C P )
g Lt T:VSOW Lle linear, and let r={v,,...,v,|} and
ordetd bases of V and w (Ci-\l-')

! Recat that  Be ey (LI Mo (F)S LG R s

dgf{nd- LJ LCA) = Lﬂ VAe Mmm(f)'
on isolhu.rhfsm.

L: MMM(IF) > J(F" ™) Is AN IsomopPHIM

W=dw, ., wal be

rv.sruﬁw.lj .

Then I\I.CLSSOn'l:] ETM]? = [T]; : [K]F Vxe V.
ThEn, L is

necesson 17



MATRIX MULTIPLICATION £ comPoSITIONS of LINEAR
TRANSFORMATIONS (S2.4)

MATRIX PRODUCT (D2%)
i?lll LET F be @ ‘Fd" ond Id’ A € men(F) ﬂd
Be M""l’ (F) be orbiory.

I.A = AL, (L5(sD)
Q’: For ang Rem, (F), we hove that
IMA = AI" = A.

Note 4ne aumber of u,l_u.ﬂu in A ¢1u-,1 the aumbe = .
o‘- rows in E; His s "3""‘" Aonxr omxr ’ ot‘MA o xn (L; (‘))
Then, +he  mahix f"“”"‘f of A and B descted by g For any AeM, (F), we have
BB is defined b b the adix 0] Aomtr = o""‘f ;  ond
:u By @ byl b, . Llr ® ovmp\ - Oq'xn'
= 2 ﬂ.‘_l ‘z t.‘_l v
A8 e T B L ComPOSITION OF LINEAR TRANSFORMATIONS
a ‘ .
TR VAL \, IS ALSO A LINEAR TRANSFORMATION ( T2.12)
- :Il Cp - CIF f g Let T VAW ond ViWSZ le linear ‘h‘bnsforM“HlM-
- C1~1 B Then  +the umrosikm (YeT): V22T s also a
Comi €m2 ¢ lineas hwvfwm{ion.
Mr ’ "
whee G mudy # by t T by = Zaghy Twe usualy et (UeT) as VT
n OF LINEAR
Ta other Words, CEJ' is  the sum of r”du\:h j"vrw\d‘ MﬂTRIY OF CO"I:\I’OS(ITT;IO‘;’)
Mulhr\jin] the enbvies in  the i“" o "f A with  the TRANSFO@V\BTIO .

g let V. W and 2 be f\'nik-dimu\sim-l vector  spaces
haw ordeed bases n(::['_vh...,vr}’ F:{w“___lu,‘}

ond Y Zgw, o, Bn]  respeckively.
Lt T:VSOW oad VilWdE be linear dransformations.

Denote A= [UIT € My, (@), 8= [T2f € M (F) ot

_'\ﬂ" column °f B.

& Note  that 5 is  the lineer  comlination of
the columns of A formed usiy the enbies C= EUT]: €M, (F).

in e calumn of B as coefficients:  (R3(3)) Thea necessadly  C=AB; ie EuTJ:=[UJ;- (k.

TERO MATRIX

T Tee Trem owhinl  dehd by te leter O,
s defined bv be the mohix with
eoch  entry Ll.iﬁj 2en.
We writ Q. " h dewte Hhe

Mmxn  2erd  mabix-

IDENTITY MATRIX
g The “nxn iAMH’j mabvix", denoted as I,
is olv.{-ind as the mahix (Sl.‘.) with

g -4l

<
Y lo, %) .

RIGHT MATRIX DISTRIBUTIVE LAW (LS())
Q’ For any AEM, (F) ask B,CE M CF)

LI'AB =l,lg (c2.n3.0 ")

we  have
ABee) = e RS ?‘ Let REM (F) aud BZ My (F) be oditory.
LEFT MATRIX DISTRIBUTIVE LAW (L5(2)) T ccssodly  Lpg = Laly-
{;ﬁ Similacly, for any Ae Mpen (F) ad DEE Ml"'“(F)'
we have
(D+E) A = DA + EA.

ASSOCIATIVITY of mMATRIX SCALAR

MULTIPLICATION (LS(3)
LF Rroany AEF, REM () o Be M, (F)

mxA tltm 4
we have
«(AB) = («A)B = A(xB).
T T A(BC) = (AB)C (C2.B.1(2)
(.'.“) B A" (L5(W) L5 R the mabix ot Al u definsh
g For any Ae me,.('F) ond Be MM"(F), Then nuu_s:o’"j ACR) = CAB)C.
we have

(AB)T - BT HT-



INVERTIBILITY £ ISOmoRPHISMS (S2.5)

INVERTIBLE MATRICES (023) ,
q; Let A e Mmm(F) be ﬂ,,.|,,'+|-“.~n. T IS AN ISOMORPHKM <=) tT]* Is INV&TBLG
Ten, ue sy R Cimile” i e CT2.48 ()
WS o mohs .
| k; o I':nx BEM (F) such that ?. Let V .,.: w Lu ﬁn;h-da)..‘.,.ig.,: vechr ,\);m;, and
‘g:_ Note thet if such a ‘mabix B exists, let '<- ond B e (ordered a of and W
it s Uv\qut\:’ defermined by A res c.c-hva.l‘cj.
Proof- $‘urrm B,CeM,  (F) ore Such Hat Let T:VAW be lineor. .
Then T is an isamorrhism # and only i CT]’

AB> BA =1, & AcC=CA=1T,.
iS5 on invertikle  mahix.

Ti\t'\
B= BI, = BeAc) < (BAYC® L C =C, E@f [€)) Su”;nsa. T is oa bem-rrl\}tm, So Yhet VZ&W.
prey eryrees @ Thea, by T26, dimU=dmW =n

IN M, 7 s, m = am = -

'vease MATRICES (D28) Lot e C1E . By e el A s a e spee
Let A€M, (F) be on (invedible squere o ) ' 1
mabix - mabix.

Then  the "inverse” of A, denofed as -.h—l: KJ T2.14 (3), Tiway s alse finear
s the unique  axn QU mabix  such let B:= ET—']: . which s alss  « axn  mabix.
ot Ap!t = AT'A = In. Also

’ « -

IPVE&TIB(,& MAPPING C(D29) AB* CTji[T"]F = (77 'J; CT2-R)

? let T:V>w be a linear mappiyg - [Iw]’
berween  huo vachr  spaces Voand W. P

e e = I
Thm' we an T s — f Thee A Si’“;("’ wlf shows B '(_I V\{- -
exists o fwtdioﬂ U: WSV Such that 03 r A=lL, ] = I,. S, Lj
UT= T, ond TU=TI,. 81 A s an imvefible mepix, l;m;..j fhe
v ﬂq""’"‘“‘t o-laumen‘l-

INVERSE MAPPING (029) - p _ .

g Let TiVO W be an Cinveckhle lineor (¢=) Surrose A= LT].{ is  en  inwhlle meahix  with avese AT
Morrinﬁ- Ia orheder, A must  Le r7vm, sy nxa, s

hina V = dim W =n.

Then 4he “inverse” of T, dencted as T ",
is  +Hhe marrinj T WAV sud
that g I, ond T - I,

Then, lef x,ljc-v Such  thal  TEI=T. By T2u,

aLxl, = (150, = [Tcxnp = [Tyl T2 yd, - ACy k.

q_ Similu-ljl we con  Show T s Mi1vc.. (20400 Thas ACxk = ﬂfjjnr. T+ ,fullnwi Haat
Proof - Swuppose  them exist U, u,: vch +hat
f “pp ) u<s— Ui WAV s A" (AlxL) = A"(ﬂtj]n(),
uTs Iy, TY=I,, u,T=TI, & Tu= Iy ek
Than ar [xl,( s Cj]“ and S0 x=j, fyeyinj n'\llﬂ M{y.
Vit U‘Iw: Y lTUl) : CUIT)UI ’ IVU;_ =2 Thzn as T is linear ond dim V = dim w, L.j [ e
Pwvinj unic]nne_SS- %) onto-
T IS LINEAR § INVERTIBLE & T IS AN Henw T 05 Lf{acﬁ«. sk tinea T 05 alse  lineer, if
ISOMOR?HISM (n-'“ (7.)) fvl{pd! 'H"“f- T (s an iSDMvrh'n‘W\, ,./i-'\J +Ll’~ La-:l«.ulnrd
? let T:VSW be linear ond invertible. f
Then T is n:ussuilj on isomo'rhiSM- ” DJJ‘#MM"-. “
such  Hhet T(x)=T(J). g_; In ruﬁwlu, if T s en I'Somorrhism, +hea

P:lff- S'urruu K:\] eV are
Then  observe et [T"]E = (ETJ:)_'.

€2 (T =TT = TT(T =y,
prowy  injeckvily- Aem

Since TT'= Ly, we have

mnlF) D (Lg Is AN ISomoRPHIM <=5
o A IS INVERTIBE) (T2.15 (2))

2= Iw(?)= (TT")C%) = T(T-(i‘)). .?"’ let V and W Le fiui‘h-dim.ﬁml vechor ;raus, and
Since TGy eV, it folles thot T 08 sopel lot @ and p ke orduet lases of V. and

Heace T is  bijechve, and

Then, let zeW.

alse linesr, w "‘sf“ﬁwb'
Then for ony AeM,, (F), neu.sso.n'l-] Ly & an

Since T is

it ’fv llows that T & an iSe MuTkism .

1-' IS ALSO LINEAR (T2.14 cg)) iwmorrhism if ond MI; if A is invertible.

f;‘ let T:VOW be linear ond invertille. E@f 83 T2.u50), La is an Esam-rrhism Fooad enly
Then T s r\LCLSSnn'lJ alse  lineosr. t ]o;\ - - .
Proof- Lt 5"jz‘V and  ceff be orbitmey. i Ay s invertille | whee 03 0§ e

standosd  ordeed basis ,f.r F"

s L'.l-z_:ﬁvc CLJ T214(2)), fhere

cuch  Hot Tl : A, and His s uffidat

B 33, un]nf: z
Fmve the claim. 73]

Since T i
exist uni"vl. X, X6V
and  Tlxyp) Y-
Then
T eyt y,) = T (T0R) + ) = LGN
= ek eny 2 €TT(9) * Ty,

ard it follows  from P2 thot T s limar- &



A IS INVERTIBLE =) A~ Is INVERTIBLE
. A=A (o)

.g Let A be an invechble mahix.

Then AT s alto invefible, and ;) ':= A

e = LA (L)
Q‘ Lt A be o inveditle  mehix, ond et
ceff.
Then V\¢=!$S°~n1J (em)
AT = AT (L)
G Ler A e an iaveckitle  mobix
AT = AT

- [T
‘o <A

Then nc.f-lsso.'\'lj
AB)™" = g'a (L6(W)
g:' let A,Be Mnm(f) be inverfible modhices.
Then AB is  also inwertible, ond necessanly
CAB)_I = g'a™"
Poof-  cAB)E'AT) = AC™MAT > ALAT= AAeT,.

I'Sj uniqueadss o mapix  inverses, it fellevs

f
Mt Ry s BT @

THE CHANGE OF COORDINATE
CHANGE OF COORDINATE MATRIX FRrom o
To B CT2-13C)

‘3: let & asd p be hoo ordeed bases for o

,fm.h dimensional  vechr space V.
Then the "CIM..J; of wordinale  mahix fom ¥

1 P" s the majx
a- (L%,
{}; The mahix &= C.TV-JS is m_cessm\'b invertible -

imman"\iSm, by T2.5,
inverfible. @
"‘Y={V|,..., Vnz and

@“f' Since Iy is an

& Ao
3

p= ﬁ‘_w,,

(ray = (o

Then, Lj u,mradnj Hhe )H" column  on Loth sides,

& s necesson’ IJ
note  thot if we let
LWl ond fix an  xeV, the

Cv,,]F)_

we  have that
= S Q.. w-.
Z g
(xdp = Qlx], (T243(2)
g‘ Let (o and be jwo ordered bases of the
—th dimensional  vector  spuce V.
let &=CL,I8 L
mahiy 'f”"‘" « b p

(RG)

the cbch. of coordinate

Then neq_ssn.n'lj

[ﬂP s Q0xI,-

Pﬁ:_:f l?j T2.4,
[x]F = [T0]

aﬁar oy xeV, we haw

we have

b - [1,3% (x3 = 60xly,

a3  peededt:

AR Ts INVERTIBLE =) A X 8 ARE
INVERTIBLE (L& (S))
i}’ Let ABe M (F) be such that AB s
inverhble.
Then  necessanl

invertible

A and B ose also

moachices -

INVERSE MATRIX THEOREM , PART I (T216)
g Let A€M, (F) Then the f.llaumj shatements ore

ﬂwva(u\f
® A is invetible i
@ Thee exists & mebix CEMy (F) such  thet Ac= I,;

and

@ Ther exists a

Proof - This  follows alivacHJ 7&,,“ the  defintion
'f invese mehices. g

MATRIX (S2.6)
T:VvoV 3 [T],°

mohix  BE My (F) such that BA=Tn.

«'(1R 0 (1218)

Q let T:VaV e Iinenrl whee Vs fn‘nih.-
dimengional  vector ‘.r.u .
Let '« and be two ordeet bases of V, and

let &= [TOE.
Then  necessanly LTI, = &"[T]F&.
Proof - By 1212, we haw
alTly= CafCr1d = [n7If - ml,
and
(13,6 = [T] (%35 < (3] = mif,
Showing ET]FQ = T,
The, sine O & inahite, & exish; hesa
&"[T'JF& = 'alTl, = [Tly,
as neaded. g
SIMILAR MATRICES (D30)
B Lt ABEMuE) be ackitrary
Then, we say B is similar" b A
inverfible  mohix & such that

it thee
exists o

B=8"AG.



Chapter 3:

Elementary Matrix Operations
and Systems of Linear

Equations

ELEMENTARY MATRIX OPERATIONS & ELEMENTARY MATRICES (S3-1)

ELEMENTARY Row /coLumN OPERATIONS (D3))
g Let Aem_  (R). Then, we denske the
f'“""i"_] as "cumu\hc:’ row Jeolumn »r«raﬁv“"
on A:
0] In('ercku\jmj any hwo  rows feolumns  of A,
denoted a5 "R &Ry

4 123 oy 7 8 1
(‘( f‘) )(q s ¢
e 9 o2 3

a

@ m“'“f‘f"_) Mj ow / column L:]

non - Ted

Sealac,  doncted as Rie cr;"; ond

©)] Add'mj nnj saalor mulﬁrle af o vow /clumn °f A
to  onother rovl/“'(""‘\", denoted S "'Zie"z‘.*'dz}"'

ej ] 2 3 Ry & Bt 2R LI S
( ¥ o5 b ) e ( € 9 u.)
T e 9 A |
nxn ELEMENTARY mATRIX (D32)
b i'An " nxn elcnud'u:, matix' s a  mahix
ahh}ﬂl:d "J ruf.rminj an c(emuﬂw_) 'r"‘ﬁm

ej ,;qz,f'rm}nj " Ry &« Byt 4R, on I rrsull in

. ! o o
T = ( e 1 o > CE21)
4 o \ .

.g; let Ae MM"\(F) , and surrnSe B is obhained

for B Ly perfeieg o elementury  rmw openfet:

Then  necessanly BEEA, when € is He
axn ¢\¢M¢Mm) rmatix oll-u:m& fom In by W%j

. the  gaid e.hmmhuj row fealumn cr.,,a.,‘, (T3.1)

‘gz Cov\vwb. f € s an  wmxm elzmtlf"“) matvix, then
E:A s the  mahix  obhuinad fem A Lj ru-fomuj +he
Seme  cleme ow orm‘\m as dhat  which rwd““‘
E fomn I, €T2.1)

*a cimlor result holds elementary mabices  formet by
rzafum;nj an .,|¢MM+MJ calumn aerﬁn, lut  in Hais
Case B= /i_g (T3-2)

each of the

P_v_bgr—- This can be proven Lj vu{b.'nﬂ )
“holds"

Hree  elenun W.J/ulumn prwﬁ'"‘?
onder  His MAS}CD{'MQ-FIOV\-

ELEMENTARY MATRICES ARE INWRTIBLE, 4
THE INVERSE of AN ELEMENTARY mMATRIX IS

of THE SAME "TYpE" (T3-3)

? Note thaf Oﬂj demml’&) malix AGMM‘"‘(E) is

invechible, ond A™Y is alse an dmwnnj matix

with the same ﬁf‘ as A-

Prof - Suppee A is an clemenioy mabix  oblaised  fam
T, Then, we wiify this heomn Lo cad of the
thee operntions;

O e r;

@ R « c-Riy ond
@ &« Btk
Then, by T2,
E such that Ty =EA,

there  exsts  an Mxm glgm{.o..l Amahix
:kuwiv\j A is inverfible. @



THE RANK OF A MATRIX &8 mMATRIX INVERSES

RANK OF A mATRIX (033)
ot Aem @ b ity
Tren, we define the rmnk” of Ay
65 Trak(a)', fo be the rak of the linear
stomﬁon Ln‘“‘"—’”:m "3 Lale) = A% xe .
In  other words,
cankCR) = dim(RCLD) = dim (La(F).

g‘i Note +hot
@ ak(I) = dim(R(T)
® reak(0) = dimCRCO)

(where O derstrs the o mobic)

rek(h) = dim(span({a,, ..., a,})) C(RIC (1))

hove

denoted

Em(FY) = ny  and
= dim({ef)= O. (EYO)

?L;& For any mahix AeM . (F), we
k() = dim(span(ia,, ., as}),

where aj denstes  +he "J“" column  of

A

k@) € minlm,n) (RI6 C2))
g Moreover, for any mabix AEM_ (F), we have
thot  ronkCA) & minlm, n).

the above,

Pr_o_af. Since i“h“'/ "n} je/wbkf ’ZCLQ) Lj
and  since any ,fir\H‘( spanniny et for Rely)
Conoins  af least  dim(Relp) = roak(p)  vechrs,
b C2  we must have tht 0> ak(R).
Then, Sinm RCLy) is = subspese of F%
Lj CLrl  aaker) = dimcecly) € diem(G™) = M-
Hence @albtR) < minlm, n), as rﬂ?vi.d~ [

OF V => Ttvp) IS A svBspcE oF w (L)
g let T:V5W ke o linear inl'gcﬁw marrinj behueen

vector srms V and W-
Let Vo be o suL;rau- of V-
Then nec.o.sswi[j TV, = §T(v): veol is a s..l.sro.cz

or— w.
T:V W IS I~ & LINEAR, Vp IS A SuBSPACE
OF V, dim(Vp) < oo = dim(Vp) = dim(TCV)
CLa(2)

g let T:Va3W Lle o linear in"zdiw. mapping Lehueen

Vector s paces V and W-
Let Vo be a fiaite-dimensional subspace of V-

Then nuestilj Aim(Vo) = Aim(TIV)).

(s3.2)

rank(A@) = rank(A) (T3-4 (1))

g let A€M (F), oand let @eMm, (F) be an
madnx .

i
Then m.usmn'(j rank(AB) = rank(A).
Lg is nmsmm;‘j an

inverhikle

Prof-  Sina & is iaverfible,
-’snmoq:h;sm'
Thus Lo CF") = ﬂ;n' aad  so
Lag(F™) = Lalg(FY) = LalF").
Tt fpollows  Hhat
Ak CAB) = dim (LyglF")) = dim(Ly(PW)= mak(A),

as rulvivul. A
ronk(PR) = rankCA) (T3-4(2))

and let Pe Mmm(‘F) be an .'nvuﬁ\-le

"
-?‘ L¢+ AG MM)Q\ ’
Mo .

Then  necessanly roak (PA) = raakCA).

E,_,El;. Sine P is inverhde, Lp i an ixm"f“m'

So, l.j 19, using Tz, VW F" and Vo 2 LaCFY),
we heve

dim(La(FY) = dim CLp(Lo ("))

= roaal(p) = dim (Lpy (F)

ank(PR), as needed. B

= raak(p) =

nk(PAG) = rakcA) (T3:4(3)

? Let AemM,  (F), and  let  PEMu (F) ond BLEM 0 (F)

be iaverfible  mahices-
Then nzussan'lj renk (PRB) = roak(A).

Proof- This Jollows  from T390) and  T2YC1). B
INVERTIBLE MATRIX THEOREM, PART 2

(c3.y.1)
P Let ReMunCF)  Le  arkitracy.
Then A is Cinvectiblle if and only if ronle(A) = -
P,’ng' (D) If A is invechdle, ncus:a.{(j Tazha”.
Ly TN, i fellews

Snce A™ is  alss  invachble,

Hrot

pab(A) = mak(pa’) = makl) = N,

f‘”vi"j the ,chwo«d o.gwnmf- #
(=) IF Az makep), nucsw;lj n = dimCLacF™)).
Then, sinee Ly (") suh/ucg of i, ot
follows  fhat  La(F") = 7 (oy cra206).
Hence (g is oah; thw U‘y T23) s alsa
(5ner Lp is lineac b Tay) la 8

£ e

=1, and so

AR isomaphism.
It otlows thet A s inveddible  Cly Taas(),  preing

e backword ujwnud- B
ELEMENTARY Row & COLUMN OPERATIONS ON
A MATRIX ARE RANK-PRESERVING (C34-2)

{?%l For any matix  AeM, (F),  performing elemtabcy mw  and

column ormﬁmt on (A does not chmr__ the (ronk of

the resulbat  mabix.

Proof - Suppose B is obhined fom A by pofeeming an
elemen: vow aru-fHan; So, thee exiSts an

elmu\fuj mabhix EeM, (F) such that R7EA-

Sina € i invechite, L TV mecessadly mAk(B) = malih) .

P similer result  holds fur elszhj column orcmﬁon!. ]

g_}: This resalf con be used fo hvn;ofwm ComrliuM matrces

ink simrler ones fo defermine their ‘ranle.



ANY MATRIX cAN BE TRANSFORMED

ANY MATRIX CAN BE TRANSFORMED INTO
rm D= (¥ 0.) CT3S) W “p_.,." (T3-6
(01 03 , urru- )
g Let A€ men (F) be ML'*“J Let AGMM“‘(ﬁ:) Le such ‘HIA"’ r:mh-Ch)-
Then there  exist o f‘-,‘,'f(_ m’u«u nf dzm.duj row
ord  column  openfions  such  thot  when affuu t A

THE

Tren Jhere cexists a (finife sequence of dumnluj W and

& mﬁfwms info the  matvix

wlumn operafions such Hhef  when applied fo A, Hhe
resuthat  mahix D i of the  form
_ /I o L
D= (o o o . , 2
: e ° 23 .- dln" 41.,r(-| g
where O, 0, 0; ore (2t mobices, and (r= rank(h)- D = > ° U e e a4
1 %2 93 v.rru- 9 N ‘ . in
If A=0, we ore done. °© o o v
has o Asn-2eN m‘lrj ° 6 o ... ";ﬂ" o deg
¢ : : s 0 - ©°
N

Thea, suppose A% O. Then A
row ond af

Ej means .f at  most one  elem

moct  one ehmu‘)’u_') column nruuﬁ"ﬂ Ceach of the form
we con mwe the non-iea mbj

Ru<—> Re or Cu‘—>CJL),

ositon .

P the (1,1 4
@J Mmeans °f at mest one g))mh'an °f the fl’"" (Rkbclzt)

or C( €c-C), we can cha-jo_ +hat u},j o |
Cm-1) o nrumh'ov\s of »‘jre "Rl Byt cRe”
column orem-ﬁans af }Jrg "Ck e Ct eCe”,

rc.maininJ enhies in  the fivsf‘ P and N

Tl'\M, LJ at  most
Gad L] ol most Ca-t)
we con dNH\Jﬂ- all  +he

the f‘rfl' wlema fo  be O,
It ,fullws thet  affer o Finite Aumber of clementrry matix aremhm:.

we have 'hu‘f-mzd A b a mahix A of the f"f"‘

Al = .‘;.","_ ool
o B
l?f] Couﬁuu;':] +His  recursive fwcess on B we n continue i
process to obkin o  odix of the fnm D affer o f'lﬂ;k
Aumber of ..lgmemluj row/ column  opeatfions.
Sine these rrestrv: zale, it -fnllo'"f that

ThMl Lj Rlsi
mAlLCD) = diM(;Fﬂ-ﬂit,,.--, e, 91 ) 2,}) = dim(s,m{z., --,erl) = f,

the cfondodt  lasis  for [
as desired- M

aal(n) = mak (D).

whee i'¢u--~,¢"} is
It fllws thet  roakcp) = mak(d) =7,

AEM, (M) = T INVERTIBLE Bem,, (F) Ce M, (F)

- gne = (% O
>D=8Ac = (o] o, ) € M, (F), remakeA) (C351)

g Let A€M, (F) be such thet = conk(A).
Thea  +here nussan'lj exist inverfible  mahices  BE€M, (F),

CEMynCF)  such +hat  the mahix D= BAC
xn
. I o
is of the fom D= <°:. °;> € M, n\(F), whee

0,,0,,0;, are Tw mabices.
faof- By T3S, we con conet A inh D via o finite
number  of -luMu.huJ ow & column  oputions.

T folless  that
D= Er..- EIA(‘.I (;‘L'
whee E,, .., Ere MpumlF)  and a,,...,atem,.x,,cm) ore

ele matnces-
Thes -H\lj o inverhlle, 0 it »fn”nu: thet
B=Ep E and CoGmGy e invertible  and  D=BAC,

cow\rluﬁv\j the fwwf— a

© k

® ,ﬁallaus that  rankcn) = rank(D,,ﬂ.,,

?'—"—“]:' If A0, we o dor.

Su.rlnau A0, o that Fhere exish 4 non-ien esby of A
Ej Jai'ﬂ of most ome pw  and of most o1 alumn
Ceachh F type 1; e "smf/a.'rj“) .,r.,,..ﬁ;m, we can move
this  non-en ._,\l-vj h the  CI1DD fnsiﬁﬂ'\-

Bj J.o;!j af most one {jf‘ 2" vf""ﬁ"" Cie Ryeety
or (& (), we can chonge it fo |

'Bj ot ot Cm-1) f_-,ft-! rw o}w’M Ce
Wwe con chonse all the ruhﬂ'-\'m] eadies in the f-‘frf oW

Qe By + c-Re),

o Lle O-
"ﬁﬂ&'&, we have ba.nsfomui A b a mehix ﬂ' "f‘ the j“l’m"

, [y o 4y,
()
: B
o .
we con

Bj "'-f“*”j His  recenive process on B,
b-mfm A inh the fom of  Duge.

Then,
- . et
chungv) = dim Csr-n({lu du.ﬂl ey, 12 ‘.',rei te,, drﬂ, - J,\}))

" R = di ]
h _w“ff") dimlspan(de,, . e, Ay, .., a1,
where e, end i the shdant Cordered)  basis for Y, and do
i h
is the L g, rof D"ff"’ for ISksn.

hen i -
Then,  sine AE-I,Z'A;',‘,‘. S oonoclga, we hew

S'rM(i'C,/..-, e, dry, -, J,\I) s ,rnn({e“__.lgr]),

Tt follows  +hat Y - cpenld .
£ L""rr-f(” < spalie, . ech, s Bt

roak Cpurrv] 2 dim CL,“”v(ﬂ")) = A.‘Mfgfm(ie,,..-,e,.h)= r = cank(h),
Sina e(-.muhj maix grun)-ianr presene the mal of the mabix,

ad we am”ge. g

©® Frd a  non-ten enby  of Aj
@ A]’r‘_'] at most one fype=l ow ‘T"‘m" and
ot most one e-l  column o,mﬁon h e the
entry to the posikion 1 1);
® Afflj at  mast one *3?(-1 row (or column) operniion
o make the enfy ot the rosiﬁm a0 kb be
(P
Al’f‘_‘l ot mest C(m-1) ije-l ow ormﬁons so that
all of the r".mm'nivj endies  in  the fist oW is 0
S0 the new maMix s of the form
A' =

eat sh.fs O-® on R r!culsiv:b unhl & mahix of

.

the ﬁmn of Du”,, is oblained.

) = r.



vk CAT) = raak (A) (€C36.1(1))

g Let A€M (F) be ockitrany.
Then necessasly ronk¢AT) = renk(A).

@f' Fom C€3S-l, Jhae exisls invetible matvices B,C suck
Hat D= BAC-
Then Dr: (gnc).’ 2 CTATBT.
Sine B ond C e invertible,
ase also .,wtr'ﬁl.le
Thas ok (AT) = nkCDT).
Then, as pTe Mnxm(‘a:) has the fm of the  mabix
Din GBS necessen
It /f'b"’s that rank¢AT) = roakCA), o5 ru’\,{AJ. ]

Ly L8 BT ad CT

qank (p7) = rmakeh):

ronke () = dim(3pon({R,, -, RpF) = dim (spon({C,,..., D)

(c36-t (2))
g’f Let AEM,  (F) Lo aditary.

Then neczssan'lj rak (A) = d}m(sran(é_n“...lgml))=dhnlsrn({cg,-n,c,.}))l
ot column °f

where Ry ord G domete the ™ ou aed ]

A nsrccHW-\J-

Proof - By RIE,
So, the roak Of AT s the dimeasion of the

SuL:/mL enerofed. (,j the columns of AT

alk CR) = a;m(srm(ic,,.,.,c,l])).

But gina the  columns of AT o the rows of A
Hhat

6nd  mak(p) = makefT) by 346000, i Afollows

' aramkd-
nk(A) s also +he  cAimension bf the ‘MLS[K‘&

Lj the  pugs of A/ as neoded. @

rank(AB) ¢ min({rmakea), rank(B)}) (T3-7)
" Lot A ond B be  mobices swch thot (AB S

ot

Then m_mssarilj roak(AB) & min(§ mnkeR), cenka)f).

Proof. Let Aem, (F) asd Be M,\,‘rcﬁ—'). Thea, sinca
Rilgp) = §ABx : xeflt ¢ iAj:Jeff"}= RLLy),

we hove
Ak (AB) = dim(ReLy)) €  dim(Rely) < makCA):
On the other hand,
ani (AB) = mnk(CABYT) = maW(gTAT) ¢ mak(8T) = makch).
as needed -

Thes  @ankCAB) €  min({ makch), makee)}),



FouR FUNDAMENTAL SUBSPACES OF A MATRIX (S3.3)

CoumN SPACE OF A MATRIX, Col(A) (P3Y)

"
column

) I— Let Aémmm(q‘-). Then, we d(ﬁnt the
Sr“-‘- of A, denoted  as ‘Gieny, be
+he vechr space
Col(p) := { Ax ¢ xe ﬁ:"}

= § all Unear combinations of eclumns in Af

= span(f eolumes of ap).
{?’ We can show GolCA) is & rukrﬂte of F
Pog-  Tws follows fam the fact fhat
Col(A) = span({ columns of Ap.

OF A mMATRIX,

™ (TR

-}
Row CA) (D3U)

Row SpACE
?l Let A€ M (F) Thea, we define He “row srun"
of A, dencted as Row(AY, b le the vechr
Srkﬁt
Row(A) := GolCAT)
iATJ jeme}

= dall lineor combinafions of wws in A}

= er({mws of A%).

Row(A) is o su.Lsrn.cc

show

%

We can similacly
of F%  (T3.8¢1)

NULL SPACE OF A MATRIX, NulicA) (DP34)

g: let (AEM_ (F). Then, we define the  Taull sro.u"
of A, dencked as “Nulicmy”, kb le the vechr
space

\ NM"CA) =) {xef" l Ax=0}.

i 2_ We can  show  that NwlICR) is a SuLsrlQ of
Fo T380))

LEFT NwL SPACE OF A mATRIK, Nuli(AT) (D34)

f?l' Let ACM, (F) Then, we defire the Tleft ol
spice” of A, dencted  as  "NalI(AT), fo ke the
vector  space

NG = {geR™ | Ay ol

E;I_ show that  NuwllcAT) is a ruLsJ)«u

We con !I'Milnrlj
of F™ (T3-8C))
NULLITY OF A mATRIX, Nu(l.lj(A) (D34)

g For ony mahax AGMMM(F) we olef.ng the '\u“nf:’
denofed Nullfja\)"’ b be

him ( Nutl CA)) .
dimn (RowCAY) (T32(C2)

of (A, as
Nu-ll;l\JCA) =
conk(R) = dim (ColCAD) =

Q Let AEM, CF) be arbitrory.
oak(A) = dim(Cain)) = dim(Row(A)).

Then vu(.l.s:anlj
PLD_D)C- This ,ﬁ,)law: from RILCD, asd the foct
ce1Q)). @

fhed  roakcn) = rmak(AT) )_'_‘J

aullihy CAT) = m- rankeA),  nulliby (R) = n - roakeh)

(T38C3)

{} let AEM  (F) be arkitnry.
Then m;_zss:uilj nulliij(ﬂT) = m-rankeh)  end
nu(l.*j(h) n - cank(A)-

Proof - Bj the Ranl-Nulliky ~ Fheorem (T2.4), nec:ssw\j

Aim(FY) = N = dim (RU) + Slim(NCLy) = aleh) + nulliy ),

and
dim(
The rnaf oliuLHJ ,f,,(l.,w: ,{mm +his

) = m= Am(RL) ¢ dimCNCy) = RACA) nullgAT).
observation: @

" = GlcA) @ Nuli(aT),
CT3.8 (W)

Qf Let AeM, (F) be oclitmey-
Then neu.ssnn'(J F™ = Col(A) @ NwllAT)  ond

F" = Raw(A) ® Null(h),
&of- We ,f(‘rﬂ' l:nue
Gt  ve Row(A) N NullCA)

this .'mr(.'zs ve Gl (AT) - iATj .

Row(A) N Nul@) =
ke uli‘huy.
jéf”} .

Hence +here exists @& Jeﬁ’m

Sinee Av:z0, thus
Thig imrlit.s
0 = yThnTy = (4T (ATy)
z CATJ)TfﬁTJ)
(VI vTv,
heaa inply v v=0 neussn-fi("],
S‘DI Lj TLI2, we heve.

dim(RowCA) +

Thea, by C24,
Aim (o) + :\ull.‘lym) =

Since mw(A)+ Nullch) is a

we have  Powch) + Nullch)

Toqehoe  with  Pow(A) N NullcA)
Pow(A) ® NullCA) =

as  needed-

cubs

= F"

fFf\

Such

AATJ =0.

fo that

< ¢of,

Row (A) ® Null(R)

gof.
97 dnfin;ﬁbn .

ad Av=0

ﬁTJ.

that v =

Pouth) N NallcA) = §oF.

NullcA)) = dm (BowcR)) +  dim(Nali(AY).
= dim(Row(a)) + ,\..ll-'lym).

anklh) = dim(RowlA)). Thus
@nk(f) + Aullifycn) = n=dim(F"),

of "

and  dimCPoucA) + Null@) = dinCFY),

His dells ws  thaf



THE INVERSE OF A MATRIX (S3.4)
INVERTIBLE MATRLX THEOREM, PART 3 (mA) GAUsS- JToRpAN METHOD To EINDING INVERSES
To SOWARE MATRICES (Ri1Y)

‘g" Let A€M C(F). Then +he following siofements ore
oqvivulu\'(‘-
© A is invertille - g Using T30, we con formulale 4 method o fied
g)'r‘m_ columns °fA A form °‘L ('.“‘5 f"’ﬂnﬂ. Ig,\J- the invesse of a squore mobix A Cif it exists)
'~m & ’
The vows of for asis fur 10 If the fiﬂf olumn of A s o 7ee veche
A is '\_Qi’ mverfible ; dﬁvwkgl fhe afl'r.d' column of
A has & non-teo entry.

r,oducf of cltmﬂfmj mahnces-

@ A s o
Proof- (@ ¢> @) Noke that mnkid)zn ¢ 2im(ColCAY) =
&S the columns of A »fv‘m o basis f"‘ fnl Since.
A hos n columns- (Thig f,llms fm clq.2).
We imilach = . 5 woanas:
can snm.la-rJ prove (@ ¢ ©) i Hu!_ mannes - ® ITn a monne similar b the process for T36,
(©20) Suppese A= E, wEpi whee &, Cp or lawastiry Wwe con convert (AIL) inkb o mofix of the form
motices - . 1oy -+ d
Thea, s c[wruj wmolvices ase  invefibl , and +he mahix — - 1 42n
P'DJ-CI' o{r inverhble  mofrices is invertible, it pilows that b o
-l
A is invechbk oand A El’_| LTI using  onl i
elemen ww o Hons .
(@#@) gj €351, we hawe D=BAC, whae D:<I:L°|;!) , = reAlCA), j j fwj - rm
and B ond C ot products of :lemfuj mohvices -
Thoa, sine A is invedtible, necessonily  Chy 1) ran, mphig ® Then, we aru{. Steps D and ® recussiely an 8,
D=Tn- unhl  either
Hena A= @"I,\c" = B¢ © Te fist cdumn of & is o RTen wvechr;
ﬁ-mtb, cine B and C owe bofh r,,;.uh of elﬂwJu.j mabies, +hen, Lj tha  Iawctille Mahix Theoem port
ond  He invese of Ga z(wi’nﬁ mafvix is alss  an e{eme‘N:j 3, As not invertible ek o we shp the
mabix, it »f’“‘""f thet A is helf the rvoducf' o elementrry G w preesdure.
mohicas, 2 get & I=lrm.vh,,( of the form
! L te d
Twis s Su-f,fioimt b preve the 4 stalemenfs ore uju‘-W'u* h . ° I‘ L T R TP
S 2 2,n
one another: 3 < ; LI dy 2,
Aem,  (F) IS INVERTISLE = CAN TRANSFORM (Al I INTo oo Lt K
n,ntl e "in
¢ 4) @Y Row OPERATIONS (T210()
gI,J A ) Y @ Then, l‘j at  most (a-1) wa.—i ow orunﬁm\s,
Y Lt A€M} (F) be < inverfille - we can connd C' b .
+h t , where
Then 4here  exists o f,‘nilt S“'WKC of dtmud'“j ow DTMM oy e de mo xdc,, w
. A A ahix ' 1, s Aiy2a
which  con  draasform  the mebix  (AIT)) ko dhe Ch = ‘,-’ oo Jz,::: R X P
(Tal A™). D P : ;
P_Dg_”f Sie AM= CAY, - Avr) .fnr any m=Cy, - VP)CMMTUF)' ) o - dantr ... dn 20
we have G B € bt Wtk the A" column hoing 4l 2en
ATCALLY = CATA | A'L) = (Zal1A7). enbries excegt the last one.
Ten, Ly the invechible mobix theaem fort 3, we hove ® By of most (a-2) Hpe-d operafions, we can
ﬁ-' = Ef - Ey, convert  Cp  inbo  the motix Cnet whih s Cp but
;hual Eir o Bp ot ehwmj e with e Cn-l)"‘ cwlumn  of Gy |:¢.5':J 2eos  exaept at
* ff‘,l“‘; thot the -1, a-) r¢iﬁm.
(E, - ECAIT) = (I,1 A7)
(S " ‘ ©® Conti _
s the result of os c.lmnle ontinue Sk‘f ® unfil  we Jd‘ a  mahix of- the
form (L1 @)
g=A""

which  Show  Gine each E;
roul urernﬁc'\) thot we con 'hnn#‘nm‘ AlT, inb  TalA”

via & ,ff,.i-h_ me\u a’[ G(Wf‘fj ow ora.uoﬁo"s- )
A€Mpcn(F), 3BeM, €F 3 C(AIL,) ~» (TalB) BY
FINITELY mANY Row oPERATIONS = A Is INVERTISLE

& 8=p" (T3.10¢2))

? Let A€M, (F), oand suppose ther ‘exists a BeM,, ()
we can hmnsform the  mohix CAIT,) info

Then, Lj T3-10, ncczss:m'lj

such  that

(T18) Ly finifely  mony  elementory  vow operations:

Then necessanly A is imechible, and B=aA"

e’—“—"f' @t &, .., 41 le the elemen motices  assouated with
the  elemen row afwﬁms that  freasform (A)T,) info
CTalB), so +het

(Gq = GICAILY) = (Inl8).
let ¢= oGy, s et GOAIT) = (Gala)= (Tl B).
so that AB=In,

I+f-l(aus that I,=GA ad B-G,

and  hence  that A s inveditle ad B=RT. B



SYSTEmS OF LINEAR EQUATIONS (S3.5)

SYSTEM OF m LINEAR EQUATINS over (F
(035)
?"' A s:sﬁm of linear eTu-ﬁons in A wnknewns
over the ,f\'-.(-l F' s a Sjshm of lineor
ions of the fum

( q”x, + + e x, = I’I
Gk 4 o e xy = by
{ BaX + e F R R, = b, ,

where ﬂ-j, L; eF VYicism, I‘j“" oand %), K,

e vonalles hb:rj Volues in -
write the alove sjshn—.

Alh(ﬂﬂﬁw—‘:}, we can alse
as the  mahix  product Ax=L, where

A ‘; (called  the M

2

m ..
I © Rpp

°F the S‘j:hm),

@ x-= (;'); and

n

® . (t
= ()
AVGMENTED MATRIX OF Axzb (P3S)
? Let Ax=b Lbe a sjskm of lineor tjmh""s
in n unknowns over
Thm, the "aujmmhd mahix” of the ijhm is
‘%fh!d o be the mxthe) mobix  (AllL).

SOLVTION (D3S)
g let Axzb be a s‘jsk.m of lineos ¢7wﬁmx

in ‘N unlknowns over [F-
y L
Thea, we say cef” s a Soluton’ fo

the sjshm if Ac=b-

SOLUTIoN SET (D36)
{?‘ let Ax=b be o system of lineor  equotions
A unknowns over [
Then the " selution set’  of the SJshm s the set

of all  selutions b the Sjg-(-m,

CONSISTENT / INCONSISTENT (D35)

g let Ax=b be a system of lineor ga'mhon: in

a  wunbpowns oves

Then,

©® we say +he Sjsftm is “consisfent” if KH=H5/' and

®@ we 504 the sthm is  Uinconsictent” if KH=¢'
HOMOGENOUS / INHOMOGENOUS (D35)
g let Axsb be a 57‘h-M of— \inear ¢=‘voﬁms in
wnlbpowns in  [F.
_nﬂen,
O we 5oy the sjshm is "homojmws" if k=0; ond
@ we snj the sjshm is "|'nhwajmous" it b¥o.
Ky OF AxsO IS A sugsPACE of " ;
dim K,y = n- - ronk(R) (¢T3-1)

Q Let AEMACF), and consider +he (system of

linear equohions  descrbed L_'j Ax=0.

Then +he  solubion set Ky of the ‘system s
neusswilj o wl.srace of £, and
dim K, = n- ronk(A).

Pr;of- Observe  Hhat kH= N(Ln) = Nul((ﬂ), and  $o

G 5 a suLsran of £

Thea, L.J he Foah-y.\ullihj Theorem,
rank(R) + Lim (NuliCRY) = n,

and So

n - roaktA),

dim Ky = dim Null¢A) =

as needed- A

Ky OF Ax=0 Is NON -EMPTY  (R19 (1)

-?" Nete that the solubion set Ky of AxsO I
non-mrlj.

- since O€lky

Ky of Ax=0 Is {0} ¢= roak(h)
g Also, the golufion set Ky of ~Ax=0 is gof

and only i rankeR) = n.

=n (RACD)

(’)_'_ﬂjf' (=) Sur’w:e = 50} This ,mrhgg N,) = NullCA) = §of,

and so  dim (Null(h) =0-
By tre Rank- Nullity ~ Theoresm,
rankcA) = 0 - dimCNged)) = 7o m

necessan lJ

FULL coLumN RANK (RI19(2))

g We '“_'] fhe mahix AEMM"‘(E) is of ﬁ,l! column ronk”
if the solution seb Ky of Ax=0 & o, or
e1u{\lalenﬂj i cank(A) = n.

men =) Ax=0 HAS A Now-ZERo

SoLUTION (RI] (3))

:Q Let ReM 0 (F) be such that ‘men-

Then m.u.ss:;nlj Ax =0 has a non-tem solution.

Proof - gj 733, ronk(A) $ m<n, and so
o non-ten solution Yy RIq C2). g
mogenous Sjskm of lineosr

*in other werds, a he ;
numbes D‘F

Eq”“H""S with more  unknowns  then

Ax=0 has

1‘14“hw\5 has o non-zers solution.

Ax=b IS CONSISTENT =D SolwTIoN SET IS A COSET
of Kk, (T3 12)

g Let A€M, (F) ond ‘beF™

Let K= dxer™ | Ax=b} and Ky = ¢ xe F ﬂ"=°}, ond :uﬂ:ost
that  KEP.
Then K is a (coset of Ky, oad in ror‘h-ClAlﬂr‘
we have k= e+ Ky, whee € s an m solukion
af— Ax=b.
P_"E’f We first show  ct K, < K.

bt keKy ond fet ceK be “’L”"“j-

so fhat ctke c+Ky.

ond SO

ACcsk) = Ac+ Al = bto = b

Hence ctle e K/ oand Hhaus  (since
were anHrn.rJ) et Ky &
Nedt, e show K E CHley, whih will be sufﬁ'denf'

Since  cek, Muss,m'lj Ac=b,

CMA le

fo pove the claim.

et x,cek , and let k=x
Then Alx-c) = Ax- Ac= L-b =0,
and so x-ce K-

Thus  (sine Ky s a mLsrnu) it follows  the

Xec+ky, and so Kectby, as needed - @



INVERTIBLE ™MATRIX THEOREM, PART
4 (T3.13)

g Let AEM, (F) be orbitrory.
Then A (s Iavertible i and _only i +he es)un#m
Ax=l hes & unique solution  \beF™

Poof- () Ax=b <= A'Ax= A"k = x=A"b,
Showing x=A"b s the unique solubion o Hhe

SJshm_

(=) Suppose

Fix bef™, and

of Ax= b-
Ku be the solution Set of  Ax=0-

Ybe F™, Ax>b  has & unige soludion.
let ¢ be the unitiuc, soluion

Lot

g‘J T3.12, {CE: ct Gy, [Mr[Jir\J K, :2'0}, which

in hen (by RAE) el us et akCh) =0, axd

hene (L'j C3.41) thak A s inverhble. @&
Ax=b IS CONSISTENT (=) rank(A) = rank CA1b)
(T3.14%)
'gi Let Ax=b be a Sjshm of linear c.c’v.h'ons.

if _and __enl i

Then the :jskm is  consistent
rankCA) = rankCAlb).
Ax=b has @ solubon
@ beRLy)
) be sran({co/,(m, -, Col (A)f)
() gran({ Col, €A, ..., Gol ¢, bf) = sro«\({(ol,(h), wy ColpCWP)
¢=) Aim(srar\({ Col, CA), ..., GalcA), bF)) = A;m(sro«(gcol,m), ey ColntM)
() rank(p) = ralk(AlL),  as needed- B
EQUIVALENCE OF LINEAR EGUATIONS (D36)
g We  say 4wo Sjshms of lineor cjvah'ons are "e?w'v‘lu\f"
if H\tj hove +he same  solubion set-

Cem__ _(F) c Is INVERTIBLE = (cA)b= Cb

Mmxm ’

IS EQUIVALENT TO Ax=b (T315)

g‘ let Ce mema;) be an inverfible matnx.
(cA)x = Cb s ctio'malenf o the

Proof-

Then +he  system
SJS‘RM Ax = b

Proof - For  any
Cehyx= Cb <> Ceenx = C'ar)
¢ Ax=b,
s'l/mw'n-j +e Sjs{—w; have +he some  solutjon
sets-
(A'lL’) IS OBTAINED FRom (AlL) 8Y FINITELY

MANY ELEMENTARY ROW OPERATIONS
2 A'xz)' Is EQUIVALENT TO Ax=b (C3.15.1)
g‘ Let Ax=b be a Sjshm of lineosr “,WAHO""

obfnined Lj f"f"'"i"j & sequence
row oru’aﬁons on (Alk).

xe ", we have t+hat

Surrosz A'l L) s
of afv'm'h(J many elementocy
Then  the Sjsh.m A=k’ is  equivalent b the sjshm

Ax=b-
?LD_DF We must have $hat
(HIILI) = EF El(A”a), where EP E, o0
zlzmuhwj mahices.
Then  since CEF"' En)-' = & Ef—', it Aollews Fhet
([,j T2.1)  +hat A'x=b" s L’Tw’\ln(ﬂ-nf o Px=b,

as rdib(wj. 7}



REDULED ROW ECHELON FoRm / RREF

g A mehix is said o be in Treduced ww
“RREF", if

echelon .fnrm", or

© Non-tero rows ore at  the i_oF of the
Non=Rer® 0¥
mahix ;

@ o vows are af the botom of the
matnix ;

@ The fi'ﬁ‘f non-2e0 tnh" in each non-tem row
is 1, called o “Igodin, onl.",'

® The ludinJ one is the ﬂ} non-en cn#rj in
its column; and -

® Te leading one in each non-two rou @ o the

Ie_ndl'nj one  above it

gigkh of eny

GAVSSIAN ELIMINATION To ROW
REOVCE A NON-TERO mATRIX INTo RREF

(T3.16)
g We can (convect: ony (non-em mahix into RREF

'oj n[:l?ljin] 'S

"row  reduction”,

elementory  ww orwﬁ“‘sl

suiuu\a. of

colled a in the f‘ollowin_] manner

Tuwe use the cxnmrlc motix

2 4 | o -4 2
A= © o 2 -4 g4 y
2 2 -3, g
3 6 -2 % -3 4
® In +he leftmost  nonteo column, wuse c.hmenbr) o
oerw\s (if nzussnrj) b jd' a I in the
first ow;
e z 4 1 0 -4 2 . . 2 . i .
o auy | Rewt [0 2R LT
I s 2 -3 ] y \ 2 2 -3 . N
3 6 -2 3 -3 % T 6 -2 3 -n v

€ Usinj l’urc-} elcmmhfj row oruuh'ms, use the first
ww enbies of
Hhe Icf+ most  column;  that s, leading

Pr:vious sl-:r.

Zemes in the

create rem;ninj

below  +he

one crated in the

“ 2 oo -2 RyeRy+R, 2 Y o -2
e o 2 -4 4 gy Rye Ry -3-R, e o 2 -4 4 4
, S 23w >\ ° o 3% -3 3 3
3 6 -2 3 -n 4 © o -3, 3 -3 |
® Consider the “submahix’ consis{"\rj of the columns to he
riJM of the ‘column we just modified,  and the ‘WS
beneath +he ww  that jost je+ a leading one.

leodinj one

Use glc.men{-a.rj row oru-uﬁons + jd’ a
submatvik -

n the br of the f.'rsf non-zem  column of Hhis

'/,_ o -2 2 Y N
-]

zﬁ 1 2 \ P en ‘ .
o™ 2 -4 ¢ 4 4 2 6 Ry - :. ° e
2lo 3, -3 3 3 oo 3,1 _3 ! 3
°le =) 3 -3 ofeo -7, |

® use demenhwj row orm‘h’ons o olhin  zesves below |
creoted i the P reced ing shf—
ej 1 2 % o -2 \ ek -3.0 ] 2 Y, o -2 \
e ° 4 -2 2 2 :3 5,_ Rl e ° 1 -2 2 2
6 o 3 -3 3 3 wektify ° o o
o o -3 ) © o o : : ED

@ Rzrm‘l’ Shrs ® ad ® unhl Nno  non-%o vroWS remain.
(This c.omrldr_s te  “forward rhase")

@ Next, st"ad'inj with the last non-20 row, add m“(ﬁf}u uh
& o each row above it 4o crecte  zemes abeve  ifs !eadir:j
one

, & R, - R
’-J 1 2 % o -2 \ :'4_“'_23’2 ] 2 %, o -2 o
:Dl-lzz""""l—zzo
(-]
Sroorey RN

Rt.ra:d' +he process in  step Q] for  the second last vow, then the

tHird  last W,  and S8 on, for every  sonzed row eKchi- +he
f\'fﬂ' vow .
(This comr(o_i-v.s the  backwocd phase”,  apd ot this },a;"f Hhe  aahix
showld Le in RREF.)
ej ' 2 Y% o -2 o R &R LRy ) 2 06 1 -3 o
© o ] - o o 1 =2 2 o . . :
2 % o 02:? ? © o o 0 o |) ¢ ths s in R_RE_F
e e e o 0o ©O o 06 o o ©
* re - )
rote:  Goussion elimination is  non-deterministic ; iR we hove choices when

t:hoos'll\j whicl

orUu’Hnns o use in the aljorifhm-



FREE VARIABLE (D33)

g! Let B be the RREF of the cot.ffidu\* madvix
in the SJsh-m of linear uru.h‘ms Axzb-
Then, if the _')"I" olumn of B does net

o \uAinj ene, we call X - "fng vanable'".

8 IS THE RREF OF A =D fank(A) = ronk(8) <

& OF LEADING ONES IN B8 = # OF NoN-T€RO

Rows IN 8 (R0 LDN)
_gg Let B be the RREF of +he ‘mabix A in the sjskm
Ax=b.
Then necesso.«ilj
in B = number of aonteo vows in 8.
E_rgof Since B is obfoined rfnm A vie a 'fn'nih number
af ;lzmen'hﬂj vow arcrnHons‘, we have mak(A)= rank(B).
on dhe other hond, Lj the dafr'niﬁ"" of RREF,

°f R ove Iinep-r(j

contoin

rank(R) = ronk(B) = number of lcod;nj ones

we hove +hat +he nenzem rows
inAermelen+, So  the non-iwm rouws rfvrm a  basis for
Row(R).

Hece  mak(B) = dim(Row(B)) = # of non-2en vows of 6

ol Df leudir\j ones of B- @

ALLORTITHM FoR SOLVING A SYSTEm OF

LINEAR EGUATIONS
g" We can solve the sjskm of linear uTm.‘HOﬂs Ax=b,
where Ae men(F) and be }Fm, usinj the fpllowiv:j

aljwﬁ‘hm'-
49 X o+ 2)(2 - Xy + Ixg = -4
T+ ox, 4 5x, - Sk = "2
“ * 23 4+ xp - Gxg = M
X2 T X3 X 2 = 6

0] Wrte +he aujmurhd matnx fwr +he Sj!kﬂ\;

I 2 o -1 % -4
- -2
riy) =( ¥+ 5 o 8
Vo0 2 v -5 4
o 1 =t t 2 3

@ Use ‘lM'-ﬂhrj row erc.raﬁcns t  convert the oujmenfd
matvix intp  RREF ;

@ Wnte  the Sjsl'-m of (ineor Eﬁuﬂﬁbﬂs cnrr:srondinj +
+he RREF;

X, + 2x3
= |
Ky =%y + Uxg

"3"; = -]

Xy =-2x = 5

o = 0

©® If the Sjs*'f-m confaing an ea]uaﬁon of the form

0=l, then we Shr s the s\ysfem is inconsisteat.

B IS THE RREF OF A, A€M, (F) =

# of FREE VARIABLES OF (Ax=b)= N - ronk(R) =
n-F oF LEADING ONES (R20 €2))

-g’ Let B be the RREF of A€M, (F).
Then nv_cessan'lj the  aumber of ,ffu_ voriobkles of (Ax=b)=
N- ronkcr) = - ¥ of {eadin] ones-
Proof - This follaws  dicectly  from  R20C).

@ Otherwise, assign raramo_Mc values  ty, .., th, To  the

free  vonables where ©= ¥ of non-zen s of A',
oand  then solve +he mma'm‘mj voviables in ferms of
the free vorialles.
The free voriohles in  the examr(: are Xy and Xg.
- So, (et X3= £, aad x5={-2_
- Then, the Femaining vorables  can Lo -.xrmssa.d as
X T -l m28 ¢34,
TRy T LA 4 oty and
"Xy = G2t
©® Then, reorganise the  equations fom  the < previous sfzr
Cie the civmﬁon! exfmsrl'ﬁj the (variables in fems of the
poometers)  as a  vechr ura‘h’on in  the form
X = Xy & Euy o+ + o Y%aar
where  x w0, Ua, ore M vetors in "
In t+his exomr’e, the z’ivnHons for  all s
con be olisrlajc_d as

Vana bles

X, = - - 7-'(‘, + 3‘62
X, = 1+ £ - Ut
X3 = 0 4 4
Xy = ¢ + 2t
XS = 0 + f,_ ,
So Lj ",‘ns’ur_h’m" we can wnte

X, 1 N .

_ X2 1 ) Zy

X = %3 = ° + f’ h + fz .
% : 2 2 ).

n
® The", +the  golutions h Ax=b ore the  vectors K€ F of
the form Xz Ko + Uy + - with  the
solution set of Ax=L lw_inj the wecoset K= X+ Sraﬁ(up,---, Un_r),

wsed (S

+ {'n—run-r ’

So He solution Hh the examrle we

= &) 6)+()- )

fbf ML '{’m(j ‘é, ’ ‘E)_ -



RREF OF (AIb) HAS  «JoN-ERO ROWS,
GENERAL SoluTION To Axs=b IS
xzXo bty + -+t 0, D % IS A SOLLVTION
© Axsb R fu, ., Ul IS A BASIS TO SeLTION
SGT oF Ax=0 (T3.3)
g Let  (ALD)  be a  consishat system of m lineor q.,dions
in n o varables, and suppose the RREE  of CAlb)

has ¢ non-tem  vous.
+1 u,_, be fthe ju\ml solubion

let x= X *+ tu + ner
o the SJshm Axzb, where o tnoe € F o ond
Uy, oo Uy € ’Fn.

’

Then nmss.:r;'j
® xef" is o ‘slution b

® ‘;:.u,,---, ue’ is e hasis J-r the solution

K= §xed” | Ax=07.

Ax=b ; and

set

P_W;bf et K=o l: xet#” | A)(:L} and kH = i'KEﬂ’J\ l ﬂx=°}.

Bj RIY, we have Hhot r= roak(A).
we jd +hat X6 K

ST

Tlnﬂ_nr if we chosse 4= -
K= X+ Ky-

naczsswilj, ard 5o Ly TTR
well, F f.ﬂnws

Snce K= % + Srﬂ!\ (4 -, u_ §) as

Huat kH = Sran(fu,, -, Un_r D).

n - rank(p) = "7

On Hre other hand, dim kH =
Lasis ‘f"— Ky - 7]

imrlji.,\j thot  fupe, Unf i @

ReEF of A mATRIX Is UNIGVE (T3.18)

g let A be a mahix, and let B, and B, be Hwo
RREF  mahices such ot A con be hunsfwmd 1o
both B, ond B, via eln.w.nhm’ ow orw’h'"S-

Then nza.ssavi{J B =8,.

+hat 2, and BZ have exad"_y

P_."l”f Llet raak(®) = r, So
r (wd'mJ ones-

Thea, say +he |udi'\j ones  of R, orfcu in

Columns iy, o, r, whee (€i & = & €N
Co(,[gl-): - C°(A(g|) °f gI'

Consider Yre  columns
Note +hat Cn|‘-u_CB')= zheﬁ-"" CLj +he Jﬂciniﬁbn nf

RREF),  and calj(B,)-‘Oéﬂ“"' Vigjeic

Then, ,)er each =\, .., Hhat
Col; (B € sran(fQI,CB,), ey Goliy &})

n, we have

& j&‘li..---. irfi

it the P column  of B, is in  the <{7¢m of

ol the columns 4o its (eft f end onl; if Gl does
not contrin & (md'.'j one. /
Moreover,  if ]h fooe, il ond column s
et of Hhe it leadng omes  and ko the feft
af He last -t Ieadinj ones, Hun necessanly

Col, (8) € srm(f'all.la,), Goliyc8y), ., Coli,8)F).

o the

all  but  the »fidf‘ 1 enhies  of

Ir\ fuc{', +his imrh'cs
o; then, i Col ®) = (a,.., a., b,

column J must  be o),
Colj (B) = ag + =+ 48 = a Gl (R)+ " +qtca|l-t(3,).

no_asso-v%lj
B, detesmine

Thus, +he linear d-e_rude.m':! of the columns of
ones -

the columns Hht  do  not  conhin leodinj

A SiM”N agumuf‘ qrf“&!‘ »fbr @l_
Thbﬂ'f"f!, as B' ean  be Hnt\rfl"ml.d o Bz

columns cf B,

Lj ° ;1.7 Lenc af
e_lzme_n{wj row or erofions, and  Sce  the and B,
Sﬂhs‘h the  exact some  [lineor d_p_fu\duh'q} Ly PP &y

fhot B, = E'I-/ as needed-

ve have



Chapter 4:
Determinants

WHAT ARE DETERMINANTS 2 (S4.1)

g: Let A€M (F).
Then, the “deferminont of
or “lAl", is defied a5 folows’

Aem, (F): A Is INVERTIBLE ¢=) def(R) 0
CTA)

A, denoted as det(P)

= =1 d A Lt Ae M, (F). .
O detr) = By for (azl: aa ) e o W det)HO, asd in porbelen,
2 i+) ~ Then A IS invertible J_M}_i '
@ detca) := _’z(") L “‘HA“) for %2, A X . ) (P '“lz)
) izl if A is cinverlible,  thea CAT = GuR( Ly oA/
where . . . . _ A [Pa -Ae
(0) A;’- denotes  the ¢/\b\1 in o i and P‘g’f () I det)#0, we con w"fj if 8- M)(-A” An ),
column j nf Aj and Hhea AG_I'L.. . L =2 Hat He fird
@ & M (F) s dne mabix obfoined -f""“ ) If A is invechble, necssanly  ma (R)=2, s f
ije A-ixn-| . (ng‘ column Of A 5 non-en-
A I'_'] At(cﬁnj ww i and colomn 3 Hence either Ay 30 or A, %o
P e obo use he folowing natotion o erpress ® 3f Audo, Hher e ca boosfr
S ! . (Ru A-z) R eRy-anR, o Ay A, Ay Ay,
determinants: Py ) T (0 An'n‘fan) ) (0 Jd(m>
st ((Au “fn)) . oy e ﬂ,:,‘ CEve) Sina c(zm‘fo.ni opations do pof chompe Hhe Ay /-
ES) N A e L
Thus, ifs  cecond o s oko non- 2es jmplyi
¢ 0 , ) j"j
2 MATRICES (EYT (1) AutCh)
OETERMINANT FoR  2x ) MO Lo wd o atmto

Ay, a b
B > A: c ),
g et ( ¢ (€] A imidar a.:Tn'an can be .ﬂ;ﬁgl n the case

Thea neu.ssam'lj det(A) = ad ke
where Ay k0. @

DETERMINANT FOR 33 MATRICES (E47(2))

K'e an 4, 4,
gl- let A= (% -:‘ .“>

] g auy

Then necessanl
det(R) = "‘MM( ::.:)) - ‘ud'f((:: :;:)) to, “d'((::_ :;:))

g;_ We can  calewlafe the values of the 2x2
determinants us'mj +he sim\‘cjj in (EYTQN).
COFACTOR
i}' Let Re M, (F).
Then, we define the HCOfuhf" of tw enh:, of A
n W i and alwﬂnj b be e-‘unl o
iYy
cofactor = (-1) ) det(F.).
ofe i
Tfo Hhis reason,  our  definifion of disciminants is  called
fne "oofubr Lxrﬂ-nsf-n a(br\] the 7‘:‘1:"' column -f A,



BASIC PROPERTIES OF DETERMINANTS (SH.2)

det(I) = | (EYE)
.gx_ For any azl, n!ctssnrilj det(T,) = |-
P_m_af- when nzl, the clim s Ma l'j .uf.\;ﬁm

°f deferminonls  in  the Ixl case, «nd
sine T, = (.
Next,  assume

Since 6 .. o
I, = (" l - o
o0 N

1
note +het et _
(:[,‘)ll = I, % +hat
kW) = 1. get (T,,) - O-delT) ) + = + () -0.det (D) )
1 i

c. Aet(T) = det(Taq)

det (I ) =1 4f.r some N>l

and g0

det (Tp)

The clowm 1c|zl|ou'15 ,fnm induction- B

A Is uPPER TRIANGULAR =) det(A) = T[
=

CL10)
g Let AeMu (F) be wpper  hingulor; dhat s, A is of
the  form
ay %2 a3 .. a

0 03,
A=[o o :ts 8y,
3 ) _h - 4y

° ;
° o

L}

n
Q..
n

Then R
neussan[j det(A) = a8, = I‘;‘;"

e’i"f' When n=l, the /fulmu(h s Hv{s\'j Hrue.

Tlm.\, agsume  the claim is e f., (n-1)xtn)
uf’f"’ %Mj“‘“/ matices /fvv‘ ssme  Adl.
I+ ,f:,;/w, thet, for an  RAEM, (F), we

det(R) = o, detCR,) - O det(A) & -

s an J"-"'(K;y )

hove

~ det(A) = a,(a,, - aM) (since A\,'I s also urr, fv;,,jvlo_,-).

The claim ,]Col(aw: L.] induction. A

A HAS A ROW OF 3ZEROES =) det(A) =0 )

Y?" Let AEM, (F)  and suppose A hss o ow of
Zerves -

Then nguzssan'lj detcA) =0-
Poof- If sl thea A=(o) so hivally deih) =0
Then, assume  n>), and  thet the clom is e ,fir

emalles  dimentions  (ie we oue r'qvalu‘nJ

malvices o
S‘an induction ’r\lrd.).

Row. (A) = (o, -, ).
‘%

Suppse
We  cloim A“C—I)i“dnf(ﬁ’“) =0 Vf:ll —e,n.
I"""lﬂi, §oikie, than Ay her & of tevs, s
detlh;) =0 tnducthion -

0n the other hand, if (%0, then )

"
o

Hence
det(n) = agdet(Ry,) - a, det(A,) + - 3 a, d0d(A,)
T 0 -0 +0 — -~
. detCA) = O
2]

The clow ,f‘,llnu’s L-] induchon.
A HAS Two EQUAL ADJACENT ROWS
ADJACENT

(L12a)

g: Let Ae My (F) and suppose A has fwo oTVAl adjaceat

ows-

Then nue.ss“{lj detCR) = o-

Poof-  Suppose  Raw, CA) = 2""%‘2)'
Then A all idioigt}, A;, hes oo adi-uaf vous,

S det(Ay) =o by indacion-

~ ~
Moreover, 3. . R N
ta,0 ot
ard ai Tt
Thus in  Owr recasive .,m,f.'n.'ﬁ-n

of det(A), all tems o TR
Gince  Roci,(A) = Raus | (AY)

“V"Tf f"' thse of rmwt i and
{ot!, and they comal beoouse they
ulul and  have pr(ws:‘{v. sign .
I f.,nm that  detA) =0,

are.

a..Tlaﬁ.j the rmnf. ]

2 detCR) = 0

det Is "LINEAR IN EAcH Row™ (T4.2)

gl' Nofe thet “det’ s linear in each o’ j

ie if we fsx n, i, € 2t ond Gy B s s =, B ‘ﬁn'
then 'Fi" ol L,ce " ad «€F, we have
—a — ——

—— :
—ay—

—a,—
+ o det _c_
—a, —

&';"f" whea acz=l, we heve

dat (b+oc) = Lawe

va'mj the  lase case.
azr2, onad dancte

o deth) + o« datlc),

Next, asiuma
—a, — —a,— e, —
L) o
==/, -/ e

By defimfion, we have
J l’r n Y ~
Act(A) = il €D Ay det(Ay)

; - io4l >
= (Z(_u)'“A;, det lA”)) + -0 AL desch; ).
l-*"

and  Pys B, + oG-

OLSUW- Hot A, = Bl- VC < \
‘e o o
B, B ond &) hae  Hhe sana wous  exaph

~

Pr i#5,,
at one row Lk, where
e diosl, icio
[ ivip . ~
_— -.4:‘". :‘r': s of A, €;| and ¢, ore (bewxc), |
ard ¢ res ﬂ»ﬁ\"—b'
we hove

So by the " induckion hypethess,
det(R ) = der(B,) + ardet (C.

We olsa b A= By Gy Vit Tho ¥ ollews e

def(h) = (E;g(-l)lﬂi\il 4'-*c§.'|))+ (0" gy ARy

: (I_g (-I)HA;, (dekc®; )+ w-f(&‘"-,))) s (-n““cxiu‘p(c‘.',) det (B )

- H ~ : .
= ,Z(-n Ay dat(R,) + % Z e "A., det(C))
t¥ ¢ it i il

ot ~ : ~
w0y W) 4 (e ak (R

- i ~ : .
- .';Z_'(-n B, dnf(&l) v o« 2¢) ‘. det(C. )
L¥eo v it il i)

it ~ ot ~
+ () E.'.l"‘”gi,,l) + o) Cae(c ) Gaa Ay=Ry=Cy

Q A =
o/

- f= - W
(%:.H) Biy det(R,) + ¢ +'?;D|HC§:'.|))
oSt , -
q(l%_‘( D e et(G) + (-l)wcabl M—(C; .))
deHA) = det(g) + a dat(c),
- whi s :ufffdu" f fwve. the  claim. 2
gi If cay,=, 4 €F",  dhen we use the nolotion
det(a,, ..., &) = det(R),
where a; = M;(h) V“(l,...,n).
g} Thea, L_'J the above  theorem, we get +hat  the (mop

T:F" > & "j Tx) = detla,, .., a; ,x, I ay)

s a linear lnntfvﬂmﬁm fwm F* b



A Ri€c®i .8 2 det(B) = cdeten)
(T4.3)

? Lt ASE g e b B Le the mabix  objnined
I:'J mulﬁf‘Jin’ o rw of A b o« scalesr c.
Then nr_ussm\'lj det(B) = cdetCA).
Ey:nf Bj T2, we have
det(g) = detla,, .., ca;, ..o, a,)
= cdet(a, -+ %4, -, 8a)

. def(B) = cdat(h). g
A EOR, B ) det(B) = ~det(A)
(T4-4%a)
Q” Lt A EERL g e g B le the mohix obhined fiom
A \»J sw«rrinj ‘o ud,’n«nf rows-
Then nur.sso-n'lJ det(g) = - defcA).
an be Hhe wus of A,
are the mnws nf B.

Pl';"f' let a,,.., %G be, a
So  that a,

i,
B, b, G, e, 90
G CEMN"‘(!F) be  guch  fhat it nus are the rows

°f R, !_Kcnrf ot ww i and iH, where the wws e

Loth znluad b btc.

Sicce € has fwo ideaticel  vows, necessanly  det(c)=0 by
Lizo-

On the other hand, ug‘.nJ T2 ,-Fvsl' in mw i ond thea
in w L e have

0 = det(c) = defla, .., @i, bie, e, ag,, .., a,)

= At a0 L, bac, i, o, 40
+ det(a, .., a4, ¢, b, ayy . ,a,)

® det(ay,.., % bl an e

+ det(a,,..., Qe bie, 8igg, o, a)

* det(a,, ., @0 S by Qige, oo, @)

+ det
(a,..,a C¢, By,

v Tieny

ey %)
0 4 dab(A) + detcr) to
0 dofCR) & dat(g),
and ¢ it ,f.llows that  olatCA) = JHR), as eeded. 2
A HAS TWo EQUAL RowS D det(A) =0 (Lr2)
? Let A€M (F), ond suppose A  has  two identical
rows.
Then nmsssn'[-j det(A) = 0-
Evgof' Surrusc a8 ore rows of A aad ai=ej for some i<j.
(?J o m:’m :f L successive n./nrs .f adjacent cous,
we con hnnsfuw A info 24 mahix B in whih the

Fwo ;1vnl rouws afe now -d,'nwd--

gj THl4e, each qur af- ndl'nwl' vows in S "‘n;\:f‘,..gh‘n..
ch s  the delerminant lj - f-zi-r' nf— -1, so +hat
dot(m) = C(-N" det(B).
But  detcB) =0 l.j Lia, poving det(A)=0- [
.“RO
A KO g D detB) = -det(h)
(T44)
g et A28 g
Then nu;ssan'lj det(B) = -det(A).
Plof @f a,.,a, be the wws of A
Gf CeM, (F) be sud et fhe rws f C
ae +he nws  of A, ._w!rf. f,r rw i aad
Pw [, whith ce Lo "T'nl o ey
Using & simuilar wait alin b tha prof
o Tt bt ingted using  L12 indesd of LNa,
is wff\'ﬁiﬁ" +o rnvt the claim. B

A RERCH B o det(B) = detcA) ( T+5)

g Lt A BB o

Then nmsswilj det(p) = det(B).

EI‘_D_Df S‘mrroSl ay,..., % ae +he pws o A. S“Pr"s‘ ﬁ'ls"' that

('<j .

u:i-J \;n.uil-’ -f dot in ww i, we have
def(B) = det(=, .-, 2+ oy, ...,4)-'___14,“)
= det(a,,... ':'_"‘:J‘ det (a,,.... a:, .. a, <)
ety e L, 4 .a) * € CEE A TR RN
- dab(R) = det(A) + 0, (since ,.;:,H mobix  has 0o idenfieal
oh o S0 det =0 by Li2)

dat(R) = daf(A).

A similac fnof rww.s the  clawm f.,, +he case where i%)-

AN ALGORITHM To CALWIATE det(A)

* T calealate  the deferminant of a squoae mobix A,
we con use the .followinj cl\ej-'iﬂm'-

et ((_;;_If 3'5» (over B)  (E4R)

0] Tms{wm A inb on qu-m ulor  mabix B i
dtmel\"wj row orlfnﬁms 3 "j

L]
341 3 -
Rereln, /-2 2 -5
—_— e
6 X -3
B z
Rye2Ry (2 73S
> L T
o ~u -13
R IRy [ -3 -
"3_"3_*>(= 3 -5
I 3 = g
(-] 20

@ wiist dong O, buep dmck of e
') Aumber of +fm§’ k, « %&' ortt‘*ﬂn

was  used ;  and

W) the constanks ¢, cg used in any hype-2
ormaHons.
Ta the alowe u-mrlnl we used
- one l-}ra—l row urvvh‘m; and
- ong - N .
pe-2 rw opembion; R, &2-R,.
H pe 3628

@ Then de#B) can be coleulatd yia Lio; and

@ setcg) = detca) . =), en by T3, T49 & Tis.



DETERMINANTS, INVERTIRILITY

DETERMINANTS OF ELEMENTARY MATRICES (CY.5.1)
? let € be the c.(mmlw’ matix  oblpined ,ﬁ..‘ I,

gy

LJ an el “J nw P
Then,
Q1 P i hype-l,  necessonly det(€) = -1;
® L P s pypes, nccessonly det(€) 2 c;  ond
®If P s 9?5'3' r\acemm'lj det(E) = [
Proof - Tinis follows  from e fat that deR(Z)= 1,
and Lj TY3, TYY & TYs. @
det(€T) = det(E) Ccv.s.2.¢1)
W Llet E be an e mabix  obloined \'J

rufvv‘muj an | on I,

Then n-.ussa-.‘lj

row A

1
ooy i
det CET) = det(E).

- ]
det(e™) = - = ) €Cy-5-2(2))
Let € be on elementory mohax  oblained Lj
fu-f-mm] an “""“"'") row oruuﬁm on I,
Then de €)= ).
Pf‘_of' Ajaiw, E' 8 € e of the sone "ljfe“.
If He O/x.,u.ﬁon is ﬁﬂm-l, ncussan‘(., dat€) = -1,
o arce =1+ < s
We  con VM'(v., a  similor veswt if fhe °f"‘“H°"

pe-d instesd. B

necessanl

was  insfead J-j,x—z or
det(ER) = det(E) det(A) (TH.6)

U Lt EeM, (F) be an "‘”"‘"’J mabix, and
(et Aem, (F).
Then  necessanly  det(ER) = dete) derca).
Proof- €A 15 #he cemk of ohpiying b A the
orun.Hnn rarrurnndinj o E.
Sr by TH3, Tay 2 Tys, necesoly  MHEn) i
val  to  defcA) ma(Hplied tj & fachr  delerminel
\:J the row erm-l-inn.
37 cH-S.1, we lUnow tHhis .fuchr is Lnd-b detCE).
The  claim ,f.‘,llnu_r ,f,-m these  observations. [

det(E,-- E,A) = det(E,) - det(E,) detCA) (CH6.1)

Colet REM(F), and Lot E, ., B le ‘elementony  mabices.
Then  necessanl
det(E, - E,A) = det(E) -~ Aek(E,) detCh). CCY€-cn)
Ta rorh';ulw' if A=Ta. we Tr thet
det (€, - Ei) = det(E) -+ detCEy).  (CYe-cd))
a

?_Mlof- Twis f‘,uaus o TH6.

PrRopUCTS $& TRANPOSES ($4.3)
INVERTIBLE MATRIX THEOREm, PART S
(T+%)
?’ Let A€M, (F).

Thea A is inverfible if and M% i detcp) ¥ O

Poof- (D) Sime A is inveille, accessodly A= E- £y,
whe E,.., Ei ore zl:nnl’unl mahices.
Gj €461 (2), oad nbﬁrj det(E;) £0 Lj cy-s-l,
it ,full.us Hhat
det(A) = deb(E) -~ det(E) *0- 4
(=) Let A be swh +hat  deiCA) ¥o-
SurroSl A is nof invertible, s that rmak(A) <n.
et R Le +he RREF of A.
G|1 the abive, ginee malktd) = 'f nan-2em  rouiS
of R, nn.uzssam'l-] R has of least one zeo voW*
So, Lj Lu, det(R) = O-
On the oher hand, cinm R is He RREF of A,

we con ‘l'rnns.form R b A via = :uivuw.g of
¢l'-'\'¢l\h-ﬂ’ vw gruuﬁans.
Thus,  bere  exist n(ewm\l-n.n] mahices  E,, ..., 3] such ol

A= E - EF R.
S0, Lj €61 Q),  we Jc+ detcp) = det(E) - det(Ep) det(R) =0,
& conbadietion.

I+ ﬁllow! fhat A must be nverhible.
kiRl cn =) detR) =0 (C4-3-1)

“ Lot AeMy(F) be such thet k()< N
Then ngussa.n'lj detcA) = O-
Proof-  If cak(m) cn, A s ok invefible,

+he above, detm) =0 ncussnn‘-].

co L]
det(AB) = detcn) detcB) (T4g)

g Let A, Be M, (F).

Then  necessonly det(AR) = det(A) detCe).
Ip A s inverible, hea A=E - Eq.
€, . B o :lzmhu) metrices.
So, l,:J cyb-l, we have

P_»g_of - whee

det(AR) =  det(E, . EgB) = Jet(E) - detlfy) det(8) = det(R) deid).
IF A is not invecBble, than AB s abe et invertible;
heace JefCAB) = 0 = O - def(B) = detcAldei(R). g

det(A) = det(AT) (T49)

' let A€M, (F)
Then M.u.sson'lj det(p) = deteAl).
Proof. Suppose A is net invecfible, o detca) =0-
Then roaken) en, and  since  (2akCA) = raal(AT) Lj
crel, have mk(hT)<ﬂ $oo-
So, by e, necessovily conk(AT) = 0 = rekeA).

Next, cu.rrnu A is inverHble, So there enist e(er-lnh-n]

we

molvces E,' /Eu. Such  fhat A=€,---Eu_-
Then  AT= (g6 = €7 67 by 15, s
det(AT) = det (6T) - det(E)’

det (€,) - det(E,)
det (€)) - et (D
det (€, - &)

det(R) . a

“‘_‘] cu.§.2L1)

S dzchT) =



OTHER COFACTOR EXPANSIONS (S4-4)

A SO, 8 D detB) = -deth) (C4A)
Wl RS9 S0, gy e e A by

suorriv\j fwo  columns.
Then r\:ussavilj det(B) = detcn).

Roof- Tf A S9G g e 7 RO,
Thus  det(g?) = - det(AT) by THY, <o

detC@) = det(@T) = -def(AT) = -detl(R) by

Tvq.
DETERMINANT CAN BE CALCULATED VIA COFACTOR
EXPANSION ALONG ANY CoLUMN (TY.10)
g’ let AemM,  (F).
Then dettA) can  le  colculated via wfochr exromn'on aloy

CoXL alumn.
',eil.--':".f. we hew

Ta other  weords, ‘F" a  fixed
det(n) = i(-n"’A;}. det (R,
D).

iz
where )it LK) & e Cofsche” of A ot G,
&';“f @t a,,.., a, le columns of A, 3o
A= (o -- 9 .oaz).
et B= (RJ a, - q}._, U
thi..d fom A by opiclly shifhiy it fimt
) cdums  fo e siqet one posilion:
Mlss, nofe that A can be oblied fom B8
‘j j sucus.sivz Sudops of m'll'atl.n\" columns , SO

detch) = -V deten) by CoAL

- as); ie B is

Ue how .
n I3} - n i

det(B) = _g(-l) 8;, det ‘31) = Z¢n A;. defcR.)
= ! iz bl v

and so - R o

det(A = (-} det(B) = .ZC")I+JA;' def (A

as needed. @ o ) 17

DETERMINANT CAN BE CALCULATED VIA CoFACTOR
EXPANSION ALONG ANY ROW (CY.lo-1)

W L Aemy .
Then detA) can nu.lSSﬂv“j le caleulated LJ ufw.hr expanion

alon ony yow-
In other words,
al i+]
det(A) = Z (-1 ‘A.J_ e (R,).
3=t 4 Yy
Egﬂf- Cpfu,hr ¢xr..;.‘m of A almj ww t is the some ag cofachr

expansion  of AT alomg  column i-
ra f J si det(AT)=det(n)
s det(AT) 57 TY0, and sine de

ieil, ., nt, we have

for ony fied

The latler
L_’j ™A, this wmr(:h: the rwnf- 3

.)k'

fHhese cesulls hdr us o find
deferm inants °f: modvices  faster,
since it is ?uicker b do C+<[~.r

axrar\sfor\ on a  ow /@lumn with

more  oes.
e



Chapter 5:
Diagonalization

EIcenvaLveS & EIGENVECTORS (SS-1)

et Pem(F) ot ver'\if.
Then, we sog Wi en "cg‘ envector”
of A if there exists o scalor AEF

_ such that (Av= 7V

g; Tn this case, we dencte A os the
"ciamvduz" of A c,m,srg.d;nj +o the
!.ijo.nw.dor V.

% AMiHon.llj, we Call (A, V) an .M“
of A (Dyo)

ELLENSPACE Cp4o)

B Lt BEM (B, ana
an cgenvalue of A

Then, the "liJu\srau" of A :murmdi.\j Lh:
x, denvted as "Eﬂ'", i lh-find- o e
the  set

Eﬂ.= {(iJu\vu.hs of A cg.«n_srqdirj + 1} J io}
= §ver” | Av=2vl

Jve®" | (A-RI)V = 0%
= NC(A-AL).

v IS AN EI4ENVECTOR OF A <D
v30 (R22C))

et e be

"

(A-1AI)V=0,
% Let ve and A€ M, CF).
Then M_u.supilj v is en c-th.Av«.hf of A
it oad only if it is & (noncted solution
(A-2I)v = O

of the (lineas Sjsh.m
Proof- This follows frome the alove definibon of
ﬂ.ijm;rms. )
! € dim(Ep) € n (R22(2))
ond let Ey be an ¢'j¢nsru‘-:

* Let Aem, (F),
some eiJcmlalue AefF-

of A corrr.;rnm{inj b
Then ngu.ssavilJ 1€ dim(ER) € N-
@f— Since Ep= NGA-RILD, Ej is o suLsr-u of F*,

So  dim(E) € 0

contoins @b least one  eigenvech® (sinca

Thea, sine E2
Ais an n.ijcm/nluc of ﬁ'), it ,f-.,llouls hat Eﬁ_"" 3o.
Thas Lim(ED 7!, and so | & dimCE) &0,
as neded. B
SoLvING A HOMOGENOVS SYSTEM Cxs0
CR23)
"g‘ To solve @ hmoJu\ws xjshm €x=0, wheue
CEM (F) and xeR', we empley the
.followinﬂ aljmiHAm‘.
@ Use ‘elementary oW 0 Hons fo convert
(clo) b its (RREF (c'|o); thea
- Sina ‘ﬂ'l_‘);"j clementory oW armﬂims o
the weated  mohix  (c[0)  do¢S net :lee

its lasf column of edes

® Solve the homogenous SHSk.w- corrcsr-ndinj
the RREF and find the juml solubion of

h

Cx =0

A Is AN EIGENVAWE OF A <=> det(A-AT,) =0
(TSH)

?’ Let Aem, (F).
Than & Salor AefF

i£ and on(; ;f det(A-1Z,) = O-
I_D_"Bf‘ Ais an ¢:‘jowolv& of A <) there exists a
Av= AV
¢=) there exish @
(A-RIDV =0
) (A-RIX =0
%ef"
=) (A=)

is on eigenvelue of A

ver®\4o} such ol
Ve \i0} such tha

has more thoa ore solufior

is ot inverfible

¢2) det(A-aT) = ©0- B

CHARACTERISTIc PoLyNomIAL C(DH))
Y Let Aem, (F).
Thea, +he “charactedstic ra'jnnmial' of A, denskd as

is h.finni fo be the roljnnmial

aet 4y . ap,
- R,

“fhtt)" ,
[ale) = detCA-€L) = , S fart oot

S

_14;""’ + = 4+ det(R)

st %m2 ---l.-t .

PACE) = 1€ & (-1} #rem) + €,
(T8-2()

T Lok REMLF) ot denehe e = ;

E ﬂ“ .
=t
Then necessanly
a-l ~- -
Palt) = e 4 D 4 4 et b ke« debR),
and so A has ot most n  dishinct .;Je,,.nlus Lﬂ the

Fundaments! Thesrem of  Algebra.

B Is SImILAR To A =) pglt) = pat) (TS2(2)

U Ler ABEML(F) such +hat B is Similar +o A
an  iavectiblle mohix P such oot

e there exists
B = P AP.
Then n:usm-ilj I’g“) = rh(ﬂ.
P_n;of Note +het

Palt) = det(B-tI,)

= det (77'(A-¢L,) P)

= det(p™') det(A-¢T,) detP)
= pale) det(p™) det(P)

= palt) det (P'P)

fgm = rﬂﬁ'), 2



Vv IS AM EIGENVECTOR OF A
D> ve N(Lﬁ-m‘,) CR2YCN)

.gs Let ve® be on ‘;_‘]"‘ veche ""“f"ﬁ"j b an

tiquavalue A of  AeMu (P
Then necessanly VENCL,- Z.IJF"), whae Id
f”ff'-"l‘k the Humj lineosr .fmgf.rmo-ﬁcn-
Sinee Av=Av, we heve

Lalv) = v ¢ Ln(") B '/lIul'FA(v)

) (La-'/lIlFQ [

Fof-

<) VeNUa-RTdL). g
A IS AN EIGENVAWE OF A ¢ (Ln-m’,‘)
s NoT INVERTIBLE (R24(D))
{;' Lt AeF be an v.ijuvnl-u of AeM, ().
Then nau.ssm'lj (Lp=ATd ) s ok invertible-
Sne  A-RT, is aof imvehble, iF feiles thet
CA-RTL,) is sk invehile Lﬂ-ﬂ:l,. is net iavertfible
LA, i ot inverfile. )
EIGENVALUES, EILENVECTORS & EIGENPAIRS
FoR LINEAR OPERATORS (py2)
q Let T:VSAV be a lineoar mnrrin’ Cor "aru-br") on
the vector space V.
Then, we say AEF
if there exists a  yveV\fof such

TW) = Av.
TE Tn this case, we soy V' i an eijznvcdmr'

of T mﬂv.srmlinj b the o.ijo\mluc r, and
we denote (A, v) a5 on "¢;J.,\r,-,,“ of the
linear mapping T
CHARACTERISTIC POLYNOMIAL FOR LINEAR
OPERATORS (DYy2)

g Let T:VAIV Le o linear o
vechor spece U with ordered basis F

Thea, +he “charactedstic po J.\m.-.u“ of T is defined
b \e the chamchuistic polyamial of A=LT].
CHARACTERISTIC POLYNOMIAL of T IS INDEPENOENT

Eylo .

“eiqenvalue” of T

that

" s an

for on on n-limsiom\

PIAGONALISABLE LINEAR OPERATORS (D43)
’gﬁ Let T:VSV  be o linear ormhr, where
dim(V) ¢ oo
Then, we say T is
exists an  ordered  basis F for V. such That

ET]F s o din;-_:ml mafnx.
DIAGONALISABLE MATRICES (P43)

et Aem @
Then, we soy A s ".linjmal;snur." if la

"Aiaj..mlis.l,h“ if e

is dl'ojomlisalnlz 5

T Is DIAGONALISABLE ¢=> I A ORDEREDO BASIS PR \'}

CONSTSTING OF EIGENVECTORS OF T,
TME 0IAGoNAL ENTRIES oOF t:‘r]p ARE THE

EIGENVALUES oF T (TS-S)
g? Let T:V3V be o [liness urunhr on an a-dimensional
vechor sr-a V.

Then T is diqjom“!a\u& if oad anl; if there (exists an

ordered  basis F=‘:V.,---,Vn} conSI'SHnj exclusively of

ei;uwufors of T.

In ruch(nr, the lliajwl enhies of ET_']r are  the cijc,\wl\lﬂs
of T :ﬂrrt:rmlinj h  each zijmvu—.hr Vs Va-

E!'Lﬂf" ) bt T be Jiajaml(:-ue-
Bj Jq"im'ﬁml thee exists an  ordeed  basis lz:fv,,..,'vn}

afm‘ V  such that ETjF is Jl'ajﬂn-[i in olar weords,

Ao e

(u 11 1,) - = (ceay - Crealy).

Hence ET("u)]F = (o, ...,n,ih,o,...,o)T Gheit n], wiwe Ha ¥
“‘h'j S A and e other enbies ar O-

Ej definition  of coordinole  vechrs, we have thel

Tlv,) = AuVe,

Vi is en element af o basis of V,

ond  sinte v, $0 as
of T for each le-

na.u;sso-n'lj (V,“M) is an a.ijmruir

OF THE CHOICE OF BASIS (TS-4) e
gﬂ Let V be an  n-dimensiona) veefor sraa-, oand let Thus r s 4 bass 14‘,,- v “,,\;;s.(.;,j af exjwwu pf %
« oad P le ordeed Lloses of V- ((;) S'“rr"e V  hoS an  ordered  Less T:,’_v“.._,v,\} ,,f ¢',Ju\vg=\¢m-
Then necessanly of T
the  chamscledstic rolJ-minl . the chomdeisic rbljpmlﬂl Then, there exist Ay, Rn €fF such that T =V ket . nl.
T the mﬁmﬁ% lynomis) Hence [TCV.J]F = Agen, vt len-ieal is the closdocd
= [4 ¢ pelynemio
o (T3 ;f’J ordered  Lasis  of IF;. .
) ™ L0
that is,  the chomdedshe pdpomial of T does aok " Irely 2 ( e \ g T4, s
o o 2n/s

Aefu\d on  the chosen  basis.
is A;-Jmol\'sA\ale- a

so thot

Aiajonal, and  hera  that T
Ewcv,g]’,) em, (F)

Poof- Gt B =4, Yal,

\:‘[’]F = (|:-rtup]rs

wists & chosge -of caurlisale  mobix NOTATION FoR OIAGONAL MATRICES

g We use He nofation D.—_J;gj(;}_"___'ﬁ") do dencte the

We know There N
- L4 : ol ~coordinates,
&= (I,Jg et choages r-wordm tes o ‘-r w;] . ol mabi
PR 17.: @' [T], 6, neessoaly LTl s Ao -0
ek since LTI CTF ! D= dig, 2 = (PR 0\ em (g
o o 7-:\ n

similae o [T],,.
Hence, LJ 182, ET]F
DMMSHC rbl nomial. )

ad [Tl hove the same

A Is DIAGONALISABLE <¢=> J A ORDERED BASIS FoR "
CONSISTING OF EIGENVECTORS OF A

THE oIAaoNAL ENTRIES OF CLA]’ ARE THE
EIGENVALUES OF A (TS-6)

g‘ Let Aem (F).
Than A i .la-jml.'saua if_ond only if dhere is an orderd basis
B e BN consisting of aiquaveshs of D
In this case, CLA']F is o diojom( mehix  whose Ji-jcm-l
entvies  ore G.iJM\Iol-as of A corrr_srmdiuj b the

vectors  in

Proof - Similor 4 the rmf of TS m



A Is DIAGONALISABLE (=) I AN INVERTIBLE
Ayer A ARE DISTINCT D E‘-nej ={o} &
V) -, Y} ARE LINEARLY INDEPENDENT (Ts-8)

MATRIX P, A DIAGONAL MATRIX D »
-t
P7ap = D (TS-F)
o N
G L Aem (). T b v Le o vee spaey, ond et TVIV L
Then A is Aa'orn(is-Ue if_ead m% if there exists lineac:
an invetitle matix P and o dizgonal wabix D such Leb vy, Vi be eiquavechrs of T with q.ijuva'ucs
et QD Ny R rgsr(cﬁ\/l.ljl and ‘farfhu' assume  these
Poof . Gt deyen R
Preof iy, tal be the stoadord boss f eijm\/a.lugs ket € ',]_:*.';[j i
Then mu.suy;lj
and

Toen, for ony mabix Cby - L) em,  (F) ank

D= diog (R, Rn) € M,
@ E NE; = 4ot Visisjck;

® {v,,..., Vu} is l;,\mdj i.\dgrmduh

N\Hl alinjaml mapix
veENnE;.

we have
Baimg(R, 1) = B(Re, - e
z (BRe, - BRpea) Poof- Fix i%), ek let
= (ABe - PyBen) Toen neasadly AV = TN = AV, s
Bding(R,,.-,L,) = Q- A cn;-xj)h D.
It follows Hhat Since R -ny 40, it felless fhab vES
A is dn'nJunA(iuHe ¢=> T a L_-iil F=‘EV|:---.V,|} fr £ of that E; {\EJ- = é'_o}, #
E'T"W of A LL’ TS6) We use induckon on k P rv-V'- 6.
=) 3 a basis f=i"’|""/ val for F & Ror Lsl, since v, is o ciqgenvechr of T, it
Saalors n[,-"lln"f suth +hat {o(l-us that v, $0, $o é."l} is “""’Aj ;,\dgruhdf-
Avy= Agve Ve - nt Nexh,  assume Lol -
_ . . " ‘ i and  the thesrem helds nfvf 9
<—-> 3 a basis f=i"l:'-~, Vﬂ] f" F" & i
senlers 71“”.'1"‘_": ket S-E-(' nf Cu-) u.ijuvuhr; urm;randiuj b (k) dishinch
CAVI Avﬂ) . (1|v, _)-“v“‘ o.ljuwnlues.
4= 2 an invedible mahix P (Vi Va) and- Svﬂ”s" that
a J.:aaaml mahix D= &°j(21""'1") such v+ + CaqVim * VO, — )
Hot “pP = PD whece A, L o +he  dishnet ¢i=lu\v-luu of T
(P is nvertille since F is & basis) . urrcsr..,;-,,; o the :ijmv-chrs VR A and
(= 3 an invetille makix P and E “l"j""" < ¢y fF-
” mahix D such that PAP=D. @ e (F) and sobshibbing T FAY
.g_ Note hat Lj the above procf . A-Frl-]mj T 5 Lot Sieles d& an |
o prer e -1 el we ad Hhat
exists o au‘ﬂml mopix D such that D=P AP Viejek, J
then necessadly A N RN+ * G MVt ¥ Ve =0
. ;o
@ +the columns of P are tnjtnuuhﬁ of M.,.(Hrl.].'w) both sides  of Cx) |,7 A, ve J,_{- +hat
® the diagonal enbies of D ore fhe ei e A o
of R Comesparding fo the columms of P CRase) ot * Myl ¥ R
Sw\r‘ k the last hwo e vahions jelds thet
n TOL|
AN ALGORIMM To compuTEé A" IF A Is :’ o A (:’ o 1Z)v s
A -V + - - v et
DIAGONALISABLE (R26(2)) _— A - it (neady  independent
TE Let M (F) 5 diogonalisable. y the induction hypothasis, v, V§ i Beady independed,
and S0 it ,fpl’uus el
Q- ) = = ck_,(')_h_l—ﬁ,‘).
we conclude ot c|=...=ck—‘=0.

Then we can p_mrlmj +he folluwinJ al\ljor{"’hm

to c»mr.‘h fhe volue of A™ Vmezt:
Sina 11"7114" Vj=l,---,l¢—l,

which leads h €470 as v, $0.

@ Sinee A is diajm(isnbk, we con unfe
A as A=P'DP, whee P is an invetible . ) ) o
; Vie ©
matix and D is a diojom' madvix - “5, (#) ceduces A
@ Hence A=PDP”, and SO Thus c(—_._.:cu-_-ol ond ot fuf’nws iV,,.-.'Vu} is In'neulj
A™ = (ppp™)" = Porpop - PO = pp"P”! ::"T"‘"“"'
\___v__/ . . .
for any me7t. e claim fv”ﬂw Jw-v- induchion. @
® Moremur, e DEMEAD, b fulons T HAS a PISTINCT EIGENVALUES = T IS
fhot DM = & " -
® YT e 2. DIAGONALISABLE (cs-8-! )
Honce, we wn cdeutabe A7 wing T Y L TV e linear, when Vi an adimensional
vechr gpace-
T has n  distinck uijuwalu:.

ciamvducs ond eiaenvechrs: of (A essily.
%__& f ) Surfnsc
Then neu.ssa.n'lj T is dinjennl{sol.lf..

Proof-  For each c_i1wolua. U, chose an eigeavechr V;

By T ivi., va} s linesdy independent:
Siace  dim(v) = n, it ,fnln-rs iv.,-u,Vn} s o basis
@

‘.f“ Vl end 5o Lj TSS T is Jiﬁam(f!nuz.
A HAS n DISTINCT EIGENVALVES = A IS
PIAGONALTSABLE (C5.8.1 (D)

'?’ Let Aem, (F).
Sv-rrusc_ A has
Then nms;an'lj A is diqjou(u'&luc-

froof - Obgerve ot
ei-lznv-luls of A I) g'Uu\u-luu of las

a  dishinct c.'jcn volues.

oad

ziJuwcd-rs of A D> g,-J.,.vmu: of Ln
The nf f.l(-ws & “mahix vesion” of +he r""'F

fwm cs¢i1a). B



SjCE;li; lSil<o°: N, Ay ARE

DISTINCT = S$;NS; = ¢ (TS9N

{,’ Let T:VOV be lineor, and leb (2,2,

be distinct  eigenvalues ¢ T
Let S5 be o finite linearly indepeadent  sobset

of the c.ijmsrm Eh]- for cach je{l,.,l‘}
Sins; =9 Vigisj ¢k

Then neussndl_’
.f-r each

Proof- Since  S; is linearly indepudent
‘egl . kE, ned—sSAn'lj Sis 6.\ ¢ot

; .

Moreoves, as E;_l.(\ E,_j 2§0f, ue hove thet

Sins; = § Visiyjek. @

S c.el- ; |s|<». Ny, Ry ARE
DISTINCT = 8§: Us c\l IS LINEARLY

INDEPENDENT & (5| = z'lsl (Ts.9C2))

? Let TiVAV be lineor, and lt(' y B Ty
be distinct Ju\vahﬁ of T
Let S be o finite linearly  independant salset
of the cijunrm E;_ for  each Jé1l, .kl
Then necessadly the set (SE6 U USE ;Uf\
is a (mcar(j .ndcrudenf subset of V, ond

is| = len
P_»-;of BJ T€qCr),  sinee SiNS; =¢ ‘JI‘ia:jsk, it follows
that  |S] = Ig14 - 4 IS = iIS(
Then, let  Si ¢V, TR V.-',‘l_’i 4 E;_l. Yisisk, so
Fhat s=r.;,]: lgigh, I.sj.sn-}

Cansn!-r any  Sealors ‘«l} Such  thal

ZZ %Y

= ‘j—l
ﬂj the obove, w + -+ Wy, =0

ond

Lot u; = z.‘ V-

Sinee El_ is & vechr trdu

we have W€ E;Li.
either the 2eo vedhr, or on g;janvc.dw

‘J € E;p_ VIEJSH.,

Hence w; s
of T corrv.sronllmj o the mJu\anu Ae-
If w=0 Vigitk, ten 0= m-Zava-o for ony
F,“_A i=|,...,|4..
Since 4V, -, Vi "i} is  lineacly .'nd:fud!nf, necessanly
,j-o VISan and SO a;J=o ik, (sj.:n;.
Surrosg Hhere  exists  a leigh cuch Hat W ¥O-
Kc.numh.;uj if  aecessary, suppese that  wy k0 Vigiem,
apd  W;=0 Wmeisk-
b A, , Tm be e ¢iJu\vnlu; urrv.srontlu* b "j the
!ijuwuhrs Wy, ey W

W, =0, imrljinj

Then W, + - + W, =0 > Wt
that ‘:.wll"'[ Wm} is (ineoﬂj J!.ru\dcni--
On +4he other hand, W o2 djg,“,.d,,, of
4
’ m)

T “’msrnp\hj b the dishind ujmwaluu Y
wm} is lmenrlj 'mdgr.,\lui-'

since W),

Lj TS & neu_ssanlj Suy, ..

a  confrndiction.

Heace thee can exist no i such thet  w %0,
;Mr(jh\j w; =0 Vlisi<k.

In other words, w;=0 VIgigk and A;)-'—‘O Vigick, l¢jen;,

So that S s ll'neulj ihdnff.nJMf‘- B

Q Let TiVSV Lo linear,

“SPLITS OVER" (D%4)

:2}'3 Lt ) € FIt] be o roljmmiul-
srhh over” [ if there

Then, we soy f(t)
exists Some ¢, a,, .., Op€F Cnot nr.c.c_smnlJ distind)
Such  that

fo = cCe-a) o (Em o)

CHARACTERISTIC POLYNOomIAL OF ANY DIAGONALISABLE

LINEAR TRANSFORMATION SPLITS (Ts-10)

? Lt V b a ,f;-,\m-d;mmsim-l vector space,  and let
alisable  Kneor  trosformation .

T:V3V be o Jiojon
Then m_u_ssu;lj T:VaV srlil's over
f"j_"f Since T is

basis F of V  such that ]:T:(F is o Ainjum\

diogonolisable, +here exils an ardered

malwx D.
Thea +he chameleshic rnjnnmml of T is
PpC) = (A~ S8 o @p-t) T (DAY - (R,

which srlil's over fF

ALGEBRATC MULTIPLICITY (DY4S)

g let V be & finih-dimmsim‘ vechr srcl-l-, and

let T:V-3V be linesr
let A Le an e.J.,wal-u of T, and let rcﬂ
be +the choracteristic rojnomal of T
Then, the "-ljc.kmic mu\ﬁrlic_ily" of A s Jv.f\'nd- +

be +he larjesf keZt such that (k-ﬂk is o f‘uh,f

of ptt)-
GEOMETRIC mMULTIPLICITY (DUS)
9‘ Let W be o fiaire-dimensions] Veche spack, and

let T:VU=3V be lineoc:

Lt & Lo an iguelue of T, ank lef )

be +he choractenstic raljnomal of T.

Then, the jtomo.hu: mulhrlml-j' of A is da.fm.&

fo be the equl b dim (E3).

A HAS ALGEBRAIC MULTIPLICITY m, =
< dim(ea_) § my (Ts)

whae V is &

n-dimensional  vechr :rau
Lt A be on c.juwolue of T hme djo.l.mw.

Mulﬁrlicil'j "y
Then nr.u.sswﬂj

Poof- Ler dim(ER) = Kk,
ordered hasis ¢V, ..,

1§ dim(Ey) € my.
so +that kgn-
v % for Ey ond

Choose  on

exfead & o an ordered  basis iv,,...,\l,‘} f-r

V.

Let A“= ET]F' so  that rCt) = rALt).

Then, fnr each lﬁjsk, as T(vJ-)= ’,ij, we have
s the Shudard

[:‘l'C\I)'lli Tej, whee deu.y en}
ordered  basis fvr "

Tus A= D13, @ CLT00Tp - - [Tewlp)

[w)lp  (Tey,

L s (nk B
(o] C
BJ R 83, we have that
-
pE) = der(A-tL) = d=+(‘ o5 8 )
LIS

det ((A-6)T,) JIJ'(C-EIA_I‘)

ple) = A=) der (- €T,).
o r'ljh-mill .f i:jru (a-L)30,

5 a fnﬁ-br oF rd.” .

Since  det(C- EI,‘_“) is
R ,follauls Hal c;z__f_.)l"

Thus ll-‘M?J umrld’iﬂj the ,:W“'f'



Ao, A ARE DISTINCT ;
T IS DIAGONALISABLE <= dim(E, ) = m;
t

= T ;
& pret) = -0 -2 ' (T1s.12)

g let T:VV be linear, whee V is a

finite - dimensional  vector spoce:
let A, .., A be bt disfinct gijw-l.“ of T,

with cuf"-SrM“"J mulﬁrﬁa’ﬁts My, ey M-
Then T is 4:.3,,..l;s¢u¢ if_ond edly if

© pta = (-I)K(t-z,)"' (e-l,g"" Ge prlt) xrlih)i and.

@ dim(Ey) = m; Vigigk )
Proof- (¢=) Assume O & ® hold, so Z:Im‘- = degCput) = dimv) -
@t S; be a basis  for €y, So that S; hac M

elemeats  which  ore n.iju\vubrs of T cvrr‘sr""l“"j

jo  the r_iJu\v-l-u. i
S; s linearly .'ni-rudul-,

[t

Then, Lj Tsq, $S-=

. v
and  Since S  hasg Zq‘- = JFM(V) elements, i+
<
,fullnws that S is o Losis f-r \" of e.jld\\ﬂd'ﬂ
05— T/ so  that "‘J Tss T s Jiajmalisnlh. 2
(D) @ T le A-..j...r;..u., % l'_'j

on ordered bass ,f..- \Y) af n.iJanunr.hﬂ'

TS.S, there exists
of T.

By TS0, prle) spits, and sima p 0S5 % seb of
'3
i qanvechs Al .
ujawu. T, necessanly pc ik'-}lE;\"-
let S =P NEy,, se Fhat
Gty « UGne) = U
g- PO MG pREa) = YUsie
k
Hence dim(V) = |F| = l\_J(§,|
y TsqQ),

Moreoves,  Since Eli n Ezj = Jo} Vigikjen Lj
as OQF, we hae S; NS = é.

® e J
Tas VS| = ZIs;( = dimlV).

- =
On the other hant, sine S;=pNEx, Si s a linerdy
md;ra.mlnni' subsef . of Ea_l., so that [S:[ < Jim(E;L‘-) = m;-
Hence l_?IIS;I < _ZM‘, = dim(V).

The gllmlilj helds if and uﬂ‘J b |§;|=mi:Aim(E)_;) Vigick,
fon«rlcﬁnj the rwof-
AN ALGORITHM To CHEK WHETHER A SQUARE
MATRIX IS OJAGONALISABLE (R28)
g‘ Usig  TS:(2, e can eonshuct on algeithm
evaluate whether a square mohix IS Ji'jmal-‘snklc,
oand if it s, rr-viu the f‘ouo,;"ﬁm of- A as
A= POP"' where P 5 o disgonel mohix :
Q@ Compute pa®. If it s doas not  split, A
is ot diagonalisable-
® Oecwise, use pald) Fo find oll  eigenvaluss
of A
Denoke Ry, sy R o5 the diskin u'jmvolus

to

°F A, with aljg\,mir. mu“’irlidﬁu m
® Then, find o basis for each eiqenspace Elj V!sjsk
A s diajomlisa\lg i ond onl; i Aim(E;j.) =m;

.for each lsjsk.
® Surruse A s diajomW,
ordeced  basis  Bj  Vlgjek
® Let p=puVps by TE pioe Lasis

fr v
©® Twen, let P te o square mobix  whose  columng

are vechrs ,fwm F, and let D be @& Aiajo»l
diajmol endvies  ore ziju\va(u“ of

so each El)' has an

mabix  whose
A mo_srmdinj b the columns of P, so thet
A= PDPT.
h'\JHl'j\nhA

® This malees it easy b caleulote A" , as
in R26(02).

MATRICES IN PolLyNomIALS (O4¢)
G Lt REM G (F) and fOzagls o s apsa e LT

Then, we define
N -1 T
flR) = ayh + o A+ + a A+ asta

ARITHMETIC OPERATIONS ON MATRICES

poLYNomIALS (LIS)
g* Let £9€FIt]  ond AEM (F). Then the following
+rue:

O (fegdCA) = FAV ¥ 4
@ (c{-)(ﬁ) = cfA) and

@ (e = KR = JRFE

&_""F' @ and @ ore val.
® con be dedwd L:] r.xrmlinJ and  using

3

€ M (F)

are nu.gss‘o.n'lj

Alal = AR
Ifewct1\{o} 3 fAr=0 (L6)

?‘ Let ‘A€M, (F).
Then there M:I.SSAI;IJ exisls a

fEFLE] such that fCA}=0-
AT Com (R

non-2e0 roljmhl

P_n_wf- @t S=4{I, A, -,
Since  dim (M (F)) = W and S has n+l mabicss,

S is Iinu.r(’ dtrr.mluf-
Heace, tHhere esists @5, -, 2 .€F,  with ez =a:0),
Such  t+hat

a,+ a A + -

- =0
4a.A = 0. .
W
I we leb frb) = ag+ ab + oo Faat € FLT, we ger that

fr) =0, as desived. @

IF IS ALGEBRATCALLY CLOSED = EVERY Aem, . (F)
TS SIMILAR To AN UPPER-TRIANGULAR MATRIX

(TS-14%)
'ﬁl Let F be aljchmiollj closed 5 i ey rd’nomihl r(t)éﬂ‘fﬂ
of dcjru 21 hos @ root in F-

Let AeM, (F).
Then  necessarly A is similar o an urru-h-iw\ju(u mabix-
Proof-  we iusl- need Ho build an ordered  basis =4 v, Val for [

such  thet  Ay; € anﬁ(%_v“---,v;}) Visign.

To prve exsts, we aeed Ho Show for & fired I¢ign and
SV, Vi3 s linearly inh.rc.wh.d- in &%
Vieﬂ:" such that

Hea tHiere exists a

© V4 spanlivion v s oand
® Ay e sran(i'v“...,v;})-
Cose [: i=l. Since rhu-]ef&] ad F & .(jnwdlj elosed,

fA(H has o selubon 1|€"F.
of A.

Hence 7 is aa u;juula(uc .
@t v, be an L'Umvl.dur of A Lorrurordi-j + the ::]uvo(hq
2,
Then Ay, = AV € srnn(v,).
Cose 2: n%i>l. Then \/\ﬂ""‘i"u"':"i-ﬁ)*?‘.

set

fix xe V\ 5,’“"(‘.‘_"”--': Vi—|}), and  conuder  fhe
S = qefLe] | J#O and  gCAIx € span (i) vi_l'!)}_

ej L6, 4nere exishs a feFJ\i0} suck that fR)=O-

Hence  fem)x = 0 € spoaliv, o, Vo D), so feSs in ofhe

words, St
Let 355 be o rhijnbmid in S of smallest  degree.

Then  necessadly deglg) 21
Since F is nljel-.ruiaallj closed  and jéﬂ‘Cﬂ, q hes &

root ceff, and so
@ = (t-c) i) for wme  heRRI\CE

Since dgj(h)< Ac.j(j), necessanly h&S.

As W0 as well, it folows +hat h(Mxﬁff‘"G'V.,.--,VH})_

et ;= hR) - Then
Av; - ¢V = (A-cIDV; = CA-cT,) ChAIX)
= ((A- T WA X

= gx e spon(iv, -y Via D),

and so Av e Srln(f:v”..., Vi, Vif), com \l.ﬁﬂj +the rwof—



CAYLEY-HAMILTON THEOREM (Ts.13)
Bl B e olgebmialy sk, ond (et

A€M, (F)
Then necassadly < palAY = o.
P_vlof'. wWe f;,—gf rml- it -fnr on urrnr—h'a-njulu

matix A-
€ % - K %

W A= T
se e | oM
©o0 ... 0 ¢,/

Palt) = (0"t - (e-p)-
Hence palA) = N CA-6T) - (A=¢,T).
ve palR) T 0, we fist prve PalAY 20 V",

To
By the Mahix E‘]v-lt"j Theorem, palA) =0, S ot
a ficed weff", we hove that
Cl-tﬂ x* . & * =
<n ®
CA-CaTdx = ¢ =.,_:=,\-. g * A m-
° e e *
° : "‘: o N o
Then
_ 1) )
CA o TN A-caT) ¥ = (A=Gotal X
< =Cnl & * *
s o et o« ® D)
X

°
o .-

Cnn'(-'wn'mj ais Ipmss, we ja{- that
(A-¢T,) - (A-CI) % = 0;
ok s, paM= 0 VxeF"
Tt flows Hhat pALR) = ©
Then, Lﬂ T4, A is similor b oan urru

Hionqular mobix U
Henc A= QUA™ for some invertible  mahix 8.
Then .
palR) = rﬂtau&)
= apwe’
&rv(U)@-l (since rn(e)=ru{.l-))
- aoa”
rhc,\) = 0,

Cnmrld—'wj the rwcf . 9
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