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Chapter 1:
Vector Spaces

-

KEY

Iii: :÷÷÷÷:i÷i:ii:±T : theorem

L : lemma

(Stl )
cs.com/lar#

- Let # be a field .

MATRICES ( 133cL))Then
,

we say
V is a

"

vector space
"

over IF if there exists '

Let # be a field , and mine # .

"
A is an

' '

mxn matrix
"

with entries

① an addition t :(Vxv) -7 V by + (Ky) = xty
: and Then

,
we say

from IF if it is of the form
② a scalar multiplication x : ( Fxv) → V by x (a. x) -- ax ;

and the following conditions hold :

A = ( ÷
"

,
÷ ! ! ! II?

① ✓ is an abelian with respect
g. identity , *

inverse ) am , a"mz
'

'

'

amn
)
.

to addition ; (vs I = commutativity ; 2
-

- associativity ;

② I
#
× = x VXEV i CVS 5) where aijEFV-ieid.4-r.im} , je II.2. . . .. n } .

③ multiplication is associative ; ie acbx)= Cab)× thebe t' Xt " '

'
'

Alternatively , we can represent A via the

and ( VS 6) notation

④ the left and right distributive laws hold :

( D2) A = (aij ) , it II. 2, . . -, m} , jedi,2, - i. n } .
ie acxty )

= ax tag
and (atblx-axtbxV-a.be #, XEV

.

ij - ENTRY OF A MATRIX ( 13312))
(VS 7- = former ,

vs 8 = latter )
'

Given a mxn
matrix A

.
the

"

ij - entry
' '

Fn IS A VECTOR SPACE OVER IF CEZCI))
of A

,
or

"

aij
' '

,
is defined to be the

' "
we can show that the Cartesian product

entry in A at the ith row and jth
I

Fn = dela, .az , . . . , an) : aiEIF Hiei,2, . ... n}}
column .

is a vector space
over # with respect

ZERO MATRIX (133 ( 3))
to the addition operation - "

- The
"

mxn Zero matrix
"

,
or more simply

(a
, .az , . . .

, an
) + ( b

, .bz . . . . , bn
) = (a,tb, , aztbz, . . . , antbn)

the
"

zero matrix
"

,
denoted as

"

O
,

"

is

and multiplication operation defined to be

C. (a
, .az ,

.
. .

,
an )

= (Ca
,
, Caz , - . .

. Can ) .

Pewof . This follows from verifying each of the O = (÷o°) §m ,

conditions above . DM

Note that we generally say
"

the vector space F
" "

ie the mxn matrix where which entry
to refer to the vector space F

"

0K¥ ( 12314) )
equals O

.

COLUMN VECTOR NOTATION (E2C2)) MATRIX EQUALITY (173 (4))

'

we say
two matrices A and B are equal

'

"
'

Note that we can also write elements of
if and only if aij = bij thief 1,2 , . . ;m}, jell,2. . . . . n } .

Fn as
"

column vectors
"

; ie of the form

MATRIX ADDITION ( 173 CS))
' "

Let A and B be mxn matrices with entries

( )
,

where a
, .az . . .

.

, an
EF . from some field F

.

Then
,
the

"

addition
"

of A and B
,

denoted by

QIN IS A VECTOR SPACE OVER Q '
"

A+B
. .

.

is defined to be the matrix where

^

IS A VECTOR SPACE OVER R
,
&

R (at b)
is
.

=

aijt big. V-ic-II.2i.im}
, Jell,2. .. ;n} .

n Cl ( 123cm)
¢ IS A VECTOR SPACE OVER

MATRIX SCALAR MULTIPLICATION (173 (6))
-

we can show
- "

. Let A be a mxn matrix with entries from

① an is a vector space
over Q :

some field IF
,

and Cee be arbitrary .

② Rn is a vector space
over R " and

Then the
''

scalar multiplication
"

of A by c
'

③ Gn is a vector space
over E '

denoted by
"

ca
''

,
is defined

to be the

Pref . This directly follows from
the fact that

matrix where

Q
,
IR and Q are fields ( MATH

145)
,

and substituting
the respective fields into

Cca)ij = ccaij ) fief 1,2 , . . - , m }, jedi,2. . . .,n } .
the above lemma . DR

SPACE OF Mxn MATRICES (E3)
R
"
IS A VECTOR SPACE OVER Q, &

' "
'

Let IF be a field .

en IS A VECTOR SPACE OVER IR (123 (2)) ,

Then the
"

space of all mxn matrices
' '

with entries from F
,

' "
moreover , we can also show that

denoted by
"

Mm×nC # )
"

,

is defined to be the

① IR
"

is a vector space
over Q ; and

② an is a vector space
over R - set of all mxn matrices with entries from F'

pref. Essentially , this stems from the fact
'

Note that Mm×n ( IF ) is a vector space
over IF

that we can
"multiply

" vectors in

with respect to the matrix addition and

IR
"

by scalars in Q
,

and vectors

scalar multiplication operations .in E
"

by scalars in IR .

Pnfof . This follows from verifying each of the conditions

The formal proof is left to the reader . Dq

in D2 . By



FUNCTION SPACES (E4)
'

'

Let the set Dto be arbitrary , and let # BASIC PROPERTIES OF VECTOR

be a field . SPACES (51.2)
, I i

Then the space of all functions from D to IF
, CANCELLATION PROPERTY FOR VECTOR

denoted by
"

#
D
'

! is defined to be the
ADDITION (Tl. I)

set of all functions of the form f :D -7# .

' : Let V be a vector space
.

'

Similarly, we can show that IF
"

is a

suppose there exists some x.g. ZEV such that

vector space over IF with respect to the

xtz = y -17
-

operations of function addition

Then necessarily x=y .

(f+g) Cx) : = fix) tgcx) V-f.ge #Di Xt #

pewef . Note that

X = Xt
O

and function scalar multiplication
= Xt ( z -1C-z))

(cf ) (x ) : = cfcx ) Hft #
D

,
X. CEIF. = (xtz) + c-z )

= (ytz) t C- z )

Puff . Similar strategy to E3 : verify each condition
= ytcztc- z) )

in D2 holds .
and so ×=y, as required . DE

POLYNOMIALS ( 174) UNIQUENESS OF THE ZERO VECTOR IN

SET OF ALL POLYNOMIALS OF DEGREE AT
VECTOR SPACES (Cl - I. I Cl))

MOST n CD4 Cl))
'

'

Let V be a vector space .
'

'

: let # be a field -

suppose 0
, , ozev are both Zero vectors.

Then
,
we denote Pnc#) to be the set of all

polynomials with coefficients from F and of Then necessarily 01=02 .

Ploof . This follows from the fact that V is

degree at most n : ie

an abelian group
under addition . Dq

RCF) = II.oanxn :

aje # V-jeio.li. - in }}. UNIQUENESS OF ADDITIVE INVERSES IN

POLYNOMIAL SPACES CD4 (2) ) VECTOR SPACES ( Cl . 1. l ( 2))
'

'

Let F be a field .

" ' "
- Let V be a vector space .

Then
,
we denote

"

#Ex]
"

to be the set

of all polynomials with coefficients from Fi Then for any
XEV

,
there exists one and

ie only one vector yev that satisfies Xty=O .

# (x) = I aix
"

:

aje # V-jc.NU Io }} . pneof . This also follows from the fact that

V is an abelian group
under addition . Dq

-

Then
, we can show that #Ex] is a vector

space over IF with respect to the OX = O HXEV (Tl . 2 ( l))

operations of polynomial addition
: Let V be a vector space over some field F,

(ft g) (x) =

i
Cant bn ) x

"

V-f.ge#Ex] and let 0 be the additive identity of F .

Then for any
XEV

, necessarily O - x=O .

and polynomial scalar multiplication ,

Puff - This
, again , follows from the fact that V is

cfcx) = ocean ) xn Fft #Ex], CEF .
an abelian group

under addition . Dq

Puff . Similar strategy to E4 '

AO = O Hae # ( Tl. 2 ( 2))
'

Let V be a vector space
over some field F

,

and let 0 be the zero vector of V -

Then
, for any AEF

, necessarily a. 0=0 -

Puff - This
, again , follows from the fact that V is

an abelian group
under addition . Dg

C -a)x = - (ax) = al-x) Hae#, XEV (Tl.2C3))
' "

-

Let V be a vector space over some field F,
and let aet

,
xev be arbitrary .

Then necessarily C-a) × = - Cax) = al- x) .

Pneof. Proof is similar to the analog of this statement

for rings ( MATH 145) . Da



SUBSPACES (Sl-3)
'

: Let u be a vector space
over some field # SUBSPACES OF RZ ( EG Cl))

Then we say
the subset WE V is a

' "
-

Note that the subspaces of R
'

are

"

subspace
"

of V if ① 1122 itself ;

① W 't 0 : ② 40*3=40,073 ;
and

*
we usually check whether OEW to verify

③ all lines in IR
'
that pass through (0,0) .

this claim . (124) -

-

② If xew and yew, then Cxtylewi and SUBSPACES OF IFZ (E9 (4A))
③ If CEF and XEW

,
then CXEW . CDG ) '

'

In general , for any field IF
,

the subspaces of

SUBSPACES ARE VECTOR SPACES OVER F WITH
#
z

are

RESPECT TO THE OPERATIONS OF V CTI-3) ① #
2 itself ;

' !
Let W be a subspace of a vector space

V over ② Io} ; and

some field IF
. ③ a, , the

''

lines
"

in FZ through
O
-

Then W is also a vector space over IF under
ie of the form decay) E # I (51--14×4) . ( Y

,

)e¥}
the operations of V restricted to W .

Puff . This follows from verifying the conditions in D2
,

SUBSPACES OF 1123 ( E9 (2))

taking into account the properties of subspaces . Dq
- ÷

Similarly , the subspaces of 1123 are

① 1123 itself ;

Io} AND V ARE SUBSPACES OF V (E8 ( t))
② Io,p } = Icomos} :

- ! Let V be a vector space .
③ a, , lines in 1123 that pass through c0 i and

Then Io} and V itself are always subspaces of -

④ all planes in IR
'
that pass through co

, 0,0) .
v. -

poof . go} is vainly a subspace , and V is trivial 'T SUBSPACES OF E3 (Eg (4b))
a subspace . Dk

Pz( IR) IS A SUBSPACE OF REX] (Ef (z))
'

Similarly , for any field F
,
the subspaces

of E3 are

-

'

we can show that BCR) is a subspace ① #
3 itself ;

of REX] .
② To} ;

Pioof . This stems from the fact that :

③ all the
"

lines
"

in #
3

through 0 ; and
i PZCR) C REX] by definition;

- OEPZCR) ; and ie of the form Icky, HE# I (E) =k(¥) . ( ¥.pe#3fCE9C3y.pzclR) is closed under the addition &
④ all the

"

planes
'
'

in E3 through O -

scalar multiplication defined on REX]. Dk

& (Aij) t Mn×n( IF) I aµ,
= O } IS A SUBSPACE

ie of the form dccxiyitlt # I 7- a. beef such that axtby-cz.co .}

OF Mn×nC#) (Es (3))
'

"

:
we can show that the set ICaijk-mm.nl#IlI?,aau=o} is

a subspace of Mnxncf) , where new is arbitrary .

Beef . Similar proof to the above .

{(aijltmn.nl#Il,IIakk-- I } IS NOI A

SUBSPACE OF Mn×nCF) (Es (4))
' !

We can show the set ICaijlemm.nl#)/E?,auu-- I } is

not a subspace of Mn×n ( tf) .

Puff . Let a. be Icaij) c- Mn×nC#It anu
-

- I } be arbitrary .

Then
,
notice that

a
Catblua = I. (aunt ban )

= I -11

= 2
,

so that at-bat Icaijlemnxnc#It anu
-

- I } . Dk



LINEAR COMBINATIONS & SYSTEM OF LINEAR

EQUATIONS (Sl-4) tkangylmeaggofeliminaiionmethodisyh
LINEAR COMBINATION (Dta))

-

Let V be a vector space
over a field

SPAN of A FINITE AMOUNT OF VECTORS ( END.)))
I -

F
,

and let the subset SEV be
'

'

Suppose
V is a vector space over some field F ,

such that Sto.
and let SEV .

Further assume that

Then
,

we say
a vector XEV is a

5=4 Vi , Vz , - -
i

, Vn } ,
"

linear combination
"

of vectors from S

ie the size of S is finite.

if there exists a finite number of
Then

,
it follows that

vectors u
, .az , . .

.

, une s and scalars

span ( s)
= Ya,V, t azvzt . . . anvn : aie # thief 1,2, . . .,n}} .

9192 , -
. '

, an C- IF such that

x
-

- quit azuzt
- - - + anan , SPAN OF A couNTA_BLE AMOUNT OF VECTORS

where n > I . ( Dta)) ( Elo (3.2))

In this case
,

we also say that x
- 's

suppose V is a vector
space

over some field F,

is a linear combination of the vectors
and let Sev .

Further assume that

Uli U2 , - ' '

, Un . S = & V, , Vz , . .
.

.
Vn , ' i - }

,

COEFFICIENTS OF A LINEAR COMBINATION
ie is , = INI .

CDF (2)) show that
Then

,
we can

!
Let V be a vector space over some field

F
,

and let the vector xev be a span (s
) = spanky} ) U Spanky.ve} ) U . . . U spanky,vz. . ...vn}) U . . .

linear combination of the vectors 4142 . - - inn 'S,
or in other words

,

that

or

where SEV and Stf.
Sparks) = U Spandau, ,vz . . . . .vn } .

Assume that X= quit azuzt
- ' ' tank , where n= ,

a
, .az . . . ; ane F

- SPAN OF AN UNCOUNTABLE AMOUNT OF
-

Then we denote the scalars al 's . - ' ' ' ant
# as

VECTORS ( Elo (3.3))
the

"

coefficients
' '

of the linear combination .

'

Suppose V is a vector space over some field

SPAN (D7C3)) IF
,

and let SEV . Further assume that 1st > ' Nti

'

Let V be a vector space over some field F, S is uncountable .

I ie the size of
and let the subset SEV be such that

Then note that there are no

"obvious
"

simplifications
Sto.

" " to the formula for span
(s ) -

Then
,

we define the span of S
,

denoted

as
"

Spano)
"

,

to be the set of all

SPAN OF A SET IS ALWAYS A SUBSPACE

linear combinations of vectors in S -

OF THE PARENT VECTOR SPACE ( Tl -4)
'

Note that
, for

convenience
,

we define
Let V be a vector space

over some field F,

span ( 0)
= To} . and let SEV .

Then necessarily sparks) is a subspace of Vi

EXAMPLE l : SPAN OF Clio,0) & (O, 1,0) IN
Puff. This follows from verifying each subspace

1123 ( Elo Cl)) condition for spares) . DR

-
'

: observe that in 1123
,

the span of " ' " O) &
moreover

, spancs) is the
"

smallest possible
"

( 011,0) in 1123 is

subspace of V that contains S
,

in the

fact, 0,0) t b. (0,10) : a. BER} sense that

① S E Spano) ; and
or more simply

② If W is any
other subspace of V

Ica, b, o) : a. be IR } .

EXAMPLE 2 : SPAN (dcxn : n > I}) IN ④Ex] containing S
,

then span
e w .

"

GENERATES (SPANS
' '

( D8)
(Elo(2)) -

Let u be a vector space , and let

-

'

We can show that for the vector space ,

④Ex]
,

the span of 5=4×1×2. . . .

,
×
"

.
. . . } is the set SEV .

Then
,

we say S
' '

generates
"

V
,

or

of all polynomials in QCX) whose constant coefficient
s

"

spans
"

V
, if spancs)

-

- V .

equals O '

Note to prove spares)
-

- V , we just need

to prove every vector in V can
be written

as a linear combination of vectors in S
,

since span (
s ) E V by definition .

( This follows from extensionally . ) ( RG )



LINEAR INDEPENDENCE & DEPENDENCE (51.5)
LINEARLY DEPENDENT (139 Cl)) EXAMPLE l : 5=410,1, I ), Cl, 0,1) , Cl, 2,3)} IS
' :

Let V be a vector space over some

1 LINEARLY DEPENDENT IN 1123 CEH)
field IF

,
and let SEV.

' !
We can show that the set 5=40,117, Cl, 0,11, 11.2.37 }

Then
,

we say
S is

' '

linearly dependent
"

if there exists a finite number of distinct is linearly dependent in 1123 .

vectors u
, , uz , . . ; un

ES and scalars 9. Gi - ' 'sent # PIF . We search for scalars a.
b
,
CER

,
not all 0

,

where c
, .cz . . . . .cn are dint Zero,

such that such that

c. a. + czuzt - - .
+ gun

-

- o . af ! ) + b(
'

o

,
) + cc }) = ( %) .

In this case ,
we also say the vectors of S This reduces to solving

the system

are linearly dependent ' / btc
-

- O

( a -12C
= O

'

; Note that if S is finite , say 5=4419 . - sun} . ( a+bt3c=o .

then S is linearly dependent ifandonY simplifying , we get
that

there exists a ( c
, .cz , .

. .

, Cn )E #
n

,
where

a = - zt
,

b. = - t
and c=t

,

(c
, .cz , . .

.

, Cn) t
(0,0, - -

-

i
O )
,

such that where t EIR .

For instance ,
Ca
,
b. c) =L -2, -1,1 ) is a solution in which

Clu , t Czuzt
- i
' t Chun

= O - ( 127 ( 4A))
not all of a. b. a one O -

LINEARLY INDEPENDENT ( 139 (Z)) It follows that S is linearly dependent . BE

over some field
Let u be a vector space EXAMPLE 2 : 5=41,7×7×3} IS LINEARLY
IF
,

and let SEV .

INDEPENDENT IN Ig Ex] ( EIS )
Then

,
we say

S is
"

linearly independent
"

-

' '

s
we can show that the set S -- II. x. x?x3 }

if it is not
' '

linearly dependent
"

;

is linearly independent in Is -43 .

ie for every choice of distinct u
, .az . . . ;

ants ,

Puff . Note that if there exist ao.aiiaz.az C- Is such that

if c
, .cz , . . .

, Cn
C- If are scalars such that

aocl) t a , X t a .zX2t 93×3=0 ,
Clu , t Czuzt

- ' ' + Chun = O
'

then by definition necessarily au
-

- 9--92=9--0,

then necessarily c
, -_cz=

- ' - = ( n'- O -

and this is sufficient to prove the claim . Dk

'

Similarly , if S is finite, say 5=44.az , - " un}
,

then S is linearly independent ifandonyif
whenever (C , .cz , . .

.

, Cn ) E #
n

are such that

Clu , t Cz Uz t
. .
. t Chun

= O
,

then necessarily C ,=cz= . . . = Cn
-

- O -

TRIVIAL REPRESENTATION OF 0 (127 Cl))

' Note that for any
vector space

V and

vectors U
, , uz ,

. . .

, un
EV

,
we denote the

"

trivial representation of OEV
"

as a linear

combination of u
, .az .

. .
-

, un by

OU
,
t Ouz + . ..

t Oun = O .

EMPTY SET IS LINEARLY INDEPENDENT (127121)

' !
Note that the empty

set
.
0 .

is

vacuously linearly independent
-

*
since linearly dependent

sets must be non - empty

by definition .

40} IS LINEARLY DEPENDENT (R7C3))

's Note that the set Io} is linearly dependent ,

Ico) = O is a non - trivial representation of
since -

O as a linear combination of finitely many

distinct vectors in S .

OES ⇒ S IS LINEARLY DEPENDENT (127 (5))
' !

Note that any
subset of a vector space

that

contains the zero vector is linearly dependent .



S IS LINEARLY DEPENDENT (⇒

5=40} OR SOME VECTOR IN S IS A

LINEAR COMBINATION OF OTHER VECTORS

IN S ( Tl. -5)

' !
Let V be a vector space,

and let SEV .

Then S is linearly dependentifando-yifs.IO} or some
vector in S is a

linear

combination of other vectors in S .

Puff. We first prove
the backward argument .

First , note we know why 403 is linearly

dependent from a previous
section .

So , suppose
there exists a vector res

such that

✓ = C , U ,
t Czuz t . . -

t Chun ,

where
cie IF and Ui EV Vitti,2 , . . . , n } .

Without loss in generality , assume u
, .az , . . . . un are distinct .

By assumption , since VEIEU, .az . . . .

, un } , necessarily

4. Uz , - . .

, um ,
V are distinct .

Finally , since

O = C - 1) V t CiU, t Czuzt . .
- t Chun ,

and - Ito , it follows S is linearly dependent . #

Next , we prove
the forward argument .

Assume S is linearly dependent, so that there exist

distinct u
, .az , . . .

, une S
and a

, .az , . . - , an c- IF ( not all 0)

such that

a
,
U
,
t 9242 t . . .

+ Amun = O .

Without loss in generality , assume aito V-iecil.2.i.in} .

Case I .' n'- I .
-

Then 94=0 , and since a
,
to it follows that 4=0

(since fields are integral domains
,

so the cancellation

property applies . )

Hence OES .
If 5=403 we are done ;

otherwise
,

we can pick a
VESTED ,

and we

can write O=ov
, proving

some vector in S
.
O
, can

be written as a linear combination of another

vector
, v,

in S .

Case 2 : n > I .
-

Then since an -1-0 , we can solve for un :

Un = - an
"

[ a ,u , t azuz t - - - t an -run - I ] ,

i . Un = C-an
- '
a
,
)u

,
t C - an

-
'

azluzt . .
. t C - an

' '

an-Mun-s ,

showing Un can be expressed as a linear

combination of other elements in S -



n

BASES & DIMENSION (51.6)
BASIS (DIO)

V IS GENERATED BY S
,

ISI = INI
Let V be a vector space .

Then
,

we say a subset SEV is a ⇒ TCS Is ALSO A BASIS FOR V ( Tt -7)

"

basis
"

for V if '

"
.

Let V be a vector space,
and assume that

① S is linearly independent ;
and

V is generated by a countable set S .

② S spans
V -

subset of s that is

Then there exists a

'

In this case
,

we also say
that the

a basis for V -

vectors of S form a basis for V '

Pioof . If 5=0 or 5- do}
,

then 0 is a basis

STANDARD BASIS (EA) fr V trivially .
. s

,
In #

n

, define the
"

standard basis
"

for
otherwise , S contains at least a non-zero

In the subset vector .

Hence
, we can write S as

5=44 , ez , - .
.

.
en } ,

5=44 , vz . . . - , Vn } or 5=44 . Vz , . . . } .

where eje #
n

is the vector with ith
By the WOP, we can pick the smallest index

coordinate 1 and other coordinates 0 .

i
,
31 such that Vi

,
-1-0 .

( It is easy
to prove

S is indeed

Then Ivi
,
} is linearly independent

.

a basis for Ifn .
)

let iz be the smallest index such that vizts
'

In Price) , define the
"standard basis

"

and vizespanccivi, } ) .
for Price) as the set

continue this
"

process
' '

until we obtain the set

5=41, × , x
'

.

-
- -

c

×

" } '

-1=4 Vines / Vine span (Ivi, . . . .

. Vin, }) , text } :
(It is also easy to pure

S is indeed

Finally , we can prove
T is a basis for V '

a basis for Pnc#t ) -

① Assume T is linearly dependent '

UNIQUE REPRESENTATION OF ELEMENTS
Then there exists a

, .az . . . .

.
aw ,

all not 9

IN VECTOR SPACES UNDER A BASIS
such that

a
, Vi,
t ' '

' t au Vin = O .

(TI - 6)
It follows that

'

Let Iv, ,vz . . . .

.
Vn } be a basis for a

Vice = -ai
'

a. Vij
- - - i

- avian-Nim, ,
vector space

V -

× can
be uniquely contradicting the construction of T.

Then for every
XEV,

represented as a linear combination of ② we can prove by induction that span ( Sul
-

- Sparta
' Hh> I .

where
VI. Vz , . . -

,
Vn ;

Su
-

- icy ,Vz . . - - , Vu } and Tu - TASK
-

- dcviqliqfk} .
ie there exists a unique n - tuple Ca

, .az , . . .

, ante #
n

such that Then
,

let ×eV-_ sparks) . Then xespancsm) for some

× = a ,v, + azvz t
' ' ' + awn -

large m
,

so that Xfspanctm) c spank) -

Pheof . Existence : this follows from the fact
Hence ✓ Espana) , and it follows that V'- span '

④
that Iv, ,Vz . . . ; rn } spans

V by definition.

EVERY VECTOR SPACE HAS A BASIS

Uniqueness : suppose
there exists some

b
, .bz , .

.
.

, brief such that (TI-8)
'

' "

: we can prove
that every

vector space
has

X = a
,
V
, -1

. .
- + any = b,V , t - - - tbnvn .

It follows that a basis .

O = Ca
,
- b ,)v,

t - i
- + Can- bn)Vn . (The proof uses Zorn's lemma & maximal

and since Iv, ,vz , .
. .

.
Vn } is linearly independent. linearly independent

subsets - )

necessarily au
-

- bu Ikeda, 2 , - ' in } . Be



REPLACEMENT THEOREM ( Tl- 9) V IS FINITELY SPANNED ⇒ ALL BASES OF

"
: suppose V is a vector space

with a

✓ & HAVE EQUAL CARDINALITIES (Cl -9 - t )

finite spanning set S .

'

'

Suppose
V is a finitely spanned

let T be a linearly independent
subset

vector space
.

in V . Then

Then all bases of V are finite
and

① ITI E 1St : and
amount of elements .

have the same
HES containing

② There exists a set

pneof . Let s be a finite spanning set fr V
'

vectors such that

exactly ( 1st - ITI ) and let B be an arbitrary basis for V
'

B is linearly independent .
TUH generates

V' Then by definition ,

By
the Replacement

Theorem , IBI Elst
co -

Puff - let n
-

- ISI
,

and let m
-

- ITI .

Bz be two bases of V
.

clearly m
Elst .

Next , let B
,
and

Then
,

when m=O
,

linearly independent
and Bz

statement is true for
Then , since B

,
is

Next , assume the

is a finite spanning
set for V

, by the

some m ? O -

that if Tmc V is any Replacement Theorem necessarily 113,1 E 11321 .

This implies ✓ of size m
,

is linearly independent and B '

linearly independent subset in

similarly ,

since Bz

then men and there exists a set

is a finite spanning
set for V

, by the

TIMES containing exactly n -m
vectors

Replacement
Theorem necessarily 113211113,1 .

Such that -1mV Hm generates
Vi

and we are done .

Cet T - Iv, ,y , .
. -

,
um} and T=TmUIVmt,}. It follows that 11311=11321 ,

m

such that T is linearly independent and a subset

of v. DIMENSION
(INFINITE

- DIMENSIONAL (DIZ)
Note that this implies Tm is also linearly

FINITE
independent . V is

Now, apply the induction hypothesis
on Tm to ' we say

a vector space
"

finite - dimensional
"

if it has a
basis

get that n> m ,

and there exist Cn - m)

consisting of a finite
number of

Vectors wm+ , . . .
.

, Wn E
S such that

vectors .
44 .

- '
'

' Vmiwmt , . . . . , wn } generates
V .

Then
, since n > m

,
either n=m or n> m '

'

'

otherwise , we say V is
"

infinite -

dimensional
"

.

If mm ,
Iv, , - .

-

, um , wmt , .
- -
-

,
Wn} = EY ,

- -
- nvm} .

DIMENSION ( DIZ)

Thus
,

vm+, E Spanky ,
- -
- ivm }

,

so by Theorem t -S
' vector

'

'

Let V be a finite -dimensional
the set Iv, . . - - , um .vm+ , } is linearly dependent' ,

space
.

denoted as

contradiction ;
hence ,

it

But this is a

Then
,

the
" dimension

"

of V '

so that n > Mtl , proving
① .

is defined
to be the

follows that n > m , "

dim V
"

,

unique
number of vectors in each basis

subsequently , write

✓
my ,

= a
,
V
, t

. . .
+ amvm + amtivmtl t - ' ' + ahhh

for ✓ ,

for some scalars ai ,
-
- -

i
ant # .

'

By convention ,
we let dimdo} = O -

Then
, if ant ,

-_ . -
- =an=o ,

then we would get

which is a

'

Examples :

that Vmf, = a ,v,
t - - - + annum i

the scalars
① dim In = n i

contradiction; hence
,

at least one of

ame, . . . . , an must be non- zero . ② dim In = 2n i

Then
,

without loss in generality, assume am-11=10 . ③ dim mm.me#)=mn ; and

It follows that
④ dim Pnc#) = htt . ( Elf)

Wme,
= - a-

'

me ,
a ,v,

-
- -

- - a-
'

me,
amvm - a'

'

mtiamtivmti

- a"m+, amtzwmtz - - - i - a'
'

me ,
anwn -

let H=&wmtz , . .
.

, wn } CS .

The above shows that

wont E spanCTUH )
.

Moreover
,

since Vi , -
- -

,
VMETCTUH and Wantz . . . . , WNEHCTUH,

it follows that

✓ = spank Wmti . Y .
. .
.

,
um , wmtz . . . .

, Wh } f span (
TUH)

.

But since span
( Tutt) EV,

it follows that V'- span
CTUH ),

completing the proof . Be



ANY FINITE SPANNING SET FOR V EVERY LINEARLY INDEPENDENT SUBSET OF

CONTAINS AT LEAST n VECTORS (Cl-92cL)) V CAN BE
' '

EXTENDED
''

To A BASIS

-

"
- let V be a vector space

with dim V= n - OF V (Cl-9.2 ( 5))

Then if S is a finite spanning
set for V' "

. Let V be a vector space ,
with dim V = n -

suppose L =4v, . . .
.

, Vu} is a linearly independent
necessarily 1st > n .

( Tt- 7)
,

there exists

p±of . By the Existence Theorem
subset of V

,
where IEKEN '

HCV such that LUH
a subset T of S that is a basis

Then there exists a

for V -

is a basis of V .

Therefore ITI = dim V
- n

,

which implies

Puff . If k=n , by a. 9.441 L is trivially a
basis

that 1513 ITI
-

- n - Da
for V -

IVI = n ⇒ S IS the Replacement Theorem for
S GENERATES V

, If hen , then by

the spanning
set p and L

,

there necessarily
A BASIS FOR V (Cl -9.2 (2))

exists a subset Hcp containing
' "

Let V be a vector space
with dim V

-

- n
,
and

Ipl - 14 = n -k vectors such that LUH generates
suppose

S generates
V
,

with ISI -_ n .

v .

Then S is a basis for V .

By a.9.2C ')
, ILUHI > n .

But

Existence Theorem C -11.71 ,
Pref . Again , by the

ILUHI E 14+11-11 = let Cn -ht
= n

'

there exists some subset TES such that

so that ILUHI = n .

T is a basis for V
-

ITI -- n , so that
If follows by a. g. 2C2) that LUH is a

By the above corollary ,

if lstn , necessarily S=T- basis for V ' DM

It follows that s is a
basis for V

' Dh

W IS A SUBSPACE OF V

S IS LINEARLY INDEPENDENT ⇒
⇒ dim W E dim V ; dim W

-

- dim V

S CONTAINS AT MOST n VECTORS (Cl.-9.213))
(⇒ W=V (Cl-9.2 (G))

' !
Let V be a vector space ,

with dim V
-

- n .

' "

let w be a subspace of the vector space
V .

Suppose
the subset SEV is linearly independent .

Then dim W E dim V, with equality occurring

Then S contains at most n vectors .

ifandonlyif-V-w.PE/--Applying the Replacement Theorem for the

PIF . If W -

- do} , then dim W = Of dim V.

spanning set p ,
it follows that Isle Ipl ,

Ip , =n ,
this tells us that

otherwise
,

W contains a non
- zero vector wi

and since

Then Ew, } is linearly independent
'

ISIS n , as needed - TO

Continue to choose the vectors w
, ,

- . ; Wnew such

S IS LINEARLY INDEPENDENT , 1st -_ n
that Ew, . . . . , wk} is linearly independent

-

FOR V (Cl - 9.2 (4)) cannot go
on indefinitely .

⇒ S IS A BASIS Note that this process
linearly independent in V.

with dim V
'

- n -

since Iw, ,
.
. .
. wk } is also

'
"
s Let V be a vector space ,

This implies
that hen .

Suppose the subset SEV is linearly independent
Next , by -11.5

,
WC Spanky , . . - c Wu} )

= spank) .

and (VI =n .

Then ,
since TEW

, necessarily spanctlcspanlw)
-

- W .

Then g is a
basis for V '

T is

It follows that W = span
CT)

,
so that

Paf . Applying
the Replacement

Theorem for the

a basis ( since it is also linearly independent ) ,

spanning set p
and the linearly independent

and

set S
,

there must exist a subset HEP

dim w = ITI = k f n = dim V -

containing Ipl
- 1st = n - no

vectors such that

Note that if dim V = n
-

- dim W
,

then a basis for W

SUH generates V -

n elements .
is also

a linearly independent set containing
hence H=0, so that

But since 11-11=0 , Hence
, by c , .az (4) , that set is also a

basis

S generates V (and hence is a
basis

for V - Dk

for V . ) Dq

W IS A SUBSPACE FOR V ⇒

ANY BASIS OF W CAN BE
''EXTENDED

" TO

A BASIS IN V ( Cl- 9.2 ( 7))

'

'

Let w be a subspace of the vector space

V
,

and let s be a
basis of W -

Then we can
' 'extend

" S to a
basis in V -

Puff . By Cl - 9.2 CG)
,

dim WE dim V .

Let T=Iw, . . . - , Wu} be a basis for W
,

so that T

is linearly independent in W
,

which in turn

implies T is linearly independent in V .

So
, by ( 1.9.2151

,
we can

' ' extend
" T to a

basis in V . Dk



QUOTIENT SPACES (51.7)
COSET & REPRESENTATIVE (DB)

BASIS FOR QUOTIENT SPACES (Tl.li )
Let V be a vector space ,

and

I Let V be a vector space with dim V = n
,

w be a subspace of V '

and let w be a subspace of V such

Then
, for a given

XEV
,

its corresponding
' '

coset
"

of W in V
,

denoted as
"

xtw
"

' that dim W = K
.

Let Iv, . . . . .vn} be a
basis for V

,
such that

is defined to be the set

× -1W = Ixtw : WEW } . Iv, . . . . , y, } is a basis for W '

*
note that xtw E V - Then

,

'

In this case
,

we call
"

×
"

a ① The set Iva# + W ,
. .

-

,
Vntw} is a basis

"

representative
"

of the coset ×tW -

for Vfw ; and

② dim( yw) = dim V - dim W -

X y
(mod W) (DB)

Pewof . To prove
①
,

we show Ivuy , -1W . . .
-

, Vntw} is
- ! Let V be a vector space ,

and

let w be a subspace of V -

both linearly independent and generates VIW ,

Then
,
we write

"

x=y
(mod w )

"

giving us our basis .

ifandonlyif x -YEW .

It follows that

dimcvlw) = ldcvut, -1W. . - -

, Vntw}l
Vfw ( DB)

= n - (htt ) + I
'

s
. Let u be a vector space , = n - k

and w a subspace of V -

i. dim (yw) = dim V
- dim W ' Dh

Then
,

we denote
"

Vfw
"

( ie
' ' V

dimV 3N, dim w > N ¥ dim Yw Zoo ( 129)
mod W

"

) as
the set

'

' !
Let V be an infinite -dimensional vector space ,

VIW = I xtw : xev } ;
and let w be an infinite -dimensional subspace

ie let VIW be the collection of

of V .

coset of W in V '

it is not necessarily the case

Then
,

note that -

✓140} = V (EM (2)) that dimcvlw ) > N -

- :

for any
vector space

V
, necessaries Example : let V -- FO & W = Ico,xz , . . . ) : xuelf}

.

✓ 140} = V -

Note that each element of yw is simply

ptoof . VI Io} = Iot x : XEV } "

determined
"

by the value of the first

= Ix : xev } coordinate ×
, ,

so that dimcvlw) =/ .

i. V/Io}= V. DU

COSET TEST ( P1)

'

Let w be a subspace of a

vector space
V
,

and let x.yev

be arbitrary .

Then xtw-ytwifandor.ly#
x -yew .

Pneof . Similar to test for assets in

MATH 145 .

I (MOD W) IS
AN EQUIVALENCE

RELATION ON V ( 128 )

' ! Note that the relation

"

I (mod w) is

an equivalence
relation on V .

ADDITION & MULTIPLICATION IN

Vlw (1714)
'

Let V be a vector space
over a field

IF
,

and let w be a subspace of V.

an addition on

Then, we can define -

Vfw by

( x -1W )
t Cytw) := Ccxty) + W) ;

and a scalcrmultiplication
on VW by

a ( xtw) i= (ax) t W i

for any aef and x. YEW -

'

Note that these addition and multiplication

operations are well - defined . ( Ll )

Peoof . Similar to proof fr quotient gwupsl

rings .

VW IS A VECTOR SPACE

(THE QUOTIENT SPACE OF V BY W ) ( Tl.io)

"
. Let V be a vector space,

and W a

subspace of V .

Then the set Vw is a vector space

over IF with the operations of coset addition

and scalar multiplication,
denoted as

''

the quotient

space of V by W
"

.

Puff - verify all 8 conditions . ( vs I -81 . gq



SUMS & INTERNAL DIRECT SUMS OF SUBSPACES (51.8)
SUM OF SUBSPACES (DIS)

✓ = W
, Wz (⇒ HVEV : I UNIQUE YEW , ,

'
"
-

let V be a vector space
over F

,

and let W
, , wz be subspaces of V -

WZEWz 7 ✓=w, + Wz
( L2 ( 3))

Then
,

we define the
"

sum
"

of W
'
and

'
s
Let ✓ be a vector space,

and let

Wz , denoted as

' '

w ,tWz
"

,
to be the set

W
,
and Wz be subspaces of V '

wit wz : = dcytvz : view, . Vztwz } . Then W
,
④ Wz = V ifandon for

INDEPENDENT/DISJOINT ( DIS) every vector vev
,

there exist unique
! Let V be a vector space,

and elements w,eW,
and wzewz such that

let W
, . Wz be subspaces of V -

V
-

- W
, twz .

Then
,

we say
W
,
and wz are

pzof . (⇒ ) since V=w, -①Wz , necessarily V -- Wttw, and

"

independent
' '

,

or

"

disjoint
"

,
if W

, nwz = doo} .

Let VEV , and note that since V=W,tWz ,

onlyif W
,
nwz = Io} .

it implies that vewitwz .

( INTERNAL) DIRECT sum (DIS )
so , by definition , there exist some w

, EW, , wztwz

' !
Let V be a vector space,

and

such that V=w,tWz .

I
let w

, , wz
be independent subspaces ✓ =w,

'

+ wz
'

for some with
Next

, suppose
we have

of V .

and wz
'

E Wz -

Then
,
we define the

"

( internal) direct

Then

sum
"

of W ,
and wz

' '

,
denoted as

o = Cwitwz) - ( w ,
'

t wz
' ) = (w

,
-wi ) + (wz- wz

' ) .

W
,
④ Wz , to be the set

Since w
, ,
w
,

' EW ,
& wz , wz't Wz , necessarily w

,
- w

,

"

EW
,
R

W
,
④ Wz = Wit WZ '

wz-wz
'

e wz also
,

so that

*
ie

' '

+0
"

is the notation for
"

t
" used when

(w ,
- w

,

.

) =
W'
z
- wz E W

,
hW2= IT'

W
,
& wz are independent -

Hence w
,
- w

,

'
= wz

'
- wz

=o
, implying

that w
,

-

- w
,

'

ol wz
-
- wz

'

,

Note that W
,
④ Wz is well-defined

pwning uniqueness . #

as long as W
, nwz

= Io} . ( Rio)

(⇐) By assumption , every
vector VEV can

be

•i
''

w
,
+Wz IS THE SMALLEST SUBSPACE new, & wzewz .

written as V=w, twz for some

CONTAINING W
,
& wz ( L2 (Z))

Hence ✓ Ew,
+ wz ,

and by L2C2) necessarily

- !
Let ✓ be a vector space ,

and let
w
,
+wzev ; so V=WltW2 -

W
, , wz be subspaces of V '

Then -XEW
, nwz .

Next , let XEW, hwz .

necessarily the smallest

Then W
,
t Wz is -

Then
,

note that

W
,
and Wz .

subspace of V containing
o = o + o

= Xtc -x) C- With '

Pewof . first , we prove Witwz is a subspace
and due to the uniqueness assumption , necessarily * O -

of V '
Thug w

,
nwz - 403 ,

so that V=W,
④ Wz - D8

Cet ( v
,
+ Vz) , Cu

, -142) EW,
1- Wz and at F

,

where v
, ,u,
EW ,

and Vz ,UzEWz .

Then
,

since W
,
and Wz are subspaces of

Witwz , necessarily Ytu, EW,
and Vztuztwz ,

so that

( V, +Vz) + ( u ,tUz
) = ( V

,
tu

,
) -1 (Vztuz) EW,

-1 Wz .

Moreover
,

since av,
EW,

and avzfwz , necessarily

a ( V, + Vz) = au ,
+ avz E

W ,tWz ,

pwning witwz is closed under addition and

scalar multiplication .

Then
,

since V,
= Vito E W,

-1W, Hye W,
&

✓2=0 + Vz EW,
+Wz tfvzewz , it follows that

W
,
E Witwz and Wz EW ,

+ Wz .

Finally , let Y be a subspace of V that

contains both W
,

& wz .

Since Y is closed under addition , Ytvzey

for every YEW,

and Vztwz necessarily .

It follows that W
,
+ Wz EY, completing

the

proof .



dimcwp, dimcwz) LN ⇒ dimcwitwz) co & dim (V) LN , W
, -①Wz=V ⇒ dimwit dimWz= dim V

dimcw,) t dimcwz) = dimcwitwz) -1 dimcwinwz) (-11.12 ( 2))

(TI - 12 Cl))
-

"
. Let V be a vector space over F

,

and let W
, , wz be finite - dimensional

' "
Let V be a vector space

over some field

subspaces of V .

IF
,

and let W
, . Wz

be finite dimensional

Suppose further that V itself is finite
subspaces of V .

W
,
+ Wz is finite dimensional

, dimensional
,

and WI ④ WZ = V .

Then necessarily
Then necessarily dim W

,
t dim Wz= dim V -

and

dim ( W,
) t dimcwz) = dimcwtwz) t dimcwinwz

) .

Puff . Since W
, -①wz=V, necessarily W

, nwz= do} .

Pewof . First
,

note winwz is a subspace so
, by Ti- Iza) , it follows that

of WI (AZ)
,

so that
dim W

,
t dim wz = dim (W

, twz ) t dimcwinwz
)

dim ( W
, nwz) f

dimcw,
) C D CCI-9.2161) .

= dim ( V ) + 0

Next
, let Iu , .az. . . . . uh} be a basis

.

.

.

dim W
, t

dim wz = dim (VI . pay
for W

, nwz .

Extend this basis to get the bases COMPLEMENTARY SUBSPACES ( 1315)
S
,

u
, .
. . .

,
uu.hr

, .
. . .

,
um } of W

,
and

'

'

! Let u be a vector space, and let

52=44 .
. . .

, uh , 't, .
. . .

.
2-
p
} of Wz ,

which

w be a subspace of V .

( 1. 9.2 ( 511
.

V is said
we can always do by Then a subspace

W
"

of

let 5=44 . . . . , uh , 4 .
. - -

, um
,
't
, .
. . . ,zp}. to be a

"

complementary subspace
"

to W

we claim S is a basis for Witwz .

if W ④ w
'
= V ; ie

Indeed
,

consider

① w n w
'

e- do} ; and

a ,u , -1 .
-- tauuutb ,V, t ' ' ' t bmvmtc , 't , t - - - tcptp = O - ②

② W t w
'
= V .

for some scalars a
, ,

.- - law ,
b
, . .

. -

, bm.ci . . . - , Cp -

dim W t dim W
'
= dim V

Then

Let V be a vector space ,
and let

b ,v,
+ . - i t b.

mum
= - a ,U ,

- . . . - auuk - C, 't ,
- ' ' . - Cp7p

-

W be a subspace of V .

Since the RHS is a linear combination of vectors
a complementary subspace to W

.

in Wz , the RHS E Wz ; and since the LHS is Let W
'

be

dim W t dim w
'
= dim V -

a linear combination of vectors in W
, ,

the LHSEW ,
- Then necessarily

Pweof - Follows directly from TI - 1212) .

Thus b
, vet

. . .
+ bmvm E W

, nwz -

EXISTENCE OF COMPLEMENTARY SUBSPACES ( Rtl Ci))
Next

,
since fu, . . . . . Uu } is a basis fr w

, nws
,

' ! Let V be a vector space , and let W

there exist scalars d
, ,

. . .

,
da such that

be a subspace of V
.

biv, t . . . tbmvm = d ,u , t
. . . t dunk .

exists a complementary subspace
so Then there always

V such that Wto w
'

= V .
b
,
V
,
t . . - tbmvm - d ,u,

- . . - - dunce -- O -

w
'

to W of

Since Ivy
,
. . . ,uu, y , . . . , um} is a basis fr wi , pqof . first , note that every finite linearly independent

set can be extended to a basis V that

necessarily b
,
= . . . = bm=d, = - . . =du=0 .

Substitute b
,
-_ . - - Ibm into ② to get that has a countable spanning set CA3 ) .

Hence
, every linearly independent subset of V

quit . .
. + anuutqz , t . . . tcpzp

= O .

Can be extended to a basis for V .

Then
,
since Iu, . . -- , uh , 't , . . . . ,zp} is a basis for

It follows that every subspace W of V has

Wz , we have

a
,
= . .

- = an = c
,
= . . - = Cp

= 0
,

a complementary subspace w
'

. Dq

pwning S is linearly independent - NOI - UNIQUENESS OF COMPLEMENTARY SUBSPACES

subsequently . let xtyewitwz be arbitrary . ( Ry , ( z))
where XEW,

and ye Wz . '

"
:
Note that complementary subspaces of a given

Then
,

since S
,
and Sz are bases for Wi

vector space V are not necessarily unique
.

and wz respectively , we can write x
and y

vectors in S
,
and Sz ,

as linear combinations of eg V -_ 1123
,

W = ICI, 0,07, coil , 073
, Wi -- deco,o,n} ,

respectively : wz
'

-_ Ico,o, -113 :
x = 9,4 , + . . . + auuu t b,v, t - - - tbmvm ; &

observe that both W
,

'

and WI are

y
= d

,
U
, t

. . . + daunt 47 , t - - - + cptp '
complementary subspaces to W -

where a
, .
. . -

, ah , by , . -- ibm ,
d
, , - .

-

,
du ,c , , . . - , Cpt #

-

Hence

Xty
= (a,td,)u , t - . . t (autduluutbihtciz , -1 .

.- t bmvmtcptp ,

which is sufficient to show xtytspancs) .

Thus W
, twz

E sparks) , and since span
(s) EW, -1hL

by definition , it follows that W,tWz= spares ) ,

verifying that S is indeed a basis for

W
, twz .

In particular ,

dimcwitwz) + dimcwinwz
) = ISI t k

= mtptktk
= (mth) t Cptk )

= dimwit dimwz.
D8



Chapter 2:
Linear Transformations and 
Matrices
LINEAR TRANSFORMATIONS (S2- t)

TCO) = O ( P3 Cl))
'

Let V and W be vector spaces over the same

' ! Let T : V -7W be linear .

field F . Tco) = O .

Then necessarily

Then
,

we say
the function T: V -7W is a

Paewof . Tco ) = TCO -10) = TCO) -1 TCO) :

✓ to W if O = Tco) + Tco) - Tco) = TCO) - DE
' '

linear transformation
' '

from thus

( Lil →① Tcxty) = Tex) t Tty) VxyEV : and
f-(×-y)

= T(×) - Tcg) ( P312))

( L2 ) -720 Tccx ) = CTCX) VXEV
,
CE # . ( DIG )

'
"
: Let T : V → w be linear .

Then necessarily Tex -y)
= Tcx) - Tcg) thx,yeV.

In this case
,

we say the function T : V -7W

PIof . Tex-y)
= Tex) t TC - y)

= 1- Cx) t C- 1) Tty)
is

"

linear
"

.

.

'

.
TCX -y)

= Tex) - Tcg) . Da

T IS LINEAR Tccxty) = CTCX) + Tcg) (P2
)

1-(a,x , -1 . . . + anxn)
= a ,TCx,) t - - i + antcxn) (P3(3))

'

'

Let the function T : V -7W ,
where V and W are

Let T be linear
,

and a
, ,

- -
-

, an
Elf and

vector spaces
over the same field IF .

× , , . .
.

, xnev be arbitrary .

Then T is linear ifaf Tccxty)
-

- Ckx) -117g)

Then necessarily

for all x. y
EV and CE # '

Tca,× , +
. . . + any)

= a ,TCx,) t - -
- t ant n

) .

ZERO TRANSFORMATION (E23 (1a))
Civ, . . .. .vn} IS A BASIS FOR V, dew, , - .- , Wn} ARE

For any
vector spaces V and W

,
the

7- A UNIQUE LINEAR MAPPING
"

zero transformation
"

, given by
' '

To :V→w
"

,
is ELEMENTS FOR W ⇒

defined by Tok) =o VXEV .

T : ✓→ w z 1- (Vu) = Wu ( T2 - l

IDENTITY TRANSFORMATION (€23 (lb)) . !
Let gu, . . . . .vn} be a

basis for a vector space
V
,

"
arbitrary elements of another

÷ for any
vector space

V
,

the
"

identity and let Iw, .
. . . ,wn} be

vector space
W .

transformation
"

Iv : V → V is given by

Then there exists a unique
linear mapping

T:V→w

Ivcx) = x
HXEV.

such that

T : ✓ → In BY Tca,V, -1 - . - tank)
: = (a

, .
- - -

,
an)

Tcu
,
, = w , .

. .
-

,

1-Cvn) -- Wn .

Since Kyiv . . . . .vn} is a basis

( E.23 (3)) pref . let vev be arbitrary -

for V
,

there must exist a
, .
. .
. ,anEF such that

' ! Let V be a finite - dimensional vector space
over

✓ = a,V, t - .
. t an Vn .

IF
,

and let IV. Vz , . . . , un } be a basis for V -

let Tcu) = Tca,v, + . . . + anvn)
= a,w, -1

. - - tanwn (by P3C3)) .

Then
,
the mapping

Then
, by construction

, for any
liken , we have

T : V → IF
"

by Tca
,
v
,
t - -

- tank) : = Ca
, ,

- .
-

, an)

1-( Vu) =
TCOV

,
t . .- t Ovuytlvut Oye,

t -- - + Oun)

is linear . = Ow
,
-1 - - - town.it/wut0wu+, -1 - - - town

T : #
n
→ IFK

,
1- (x, , . . . , xn) : = (x

, ,
. . -

, Xu) ( E23C4)) = wu ,

pwning uniqueness .
' !

Let F be a field , and suppose tf k < n -

Next
, suppose there exists another linear mapping L :V→w

Then the projection mapping satisfying Lcu,l=w, . . .
.

,
Lunt -- Wn -

Let V -_ a ,v, -1 - - - t anvn , where VEV and ai , .- - , ant
# -

T : IF
"

→ Ifk by TCX , , - . . , xn
) : -_ ( Xi . . . . . Xu

)
Then

( (v) = Lca
,
v
,
t - i . + anVn)

is linear .

= a
,
Lcu, )

t - -
- + anlcvn)

= a
,
W
,
t . -

- t anwn

= a
,
Tcu,)

t .
. - + an Tcvn )

=
Tca , y t

. .
- t any)

: . Lcu) = Tcu)
.

Hence Lcr) = Tlv)
VVEV, so that T =L , pwning uniqueness

.

"

It also follows that we have

1- (a ,v, t .
. . + anVn ) = 9

,
W
,
-1 . . - tan Wn .

( ( 2. I - l )



NULL SPACE / KERNEL ( 1317cL))
RANK-NULLITY THEOREM (T2-4)

' !
Let V and W be vector spaces, and

if's. Let ✓ and W be vector spaces , and

let T : V → W be linear .

let T : V → w
be linear with

Then the
' '

null space
' '

of T
,

or

"
"

dim (V ) C N
-

the
' '

kernel
' '

of T, denoted as NCT)
,

Then necessarily
is defined to be the set

rank( T) t nullityCT)
= dimcv)

.

NCT) : = { XEV I Tlx) = O } . subspace of V ( T2 -2)

Pioof . Since NLT) is a

by Cl- 9.2 CG ) necessarily
RANGE / IMAGE ( D 17 (2)) and dim Vcd ,

Let V and W be vector spaces , and
nudity (T) E dim (V) < ° -

and suppose
that

let T : V → w be linear .

Then
,

let nullity CT) : k ,

Then the
' '

range
' '

of T
,

or the
"

image
' '

icy , - . - , Vu} is a basis for
NLT ) .

of T, denoted as
' '

RCT)
"

,
is defined can

- 'extend
" icy , - - - , uh }

to

we know that we

to be the set
get a basis for V

,
Iv, . . - - sun} , so

let "

RCT) : = I Tcx) : XEV }
. do so .

NCT) IS A SUBSPACE OF V (T2-2) Next , we claim ETCuntil . . . .

.
Then )} is a basis

for RCT) .
' ! Let T : V -7W be linear .

First , we show ITCH,
)
,

. .
.

,
1- Cvn) } spans

RCT) .

Then necessarily NCT) is a subspace
By -12.2 , RCT) = span ( Etty ) , . . - ,

TCW ,
1- ( yet,) . . . . , Then) } ) .

of V .

Then , since Iv, . . . - , Vu } is a basis for NLT)
, necessarily

RCT) IS A SUBSPACE OF W ( T2-2)

Tcu, )
=

. .
. = 1- ( un )

= O .

Let T : V → w be linear .

Hence ,
RCT) is a subspaceThen necessarily RCT) = span (ITCH,

)
,

- -
-

,
Then) } )

,

of W -

as needed .

IV, , . . . , Vn} IS A BASIS FOR V ⇒
Next , we show iTunes) , . . .

.
Then)} is linearly independent .

Consider

span(Etty). . . - , Then
)} ) = RCT) C -12.3)

( ht ,
T (Yet , ) t - . . t cnT(Vn ) = 0 , where Che , . . . . , Cnt

#

' !
Let V and W be vector spaces , and let

⇒ 1- ( cut ,Vu+, t
. . . t Chun) = O

-

T : V -7W be linear .

Iv, , . . - , un} is a basis for Hence cut , yet , + . . . + cnvn t NCT); then
,

since EY . . . -ite} is

suppose
the set

a basis for NLT) , there exist d
, . . . . ,

due # such that

V .

Then necessarily ITCY) , . .
.

,

1-Cvn)} generates
RCT) .

Cut , Vue , t . . . + Chun = A ,V, t . . . duvu .

NULLITY ( 1318)
⇒ - d,v, - . - - - duvutcu#Yet, t - - - t Chun = O -

'
!
Let T : V -3 W be linear

,
and suppose

since Ey , . - - .vn } is a basis for V
, consequently

that dim ( NLT)) C N .

Then
,

we define the
"

nullity
"

of T
,

denoted d
,
= .

. . = du = Cut , = - . - =Cn=O ,

to

by
"

nullity CT)
"

,

to be e9
" "

showing rqTC✓µ , ) , . .
.

,
1- Cvn) } is linearly independent -

nullity (T)
= dim ( NLT)) - consequently ,

ranket) t nullity CT) = dim (RCT)) t dim ( NLT))

RANK ( 1318 )
= K t ( n - ( htt ) t t )

' ! Let T : V -7W be linear
,

and suppose
= n

that dim ( RCT)) C N -

.

'

.

ranket) t nullity CT) = dimcv)
. Dq

Then
,

we define the
' '

rank
' '

of T
,

denoted

by
' '

ranket)
"

,

to be equal
to

ONE - To-ONE ( I -t) ( 1319)
' !

Let T : V → w be linear .

rank (T ) = dim ( RCT)) .

Then
,
we say

T is
"

one - to -one
"

if , for

any x.ye
V
,

1-( x) = Tty) implies x -- y .

ONTO ( 1319 )
- Let T : V -7W be linear .

Then
,
we say

T is
' '

onto
"

if

RCT) -- V .

ISOMORPHISM ( 1319)
'

Let T : V -7W be linear .

Then
,

we say
T is an

' '

isomorphism
"

if it is both one - to - one and onto-

'

We say
V is

"

isomorphic
" to W if

an isomorphism
T : V -3W exists , ( Dzo )

and denote this by the notation

(I

VE W
"

.



T IS I- I t) NLT) -_ 40} ( L3) CONSTRUCTING AN ISOMORPHISM FROM V

' ! Let T : V -7W be linear .

To w
Then T is one- to -one ifandon#
NLT) -- Io} . ! Let ✓ and w be vector spaces .

isomorphism from V

pewof . ( ⇒ ) suppose
T is one -to - one . Then

,
we can construct an

Let * ✓ be such that TH) :O '

to W as follows :

TCO) :O = Text , by definition
Then since day , . . . , un} for V

,
and a

① Choose a
basis

x
-
- O

,
so that NLT) = do} .

basis Iw, .
. . -

, Wn } for W .

(E) suppose
NLT) = Io} . Consider xiyev such

② Let the linear transformation
T : V → W be such

that c-( x) = Tcg ) .

Then that Tcvu) = wk V- let II. 2 , - ' ' in } .
Tex -y

) = TCX) - Tcg) = 0
,

( T exists ; this follows from
T2 - t )

so that x - y
C- NLT) ;

so that x
-
- y (and hence T is also an isomorphism .

hence x - y
-

- O ' ③ Then
, by T2 -5

,

T is it ) . Das

VI W (⇒ dim V = dim W ( T2-6)

EY . . .. .vn} IS A BASIS FOR V ⇒
' ! Let V and W be two finite - dimensional

vector

T IS ISOMORPHIC (⇒ ITCH), - ' '

,
T(Vn)} IS

spaces over a field F.

Then V is isomorphic to WifandonlyifttBASIS FOR W C-12.5 )
- ! Let V and w be vector spaces over a field dim V = dim W -

if , with dim V c o '

dim V = dim W C X i T IS I- l (=)

Let Iv, , . . . .vn } be a basis for V
,

and let

T IS ONTO C=) rank(T) = dimcv) ( T2 -7 )
T : V-3W be linear .

' !
Let V and W be two vector spaces over a

Then T is an isomorphism ifandonlyiffield IF , and assume dim V = dim W C N .

{ Tcu, ) . . .
.

.
Tcvn) } is a

basis for W .

Let T : V -7W be linear .

Pweof . (⇒ ) consider

following are equivalent to one another :

c
, Tcu) t

. . . + Cntcvn) = 0 Then the -

⇒ Tcc ,v , +
. . . + Cnn )

-

- O ' ① T is one - to - one i

since T is one -to - one by definition, hence

② T is onto ; and

Civ, t - -
- 1- Chun = O

,

③ rank (T) = dim ( V) .

and as Ey , . - - , Vn } is a basis for V ,

necessarily c. = - .
- =cn=0i SET OF ALL LINEAR TRANSFORMATIONS (1721)

hence after, ) , . .
.

,
Tun) } is a basis for W '

#
- "

let V and w be vector spaces
over #

( (=) If ITH) , . . . , 1-Cvn ) }
is a

basis for W , by definition
Then

,
we let LCV, W) E WV denote the set

{Tty), . . . ,
Then)} generates w .

of all linear transformations T : V -7W .

Thus W= span ( ITH
)
,
. . .

.

Then)}) = RCT)
,

equality comes from T2 -3 . LCV
,
W) IS A SUBSPACE OF WV (-12.8)

where the second

Then
,

since W
-

- RCT)
,

T is nee""" "to
-

'

: Let V and W be vector spaces
over some

Ev, , . - - .vn
} is a basis for V,

let xe NLT) . Since field IF .

ay , .
- - ,
an C- IF such that

there must exist some
Then necessarily LCV

,
W) is a subspace of

× = a ,V , t
- - -
+ ahh ' WV

.

Hence PIF . Clearly LCYWICWV
,

so we only need

O = TIX ) = a
,
Tcu, ) t

- . - t an Tcvn) .

to show that it is non -empty and is

since { Tcu,) , . .
.

,
1-Cvn) } is a basis for w b

)
"" "Y

'"" '
closed under the addition & scalar multiplication
operations of WV

.

thus I -14,7 , . .
.

.
Then) } is linearly independent, so

that

Also note the zero transformation To :V→w is in IV.w)
,

q
,
= . .

. = an = O
, so that LCV, W) is non - empty .

Next, assume T
,
VELCV, W) . Note that for any

x.yevdcelf :
and so

+ Own = O .

× = OV
,
t - ' ' ( Ttu) (cxty)

= Tccxty) t Uccxty)

so
that ( by 23) T is t - l

. DR
= ctcx) -1 Tcg) t culx) t Vly

)

consequently NLT) = do} ,
= ( (Ttv ) (x ) t (Ttu) Cy) ,

showing Ttu is linear ( by P2 ) , so that TTUELCV, W)

A similar argument shows CTELCV, w ) as well VCEIF
.

Thus IV. w ) is a subspace of WV
,

and we are done . BE



MORE ON MATRICES

TRANSPOSITION OF A MATRIX LA IS A LINEAR TRANSFORMATION (T2-9)

s
. Let AE Mm×nCF) be arbitrary , and

Let Ae Mm×nC#) be arbitrary .

write Then La : #
n
→ Em is necessarily a linear

A- =L !!! !:{
'

÷:{ Im:)
.

transformation .

Pref - we prove ↳Ccxty)
= CLA Cx) t Lacy) V-x.ge#n &

Then the
"

transposition
' '

of A
,

denoted as ceif ; the result follows from P2 -

' '

AT
"

( or
''At

' '

) , is defined to be the matrix
write x= ( ¥÷n ) and y

-

- ( Yg;) , and

a'' =L!:÷÷÷:÷÷: )emnxme⇒ . In:
"

::
'

i. aux.
.

= Ccqty,)a ,
t Ccxztyz)azt . . - tccxntyn) an ( by 244))

MATRIX VECTOR MULTIPLICATION (1722) = ccqa, -1
- -
- txnan) -1 (yea , -1 -

- - tynan)

' ! Let AE Mm×nCF) and XE #
n be arbitrary , = ccax) + Ay

where F is some field . .

.

. Lac + y
) = claw) t Lacy ) , as needed . 13

We define
' '

Ax
"

to be equal to

L :Mm×nCF) → LC#
n

,
Fm ) BY LCA) = LA IS

" × -
- ( :&! !!!

a
:}: ) = ÷÷:÷!!:) : A I -1 LINEAR TRANSFORMATION (PH

' !
Let L : Mm×nCF) → LCF? Fm) by LCA) = LA HAE Mm×nCF ) ,

ie the ith where It is a field -

entry of Ax is obtained by multiplying
Then L is necessarily a one-to-one linear transformation .the entries in the w of A by the entries of

×
,

and then summing up
the resultant products . pewef . We first show L is linear.

By P2
,

we just need to show LCCATB) -- cha) -1413)

(Atx) = Ax ( 1323)
V-A.BE Mm×nCF) , CE # i ie LcA+B= CLA t LB .

' !
Let IF be a field , and let AEMm×nCF)

To do this
,

let xetfn be arbitrary .
be arbitrary .

Write A = ( a
, az . . . an ) and B -

- Cb
, bz - - - bn )

,

Then
,

we let the function La : #
"

→ Fm be

so that c. At B = ( ca,tb, caztbz . . . can + bn ) -

defined by LAG) = Ax
VXEIF?

So
"

aj
' '

MATRIX NOTATION
↳A -113 (x) = (cat B) x

-

'

: Let Ae Mm×nCF) , and write = X
,
Cca,+b, ) t xzccaztbz) t . . . -1 Xnccantbn ) ( by L4Cl ) )

= c ( x,a , -1
. . - + Xnan ) t (x,b, t

- - - + Xnbn)

a=(÷÷÷÷÷÷÷:)
.

-

- annex

= CLA (x) t LBLX
)

Then
,
we use the notation

"

aj
' '

to denote : . Lan. + B (x )
= (CLA t (B) ( x ) .

Aj
= (

a:m:÷. )
,

and since xe #
n

was arbitrary this is sufficient to prove

↳Atp = CLA + LB ,
as needed . #

A as
and we can also write Next

, we prove
L is I - l .

A = ( a
, Az . . . aj ) . Assume for some A, BE Mm×nCF), we have LA=LB -

Ax = Xia, t Xzaz t
. . - t Xnan ( (4 ( t)) This means LACX) = LBK) the #

n

, or Ax -- Bx the #
n

.

' !
Let AeMm×ncF) be arbitrary , and write so by the Matrix Equality Theorem

.
A -- B

,

which is

A = ( a
, az

. . . an) . Sufficient to prove L is I- I . 12

Then for any
x= (¥!) een, we have

Ax = Xia , t Xzaz + . . . t Xnan -

aj = Aej (L4C2))
'

Let AE Mm×nCF ) be arbitrary , and write

A = ( a
, Az . . . an) .

Suppose ice , , ez , . .
.
.
en } are the standard

basis vectors for Fn.

Then necessarily Aej
=

aj
'

MATRIX EQUALITY THEOREM (CZ-8.1)
"
i

Let A. BE Mm×nCF ) be arbitrary .

Then A -- B ifandonlyif Ax=Bx thief?

Pref . (⇒ ) is obvious .

(e) Suppose
Ax=Bx txt #

n

.

This implies Aej= Be; VJEII.
- -- in } , which

tells us (by L4c2l) that aj-bjV-jc.de ', - ' in} .
It follows that A -- B

,
as needed . Da



COORDINATES (52.2)
ORDERED BASIS ( 1324) ( Ip : V → en IS AN ISOMORPHISM (T2.io)
:
Let V be a vector space with dim V < o '

Let ✓ be a vector space over some field IF
,

Then
,
an

' '

ordered basis
' '

for V is a

with dim V =n
,

and let p be an ordered

basis Iv, . . . .

,
Vn } with a total order

.

- basis for V -

eg Ie , , ez , ez } is the standard ordered basis for
Then

,
the map

[ Ip : ✓ → Ifn is an isomorphism -

F
'

,
since we can define a

' 'total order
"

by saying the indexes must be in
' ' increasing

order
' '

( E- 30 Cl) )

COORDINATE VECTOR (1325)
'

"
: Let p

-
- Iu, . . . .

.
un } be an

' '

ordered basis
"

for a finite-dimensional
vector space

V.

By Tl - 6
,

we can write any
XEV in

the form x = ¥
,
away ,

where a
, .
. . ; ant #-

Then
,

we define the
"

coordinate vector
"

of

x relative to p ,
denoted as

"

[x3p
"

,

to

be

exp :=(! c- *!

eg for V=PzCR) , 13=11,x,x2} , pcx)
-

- 2-3×+4×2 EV,

[pcxDp= (¥ ) .



MATRIX REPRESENTATION OF LINEAR TRANSFORMATIONS (52.3)
' ! Let V and W be finite

-dimensional vector spaces
,

[ 3,38 :[(v, W) → Mm×nCF) IS AN
over F

,
and let T : V-7W be a linear

ISOMORPHISM ( P5 )
transformation .

Let p
-

- Iv, . . . . .vn } be an ordered basis for V
,

and ' ! Let V and W be finite - dimensional vector spaces

let y = Iw, .
. . .,wn } be an ordered basis for W '

over F
,

and let p and 8 be ordered

of T in the ordered

Then
,
the

"

matrix representation
"

bases of V and w respectively .

bases p
and 8

,
denoted as [Ttp , is defined Then the map [ 3,38 : Lev

,
w ) → Mm×nCF ) is an

as the matrix isomorphism , where m= dim W and n - dim Vi

[Tip :-. ( (TLV, )]y (THD y ' ' ' [Tun)]y ) . in other words
,

① For any
T.VE LCV, W) and CEF

,
we have that

In particular, if T : V → V is linear and p
is an

[cTtU]p = c[Ttp t Evtp ; and

ordered basis of the finite - dimensional vector space
V
,

we denote ② For
any

CE Mm×nCF), there exists a unique
[TIP : ' ( T]pf .

TE LCV
,
W) such that [Tip = C -

Note that [T]pre Mm×nCF) , where in
-

- dim W and Penof - we first prove ① .

let 13=44 . . . . , un } .
Then

n= dim V - ( 1212cm)
[ Ttu]pt = ( [(Ttukv, )} [CTN) (vz)]

,
. . . [(Ttv )Cvn)) , )

Also
,

we have
= ([Tcu, ) tucv.Dg-LTCvdtucv.bg . . . [ Turn)tUCvnDy )

1- ( Vj
) = akjwu ,

= ( ( ETCYDgt-ucv.bg) ([Thrift -LvcvzDg) . . . ([TCVNDyt-UCV.bg) )
where akj denotes the element at the nth row

= ( [Thing [Terzi),
- . . [ Tcvnl}) + ( EUCYD, [very} . . . [Kuntz)

and jth column in the matrix [Ttp . CRRCZ)) i. [ Ttu]} = [ T ]; + [ u ]Y ,

eg If T : Pack) → RZ by Tlatbxtcx) -- ( btayc)
,

we can and a similar proof shows [CT]
,
} = CET]} , which is

verify T is linear . Sufficient to show ECTTU]; = CET]; + [off ,
and hence

ut p :{
i
,
c×+D

,
cxtil

' } and 8=4 ( t ). (t )} . that the
map [ If : Scv,w)→Mm×n is linear . *

Then
we next

prove ② .

[Tyg = ( [ TCH]y [Tlxtl)]g [Text)
'

]g ) suppose [TIE = CUT
,
} , so that [TIF and [ 07,7 have the same

jth column ttjedl, . . ., n } .
= ( o -1410) it

"4co ) z +

"

yes, ) This means [Tlvj)]y= [Ucv;)]g ,
and since [ Ty : w → Fn is a

bijection ( by T2 - 10 ) it follows that Tcvj ) = Ucvj ) V-jc-EI.3.i.int.
" ETI ! = (

o

" "

,
I )

.

( E- 32) so
, by T2 - I

, T -- U , pwning infectivity .

Then
,
let C= ( c

, Cz . . . Cn ) E Mm×nCF) be arbitrary .

[LA]
,
} = A (€33)

for each jeg ,
. . .

.,n }, at wjew be the unique
vector satisfying

' ÷
Let Ae Mm×nCF), where F is a field . Ew

,
. ]y=cj .

By T2 .io , there exists a unique linear transformation TV-7W

Let p
be the standard ordered basis for Fn

,

and y the standard ordered basis for #
m
'

satisfying Tcvj) = Wj VJEI ' , . . . , n } :

Then necessarily ELATE = A - it follows this T satisfies [TIE -- C , pwning swjectivity .

So we are done . TB

[TCH]
,

= [Tip - [×7p ( T2 - " )
L : mm×nC#) → [(Fn, #

m ) IS AN ISOMORPHISM
' !

Let T : V -7W be linear
,

and let p
-

- Iv. . . . . .vn } and

((2.11 . I )
T -- Ew, .

. .
.

.
Wn} be ordered bases of V and W

'

"
: Recall that the map

L : Mm×nCF) → LCF! Fm) is

respectively .

defined by LCA) = LA HAE Mm×nCF) .
Then necessarily ETCH]g = [Tip . Ex]p HXEV.

Then
,

L is necessarily an isomorphism .

Puff . let xev be arbitrary . Take x=§
,

aww ,

where

Puff . We know L is already I - l & linear by P4 ,

[ x3p= (÷! ) . so we only need to prove it is onto .

Then
,

since T is linear
, Applying PS to V= #

n

& w= #
m

,

we get that

Tex ) = T (¥
,

auvu ) = auth) . LC #n
,
#
m ) I Mm×nCF) , so that

Thus dim (LCF? #m )) = dimcmm.nl#D--mn ( by T2 - b) .

[Tex))
,
= [I

.

,auTCvu) ) = ¥
.

,aulTCvuDy .

( by linearity of [ 78 So L is a l -I linear transformation
between

Note that
( T2 - 10 )) vector spaces of the same finite dimension 's

¥
,
akETCVuDy = (ETCH} [Tasty . . . [kung]

, )(§!n )
it follows by -12.7 that L is onto . Dk

= [TLB . Ex3p ,
so that

[ TCX) ]g = ET] Pg . [ x3p , as needed . Be



MATRIX MULTIPLICATION & COMPOSITIONS OF LINEAR

TRANSFORMATIONS (S2 -4)
IMA = AIN ( L5C5))

MATRIX PRODUCT (1327)
'

For any
AE Mm×nCF ), we have that

!
Let IF be a field , and let AE Mm×nCF ) and

l Im A = A- In = A -

BE Mn×pCF) be arbitrary .

Note the number of columns in A- equals the number

A0n×p= 0m×p , Oq×mA = Oq×n ( L-5 (G))
of rows in B : this is rg-

-

-

Then
,
the matrix product of A and B

'
dented BY

For
any

Ae Munce)
,

we
have

AB
,

is defined to be the m×P
matrix

① AOn×p = Omg, i
and

② Oq×mA
= Oqxn -

a. = !!: :÷÷÷) compositional're:{antisemitism'F%,
IS ALSO A LINEAR

-

!
Let T : V -7W and V : W -77 be linear transformations .

=

! !! )
,

Then the composition CUOT) : V -77 is also a

linear transformation .
*
we usually denote CVOT) as UT.

where
cij = ai , by. + aizbz

;
t - -

- + ainbnj
= ¥2

,
aitbtj '

MATRIX OF COMPOSITION OF LINEAR
In other words

, cij is the sum of products formed
TRANSFORMATIONS (T2 -13)

multiplying the entries in the ith row of A with the
-

' ÷ Let V. W and Z be finite - dimensional vector spaces
jth column of B

.

- having ordered bases 4=44. . . ., Vp }, p
-

- Iw, . . . . , Wn}

*
an example is highlighted in blue ; and y=Iz, . . . . . zn } respectively .

U :w→Z be linear transformations .
Si = azibll t Azzbz , t - ' ' t aznbn , . Let T : V -7W and

p
'

Note that cj is the linear combination of Denote A = [ U]
,
} E Mm×nCF) , B -- ETH t Mnxpc# ) and

the columns of A formed using the entries ( = CUT]! E Mm×pCF) .
in the jth column of B as coefficients . ( 121313) ) Then necessarily C -- AB ; ie CUTTY = [U]! - ETTY .

ZERO MATRIX Pewof . Note that both sides are mxp matrices .

' ÷
The

' '

zero matrix
"

,
denoted by the letter O

,
we show that the ith columns of the LHS &

is defined to be the matrix with RHS are equal V-jeo.cl , . . ;p } .

each entry being Zero . On one hand
,

the ith column of CUTTY is

we write
' '

Om×n
' '

to denote the [CUT ) ( Vj ) ]y .

On the other hand
,
[ T]%=B= ( b, bz -- - bp ) .

mxn Zero matrix .

IDENTITY MATRIX Hence
,

the ith column of [ U]; - ETTY is [Ulf - bj .
"
. The

"

nxn identity matrix
"

,
denoted as In , which equals

is defined as the matrix ( Sig. ) with [ U] } . bj = [Utp - [Tlv
,
-Dp

Sig. = ! ! ! !! !
.

*

Sij is known as = [ uctcv;D} ( by T2 - H)

the
' '

Kronecker delta
'

!
= [CUT)CvjDy .

It follows that [ut]Y and [ u]
,
} . [ TIE have the same

9 Iz = ( ! ! ! )
. jth columns ; since j was arbitrary , it follows that

RIGHT MATRIX DISTRIBUTIVE LAW CLSCI)) TUTTY = EVIE - ETTY ,
as needed . Da

'
"
- For any AEM,m×nCF) and B. CE Mn×pCF ) ,
we have LAB = LA LB ( (2. 13.1 ( t))

A- ( Btc ) = AB t AC .

- !
Let Ae Mm×nc#) and B=Mn×pCF) be arbitrary .

LEFT MATRIX DISTRIBUTIVE LAW ( L5C2)) Then necessarily LAB = LALB -

!
Similarly , for any AE Mm×nCF) and D,EEMq×m(IF) , Peof . let qp & y denote the standard ordered

bases for IFP, en and Ifm respectively.
We have

( DTE ) A = DA t EA - By €33 , [ LA ] ,}
= A

,
[ 43714=13 and [LAB ]Y -- AB -

ASSOCIATIVITY OF MATRIX SCALAR on the other hand

MULTIPLICATION (L5C3)) [ LALB]Y = [ LAI ! - [ 4334 = AB
-

- [LAB]Y Clg -12.131 .

"
. For any

TEF
, AEMm×nCF) and BE Mq×mCF) . Since the mapping [ TY is I - I ( by C2.it - t)

,
it follows

we have that LALB = LAB , as needed . DM

HAB) = CoA) B = AUB) .
A-(BC) = CAB)C ((2. 13.1 ( 2))

T T T
( AB) = B A ( L5 (4)) Assume the matrix product

' '

ACBC )
"

is defined .

' ÷ For any AE Mm×mCF ) and BE Mn×nCF) , Then necessarily ACBC) = CAB)C .

we have Puff . By ( 2.13 - ICI)
,

we get that

( AB)T = BT AT . LA c,
= LALBC = LACLBLD ' KALB) he

= LABK = LCABK ,

since function composition is associative .

Then
,

as L is I - I ( by py) , it follows that

A- CBC) = CAB)C
,

as needed . Be



INVERTIBILITY & ISOMORPHISMS (S2 -5)
INVERTIBLE MATRICES (1328) T IS AN ISOMORPHISM (⇒ ET]gP IS INVERTIBLE

Let AE Mn×nCF) be arbitrary -
Then

, we say A is
' '

invertible
"

if there (T2- 15 ( t))
exists a matrix BE Mnxncif) such that -

"
. Let V and W be finite - dimensional vector spaces , and

AB = BA = In .

I

let y and p
be (ordered ) bases of V and W

'

Note that if such a matrix B exists
,

respectively .it is uanigely determined by A -

Let T : V-7W be linear .
a

Puff . Suppose B. CE Mance) are such that

Then T is an isomorphism ifandonlyif.LT]p
AB = BA = In & AC -- CA = In .

Then
is an invertible matrix .

B= BIN = BCAC) = ( BAK = Inc = C
. Beef . (⇒ I suppose T is an isomorphism, so that VFW .

pwning uniqueness . Dk
Then

, by T2 - G
,

dim V -- dim W = n -

INVERSE MATRICES ( 1328 ) Let Ai' ET ]§ . By the above
,

A is a nxn square
Let AE Mance) be an invertible square

matrix .
matrix .

By T2 -14 (3)
,

T
-t
: W → V is also linear .

Then the
' '

inverse
"

of A ,
denoted as

"

A-
'
"

,

is the unique nxn square
matrix such Let B := ET

' ' ]§ ,

which is also a nxn matrix -

that AA
- I

= A-
'

A = In .
Also

INVERTIBLE MAPPING (1329)
'

AB = [T ]! -LT- ' Tp = [TT
- '

If} ( T2 - 13 )

"
.

Let T : ✓ → w be a
linear mapping = [Iw ]R

13
between two vector spaces

V and W
-

= T
-

n .

Then
, we say

T is
"

invertible
"

if there A similar proof shows BA -

- LIU ]f = In .
So
, by

exists a function U : w → v such that
1228

, A is an invertible matrix
, pwning

the
UT = Iv and TV = Iw .

forward argument .
INVERSE MAPPING ( 1329)

((=) Suppose A- = ET]! is an invertible matrix with inverse A
"
.

Let T :v→w be an invertible linear
" In

particular , A must be square, say nxn
,

so

mapping .
dim V = dim W = n .

Then the
' '

inverse
"

of T, denoted as
"

T
- ' ' '

,

is the mapping
T
"

: W -7 V such Then
,
let x. yell such that THI - Tty) - By -12.11

,

that TT
' '

= Iv and T
- '
T = Iw . A -1×3<=[1-714-4], = [TCxDp=ETCyDp=ET7Y[y3=ACy7o .

'

Similarly , we can show T
"

is unique . ( T2-144)) Thus A Ex], = A Egf . It follows that

Pweof . Suppose there exist 4 , uz :w→V such that
A
- l

( A [ ×], ) = A-
'
(Acy]o) ,

U,T= Iv , TV
,
-_ Iw ,

UzT= Iv & TUz= Iw .

or (XK a- Egle and so ×=y , pwning infectivity .
Then

T2 - 7 T is also

U
,
= U,Iw= U

, ITV2)
= (YT) U2 = Ivy = U2 ' Then

, as T is linear and dim V = dim W '
b
)

pwning uniqueness
. Da

onto .

T IS LINEAR & INVERTIBLE ⇒ T IS AN Hence T is bijective ,
and since T is also linear , it

ISOMORPHISM (T2- 14 ( 2)) follows that T is an isomorphism, pwning
the backward

!
Let T : Vt w be linear and invertible .

argument . Da

Then T is necessarily an isomorphism .

"

In particular, if T is an isomorphism , then

Pref ' Suppose x.yell are such that TCX) -- Tcg) .

Then observe that [T
-

1) By = ( [T ]! )
' '

.

x= (T'T)Lx) = T
-' ( TG)) = T

- ' (Ky)) = y ,

proving infectivity . AEMn×n(IF) ⇒ ( LA IS AN ISOMORPHISM (⇒

Then
,

let zew .
Since TT

- '
= Iw,

we have

A IS INVERTIBLE ) (T2 . 15 (2))
that

2- = Iwcz) = (TT
-

1) ft ) = TCT
-'

CH) .
"

:
Let V and W be finite - dimensional vector spaces ,

and

since T
- '
Cz) EV, it follows that T is surjective -

let x and p
be ordered bases of V and

Hence T is bijective , and since T is also linear' w respectively .
Then for any AEMn×nCF) , necessarily LA is an

it follows that T is an isomorphism . DE

isomorphism if and only if A is invertible .
T
"
IS ALSO LINEAR (T2-14 (3)) -

'
"
: Let T : V -7W be linear and invertible - Pef . By -12.15cL )

,
LA is an isomorphism if and only

Then T
- '

is necessarily also linear -

if [ Laton is invertible
,

where on is the

Ploof ' let y , ,yzeV and Ce# be arbitrary .
Standard ordered basis for tf ?

Since T is bijective ( by T2 -141211
,

there

By E. 33
,
[ LATTE = A

,

and this is sufficient to
exist unique x , ,xzEV such that 17×1=9 ,

and Tcxz) =yz . prove the claim . Dq

Then

T
- '

Ccyityz) = T
- '
CCTCX,) + Ttxz)) = T

-'

(Tccxitxz))

= Cx
,
+ Xz = CT

- '

Cy ,) t T
-'

Cyz) ,

and it follows from P2 that T
"

is linear . D8



A IS INVERTIBLE ⇒ A
"
IS INVERTIBLE AB IS INVERTIBLE ⇒ A & B ARE

& (A - l )
- '
= A CLG Cl )) INVERTIBLE ( LG (5))

-

"
: Let A be an invertible matrix -

"
.

Let A. Be Mance) be such that AB is

invertible .
Then A

"

is also invertible, and CA
-'I'

'

= A .

Then necessarily A and B are also

Puff - since A is invertible , A
"

exists .
invertible matrices .

In particular , A
- ' A = In .

Puff - By T2 - 15
, La, is invertible . By T2 -14

,

By uniqueness of matrix inverses, it follows
LALB is an isomorphism

.

that A = CA- t )
- t

,
as needed - 13

Thus , LALB is I- I and onto .

Thus

(CA)
-'

= IA- I CLGCZ))
LA is surjective

and 43 is injective
-

-

Let A be an invertible matrix, and let
we both linear mappings

Then
,

as LA and 43

CEF
. fwm #

n to itself , by
T2 -7 LA and 43 we

Then necessarily (CA)
"

= IA
' '
.

isomorphisms
-

are invertible by T2-15121
,

(AT)
-I
= ( A

-1)
T
( LG (3)) Hence A and B

'

"
"

Let A be an invertible matrix . and we are done . D8

INVERSE MATRIX THEOREM
,

PART I (1-2.16)
Then necessarily CAT)

' '
= (A-

' IT.

!
Let AE Mn×nC#I . Then the following statements are

(AB)
- '

= B-
'
A
" ( LG (4))

equivalent :!
Let A. BE Mn×nCF ) be invertible matrices . -

① A is invertible ;

Then AB is also invertible
,

and necessarily

② There exists a matrix CE Munce) such that AC= In ;
( AB )

- I
= B-

'

A
- t

.

Puff . CAB)( B-
'

A
' ' ) = ACBB

-' IA
-'
= AINA

"
= AA

-'
'
- In . and

By uniqueness of matrix inverses, it follows ③ There exists a matrix BE Munce) such that BA -_ In .

that CAB)
- '

= B-
'

A
"
. D8 Puff . This follows directly from the definition

of inverse matrices . Da

THE CHANGE OF COORDINATE MATRIX (S2-6)
CHANGE OF COORDINATE MATRIX FROM A T: ✓ → ✓ ; [T]

,
= Q'

'
ET]pQ (T2. 18)

To 13 ( T2- 17 ( t)) '

Let T :V→v be linear
, where V is a finite -

-

Let a and p
be two ordered bases for a dimensional vector space

.

finite - dimensional vector space
V .

Let y and p be two ordered bases of V
,

and

Then the
"

change of coordinate matrix from a

let D= [Ija .

to p
"

is the matrix Then necessarily ETI = Q'
'
ET]pQ .

D= [ Iv ]Bg . Puff . By -12.13
,

we have

invertible .
'

The matrix Q= CITY is necessarily - aft ], = [Ii IET]f = [IT]Pg = ETTY ,

Pioof . Since Iv is an isomorphism , by T2 - 15
,

and

Q is necessarily invertible . Da
[TIPO

= IT]
,
} [Iv ]! = [TIDY = [TY ,

'

Also
,

note that if we let 9=44 . . . ..vn } and
showing IT]pQ= QET]

,
.

P'- Ew, .
. . -

, Wn
} and fix an XEV

,
then Then

,
since Q is invertible , d

' '
exists ; hence

[ Iie = ( [YIP . . - [Yip ) . a-
'

[ Typo = a-' cette = ETH ,

Then
, by comparing the jth column on both sides

,

as needed . TB

we have that SIMILAR MATRICES ( 1730)

Vj
=

i
Qijwi . ( 1215 ) Let A. BE Mn×nCF) be arbitrary .

Then
, we say B is

' '

similar
' '

to A if there

[XTP = QLX]g ( T2 - 17 (2)) exists an invertible matrix Q such that

Let a and p
be two ordered bases of the B = a-

'

AQ .

finite - dimensional vector space
V .

Let Q=EIv3§ be the change of coordinate

matrix from r to p .

Then necessarily for any
XEV

,
we have

[x7p =

QEXHP-wof.BY-12.11
,

we have

Ex3p=EIvCxDp = CITY -43=01×2,
as needed . Dk



Chapter 3:
Elementary Matrix Operations 
and Systems of Linear 
Equations
ELEMENTARY MATRIX OPERATIONS & ELEMENTARY MATRICES (S3- t )

ELEMENTARY ROWICOLUMN OPERATIONS ( 1331) ELEMENTARY MATRICES ARE INVERTIBLE
,
&

Let Aemm×nCF) . Then
, we denote the

THE INVERSE of AN ELEMENTARY MATRIX IS

following as
"

elementary rowlwlumn operations
"

OF THE SAME
' '

TYPE
' '

( -13.3)
on A :

① Interchanging any
two rows lwlumns of A '

Note that any elementary matrix A- c- Mmxml#) is

denoted as
"

Rie> Rj
"

i invertible
,

and A
-1

is also an elementary matrix

9
( I } 3g )" ( Y ! § )

with the same
"

type
"

as A -

Puff . Suppose A is an elementary matrix obtained from
② Multiplying any wwlcolumn by a non - zero

Im .

Then
,

we verify this theorem for each of the

scalar
, denoted as

' '

Ri c- CRI
' '

; and
three operations ;eg

( I ! ! ) (
'

gig ?;) ① Rienzi :

② Ri t c - Ri ; and

③ Adding any scalar multiple of a wwlcolumn of A
③ Ri ← Rite Rj -

to another rowlcolumn
,

denoted as
' '

Ri ← Ri -142J
"

.

Then
, by -13.1/2 ,

there exists an mxm elementary matrix

"

( I ! ! )
"EET"' (I § ,} )

E such that Im
-

- EA
, showing A is invertible . B

nxn ELEMENTARY MATRIX ( 1332)
'

An
' '

nxn elementary matrix
"

is a matrix

obtained by performing an elementary operation
on In .

eg performing
"

Rz t 123-1412 ,
' '

on Iz results in

I
'

= ( o! ! ! )
,

CE39 )

let AE Mm×nCF) , and suppose B is obtained

from A by performing an elementary new operation .

Then necessarily B -- EA
,

where E is the

=

nxn elementary matrix obtained from In by performing

the said elementary row/wlumn operation .
( T3 - l )

Conversely , if E is an m×m elementary matrix
,
then

EA is the matrix obtained from A by performing
the

=

Same elementary row operation as that which produces
E from Im .

C -13.1 )

*
a similar result holds for elementary matrices formed by

performing an elementary alumni operation , but in this

case B -- AI - C -13.2 )

Pneef . This can be proven by verifying each of the

three elementary ww1 column operations
' '

holds '
'

under this transformation-



THE RANK OF A MATRIX & MATRIX INVERSES (53.2)
RANK OF A MATRIX ( 1333) rank(AQ) = rankCA) ( -13.4 Cl))
'

Let AE Mmm CIF) be arbitrary .

Then
, we define the

' '

rank
' '

of A , denoted
' ! Let AE Mmxnclf) , and let Qe Munce) be an invertible

matrix .

as
"

rank CA)
"

,
to be the rank of the linear

Then necessarily rankCAQ) = rankCA ) .

transformation LA : #
n
→ Ifm by ↳ Cx) -_ Ax the#n -

Puff . since Q is invertible
, La is necessarily an

In other words
,

isomorphism .

rank ( A ) = dim ( RCLA)) = dim ( Laleh)) .
Thus Loc#

n ) = Fn
,

and so

Note that
Laal#

n ) = La Lac#
n ) = LAC#

n )
-

① rank ( In) = dim (R(In)) = dime#
n) = n 's and

It follows that

② rank (O) = dim (RCO)) = dim ( Io}) = 0 . ( EYO)
ranucao) = dim (Laden)) = dimcln.CM)) - rank ' Al,

( where O denotes the Zero matrix ) as required . Da

rankCA) = dim (span (Ia, . . . . , an })) (RIG ( t)) rankCPA) = rankCA) C-13.412))
"
'

For
any matrix Aemm×nC#) , we have

! Let AE Mmm , and let PE Mm×mCF ) be an invertible

rankCA) = dim ( span ( Ia,. . . . , an})) ,
matrix .

where
aj denotes the jth column of A .

Then necessarily rank CPA) = rankCA ) .

Puff ' let ice , . . . . , en } be the standard (ordered) basis for Puff . Since P is invertible
, Lp is an isomorphism .

Ifn . Then so
, by 19

, using 7- Lp, V'- W -

- Ifn and Vo
-

- LACEY,

Rua) = spank Lace, ) . . . .

.
Laced} ) (by T2-3) we have

dim ( LAC#
n)) = dim CLPCLACIFN)) )

=

span (IAE , . . . .

, Aen} )

i. RUA ) = span ( Ia, , .
. -

, an } ) ( by LY )
,

⇒ rankCA ) = dim ( Lpn. Cen ))

⇒ rank CA ) = rank CPA) , as needed . By
so that dim (Recall = rankCA) = dimlspanldcai , . . ., an})), as

needed . Da rank(PAO) = rankCA) (-13.4 (3))

rankCA) f min(m
,
n) ( 1216 (2)) "

Let AE Mm×nCF) , and let PE Mmxmcf) and dtmnxncf)
-

'

' Moreover
, for any matrix AEMm×nCF) , we have be invertible matrices -

that rank CA ) Eminem, n) . Then necessarily rank ( PAA) = rankCA) .

Puff . Since Ia,. . . . , an} generates RCLA ) by the above
' Puff . This follows from -13.411 ) and 73.4621 . DG

and since
any finite spanning

set for RHA )

INVERTIBLE MATRIX THEOREM
,
PART 2

contains at least dim CRCLA )) = rankCA ) vectors ,

by CI-9-2 we must have that n > rank 'm ' ( (3. 4. 1)

Then
,

since RCLA ) is a subspace of Fm
' Let Aemnxnctf ) be arbitrary .

by Cl
- 9.2 rankCA ) = dimCRCLA) ) E dime#m) = m . Then A is invertible ifandonlyif-rankCAI.in.

Hence rank CA ) Eminem
,
n )
,

as required . Da Preet ' ( =) ) If A is invertible, necessarily In -- AA
"
.

T : V -7W IS l- I & LINEAR
, Vo IS A SUBSPACE since A

"
is also invertible

, by -13.4
,
it follows

that

OF V ⇒ TCVO) IS A SUBSPACE OF W (L9Cl)) ranhca ) = rank CAA
"
) = rankin) = n

,

'
"
'
let T:v→w be a linear injective mapping between pwning the forward argument - #
vector

spaces V and W -
(⇐ ) If n= rankCA) , necessarily n=dimCLACFn)) .

Let Vo be a subspace of V - Then
,

since Lac#n) ) is a subspace of Fn, it

Then necessarily 1- ( Vo ) = ITCV) : Vevo} is a subspace follows that LAC#
n) = IF

"
( by cc -9.216)) .

of W .

Hence La is onto ; thus ( by -12.7 ) it is also

I - I
,
and so (since La is linear by -12.9 ) LA is

T : V -7W IS I-I & LINEAR
,
Vo IS A SUBSPACE

an isomorphism -

OF V
,
dim (Vo ) L N =) dim (Vo) = dim (TCVO)) It follows that A is invertible ( by T2 -154" , pwning

(L9(2)) the backward argument - B
'

"
" Let T :V→w be a linear injective mapping between ELEMENTARY Row & COLUMN OPERATIONS ON

vector
spaces V and W .

A MATRIX ARE RANK- PRESERVING ( (3.4-2)
Let Vo be a finite - dimensional subspace of V .

'

For any
matrix AEMm×nCF) , performing elementary now and

Then necessarily dim (Vo ) = dim ( TCU )).
does not change the rank ofcolumn operations on A
-

the resultant matrix .

Puff . Suppose B is obtained from A by performing an

elementary now operation ; so
, there exists an

elementary matrix Eemmxmcif) such that B A -

Since E is invertible
, by -13.4 necessarily rankB) a- ranka) .

A similar result holds for elementary column operations . Dk

This result can be used to transform complicated matrices

into simpler ones to determine their rank .



ANY MATRIX CAN BE TRANSFORMED INTO THE ANY MATRIX CAN BE TRANSFORMED

FORM D= ( Ior
,
8; ) C -13.5) INTO ''

Dapper
"

C -13-6)

' ÷
Let AE Mm×nCF) be arbitrary .

' !
Let AE Mmxnc# ) be such that r -- ranken .

finite sequence of elementary now and Then there exist a finite sequence of elementary now

Then there exists a

and column operations such that when applied to A ,
column operations

such that when applied to A , the

it transforms into the matrix
resultant matrix D is of the form

I d
12 diz - -

- di
,
r di

, rt,
' '
' din

D= ( Io! 8;)
,

° I do

±,
? oh :3:

"

!!!?
"" and " ran"" Dapper -- f : : : :÷. :÷: ::÷: :: :?)Then

, suppose Ato .

Then A has a non - ten entry - ! ! ! : : : ÷ dry?
"

.

:-.
-

do?
By means of at most one elementary now and at ° O o . . . o o . . . o

.

most one elementary column operation (each of the form Pheof . If A-- O, we are done .

Rue> Re or cut> Ce ) , we can move the non - ten entry suppose A- to, so that there exists a non- zero entry of A -

to the Cl , I ) position - By doing at most one row and at most one column

By means of at most one operation of the form ( Rwc - Rh )
(each of type 1 ; ie

"

swapping
"

) operation , we can move

or Ccu ← c. cu )
,

we can change that entry to t . this non - zero entry to the Chl ) position -

Then, by at most cm - t ) row operations of type
' '

Rut Ruto'Re
"

By doing at most one
' '

type 2
"

operation ( ie Ruto - Ru

and by at most Cn - t ) column operations of type
"

cut cute - Ce
' '

. or cue c. cu)
,
we can change it

to t -

we can change all the remaining entries in the first row and in

By at most cm - i ) type -3 new operations ( ie RueRato - Re) ,

the first column to be 0
. we can change all the remaining entries in the first row

It follows that after a finite number of elementary matrix operations ' to be o .

we have transformed A to a matrix A
'

of the form Hence
, we have transformed A to a matrix A

'

of the form

a :c
"

is
"

)
,

a :C:i")
.

By continuing this recursive process on B
,

we can continue this
By repeating this recursive process on B

,
we can

process to obtain a matrix of the form D after a finite transform A into the form of Dapper .
number of elementary ww1 column operations . Then

,

since these
preserve rank

,
it follows that rankCA) = rank CD) . R

upper
) = dim (sparkle" dizeitez

.
. . -

,! di, reiter, drei . . .. ,dn3D
Then

, by 1216 ,
i
. RCD

upper
) = dim (span (Ee, . . - - , er , drei . . . .

,
dn } ))

,ranked ) = dim (span Ie , . - - - , er, Q, . . - , on }) = dimlspanciei. . . - , er} ) = r , where ice , . . . .
, en} is the standard (ordered ) basis for IFN

,
and du

where ice, . . . .
, en } is the standard basis for Fn '

is the teth column of Dapper for IE KE n .

It follows that rankCA ) = rankCD) = r
, as desired - Dh Then

,
since du =

,

di
, he , for rtl E Ken

,
we have

A- C- Mm×nCF) ⇒ 7 INVERTIBLE BE Mm×mC#)
,
Ce Mn×nCF) spanker . . .. . er , drei . . . .

,
dn }) -- span (Ee , . . . - , er }) .

⇒ D= BAC = ( Io! 8; ) E Mm×nC#), r rankCA) ((3. g. 1)
It follows that ↳upped #

n) = span ( Ie. . . . . ,er}) , so that

rank
upper

) = dim Clpupperc#
n
)) = dimcspancice,. .. - , er})) -- r -- rank CA),' !

Let AE Mm×nCF) be such that r= rankCA ) .

Then there necessarily exist invertible matrices BEMm×mCF) ,
since

elementary matrix operations preserve the rank of the matrix
,

and we are done . Dk( C- Mnxncf) such that the matrix D= BAC

is of the form D= ( II %) e mm×nC#I , where METHOD TO CONVERT MATRICES TO Dapper
01102,03 are Zero matrices . ( 1217 )

Pweof . By -13.5
, we can convert A into D via a finite -

"
.

By -13.6
,

we can formulate a method to convert

number of elementary now d column operations ' a complicated matrix A into Dapper to find its rank :

It follows that
① Find a non - zero entry of Ai

D= Ep . -
- E

,
Ah

,
- - - Gq , ② Apply at most one type - I row operation and

where E
, .

. . .

, Ep E Mm×mCF) and G
, . .

. .

, Gqemnxnctf) are

at most one type- l column operation to move the

elementary matrices .

Thus they are invertible
,

so it follows that entry to the position ( 1,1 ) ;

B -- Ep . .
. E

,
and C=G

,
- - - Gq are invertible and D= BAC

,

③ Apply at most one type -2 row (or column) operation

completing the proof . Da
to make the entry at the position ( 1,1 ) to be

I
# I

④ Apply at most cm - t ) type -3 row operations so that

all of the remaining entries in the first row is 0
,

so the new matrix is of the form

a'=(÷µi) .

⑤ Repeat steps ① -④ on B recursively until a matrix of

the form of Dapper is obtained .

⑥ It follows that rankCA) = rank
upper

) = r .



rank CAT) = rank (A) ((3- b - l ( t )) rank(AB) E min (Iranica), rankCB)} ) (737)
'

: Let AeMm×nCF) be arbitrary . "
.

Let A and B be matrices such that AB is

Then necessarily rankCAT) = rankCA)
.

defined -

Preet . From ( 3.5 - l
,
there exists invertible matrices B.C such

Then necessarily rank CAB) f min (IranKCA) , rankCB)} ) .
that D= BAC -

Puff . Let Ae mm×nCF ) and BE Mn×pCF) . Then
,
since

Then DT = ( BAHT = CTATBT.
RCLAB) = { ABX : XEFP } C IAY : ye

#
n}= RUA),

Since B and C are
invertible , by L8 BT and CT

we have

are also invertible . rank ( AB ) = dim CRCLAB)) E dim CRCLAH = rankCA) .

Thus rank CAT) = rank CDT) -

on the other hand ,

Then
,

as DTE Mn×mUF) has the form of the matrix
rank (AB ) = ranhccn.BY) = rank TAT) E rank ( BT)

-

- tank (B)
.

D in (3-5.1
, necessarily rank CDT) = rank(At -

Thus rank CAB) E minciranhcal , rankCB)} )
,

as needed .

It follows that rank CAT) = rankCA)
,

as required . TB

rank CA) = dim(span (IR , , . . . , Rm})) = dim (span(IC, . . . . .cn}))
(( 3-G - I Cz))

! Let AE Mm×nCF) be arbitrary .

Then necessarily rank (Al = dim ( span ( IR, . . . .,Rm} ))
-

- dimlspanldcci . - i. Cn})) ,
where Ri and Cj denote the ith now and jth column of

A respectively .

PIF . By 1216
,

rank CA ) = dimlspancicc, , . . . , Cn })) .

So
,
the rank of AT is the dimension of the

subspace generated by the columns of AT'

But since the columns of AT are the rows of A,

and rankCA) = rankCAT) by C.3.6.14) , it follows that

MHA ) is also the dimension of the subspace generated

by the rows of A , as needed - DE



FOUR FUNDAMENTAL SUBSPACES OF A MATRIX (53.3)
COLUMN SPACE OF A MATRIX

, Colla) (1334) #
m
= Col CA) ④ Null CAT)

,
#
n
= Row(A) ④ Null CA)

Let AEMm×nC#) . Then
,

we define the ' '

column

space
"

of A
,

denoted as
"

Cora ,
"

,

to be CT3.8 (4))

the vector space
"

Let Ae Mm×nCF) be arbitrary -

Col CA ) := I Ax : x e Fn } Then necessarily IFM = Col CA) ④ Null CAT ) and

= I all linear combinations of columns in A } Fn = Row (A) ④ NUNCA)
.

Puff - we first prove Row CA ) n NUNCA) = do} .
=

span ( & columns of
A } ) .

'

We can show Colla ) is a subspace of Fm
.

C -13.8cL)) let ve Rowca) n Nunca) be arbitrary . By definition ,

this implies ve Col CAT) = I A-Ty : ye #
m } , and Av=0 .

Puff . This follows from the fact that

COICA) = spank columns of A }) - DM Hence there exists a ye #
m such that V = ATT '

ROW SPACE OF A MATRIX, Row (A) ( 1)34) since Av=o , thus AATy=o .

This impliesLet A E Mm×nCF). Then
, we define the

"

row space
"

of A
,

denoted as
' '

Row CA)
"

,
to be the vector O = YTAATY = CYTAICATY)

= CATYITCATY)
space

: . O = VTV
,

Row (A) := Col CAT)
hence

implying v
-
- O necessarily , so that ROWCAIANUIKAI

-
- do} .

= IATY : ye #
m

}
So
, by Tl. 12

, we have
= I all linear combinations of rows in A }

dimCrowCA ) t Nunca )) = dim (Rowett) ) t dimCNuliCA)) .

=

span ( knows of
A } ) . = dimeRowlatt + nullityCA ) .

We can similarly show ROWCA) is a subspace Then
, by C3 -6.1

, rank CA) = dim (Rowlatt . Thus

of Fn
.

C -13.8cL )) dim went, + nullifyCA ) = rank CA) + nullityCA) =n=dimC#
n)
.

Since WWCAIT Null CA ) is a subspace of
IFN and dimcpowcA) 1- Nunca ))

= dimclfn),

Puff - Again , this follows from the fact that

Row (A ) = span (Grows of
A } ) . we have Rowett ) t NUNCA) = Fn

.

Together with Rowett ) n NUNCA) = Eo} , this tells us that

NULL SPACE OF A MATRIX, NullCA) (1334)
ROWCA) ④ Null CA ) = Ifn

,

' ÷
Let AE Mm×nCF) . Then

,
we define the

' '

null space
' '

l as needed -

of A
, denoted as

' '

Nunca)
"

,
to be the vector

space
Null CA ) : = EXE #

n

I Ax=0 } .
We can show that Null CA ) is a subspace of

#
n
.

C -13.8cL ))

LEFT NULL SPACE OF A MATRIX. NullCAT) (1334)
'

Let AE Mm×nCF) . Then
,

we define the
' '

left null

space
"

of A
,

denoted as
' '

Null CAT)
"

,

to be the

vector space
Null CAT ) : = dye #

m I Aty = o } .

We can similarly show that Null CAT) is a subspace
of Fm

. C -13.8cL ) )

NULLITY OF A MATRIX , NullityCA) (1334)
"
'

For any
matrix A- C- Mm×nCF ), we define the

"

nullity
"

of A
,

denoted as
"

Nullity CA )
"

,
to be

Nullity CA) : = dim ( Nunca )) -

rankCA) = dim (Col CA)) = dim (Row
CA)) ( -13.812))

"
'

Let AE mm×nCF) be arbitrary .

Then necessarily rank (A) = dim (Colla)) = dim ( Rowett )) .

Pref . This follows from 1216cm
,

and the fact

that rankCA ) = rankCAT) by ( 3.
G - ICI ) . B

nullity CAT) = m - rankCA) , nullity (A) = n
- rankCA)

(1-3.813))
Let AE Mm×nCF ) be arbitrary .

Then necessarily nullity CAT) = m - rankCA)
and

nullity CA) = n - rankCA ) -

Puff. By the Rank-Nullity theorem ( T2 -41
, necessarily

dimclfn ) = n = dim CRCLA ) ) t dimCNCLAD-rankattnullily.LA) ,

and

dimclfm ) = m = dimCRCLA-II-dimCNCLn.tl) = rankcalt nullity
CAT)

.

The proof directly follows from this observation . D8



THE INVERSE OF A MATRIX (53.4)
INVERTIBLE MATRIX THEOREM

, PART 3 C-13.9)
GAUSS- JORDAN METHOD TO FINDING INVERSES

!
Let AE Mn×nCF) . Then the following statements are

TO SQUARE MATRICES ( 1218)
equivalent :

① A is invertible ; 's
using -13.10

,

we can formulate a method to find

② The columns of A form a basis for F
"

:
the inverse of a square

matrix A ( if it exists)
:

③ The rows of A form a basis for #ni
and

① If the first column of A is a zero vector
,

④ A is a product of elementary matrices . A is net invertible ; otherwise
,
the first column of

Pioof . (② (⇒ ① I Note that rankCAl=n (⇒ dimCCoKAD=n
A has a non - zero entry .

<⇒ the columns of A form a basis for F
"

,

since

why ? . follows from the Invertible Matrix Theorem

A has n columns . (This follows from Cl-9-2 ) -
part 3 .

We can similarly prove (③ c⇒ ① ) in this manner . # ② In a manner similar to the process for 73.6
,

(④⇒①) suppose A = E ,
- - ' Ep , where E

, .
. . .

, Ep are elementary we can convert (Alin) into a matrix of the form

matrices .

Then
,

since elementary matrices are invertible
,
and the matrix

B = (÷)d12--'ad1)
product of invertible matrices is invertible

,
it follows that

A is invertible and A-
'
= Ep
"

- -
- Ei ! # using only elementary new operations .

(① ⇒④) By (3.5-1 , we have D
-

- BAC
,

where D= (
"

o
,
)
,
r
-

- rankCA), - in particular, at most one type- I , at most one type-2 ,
and B and care products of elementary matrices - and at most Cn- t ) type- 3 operations .

Then
,
since A is invertible

, necessarily ( by (3-4.1) rin , implying ③ Then
,

we repeat steps ① and ② recursively on Q
,

D= In .

until either

Hence A = B-
'

Inc
- I
= B

- '
C
- t

.

① The first column of Q is a Zero vector ; or

- then
, by the Invertible matrix Theorem part

Finally, since B and C are both products of elementary matrices
,

3
,

A is not invertible and so we stop the
and the inverse of an elementary matrix is also an elementary

procedure .

Matrix , it follows that A is itself the product of elementary
② We get a matrix of the form

FIFI's sufficient to prove
the ↳ statements we equivalent "

c
'
-

- f do? !!! :÷: a÷÷÷! !! !:?)
.

one another . Ty

AEMn×nCF) IS INVERTIBLE ⇒ CAN TRANSFORM (Al In) INTO

( In 1 A" ) BY ROW OPERATIONS C -13.104)) ④ Then
, by at most Cn - i ) type-3 now operations ,

!
Let Ae Mance) be invertible . we can convert C

'

to the matrix Cn , where

Then there exists a finite sequence of elementary new operations
which can transform the main'x eatin' into the man"

Cn =/ ! !! !!! ! !!!!!! !!! !
n

) ;

( Int A-
'
) .

Puff . Since AM
-
- CAV

,
- .
. Avp ) for any

M
-
- Cv

,
. .- Vp) C- Mnxpct),

ie Cn is c
'

but with the nth column having all Zero
we have

entries except the last one .

A
-'
CA ( In ) = ( A

- '
A I A-' In) = ( In IA

' '

)
.

Then
, by the invertible matrix theorem Part 3

,
we have

⑤ By at most Cn -2) type -3 row operations , we can

A-
'
= Ep . . . E , ,

convert Cn into the matrix Cny , which is Cn but

where E
, ,

. .
.

. Ep are elementary matrices . with the Cn -nth column of Cn being zeros except at

It follows that the Cn- I , n - t ) position .

( Ep . . . E.) CAI In ) = CINI A
' ' )
, ⑥ Continue step ③ until we get a matrix of the

which show (since each Ei is the result of an elementary
form ( In 1B ) ,

new operation ) that we can transform Attn into INA
"

Then
, by -13.10

, necessarily B -- A
' '
.

via a finite sequence of elementary now operations . D8

At Mnxnctf), 7- BE Mn×nE IF 7 CAI In) → (Int B) BY

FINITELY MANY ROW OPERATIONS ⇒ A IS INVERTIBLE

& B -- A
"
(1-3-10 (2))

!
Let AE Mn×nCF), and suppose there exists a BEMn×nCF)

such that we can transform the matrix (Alin ) into

( In 1B) by finitely many elementary row operations .

Then necessarily A is invertible , and B -- A
' '
.

Puff - Cet Ce
, , . . .

,
a be the elementary matrices associated with

q
the elementary now operations that transform (Attn) into

CIMB)
,

so that

(Gq - - - G
,
) ( Alin) = ( Int B ) .

Let G= Gq . . - G , , so that GCAIIN ) = (GA I a) = (Int B ) .

It follows that In -_ AA and 13=6
,

so that AB -- In ,

and hence that A is invertible and B=A
' !



SYSTEMS OF LINEAR EQUATIONS (53.5)
SYSTEM OF M LINEAR EQUATIONS OVER IF Ky OF A×=O Is NON -EMPTY (1219 ( t))

( 1335) !
Note that the solution set KH of Ax=0 is

A
"

system of linear equations in n unknowns

non - empty .

over the field IF
' '

is a system of linear
- since OEKH

equations of the form
KH OF Ax=O Is Io} (⇒ rank CA) = n (Rl9C2))

9
, ,X , t . . - t a ,n×n = b

,

/ aux, t . . .
t aznxn = bz '

s Also
,

the solution set KH of AX=0 is 40 }
C

.

( : :

if and only if rankCA) =n .

-

am,x, t . . .
t amnxn = bn

,

Pewof ' (⇒ ) suppose KH = do}
.
This implies NCLAI = NUNCA) -_ do} ,

where
aij , bi C- IF VIE IEM

, lfjfn and Xli - ' ' i'n

are variables taking values in F- and so dim (Null CAH
-
- O -

By the Rank - Nullity Theorem
, necessarily

Alternatively, we can also write the above system
rank CA ) = n - dim (Nunca) )

= n - #
as the matrix product Ax=b

,
where

( (=) Suppose ranken. ) =n .

This implies A is invertible .
① A- =/!!! !! !?mn) ( called the

"

coeffx
"

Then note that

Ax - O ⇒ A-
'
(Ax ) = A-

'

co) =) X'- O
,

of the system ) : showing that KH - do} .
② x= (I:L ) ; and

FULL COLUMN RANK ( 121912))
③ b= (

g

!! ) .
"
"
we say the matrix AEMm×nCF) is of

''

full column rank
"

if the solution set KH of Ax=O is 403, or

AUGMENTED MATRIX OF Ax -- b ( 1335)
equivalently if rank (A) = n .

' !
Let Ax -- b be a system of linear equations

Mcn =) Ax=O HAS A NON -ZERO
in n unknowns over IF-

Then
,

the
"

augmented matrix
"

of the
system is SOLUTION ( 1219 (3))

defined to be the mxcnti ) matrix ( Alb) .
i "

.

Let Ae Mm×nCF) be such that men .

Then necessarily
Ax=0 has a non-zero solution .

SOLUTION ( 1335 )
Puff - By -13.7 , rankCA) E men , and so Ax=0 has

"
'

Let A×=b be a system of linear equations
a non - zero solution by 121962) . Dq

in n unknowns over IF .
*

a homogenous system of linear

Then
,

we say
CE #

n
is a

"

solution
"

to in other words
, -

equations with more unknowns than number of
the system if Ac -- b -

equations has a non - zero solution -

SOLUTION SET ( 1335 )
A×=b Is CONSISTENT ⇒ SOLUTION SET IS A COSET

"
: Let A×=b be a system of linear equations

of Ky (T3.12)
in n unknowns over IF .

Then the
' '

solution set
' '

of the system is the set !
Let AeMm×nCF) and be #

m
.

Let K=Ixe#
n
I Ax=b } and KH=4xEFnlAx=0} , and suppose

of all solutions to the system .

that k¥0 .

*
in particular , we use

' '

KH
' '

to denote the solution set

Then K is a coset of key , and in particular,
to the system described by Ax=O -

K = Ct KH ,
where c is an arbitrary solution

CONSISTENT / INCONSISTENT ( 1335)
we have -

of Ax=b .

' !
Let A×=b be a system of linear equations in

Puff -
we first show ctkf, E K .

n unknowns over IF -

let Kelly and let CEK be arbitrary .
Then

,

so that ctkectkiy .

① we say the system is
"

consistent
"

if Kato ; and

since CEK
, necessarily Ac -- b , and so

② we say the system is
' '

inconsistent
"

if KH=0 -

Acc + u ) = Ac + Ah = b to = b -

HOMOGENOUS / INHOMOGENOUS ( 1335 ) Hence ctuek
,

and thus ( since cand K

-
"
. Let Ax=b be a system of linear equations in were arbitrary ) et KH E K

.

n unknowns in F .

Next
, we show KE Ctu,y , which will be sufficient

Then
,

to
prove the claim .

① we say
the system is

' '

homogenous
"

if 5=0 ; and
let ×

, cek
,

and let k = x - c .

② we say
the system is

"

inhomogeneous
"

if b -1-0 - Then Atx - c ) = Ax - Ac = b - b = 0
,

KH OF Ax=O IS A SUBSPACE OF IFN ; and so x-CE KH .

dim KH = n - rank(A) (T3.tl) Thus (since Kt, is a subspace ) it follows that

'
!
Let AeMm×nCF) , and consider the system of X Ect KH , and so k Ect KH , as needed - DU

linear equations described by Ax=O .

Then the solution set KH of the system is

necessarily a subspace of Fn
,

and

dim KH = n - rankCA ) .

Puff . Observe that K,y= NCLA ) = NUNCA)
,

and so

KH is a subspace of #
n
.

Then
, by the Rank - Nullity Theorem

,

ran KCA) t dim (NUNCA ) )
= n

,

and so

dim key = dim Null CA) = n - rank (Al,

as needed - 19



INVERTIBLE MATRIX THEOREM
,
PART

4 (1-3.13)
! Let AE Mance) be arbitrary .

Then A is invertible ifandon the equation
Ax=b has a unique solution V- be #

m
.

PIwf . (⇒ ) Ax -- b c⇒ A-
'
Ax = A-

'
b (⇒ x=A" b

,

showing x
-

- A
- ' b is the unique

solution to the

system .

((=) Suppose
V- be #m

,
Ax=b has a unique

solution .

Fix be #
m

,
and let c be the unique

solution

of Ax=b .

Let KH be the solution set of A×=o .

By -13.12
, Ic} = at Ku , implying kH=I0}, which

in turn ( by 121912)) tells us that rank CA ) =n ,
and

hence ( by [ 3.4.17 that A is invertible . D8

Ax=b IS CONSISTENT (⇒ rankCA) = rank (Alb)

(-13.14)
!
Let Ax=b be a system of linear equations .

Then the system is consistent

ifandonlyifrank.CA/=rankCAlbl.P-wof.Ax=bhas a solution

(⇒ BE RCLA)

(⇒ be span (E Col, CAI, . . .

, COLLAB )

(⇒ spancdecol , CA ) . . . . .co/nCAl.bf)--SpanCICol,CAl.....ColnCA)})
(=) dimfspancdcol , CAI . . . . .co/nCAl.bfD--dim(spanCgCol,CAl.....ColnCAI}))

(=) rank CA ) = rank (Alb) , as needed . By

EQUIVALENCE OF LINEAR EQUATIONS ( 1336)
'

"
: we say two systems of linear equations are

"

equivalent
' '

if they have the same solution set .

CEMm×mCF) , C IS INVERTIBLE ⇒ (CA)b= Cb

IS EQUIVALENT TO Ax - b ( -13.15 )
!
Let cemmxmctf) be an invertible matrix .

Then the system
(calx = Cb is equivalent to the

system Ax = b .

Puff . For any
xetfn, we have that

(CA)x= Cb C⇒ c-
'
(calx = C-

'
Ccb)

(=) Ax=b
,

showing the systems have the same solution

sets . DM

( A
' lb

' ) IS OBTAINED FROM (Alb) BY FINITELY

MANY ELEMENTARY ROW OPERATIONS

⇒ A'x= b
'
IS EQUIVALENT TO AX=b ((3.15.1 )

!
Let Ax=b be a system of linear equations .

Suppose CA 't b ' ) is obtained by performing a sequence

of finitely many elementary row operations on ( Alb ) .

Then the system A 'x=b
'

is equivalent to the system
Ax=b .

Puff . we must have that

( A' Ib
' ) = Ep - - . E

,
( Alb) , where Ep . .

. E
,

are

elementary matrices .

Then since ( Ep . - - E, )
"

= E
,

- '
- - - Ep

"

,

it follows that

( by -13-15 ) that A 'x=b
'

is equivalent
to Ax=b

,

as required. Dk



REDUCED ROW ECHELON FORM I RREF GAUSSIAN ELIMINATION TO ROW

( 1337) REDUCE A NON -ZERO MATRIX INTO RREF

- :
A matrix is said to be in

"

reduced row ( -13.16)
echelon form

"

,
or

"

RREF
' '

, if "
'

we can convert any non - zero matrix into RREF

① Non - zero rows are at the top of the

- by applying a sequence of elementary row operations ,
matrix ;

② Zero rows are at the bottom of the called a
' '

row reduction
"

,
in the following manner :

-

-

matrix ;
*
we use the example matrix

③ The first non - zero entry in each non - zero row

is 1
,

called a
"

leading one
"

;
A =/ ! ! ÷

,
-7,1 ! II

,
)

④ The leading one is the only non- zero entry in

its column ; and ① In the leftmost nonzero column
, use elementary now

⑤ The 1-ead.mg one in each non - Zero now is to the

operations ( if necessary ) to get a 1 in the

right of any leading one above it '

first row ;

esc : :÷ :
-

ii. c : : : : :S.co: : we

"

c : "÷÷÷i÷: i :
in RREF ; ② Using type-3 elementary row operations , use the first
( ! ! ! )

,

( too ! ! ! )
,

( ! ! !! ) are not in RREF. now to create zeroes in the remaining entries of
the leftmost column ; that is

, belong the leading

one created in the previous step -

"

c : : '÷÷÷÷i¥:c : : iii. it
O o -7/2 7 - 7 I

③ Consider the
' '

submatnx
"

consisting of the columns to the

right of the column we just modified , and the rows

beneath the row that just got a leading one .

Use elementary now operations to get a leading one

in the top of the first non - zero column of this submatrix -

"

c :c:÷÷÷.¥ ÷:iH
④ Use elementary row operations to obtain zeroes belong the I

created in the preceding step -

"

c : : ::÷÷÷i¥¥i:c : :
"

:÷÷ :)
O O O 8

⑤ Repeat steps ③ and ④ until neo non - zero rows remain -

( This completes the
' '

forward phase
"

)
.

est: : '÷÷÷H÷÷÷÷l
O O O O

( o
'

: 't : : : )O O 1000TO O O O O O

⑥ Next
, starting with the last non - zero row

,
add multiples of

it to each row above it to create zeroes above its leading
one .

O' C ! ! ÷ ! ! ) fi : " : :o)O O O O O l
O O O O O O

⑦ Repeat the
process in step ⑥ for the second last row

,
then the

third last row
, and so on

, for every nonzero row except the

first row .

(This completes the
"

backward phase
"

,
and at this point the

matrix

should be in RREF . )

⇒
( ! ! ! ÷ ! ! ) (

'

ooo ! ! ! ! ! )
.

c- this is in reef.

*
note : Gaussian elimination is non-deterministic ; ie we have choices when

choosing which
operations to use in the algorithm .



FREE VARIABLE ( 1338)
B IS THE RREF OF A

, AEMm×nCF) ⇒
-

"
-

Let B be the RREF of the coefficient matrix

OF (Ax= b) = n - rankCA) =
in the system of linear equations Ax=b .

# OF FREE VARIABLES
Then

, if the jth column of B does not contain
n - # of LEADING

ONES ( 1220 (2))
a leading one

, we call ×;
a

"

free variable
' '

.

! Let B be the RREF of AEMm×nCF) .

B IS THE RREF OF A ⇒ rankCA) = rank(B) =
Then necessarily the number of free variables of (Ax

= b) =

# OF LEADING ONES IN B = # OF NON-ZERO n - rankCA) = n - # of leading ones -

ROWS IN B ( 1220 ( t)) Puff . This follows directly from 12204)
-

Let B be the RREF of the matrix A in the system
Ax = b .

Then necessarily rank CA) = rankCB ) = number of leading ones

in B = number of nonzero rows in B .

Pewof . Since B is obtained from A via a finite number

of elementary row operations , we have ran KCA ) = rank CB)
.

On the other hand
, by the definition of RREF,

we have that the nonzero rows of B are linearly

independent , so the non - zero rows form a basis for

Row(B) .

Hence rank ( B ) = dim (RowCB)) = # of non - zero rows of B

= # of leading ones of B . B

-
ALGORITHM FOR SOLVING A SYSTEM OF

LINEAR EQUATIONS
-

"
. we can solve the system of linear equations A×=b

' ⑤ otherwise
, assign parametric values ti . . . .

,
th-r to the

where AeMm×nCF) and be #
m

, using the following free variables
,

where r = # of non -zero rows of A
'

,

algorithm :
and then solve the remaining variables in terms of

eg X
,
t 2×2 - Xu, t 7×5 = -4 the free variables .

3×1 t Xz + 5×3 - 5×5 = -2
' The free variables in the example are Xz and Xs .

×
' + 2×3 t Xy - 5×5 = 4

. So
, let Xz= t , and Xg=tz .

×z - Xz t Xy + 2×5 = 6
- Then

,
the remaining variables can be expressed as

- × ,
= - I - 2T

, t 3tz i① write the augmented matrix for the system ;
'

Xz = I t t
,
- Litz : and

'

Xy = 5-121-2 .

( Alb) = (! ! ÷z
,

÷
,

75g / Ig!) ⑥ Then
, reorganise the equations from the previous step

Cie the equations expressing the variables in terms of the

② Use elementary row operations to convert the augmented parameters ) as a vector equation in the form
matrix into RREF ;

X = Xo t t , u , t - - i t th -run- r ,

CA 't b ' ) = ( ! ! ! !
"

÷ ) o ) where xo
,
u
. .

. .
.

. un -r
are specific vectors in Fn.

' In this example , the equations for all 5 Variables

can be displayed as

③ write the system of linear equations corresponding to

×
,
= - I - 2T , t 3tz

the RREF ;
Xz = I t t ,

- 4tz
X
,

+ 2×3
- 3×5 =

-1×3 = O t t ,

Xz - Xz
t 4×5 = 1

Xy = g t

21-2×4- 2×5 = 5
Xg = O t tz

,

O = 0

so by
' '

inspection
"

we can
write

④ If the system contains an equation of the form

El, then we stop as the system is inconsistent. × = ( ) = ( Ig
"

) t t, ) + tz(÷4) .
⑦ Then

,
the solutions to A×=b are the vectors XEIF

"

of

the form x = Xo t t,u , + . . . + th-run -r , with the

solution set of Ax=b being the coset K= Xo -1 span (ul . . . - sun-r).

So the solution to the example we used is

×=f¥÷t. t.it . +4¥ )
for arbitrary t

, ,tz .



RREF OF (Alb) HAS r NON - ZERO ROWS
,

GENERAL SOLUTION TO Ax=b IS

X -- Xo t t,u, t -- - + th-run-r ⇒ Xo IS A SOLUTION

TO Ax=b & Eu,. .. . , un-r} IS A BASIS TO SOLUTION

SET OF AX- O (1-3.17)
Let (Alb) be a consistent system of m linear equations
in n variables

,
and suppose

the RREF of (Alb )

has r non -zero
rows .

Let x = Xo + t,u , +
- - - + tn

-run-r be the general solution

to the system Ax=b
,

where t
, .
. . ..tn -re F and

Ui , . . -

,
Un -r E Fn .

Then necessarily
① XOEF

"

is a solution to Ax=b i and

② 44. . . - , un- r } is a basis for the solution set

KH = Exe #n I Ax=0 } .

Puff. let K -- cixe#
n I Ax=b} and KH -- Extent Ax - o} .

By 1214
,

we have that r = rankCA) .

Then
, if we choose t

,
-_ . . . =tn-r=o, we get that XOEK

necessarily , and so by -13.12 K = Xot KH .

Since K= Xo t Spanky. . . . , un -r }) as well, it follows

that KH = Spanky . . . .

,
un-r } ) .

On the other hand
,

dim KH = n - rank CA ) = n
- r
,

implying that Iu, . . . - , un - r
} is a basis for Kit . Du

RREF OF A MATRIX IS UNIQUE (-13.18)

!
Let A be a matrix

, and let B
,
and Bz be two

RREF matrices such that A can be transformed to

both B
,
and Bz via elementary row operations -

Then necessarily B
,
-_ Bz .

PIF . Let rank CA) = r
,

so that B
,
and Bz have exactly

r leading ones .

Then
, say

the leading ones of B
, appear

in

columns is , .
. .

,
ir

,

where Ifi
,
c . . .

c in E n -

consider the columns Col
,
CB

,
)
.
. .

-

,
Coincide) of B

,
.

Note that ColinCB, ) = eh c- Fm (by the definition of

RREF )
,

and Col
;
CB

,
) = Of #

m VIE jail .

Then
, for each i -- I , .

. . ,n ,
we have that

Colj ( B ,)
E span ( dccol , CB, ) , - . . , Colj . , CB, ) } )

(⇒ jet Iii . . . ..ir } i

ie the jth column of B
,

is in the span of

all the columns to its left ifandyif Coy. does

not contain a leading one .

Moreover, if jedi , . . . . , in } and column j is to the

right of the first t leading ones and to the left

of the last r - t leading ones , then necessarily

Col
;
( B , )

E span ( E coli,CB, ) , Colizcb, ) . . . -

, colic CB ,) } ) .

In fact, this implies all but the first t entries of

column j must be Oi then
, if Col;

CB
,
) = (a

, . . .
.

, at ,
O
,
. . .

.
O )!

necessarily Col
,
- (B

,
) = a ,e , t

- - - t ate = a
, Coli,CB,) t

- - - + atcolitcb, ) .

Thus
,

the linear dependencies of the columns of B
,

determine

the columns that do not contain leading ones
-

A similar argument applies for Bz .

Therefore , as B
,

can be transformed to Bz by a sequence of

elementary row operations,
and since the columns of B

,
and Bz

satisfy the exact same linear dependencies, by PPS 04 we have

that B ,
= Bz

,
as needed . Da



Chapter 4:
Determinants
WHAT ARE DETERMINANTS ? (54.1)

-

Let A c- Mn×nCF) .

Then
,
the

' ' determinant
"

of A
,

denoted as

"

detent
" AE Mzxzl#) : A IS INVERTIBLE (=) def (A) F O

or
' '

lat
' '

,
is defined as follows : ( -14.1)

① del- CA) : = A
, , for n=l i and - ! Let AE Mz×zCF) .

Then A is invertible ifandonlyif-detcn.lt O , and in particular,
② det CA) : = ¥2

,

C- 1)
" '

Ai , . detcai , ) for n> 2
,

if A is invertible
,

then A-
'
= delta,( FEI

,

-

AA!) .
where

Puff - CE) If detent to
,

we can verify if B
-

- atta,(FAI
,

III)
.① Aig. denotes the entry in now i and

then AB -- Iz .

column j of A ; and

(⇒ ) If A is invertible
, necessarily rank (A) =2 ,

so that the first
② Ti E Mn

. ,×n. ,CF)
is the matrix obtained from

j .

column of A is non- zero .

A by deieing wwi
and w (039 )

Hence either Auto or Az, to
.

① If Anto , then we can transform
We also use the following notation to express
determinants : Fatih's:) ¥÷" ( I"a÷a÷÷) -

- ( Ao
"

!en÷÷)
.Since elementary operations do not change thedet ((! !! ! !:)) =/ !! ! !! !!! CE47C3)) rank

,
the matrix on the right also has rank 2 .

Thus
,

its second row is also non - Zero
, implying

DETERMINANT FOR 2×2 MATRICES (E-47 ( t)) detent

AT FO
,

and so Iet (A) f- O '

' : let A -- (Ibd) . ② A similar argument can be applied in the case

Then necessarily del- CA) = ad - be .
where Az , to - Dh

Pewof . Using the definition above
,

we get
2

detent = C - 1) Audet CAT , ) → (9bd)t
3 ~

+ C - 1) Az, del
- (Az? -7

i. detCA ) = ad
- be

, as required . Da

DETERMINANT FOR 3×3 MATRICES (E47C2))
Let A = (

a " 92 93

)
,

i is: :;: :p
Then necessarily
det CA) = a , ,det((

"
" "23)) - a det ((9293)) ta, ,det((9293 )) ."

32933
"

932 933 922 923

Ioof. Again , using the above definition , we get
z
-

detent = c-1) An detent
,
) → (:$! !!! :&

,

)
+ c-n' Az, detail → f://i.ae?:-aa)+ C -D

"

Az, det ( E3,) \ (gu
92 913

⇒ detent = a. defy:3!;D) at;)
- a det ((9293))21

932 "33

+ as ,det((I:3 !:} )) , as needed . B

'

We can calculate the values of the 2×2

determinants using the strategy in E47Cl ) .

COFACTOR

Let AE Mn×nCF ) .

Then
,
we define the

"

cofactor
"

of the entry of A

in row i and column j to be equal to

cofactor = C - 1)
it

detchij ) .
*

for this reason
,
our definition of discriminants is called

the
"

cofactor expansion along the first column of A
"

.



BASIC PROPERTIES OF DETERMINANTS (54.2)
det (In) = I CE48 )

det IS
"

LINEAR IN EACH ROW
"

C-14.2)
!
For any n > I , necessarily detent =L .

Note that
"

det
''

is
"

linear in each row
"

i

Pioof . when n=l
.
the claim is true by definition ,

of determinants in the 1×1 case
,

and
ie if we fix n

,
Io C- It and a

, .
. .
.

, air, ,aio+ , . ... , ane #
n

,

since I
,
= ( t ) . then for all b. CE IF

"
and LEIF

,
we have

Next
, assume det (Ine, ) =L for some n > 1 .

since

.=c÷÷÷÷÷ , dull D= . + meth
.Puff' when n=1

, we have
note that CIT)

, ,
= In. , , so that

det ( btec ) = btqc = detcb) t Odette)
,

det (In ) = I . det CIN, ) - O - det (CITI
,
) t .. . + C- 1)

"

t.o.de/-CCInL
,
) pwning the base case .

i . detent = det (In-I ) Next, assume n> 2
,

and denote

and so

detent -- i
.

A
-

- ( )
,

B=(÷÷)
,

c=(÷I)
.The claim follows from induction. D8

A IS UPPER TRIANGULAR ⇒ detCA) = II
,
ai; By definition , we have

( LIO) defeat =
i

C-hi
"

Ai , detcni, )

' ! Let Aemnxnc#I be upper triangular ; that is
,

A is of = c.pit
'

Ai , detcni , ) ) t C - 1)
"" Aioldetcniol) .

the form observe that Rio , = Bio , = Tio , and Ain
-
- Biol + diol '

A- = ( %;
" "

÷ !!! ; !!!)
.

For itio . E. . Bi, and E, have the same rows except
at one row k

,
where

u -- I io
- l
,
icio

Then
necessarily defeat = a

, ,
. . . ann = IT

,
aii .

"o ' i > "o -

Fi , , BT , and I
,
are ( btrc )

,
b

Moreover
,
the nth rows of

Puff - when n 't
,

the formula is trivially true .
and c respectively .

Then
,

assume the claim is true for ca -1) xcn -t ) so by the induction hypothesis, we have

upper triangular matrices for some n > l .

detcni , ) = detCBi , ) t odetccil ) -
It follows that , for an AEMn×nC# ), we have

we also have Ai , -_ Bi ,
-
- Ci , ttitio .

Thus
,
it follows that

defeat = a
,
,detCA, , ) - O - det CAI , ) + . . .

defeat = (¥7!-1)
" '

Ai , detcni , ) ) t c - 1)
""

Aio , detcnio , ) .
= audet CAT, )

: det CA) = ancazz . - - ann) (since AT
,

is also
upper triangular) .

=

4¥, C
-Ditta

; , ( det-CBip-odetcf.gl)) t C - Dio
"

( Bio , trcio,) detcniol
)

The claim follows by induction . Dm

=¥,c-n'
"

Ai , detail t.IZ.ci-n'
"'

Ai , detail
A HAS A ROW OF ZEROES ⇒ detCA) = O (Lll)

+ c- is
""

Bio , detention ) t re -Dio
"

Cio , detention÷
Let AE Mn×nCF)

,

and suppose A has a row of
Zeroes .

= ¥ioC-hi"Bi , detail) t i¥!-hi"ci, detcci , )
Then necessarily del- CA ) = O -

+ c-Dio
"

Bio , detiio ,) + al -D
"

Cio , detccio , ) (since Ail - Biici,
Ioof . If nel

,
then A- Co)

,
so trivially delta) = O - & Rio, -_ Rio , -- Io, )

Then
,

assume n> I
,

and that the claim is true for
= (Ffi.tn#BiidetCBi,)tc-DiottBio,detcIio

,
))

matrices of smaller dimensions ( ie we are invoking
+ of c-Di"ci , detail + c- is ""cio , detain))strong induction here ) .

-

'

- delta) = def CB ) t rdetcc )
.Suppose Row ( A) = ( O , - --

,

O )
.

which is sufficient to prove the claim . Da
we claim ai , C

- 1)
" '

detcai ,) = O Vi -- I
,
. . .

,
n .

Indeed
, if it io , then AT, has a row of zeroes

,

so

'

If a
, .

. --

, an E #
n

,
then we use the notation

del- CAT , ) - o by induction . det ( a
, .
. . .

.
an) = det (A )

,

On the other hand
, if itio ,

then
aio ,

= O '

where ai = Row
,
CA) Viel

,
- . .

,
n ) .

Hence

defeat = audet CAT ) - az, det CAI, ) t - - - ± an, dettnn) Then
, by the above theorem

,
we get that the map

= o - O + o - - - . T : Fn → IF by 1-(x) = detca
, .

. . .

. aio -i. x , aim , . . . .

.
an )

: . detent = O '

is a linear transformation from F
"
to IF .

The claim follows by induction . TO

A HAS TWO EQUAL ADJACENT ROWS ⇒ det CA) = O
-

(LIZA)
!
Let AE Mnxnctf) , and suppose A has two equal adjacent
rows .

Then necessarily detCA) = o .

Puff. Suppose Row (A) = Rowin, CA ) .
Then for all if Eio , iott }

,
Ani , has two adjacent rows

,

so del- CAT
,
) = 0 by induction -

www.aii-aimi-t:i÷÷÷÷÷÷÷H÷:÷i÷÷÷÷÷and aio , I
= Gio -11 , I -

Thus in our recursive definition
of detent

,
all terms are zero

except for those at rows io and
(since Rovio CA ) = Rowin , CA ) )

iotl
,
and they cancel because they are

equal and have opposite sign .

It follows that defeat -- O , completing the proof. 1B



A B ⇒ detCB) = cdetca) A
'i%B ⇒ del-CB) = detCA) ( -14.5)

( -14.3) "
s
Let A RiB

.

-
"

Let A B ; ie let B be the matrix obtained
Then necessarily del- CA) = del-CB)

.

by multiplying a row of A by a scalar c .

Puff . Suppose a
, . . . . . an are the rows of A . Suppose first that

Then necessarily detCB) = cdetcttl .
icj .

Ioof. . By -14-2
,

we have using linearity of dot in now i
, we have

def ) = detca
, .

- - -

, Cai . - - -

, an ) def( B ) = detca, . - - -

, aitcaj . . . . , aj , . . . , an )
w

= Colet (a
, ,

- . . , ai . . . -
,
an)

= def (a
, , .

. .

Position i
' ai . . . . , aj . . . . , an) t

Coletta
, .

- - -
, aj . . - - , aj, . . . , an )

: . def ( B ) = cdetcat . By
.
: detCB ) = det CA ) to

A B =) detCB) = - detCA)
s ( since right matrix has two identical rows

,

and so
so def =0 by 212 )( -14.4A) detCB ) -- defeat .

!
Let A "iB : ie let B be the matrix obtained from

A similar proof proves the claim for the case where i >j .
A by swapping two adjacent rows . AN ALGORITHM TO CALCULATE detCA)
Then necessarily defCB) = - det CA) . !

To calculate the determinant of a square matrix A
,

PIF - Let a
, .
. . -

, ai - i , b. c , a ;+z , . . . . an
be the rows of A , we can use the following algorithm :

so that
al . . . . , ai - i , c, b, aitz , . . . , an are the rows of B '

eg det ÷
,

Cover R) CE49 )Gt CE Mn×n(F) be such that its rows are the rows

of A
, except at now i and i -11

,
where the rows are ① Transform A into an

upper
- triangular matrix B
- usingboth equal to btc . elementary now operations ;

since C has two identical rows
, necessarily detect - O by A = fog !} ?,s) (§ ? !)( 12A .

On the other hand
, using TY- 2 first in now i and then

in now it '
. we have

" ( ÷)
O = detcc ) = det Ca

, .
- - .

.
ai-i. btc , btc, ai+z . . . - , an )

= det (ai . - - - i ai - i , b , btc , aitz . . .. . an ) (
t

! I
,+ det ( a

, .
. .-
, ai -i, c , btc, aitz , . . . , an)

= det (a
, , . . . , ai -1 , b. b , aitz

,
- - -
, an )

''

fo: ? -

- Bt det (a
, . . . - , ai - i , b , c , aitz . . . .. an )

+ det (ai . . . -

, ai -i. c. b. air . . . . , an )
② whilst doing ①

, keep track of the
+ det (a

, . . . . , ai - i , C. c, ditz , - - -

,
an ) i) number of times

,

K
,

a type operation
= O t defeat + detCB ) to was used ; and

i . O = det CA) t detCB )
, ii ) the constants c

, .
. . .

. Ce
used in any typeand so it follows that detent = deHB)

,
as needed . DU operations .

A HAS TWO EQUAL ROWS ⇒ detca) = O (Liz) In the above example, we used!
Let AE Mance), and suppose A has two identical

- one type - I row operation ; and
rows .

Then necessarily det CA) = O -

- one type-2 row operation ; Rgt }
- Rz .

Puff ' suppose a , . .
. .

, an are rows of A and ai
-
- aj for some icj . ③ Then deters ) can be calculated via LIO ; and

By a

sequence of k successive swaps of adjacent rows
.

.

.
.

detcbl = product of entries on main diagonal
we can transform A into a matrix B in which the det CB) = - 2.1.20 = - 40

two equal rows are now adjacent . ④ del- CB ) = defeat . c-1)Kc
,
. . . ce by TY- 3

,
-14.4 & TY-5 .

By -14.49
,
each swap of adjacent rows in this transformation

. : del-CB) = defeat - C - 1) ( z )

changes the determinant by a factor of - I, so that

i
.

- 40 = del- CA ) . -2
detca ) = C - l)

"
det CB ) .

But detcb) -- O by Liza
, proving detCA) - O - Dq

i
. defeat = 20 .

A B ⇒ detCB) = - del-CA)
(-14.4 )

!
Let A %sB .

Then necessarily detCB) = - del- CA ) .

Puff - let a
, . . . . , an

be the rows of A -

Gt CEMn×nCF) be such that the rows of C

are the rows of A
, except for

now i and

now j , which are both equal to aitaj -

Using a similar argument akin to the proof
of -14.4A, but instead using Liz instead of 1129,

is sufficient to
prove the claim . DG



DETERMINANTS
,
INVERTIBILITY

,
PRODUCTS & TRANPOSES (54.3)

DETERMINANTS OF ELEMENTARY MATRICES ((4.51) INVERTIBLE MATRIX THEOREM
,
PART 5

"
.

Let E be the elementary matrix obtained from In
(74.7)

by an elementary row operation
P -

-
"
. Let Aemnxnc#).

Then
,

Then A is invertible ifandonlyif-det.CA) -70 .① If P is type , necessarily detect = - l ;

Puff . ( =)) since A is invertible
, necessarily A

-

- E, . . - Eq .② If P is type , necessarily detect =c ; and
where E

, . . . . , Eq are elementary matrices .

③ If P is types , necessarily detect =L . By CY- G - ICH
,

and noting detail to by c4 - 5.1
,

it follows that
Puff . This follows from the fact that detent -- I ,

del- CA ) = del- CE
, ) . .- detCEq ) to -

*
and by TY- 3

,
TY - 4 & TY-5

. Dk
( (=) Let A be such that detail to.

det(ET) = det (E) ((4-5.2 ( t)) suppose A is not invertible
,

so that rankAlan .

Let E be an elementary matrix obtained by let R be the RREF of A -

performing an elementary row operation on In . By the above
, since ranket ) = # of non - zero rows

Then necessarily del- CET) = det CE ). of R, necessarily R has at least one zero row .

Puff - This follows from the fact that ET and E
So
, by Lil

,
deter) = O -

On the other hand
,

since R is the RREF of A
,

one of the same
"

type
' '

,
and if the

we can transform R to A via a sequence of
operation is of type -2 , then ETIE . Da

elementary now operations .
det(E

-t
) = deft, ((4.5.212)) Thus

, there exist elementary matrices E
, .

. . .

, Ep such that

A = E
,

- - - Ep R .÷
Let E be an elementary matrix obtained by

performing an elementary row operation on In .
So
, by CY -G - ' Cl )

,
we get defeat = detail . . . detcep ) deter) =o ,

a contradiction .

Then necessarily del-CE
" ) = detect

. It follows that A must be invertible - Du

Puff - Again , E
"
& E are of the same

' '

type
"

.

rankCA) Ln ⇒ detCA) = O (C.4.7 - t)If the operation is type - I , necessarily detect = - I
,

so def CE
- ' ) = - I = I

,
= He, . Let AE Munce) be such that rankCAIL n -

we can verify a similar result if the operation Then necessarily delta) = O .

was instead type -2 or type-3 instead . DE PLOOF . If rankcatcn .
A is not invertible

,

so by the above
,

detent -_ 0 necessarily . Du
detCEA) = defCE) detCA) C -14.6)

Let Eemnxnaf) be an elementary matrix
,
and detCAB) = detch) detCB) (TY-8)

let A- EMn×nCF) . ' ÷
Let A. BE Mnxnclf) .

Then necessarily detCEA ) = detce) del- CA ) . Then necessarily del- CAB) = detcttldetcb)
.

Pif - EA is the result of applying to A the row Puff . If A is invertible
,

then A -- Ei - ' ' EE ' where

Operation corresponding to E . E
, .

. . .

. Eq are elementary matrices .

So , by (4.6 - l
,
we have

So
, by TY- 3

, Ty-Y & Ty.5
, necessarily detent is

def CAB) = det (E, . . - EqB) = detail --- deteqldetcb) = del-CA )detCB ) .

equal to del- CA ) multiplied by a factor determined
If A is not invertible

,
then AB is also not invertible :

by the row operation . hence detcn.is) = o = O - deters) = detCAldetCB) . 18

By CY -5. I
,

we know this factor is exactly detect .
del-CA) = detCAT ) C-14.9 )

The claim follows from these observations. Da
i

"
:
Let A- C- Mnxnc# t -

det(E, . . - Ewa) = defCE, ) . . . det(Eu) detCA) ((4.6- t ) Then necessarily detent = detail.

Pioof . Suppose A is not invertible
,

so detent -- O -!
Let AE Mance) , and let E

, . . . .

.
Eu be elementary matrices .

Then rankCA ) ch
,

and since ranken = rankCAT) by
Then necessarily c3 -6.1

, we have rankCAT)cn too -

det ( E, . . . Eun. ) = det ( E, ) - - - det ( Eu) detctt ) . " " 'b
-l " ) ) so

, by Cy . 7. I
, necessarily rankCAT) -- O = tank' A ) -

that
In particular , if A = In .

we get Next
, suppose

A is invertible
,

so there exist elementary

del- CE
,

- . . Eu) = del- CE
, ) . . . detCEu) . (( 4.6 -ICH ) matrices Ec

,

- - i

, Eu such that A -- E
,
- -
- Eu .

Then AT = (E
,
. . . Eat = Eat .. - EY by 25

,
so

Puff . This follows from -14.6
.

Dh
detCAT ) = detent ) . . . det CE

,
)T

= det (Eu) . . - del- CE
,
) ( by C 4.5.2111)

= def CE
,
) . . . det (Eu)

= del- CE
,
. . - Eu )

: . det CAT) = det CA) . Dm



OTHER COFACTOR EXPANSIONS (54.4)
A B ⇒ del-CB) = - detca) CC4.9.11
' ! Let A B ; ie B is obtained from A by

swapping two columns .

Then necessarily detCB) = defeat .

Pweof . If A B
,
then AT BT.

Thus del- CBT) = - defeat ) by TY- Y
,

so

del-CB ) = deffBT) = - defeat) = -delta) by
-14.9 . Be

DETERMINANT CAN BE CALCULATED VIA COFACTOR

EXPANSION ALONG ALVY COLUMN C-14.10)
' !

Let AE Mn×nCFl .
-

Then detent can be calculated via cofactor expansion along

any column .

In other words
, for a fixed jeicl . - - - in} , we have

det CA) =

,

C - hi Aijdetcni;) ,
where C- c)itidetcai

;
) is the

' '

cofactor
"

of A at i. j .

Puff - let a , . . . . , an be columns of A
,

so *

A- = Ca , . . . aj . . . an ) . these results help us to find

÷÷÷÷÷÷÷÷÷÷÷÷÷÷i÷÷÷÷:÷÷÷÷÷÷÷÷÷i÷:÷÷÷÷i÷: ÷÷÷÷÷:÷÷÷÷i÷÷÷±.We have

detCB) =

;

C - 1)
" "

Bi , det CBT, ) = !?C-hi
"

Aijdetcaij ) ,
and so

detent = C- if "detCB) = ?÷C-hi Aijdetcni;) ,
as needed . Dk

DETERMINANT CAN BE CALCULATED VIA COFACTOR

EXPANSION ALONG ANY ROW ((4. 10.1 )
-
-

- !
Let AE Mn×nCF) .

Then detent can necessarily be calculated by cofactor expansion

along any new .

In other words, for any fixed ie Il . . . . , n } , we have

del- CA ) =

,

C-hit" Aijdetcai; ) .

Puff - cofactor expansion of A along now i is the same as cofactor

expansion of AT along column i -

The latter gives detent) by TY.io , and since del- CAT) -- detent

by -14.9
,
this completes the proof . 193



Chapter 5:
Diagonalization
EIGENVALUES & EIGENVECTORS (55.1)
' Let AeMn×nCF) and ve # LEO} . TL IS AN EIGENVALUE OF A C=) detCA -din) = 0

Then
, we say v is an

' '

eigenvector
"

( T5. 1)
of A if there exists a scalar REIF

Let AE Munck) .
such that Av = Rv .

Then a scalar REIF is an eigenvalue of A

In this case
,
we denote TL as the

ifandonlyif-det.CA-din)
= O .

"

eigenvalue
"

of A corresponding
to the

PIF- R is an eigenvalue of A c⇒ there exists a ve #MEO} such that

eigenvector v . Av -- in

⇐) there exists a VE#140} such that

Additionally ,
we call (Riv) an

"

eiga
"

ca -azn)v=0

(⇒ CA -RIN) x = O has more than one solution

of A - ( 1340)

XEIFN
EIGENSPACE ( 1740)

<⇒ ( A - azn) is not invertible
"
"
- Let AE Mance) , and let The # be

<⇒ del- CA -RIN)
= O - 5$

an eigenvalue of A -

Then
,

the
' '

eigenspace
"

of A corresponding to CHARACTERISTIC POLYNOMIAL ( 1741)

X
,

denoted as

' '

Ea
' '

,

is defined to be "
"
Let Ae Mance) .

Then
,
the

' 'characteristic polynomial
"

of A
,

denoted as

the set

E
,
= de eigenvectors of A corresponding to A } U do}

"

pact,
"

,
is defined to be the polynomial

= Ive #
n

l Av -- in }
pact, = detca - tin) =/!!! !!! !!! !!!

.= Ive #
n / CA -RIN) v = O }

= NCA - din) . pact) = C-1)nth + c-if
-'

+repay + Cn-ztn
-Z
t --- + Cit + detCA)

V IS AN EIGENVECTOR OF A <⇒
(T5-2. ( t))

CA-RIN)v = O , VIO
( 1222 Cl))

÷ Let AEMn×nCF), and denote that = i¥aii .
-

'

: Let ve #
n and AE Mnxnc#) .

Then necessarily

Then necessarily v is an eigenvector of
A

pact)
= c-Dnt + C- IT

- '

treat
"'
+ Cnet

""

t . . . + qttdetca),
it is a non - zero

solution

ifandgf and so A has at most n distinct eigenvalues by the

of the linear system
CA -RI) v = O .

Fundamental Theorem of Algebra .

PIF' This follows from the above definition of
Pweof - By cofactor expansion along the first column

,
we have that

eigenspaces . D8
pact, = (a , , - t) ( azz

-t) . .
. Cann - t ) t ( terms of degree E n-Z) -

I E dim(Ea) E n (122212)) (since the only
' '

contributions
"

of t to pn.CH come from the

Let A- c- Mn×nCF) , and let Ea be an eigenspace diagonal entries of CA - tin)
,
and a product

in the expansion

either has all diagonal entries , or at most (n-2) of
them .

of A corresponding to some eigenvalue REIF .

In particular , the coefficients of th and t
" '

in pact) comeThen necessarily If dim (Ea) E n .

entirely from Ca, ,
- t ) - - i Cann -t) .

Pewof . Since Ed = NCA -RIN) , Ea is a subspace of Ifn,
Thus

, pact) is a polynomial of degree
n with leading coefficient

so dim ( Ea) s n .
at least one eigenvector (since

coefficient of t
" '

equal
to C-Dn

- '

II,aii-_ C- IT
- '

treat .
Then

,
since Ea contains

C-IT and the
R is an eigenvalue of A) , it follows that Eat Io} .

Thus dim ( Ea) 31 , and so I C- dim d) ⇐ n . Hence
c. ,jtn + c-yn

- '

trent
"-'

t Cnet
"

-1 . . - t co C- Pnc # ) -

pact) = del- CA - tin ) =

as needed . Da

SOLVING A HOMOGENOUS SYSTEM C×=O
Next

,
let t=o , so Paco )

= co
= det CA)

.

( 1223) It follows that
"
'

To solve a homogenous system Cx -- O
,

where

pact) = del- CA - tin ) = C- IT th t C- 1)
""

treat
"'t chat

"

-1 . . - t detente PNCIF ) ,
CE Mance) and XEIFN

,
we employ

the

following algorithm : as required . DM

① use elementary now operations to convert
B IS SIMILAR TO A ⇒ ppgct) = pact) (TS-262))

(Clo) into its RREF ( C
'

lo ) ; then
"
"
Let A. BE Mn×nCF) such that B is similar to Ai

- since applying elementary now operations to

ie there exists an invertible matrix P such that

the augmented matrix (Clo) does not change
B =P

-'

AP
.

its last column of zeroes

Then necessarily ppgct ) = pact) .

② Solve the homogenous system corresponding to

Eof - Note that
the RREF and find the general

solution of
PBCT ) = det CB - tin)

(x = O . = det ( P
- '

CA - tin) P)

= detcp
"
) del- CA - tin) detcp)

= pact) detcp
-1) detcp)

= pact) detcp
-'
p)

i. Pelt) = pact) . Ba



✓ IS AN EIGENVECTOR OF A
DIAGONALISABLE LINEAR OPERATORS (1743)

(⇒ VEN (LA- did#n
) (122411)) '

s Let T: ✓ → V be a linear operator, where

!
Let ve#

n

be an eigenvector corresponding to an dimcv) c N .

eigenvalue REIF of AEMn×nCF) . Then
,

we say T is
' '

diagonal isable
"

if there

Then necessarily VENCLA- AID#n
)
,

where Id exists an ordered basis p for V
such that

represents the identity linear transformation -

TTIP is a diagonal matrix .

pref . Since Av -- Rv
,
we have

DIAGONALISABLE MATRICES (1743)
LACV) = Tv ⇐) Law) = did

#
ncv)

(⇒ (La - did
#
a) Lv) = O

!
Let AEMn×nCF) .

Then
,
we say

A is
' '

diagonalis able
"

if LA
(⇒ VENCLA - did

#
n) . ④

R IS AN EIGENVALUE OF A (⇒ (LA-DID#n)
is diagonal able .

T IS DIAGONALISABLE ⇒ I A ORDERED BASIS FOR V

IS NOT INVERTIBLE (1224C))
CONSISTING OF EIGENVECTORS OF T;

- ! Let de # be an eigenvalue of AEMn×nCF) .

Then necessarily CLA - aid#n
) is not invertible - THE DIAGONAL ENTRIES OF [TIP ARE THE

pewof . since A -RIN is not invertible
,

it follows that EIGENVALUES OF T (1-5.5)
CA -RIN) is not invertible c⇒ La.

n

is not invertible
"
s Let T :V→V be a linear operator on an n - dimensional

( ⇒ La- did#n
is not invertible . Dq

vector space
V
.

EIGENVALUES
, EIGENVECTORS & EIGENPAIRS Then T is diagonalisable ifadonlyif there exists an

FOR LINEAR OPERATORS ( 1342) ordered basis 13=44 . . . . .vn } consisting exclusively of
! Let T : V → V be a linear mapping (or

"

operator
") on

i eigenvectors of T .

the vector space
V -

-

Then
,

we say teen
is an

' '

eigenvalue
"

of T In particular, the diagonal entries of [TIP are the eigenvalues
if there exists a vevlico} such that of T corresponding to each eigenvector V

, .
. . .

, Vn .

Tcu) = Rv .
Pewof - C⇒) let T be diagonals

-sable .
-

In this case
,

we say
"

v
"

is an

"

eigenvector
"

By definition , there exists an ordered basis 13=44 . . - i. Vn }
of T corresponding to the eigenvalue R ,

and

for V such that [TIP is diagonal ; in other words
,

we denote Ca
,
v) as an

' '

eigenpair
"

of the

linear mapping T. (
"

?! !! =ET3p=(ETCH} - - - ETCvnDp) .

CHARACTERISTIC POLYNOMIAL FOR LINEAR

OPERATORS ( 1342) Hence [Thru ) ]p = (O
,
. . .

.
O
, the , O, . . . , of the oil. . . - in} , where the teth

-
"
. Let T : ✓ → v be a linear operator on an n - dimensional

entry is Ru and the other entries are O -

vector space V with ordered basis P -

By definition of coordinate vectors
,
we have that

Then
,
the

"

characteristic polynomial
' '

of T is defined
1-(Va) = Ruhe ,

to be the characteristic polynomial of A -- ET]p .

and since vuto as Vu is an element of a basis of V,

CHARACTERISTIC POLYNOMIAL OF T IS INDEPENDENT
necessarily cvu.eu) is an eigenpair of T for each k .

OF THE CHOICE OF BASIS C-15.4)
Thus

p is a basis for V consisting of eigenvectors of T. #
!
Let V be an n -dimensional vector space , and let

4 and
p be ordered bases of V - (⇐) suppose V has an ordered basis p

-
- Iv, . . . -sun} of eigenvectors

Then necessarily of T .

Then
,
there exist R, . . . - , Rn

C- IF such that Thru)=IuVk their . . . . ,n }.
the characteristic polynomial =

the characteristic polynomial
of T of E

Hence [Tcvu)]p = anew ,
where ice . . . - - , en} is the standard

= the characteristic polynomial ordered basis of Fn .
of [Tf .
-

i

that is
,
the characteristic polynomial of T does not

Th"
[Thump

= ( !!
"

?! !!!
,

showing [Thru)]p is

depend on the chosen basis .

diagonal , and hence that T is diagonal isable . Dk

Puff . let 13=44 . . . . .vn} , so that

[TIP
= ( [TCYDP . . .

[ Then)7p ) C- Munce) .
NOTATION FOR DIAGONAL MATRICES

we know there exists a change - of
- coordinate math"

- !
we use the notation D= diagCa, . . . . , Tn) to

denote the

to e - coordinates,
g- [Ivf that changes p

- coordinates
diagonal matrix

and since [Tz
-
- a-

'
[TIPO , necessarily [ TIP is

D= diagcih . . . . , an) = ( !! !? !!! !?n) e Mance).similar to [Tf .

Hence
, by -15.2 ,

[TIP and ET], have the same
n

A IS DIAGONALISABLE C⇒ I A ORDERED BASIS FOR IF

characteristic polynomial . DM
CONSISTING OF EIGENVECTORS OF A i

THE DIAGONAL ENTRIES OF [LA 7,3 ARE THE

EIGENVALUES OF A CTS-G)
"
s Let Aemnxnc#) .

Then A is diagonalisable ifandonly
there is an ordered basis

P for Fn consisting of eigenvectors of A .

In this case
, ELATP is a diagonal matrix whose diagonal

entries are eigenvalues of A corresponding to the

vectors in
p .

Pnfof - similar to the proof of -15.5 . Da



A IS DIAGONALISABLE ⇒ I AN INVERTIBLE a
, .
. . . , Rk ARE DISTINCT ⇒ Ein Ej = To} &

MATRIX P
,
A DIAGONAL MATRIX D ⇒

icy, . . . , y,} ARE LINEARLY INDEPENDENT CTS-8)

p
-'
Ap = D (TS

-7) "
s

Let ✓ be a vector space ,
and let T :V→V be

Let AEMn×nCF) . linear.

Then A is diagonalis able ifandonlyif_
there exists

Let y , . . . , he
be eigenvectors of T with eigenvalues

an invertible matrix P and a diagonal matrix D such

A ,
- . . , the respectively ,

and further assume these

that P
-'
AP =D .

eigenvalues are distinct ; ie Rita; if itj .

Ioof . let ice, , . . . , en} be the standard basis for F? -

Then
, for any matrix Cb

,
- -

- bn) C- Mmxnl#) and
Then necessarily

any diagonal matrix D= diag Cai , . . - , an)EMnxn(
F)

'

① Ein Ej = To} His itj ski and

we have
② EY . . . . , Vu } is linearly independent -

B diag CR , . . . . ,dn)
= B ( die , .

- - Ihnen)

Pewof . Fix itj , and let ve Ein Ej .
= ( Brie , - . . Barren)

Then necessarily Riv = Tlv)
= Rjr, so

= ( a,Be, - . . RnBen) ( Thi - Tj )v= O
.

-

'

- B diag CR , , - - - inn) = (a,b , - - - Anton) since di -d; to ,
it follows that V=°

'
' °

It follows that
that Ein Ej

= 403 . #
A is diagonalisable C⇒ It a basis 13=44 . . . . .vn} for Fn of

eigenvectors of A ( by -15.6 ) we use induction on k to prove
②

-

For ht
,

since v
,

is an eigenvector of T, it
⇐) 7- a basis p

- icy , - . ., un} for Ifn &
follows that v

, to , so Iv,} is linearly independent.
Scalars R

, , .
. .
, ane#

such that

Ava -_ Ruru theft. . - -in} Next
,
assume k> I and the theorem holds for any

to Ck - i ) distinct
(⇒ 7- a basis p

- Ivi . - - ; un} for #
n
& set of Cle- i ) eigenvectors corresponding

scalars a
, . .

. . .int# such that

eigenvalues .
( Av

,
. . - Aun) = ( I,v, - . . I.nVn)

Suppose that

<⇒ I an invertible matrix P= (Y - - - Vn) and
- (* )

Civ , t
. .

- t ca -, uh - ,
t Chun = O ,

a diagonal matrix D= diag Ca, . . . . . Rn
) such

where a
, .
. . . ,
da are the distinct eigenvalues of T

that AP = PD

corresponding
to the eigenvectors y , . . . . Vu ,

and

CP is invertible since p
is a basis )

(⇒ I an invertible matrix P and I a diagonal c , . . . . , cue
# -

Applying
T to both sides of Ctx ) and substituting Taj)

-
- ijvj

matrix D such that P
- '
AP =D. Dk

Note that by the above proof , if there

yfiejeu , we get
that

exists a diagonal matrix D such that D= P'
'

AP
,

C ,R,V, t
- - i

+ Cu -ith-Yu, t Chanute
= 0

then necessarily
Multiplying both sides of Ctx) by the , we get

that

① the calumny of I are eigenvectors of Ai and

② the diagonal entries of D are the eigenvalues duc, v, + . . . + Iucn, um,
+ Ruche = O -

of A corresponding to the columns of l? ( 1226 "))
subtracting the last two equations yields that

= 0 .

AN ALGORITHM TO COMPUTE A
" IF A IS

c. ca,
- duty + . . . + cu - ican-i

- du) Yet

DIAGONALISABLE CRZGCZ)) By the induction hypothesis , Ey . . . . , uh , } is linearly independent ,

Let AEMn×nCF) is diagonal is able - and so it follows that

Then we can employ the following algorithm
c
, ,

- guy = . .
.

= Cheikh-i
- Tu ) .

to compute the value of Am Ime It :

Since Ij - Xu to Hj =L . . . - , k - I , we conclude that c
,
= . . .

-
- cu . , :O .

① Since A is diagonalisable , we can write

A as A =p
-'

DP
,

where P is an invertible Thug
,

( * ) reduces to Caruso, which leads to cu
-
- O as unto .

matrix and D is a diagonal
matrix .

Thus c
,
= . . . =q=o

,

and it follows EY . - - - , Vu } is linearly
② Hence A -_ PDP

-t

,
and so

independent .
Am = ( ppp

-' Im = ppp
- '

ppp
"

- - . PDP
"

= PDMP
"

The claim follows from induction - B
-

for any next.
m

T HAS n DISTINCT EIGENVALUES ⇒ T IS
③ Moreover

,
since D= diag CR , , . . . . Rn) , it follows

that Dm -- diag CRY. . . .

.
Inm ) . DIAGONALISABLE (CS- 8- l Cl))

Let T : V→V be linear
,

where V is an n-dimensional
④ Hence

, we can calculate Am using
the

vector space
.

eigenvalues and eigenvectors of A easily .
suppose T has n distinct eigenvalues .

Then necessarily T is diagonal i'sable .

Puff - For each eigenvalue di , choose an eigenvector Vi .

By -15-8
, EY . . . . , rn } is linearly independent .

Since dimcv) = n , it follows icy , - - . .vn} is a basis

for V , and so by -15.5 T is diagonal
-sable . Dh

A HAS n DISTINCT EIGENVALUES ⇒ A IS

DIAGONALISABLE (C -5-8.1 (2))
!
Let AEMn×nCF) .

Suppose A has n distinct eigenvalues .

Then necessarily A is diagonal isable -

Pheof ' observe that

eigenvalues of A <⇒ eigenvalues of LA ,

and

eigenvectors of A <⇒ eigenvectors of LA .

The proof follows a
' '

matrix version
" of the proof

from C5.8.la ) .



Sj CER; i IS; Icai R, . - - - Rk
ARE "

SPLITS OVER
"

(1344)
Let fct) C- FETT be a polynomial -

DISTINCT ⇒ Sin Sj = 0 (-15.9cL)) Then
,

we say fct)
' '

splits over
"

IF if there

Let T : V → V be linear
,

and let a
, .
. . ..dk exists some c

,
a
, ,

. . .

, an
elf (not necessarily distinct )

be distinct eigenvalues of T' such that

Let Sj be a finite linearly independent subset fee) = act
- a

,
) - . .

( t - an) -

of the eigenspace Eq. for each jail. - - ' ik} . CHARACTERISTIC POLYNOMIAL OF ANY DIAGONAL ABLE

Then necessarily Sins;
= 0 Visits

'

Ek '
LINEAR TRANSFORMATION SPLITS (TS- 10)

Puff . Since Si is linearly independent for each .

'

s Let V be a finite - dimensional vector space , and let

it 41 . - - -ik }
, necessarily sie Editio} . T : ✓→ V be a diagonal able linear transformation .

Moreover
,

as Erin Ea;
= Io}

,
we have that Then necessarily T : VTV splits over F.

Sins; = 0 V-leit-jfk.DK Puff . since T is diagonal able , there exists an ordered

Sj ( ER; i ( Sj I CN i R, . - - - Rk ARE basis p of V such that [TIP is a diagonal
matrix D .

DISTINCT ⇒ S =
.
Sic V IS LINEARLY

Then the characteristic polynomial of T is

Ppct) = Ca
,
- t ) - . - can - t) = C - tilt - R, ) . . . ( t -an) ,

INDEPENDENT & 1st = Isil (TS -9C2))
which splits over IF.

'
"
-

Let T :v→V be linear
,

and let th . - - -idk ALGEBRAIC MULTIPLICITY (1345)
be distinct eigenvalues of T.

!
Let V be a finite - dimensional vector space , and

Let Sj be a finite linearly independent subset
let T : V → V be linear .

of the eigenspace Egg. for each jail. - - ' ik} . Let a be an eigenvalue of T, and let Pct )

Then necessarily the set 5=5, V
- i - Usk = Si

be the characteristic polynomial of T -

is a linearly independent subset of V
,

and
Then

,
the

' '

algebraic multiplicity
"

of d is defined to

k

1st = E Isil . be the largest Keat such that Ct -R)
"

is a factor
i -_ I

Pzof . By Tsao), since Sins; =0 ttlfitj Eh ,
it follows

of pet) .

that 1st = Is.lt . . - + Isnt = ¥7151 . GEOMETRIC MULTIPLICITY (1745)

Then
,
let Si ' Ivi

.
. .

. . .

, vi. ni} E Eri theist,
so -

"
s Let u be a finite - dimensional vector space , and

that S = Evi,j : I sick
,
le je ni } . let T : V → V be linear "

Let d be an eigenvalue of T, and let pet )
consider

any scalars Eai; }
such that

¥
,
aijvi,j = O -

be the characteristic polynomial of T -

Then
,
the

' '

geometric multiplicity
' '

of a is defined
Let wi = aijvi,j . By the above

, wit
- ' - + Wu

-

- O '
to be the equal to dim (Ea) .

Since Eq. is a vector space
and Vij c- ER. Heini . X HAS ALGEBRAIC MULTIPLICITY MR ⇒

we have wie Eri - l E dim(Ea) f ma (1-5.11)
Hence wi is either the zero vector

,
or an eigenvector

Let T : V → V be linear
,

where V is a

of T corresponding to the eigenvalue di .
n - dimensional vector space .

If wi
-

-
O VIE ish , then 0 = wi = aijvi,j=0 for any

Let d be an eigenvalue of T having algebraic
fixed i=l

,
. .
.

.
k .

multiplicity ma .

Since Evi
, ,
, . ..

. vi. ni } is linearly independent, necessarily
Then necessarily If dim (Ea) E ma .

ai,j
= O Vieja ni , and so aij-o-VIEc.sk , Ifj Eni

-

Puff . Let dim (Ea) = k , so that Ken .

Suppose there exists a kick such that wi # °
'

choose an ordered basis Ey , . . . , Vu } for Ed and

Renumbering if necessary . suppose
that with V' tic'm '

extend it to an ordered basis EY .
- - -run} for

and Wi
-
- O V-Mci Ek - V .

Let A- = [TIP , so that pet) = pact ) .
let a

, .
. . .

,
Rm be the eigenvalues corresponded

to by the

Then
, for each leg

- Ek
,

as Tcvj ) = TV; ,
we have

eigenvectors w
, .

. .
.

.
Wm .

is the standard

Then w
,
+ . .. + Wu =o ⇐ wit - - - + Wm = O

' implying [Tcu
,-17,3 = ej , where Ee, . . . - , en }

that Ew, ,
. . .

,
Wm} is linearly dependent

'

ordered basis for Fn'

on the other hand
,

since w
, .
.
- - iwm are eigenvectors of Thus A = [TIP

= ( [Tcu, )3p - - i [ Thru)7p [That,l3p - . . [Then)]p )

T corresponding to the distinct eigenvalues d
' '

- '
'

'
"
m '

:
. [Typ = ( Rotta

B

)
.

by -15.8 necessarily Ew, . . . . , Wm } is linearly independent, c

a contradiction . By AS 03
,

we have that

ca-HIU B
Hence there can exist no i such that wi # O, pet) = det CA - tin) = deff )o C- tin-h
thus implying wi

-

- o tis is k .
= det (ca-HIU) del- (C- tin-u)

In other words
, Wi

-

- O htt Eisk and aij=O
V. kick

'
' ' i' ni '

i. pct) = (a- tlkdetcc- tin-k) .
So that S is linearly independent - D8

Since detcc- C- In-u ) is a polynomial of degree (n-h) > 0 ,

it follows that Cd-Hk is a factor of pctl .

Thus kemp , completing the proof . TO



Ali - - - idk ARE DISTINCT 's MATRICES IN POLYNOMIALS (1746)

T IS DIAGONALISABLE (=) dim(Ep;)
= Mi

' ! Let AEMn×nCF ) and fCH=antNt . .. + a.tt aoe #Et ] .

K Then
,
we define

& Pitt) = C-I)
;
(t -Ri)m" ( -15.12) N"

a. A
+ a. In C- Mnxn"F).

f-CA) := an
AN t an - , A

t - . - t

!
Let T : V → v be linear

,
where V is a

ARITHMETIC OPERATIONS ON MATRICES IN

finite - dimensional vector space .

POLYNOMIALS (LIS)
Let R

, . .
. . .dk be all distinct eigenvalues of T,

! Let f.ge#Et3andAEMnxnCF) . Then the following
with corresponding multiplicities m

, . .
. . , Mk .

Then T is diagonal isable ifando.ly# are necessarily true :

① pit) = c-D
''

(t -aim'

. . . Ct - akin" Cie pitt splits) : and ① ( f +g) CA)
= FCA) t GCA) :

② dim ( Eq. ) = mi VIE
it K - ② (cf ) ( A )

= c f- CA) i
and

pµf. ( ( =) Assume ① & ② hold
,

so i¥mi=de9cPT't" = dim") ' ③ (f× g) CA)
= fcaygca)

= GCA) f- CA) .

so that Si has mi

Cet si be a basis for Eri , pewof . ① and ② are trivial .

elements which are eigenvectors of T corresponding ③ can be derived by expanding and using

to the eigenvalue di - Ain
'

= Ain .

Then
, by -15.9

,
S -

-

i
Si is linearly independent. If C- FEE) ) ice} a FCA) = O (LIG)

and since S has ¥2
,

mi
= dim CV) elements

,
it

-

"
i Let AeMn×nCF) .

Then there necessarily exists a non - zero polynomial
follows that S is a basis for V of eigenvectors -

f- E #Et] such that FCA) -- O -

of T, so that by TSS T is diagonalsable . #
Puff . let 5=4 In

,
A
.
. . .

,
An
'

} C Mn×nCF) .
(=)) let T be diagonal able , so by -15.5

,

there exists

Since dim (Munce)) = n
'

and S has n'ti matrices
,

an ordered basis
p for V of eigenvectors of T-

S is linearly dependent .
By TS - 10

, Pitt splits , and since p
is a set of

Hence
,
there exists ao , . .-

, anz C- IF
,

with 7(ao= - - - =anz=0) ,

eigenvectors , necessarily PC Edi .
such that

Let Si =p A Eai ,
so that

aot a , A t
- - . + anza

'
= O -

p
= p n Eq. = (Ph Eai) = II. Si . If we let fit) = aota.tt - - - tantric #Et]

,
we get that

f-CA) =O , as desired . Be

Hence dimcv) = 1131=1 Sil -
# IS ALGEBRAICALLY CLOSED ⇒ EVERY AEMn×nCF)

Moreover
,

since Eq. n Ea;
= Eo} tfleitjen by -15.9cL )

,

IS SIMILAR TO AN UPPER-TRIANGULAR MATRIX
as 0413 , we have sins;

= 0.

( TS- 14)
Thus I Sit =

i
Isil = dimcv) .

- ! Let IF be algebraically closed i ie every polynomial pale #Et]

On the other hand
,

since Si =p n Edi , Si is a linearly
of degree > I has a root in tf .

independent subset of Edi , so that Isil E dim (Edi) = mi '

Let AeMn×nCF) .
Hence II. Isil E mi = dimcv)

.

Then necessarily A is similar to an upper
- triangular

matrix .

The equality holds if and only if Isil = mi = dim ( Edi) V'kit " '

puff . we just need to build an ordered basis 13=44 , - . - in} for F
"

completing the proof . DG
such that Arie Spanky , - - - ivi } ) Hsien -

AN ALGORITHM TO CHECK WHETHER A SQUARE To prove p exists
,

we need to show for a fixed tsien and

Iv, . . . . , vi. , } is linearly independent in Ifn
,

MATRIX IS DIAGONALISABLE (1228)
then there exists a vie #

n
such that

"
'

Using -15.12
,

we can construct an algorithm to

① Vid span ( icy . . .. , vi. , }) ;
and

evaluate whether a square
matrix is diagonalsable ,

② Avi e span( icy , . . . . Vi
}) .

and if it is
, provide the factorization of A as

case 1 : it . Since pact) E #Et) and IF is algebraically closed
,

A- = PDP
"

where D is a diagonal matrix :

pact) has a solution I
,
EIF

.

① Compute pact) . If it is does not split , A

Hence a
,

is an eigenvalue of A
.

is not diagonal isable -

At Y be an eigenvector of A corresponding to the eigenvalue
② Otherwise , use pact) to find all eigenvalues

R
,
.

of A -

Then Av
,
= air, C- span

(Y ) .

Denote a
, .
. . . , Rk as the distinct eigenvalues

Then ✓y spanky. . .- ivi- 1311=0.Casey : n > i > I .

of A
,

with algebraic multiplicities mi ' - ' ' ' MK
-

fix ×e ✓ y spanky , . . . . vi., }) , and consider the set

③ Then
, find a basis for each eigenspace Erj VKIEK -

s = Ige #Et] I gto and gcatxe spanky . . . - ivi- i3)} .

A is diagonal isable ifandonlyif-dimCER.lt Mj By 46
,
there exists a ft #Ethio} such that fCAI=O -

Hence FCA) x = O C- Spanky . . . . , Vie, } ), so fes ; in other

for each IEJEK .

words
,
SFO.

④ Suppose A is diagonable ,
so each Ea

;
has an

Let g. C- S be a polynomial in S of smallest degree .

ordered basis Pj VIEJEK- Then necessarily degcg) > I .

⑤ Let p =p, U
. . .
V Pk ; by -15.9

, p
is a basis since F is algebraically closed and GE #EH, g

has a

root CEF
,
and so

for V .

get ) = ( t - c) htt ) for some

⑥ Then
,
let P be a square

matrix whose columns

are vectors from p , and let D be a diagonal
matrix whose diagonal entries are eigenvalues of

A corresponding to the columns of P
,
so that

A = PDP
- '

.

⑦ This makes it easy
to calculate Am

,
as highlighted

in RZGCZ) .

he #L't] lice} .

Since degch) c degcg), necessarily HIS .

As h -1-0 as well
,
it follows that HCA) x El Spanky , . . . . Vie,}) .

let Vi = HCA) x . Then

Avi - CY
. = ( A - CIN) Vi = ( A - CIN)

(HCA) x)

= (( A - CIN) HCA)) x

=

GCA)x E Spanky , - . . , Vi-i } ) ,

and so Avi E Spanky , . . . , Vi - i. Vi } ) , completing the proof .



CAYLEY-HAMILTON THEOREM C-15.13)
! Let IF be algebraically closed

,
and let

AE Munce) .

Then necessarily pn.CA)
= O .

Pref . we first prove
it for an upper

-triangular

matrix A .

'etat :÷÷÷÷÷÷÷÷÷)
.

.tn.

Pact ) = C -1)net - c ,) . . . Ct
- Cn) .

Hence pn.CA) = C - 1)
n

CA -GI, ) - . . (A - chin) .

To prove pn.CA) = O, we first prove pn.CA)=o the#
n

.

By the Matrix Equality Theorem
, pn.CA)

-
- O
,
so that

a fixed XEIFN , we have that

cnn.mx .i÷÷÷÷÷÷÷÷÷÷¥f÷l :*"
Then

(A - Cn,In) CA
- chin) x = CA - Cn . ,In) x

"'

i'÷
:*

:÷÷÷:*:*: ) :"O

= :=×c?

'
n-is

continuing this
process , we get that

( A - c
, In ) . . - CA - Cain) x = O ;

that is
, PACA) = o

thief?

It follows that PACA)
= O

.

Then
, by -15.14, A is similar to an upper

triangular matrix V .

Hence A = QUI
'

for some invertible matrix Q .

Then

PACA) = palace
' '

)

= Qpacu) Q
- '

= Qpucu)Q
" (since pact ) - poet

))

= OOO
- '

: . PACA) = O
,

completing the proof . Dk
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