MATH 147
Personal Notes

Maccus Chan
o BA
T-‘Jvﬂ- t:] ron  Porrest
U Makh '2S



Chapter I
A Short Introduction to
Mathematical Logic and Proof
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There is another type of reasonin,

g called inductive reasoning. Tn inductive reason-
ing, we begin with some s

pecific observations and then try to draw a more general
conclusion. For example, if we knew that the first few terms of an infinite sequence
were {2,4,6,8, 10, ...}, then we might guess from the pattern of these five terms that
this was the sequence of all even natural numbers, From this we could speculate that
the next term in the sequence would be 12. Unlike, most instances of deductive rea-

soning that we will see in this course, inductive reasoning most often does not result

in a proof. Indeed, it is possible that if we were to be told a few more terms in the
sequence above we might find that we have {2, 4, 6, 8,10,0,2,4,6,8, 10, - -

-} where
the general formula for the n-th term is a,

= 21 mod 12. We see that our induc-
tive conclusion was wrong. This does not make inductive reasoning useless. In fact,
inductive reasoning is the foundation for much of science, particularly experimental
science. Even in mathematics, inductive reasoning often leads us to an understanding
of whatis actually going on. It helps us to formulate conjectures, mathematical state.
ments that we believe (o be true, and for which we might later find proofs. It is also
a key element in problem solving. Moreover, in the next chapter we will see how to

employ an important formal technique of proofs that is based on inductive reasoning
called Proof by Induction.
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Chapter 2:

Sets, Relations and Functions
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Chapter 5:
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Jes {abCS) - To obhain fhe more Jm(
Taen, 3i%FES ik o & functions 4002 £03-f and ez <= F
n e oS e o PCB) & pay>x £ espet d“’;,

Sina § is contiross O* (ab] , ot 0% 0 YneN,

e Sequeatial Chorscheisshion § Conpinuily  Shovt ot

feay= Nim £ $0° S0 fC) €0

APPROXIMATE SoLUTIONS OF
RoOTS OF A POLYNOMIAL

‘Ql We con use he INVT b shew whether
a Fgljvmm'.,l has any real woofs:

e ra)=$5+x—l-
Wc.lfivﬂ' note o

l,'m:sx"-u 50 Vxeli ond 30
Py i ineressivy re® -
Thea, rlo)=-|£<°) &L oped®) >0
s continue

mplies Je 2 T

us OVer o3,

Since
f () 20"

fre VT
Lesty. sinee Fls) is
¢ is ¥he only oot oot of P

inw;iyj Vxed,
)

Q,_ e eon alse U5 e INT bk nfarmtimnh.
of @ r-l\'jnnmiql'l

e value reol  veots:

EQUATIONS
TE BISECTFoN METHOD

Y Ta fock, Fae merod descibed o A loff s called
the Bisection Method us find
timate Solufion Foo-qee) =0

which ¢aa h..lr

on
s

© let F(x)=
Find a5, b0

® &y VT agcc<bes

bﬂ
® Tun, eveluel® F(=E)

If B % Fla,) have e
® L'=J~ to oblain o new inlerval fa,.b3,

a solufion h the '1'1'

;(,\)-3(:0-
such thet FCe)<0 & Fl) > O-
wheee FC)=0"

. ( =F()-

some SIg™

let a3z%g

which emtving
Opnerwise, let a=d & Lsbe

® We con n,ful' step @® b obkin

nfervels in which © 1S contained -

smaller



THE EXTREME VALVE THEOREM

GLogaL MAYIMA 5 MINIMA
Q Suﬂ;ou f:I"Ws. whoe L is on snterval-
Then,
®ci e ghobe! woximum for f o0 T
# ceL . ond $O)$fCe) VxeT:
@ cis e slolaol Minimum  for fon I
it cex, ad $00) 2 ) Yxel.

THE EVT

'Q Soppme f is confinuous on La,0].
delab] sveh ot

Ten F¢
$Ce) & £00 I310)] VZE[“/LJ .
Shep 1+ We 1> FLapD) = 4500 e [a,61f is bovnded-

7 Actume Hhis is aot e case.
Taan Vnen Tx e[an] sechita 1§} 7 -
g i

How

Siace. i‘n{c[ﬂ,b], BWT Jells us I ¢¥n
convages o Some pont tela)d.

Tven, fre gcC fells us thot £y,

Howentr
so 1fCxf is met bovadad- Hea ¥

)y - keh-

Hais 15 imposthde. Sinct i) 12 Mw
45 lomd o0 Catd- %
Step %+ We Show defal] > FPACRD  Vxelakd.
How? Finst, let M=lu‘a(::€()<)l:¢.e[n.,\.])_

Tren, VneN: (M-kem) 2 3rncled] 2 ek, m]]

Csince J: s unﬁnunu{-)
By ewt, T {xml. with Xa, > defak]-

Then, L\-] sce s the Su'vi-E-?.t Theovem.

pi)s Lim $Or,)
2P0 € ftay xelald.

« M-

and we o dONe X

CURVE SKETLHING CPprT 1)

:Q"' We con use o Sholgy o Slakh lbasic coves’

@ Determine  he domoin of £
© Defermime whether £ hos any
even or 0dd-)
(D Determine whert [ chonges
@ Fink aay disconbauity points for £
® Tdentipy the nafwe of Hhest poinis, and evaluake
the rlevant one/ hoo-sided mits ab nese peinds.
® Daw any vertical aswm.
® Taenbiyy whethae ony fortontal asymplotes exish)
and dw Them
Steten the  geph: T recdad ) plok some somple. points-

symmehies Cie if £ 15

sign, ond plrt Hasse puinty.

UNIFORM CONTINVITY

\g' We S"‘j F is vnif-rnlj confirmeus on S E MR ;l;
Je>o: 3820 such et if xyeS and

{x-yl <§, then 1ped-fdL<E-

SEQUENTIAL CHARACTE
CONTINVITY

A% Assume f(ﬂ is d!fim_}\ on
e Fnllow'lnj 2 shh-"':nd's ove n._l‘q..ivtlu\

te

) pex) i vniformlj g ok

W if {1at, fgnb &3

Fhan lim | 46 = #0170
UNTFoRmM conTINuITY o Ca.)

~'Q: eEs confinuoss  on [atd, Fen
e s also un:fwm" ontinwous on [a,k1-

ScR. Twen,

continuous on

with 'I‘:';“,,“n':"‘I: 0,

RISATION OF UNTFoRM



Chapter 6:
Derivatives

.9'-' we say the F.MMF 5 diffecnt e ot +ea
¥ lim Sarh) - £@)  exishs,

w»0 "
and  dencte Hae albove Limit  as f'(d).

THe TanGenT LINE
gl Assume £ 1S diffurestisble af xza.
Then, Hfu.{-u\su\f"n o the 3"1’" of f of Xz

is the line passing thagh Ca, fla))  withh slop? 6.
Qz Tt followss oot to2 efueion of the haageat line
s y: ) + F'(A)[x—a.]_

®ote: we cannet Aht'uu. fwe dedvative as " Heslope
n(—’ the -h;.‘ﬂu\* linet "
DIFFERENTIABILITY VS CoNTINUITY
T f o differene of toa, *note thet
§is cankinueus ot tza- condinuity oes not imply
Poof. Sime 4 s affeatubia. o 124, differenbiabiliy
i ) — £ ( o) = 1xl ab x=0)-
o et 2B e s s st
Lt het-a- Then we also hnoed # noke Hhed "sbwr ’anlnfs"
ore  not Aiﬁl&p\“’\ﬂtu;-

T e L )
t20 é-—_m exists -
Howenr, Sinee ¢ denaminebs app w0,
e numambv st afso erv-.u,. moy iR
\i o ; .
A Cpery- fan =0 Jigw o) = F-

."“f"'s ) s confunng o 6

€ FUNCTION
on an infecvel T

Tuis, n b,

T™E 0ERIVATIV
‘QI We say £ 05 M
i e evists  VaeIl:
‘-@ Then, wWe define tae dedveiive function £
2 pole
{:(H-k\ I '

e b T

-9.; Leibniz Nototion: nove et
4 I’y .
;E = ;—,q) = £,

and
ig| - £

k R
IGHER DERTVATIVES
-Q The second deivekive of f densted as £

of §, £



DERIVATIVES OF ELEMENTARY
FUNCTIONS

CONSTANT FUNCTION
© We eon Show it f)=C  for o constant ceR,
then $'(0 = UxeR.
T platn) — £
Procf.  £109 = lsc —
= lim c-c
wy o
= 0. B
LINEAR FUNCTION
g’ Let f(*):mx-tb. Then £0I=mM Vxe R
R
i (ma-rmk-\—c) - (ma+¢)
® w0 h
= lim mh
wyo W
= M. 2
SIN(X) & ¢os(X)
% First, we con derve et Ll;v‘;'is_a_‘___l = o
. ™M cos(h) -1 ms(l,.) I\ [eesCh) +1
E!"—'—’F nyo W hvo )(ms(mﬂ
= lim(e (m—l)
wa0 M,,,scma-l)
= lim _gint (W)
10 \h(eosW)
e ) i (2
h-‘?O( I ) hl—;‘?’(usch)'ﬂ
= |- 0O -+ as W0, Sl & costil =22
. ros(W)—I
JlimET—=- 0 @
; +en

@ Now, wWe can show

e = cos(x):
gin(xth) ~ sin(x)
P‘n_f[:. £Y(x) = vl\l)ng _",_,_h,—
= lim (5n00 wos(h) + os0 sing) - sin€x)
Wwyo T L —_—
=l (W) - )
h'l;: (SM(x“(ws ) * b(\'-;vg‘a (ws(x)) (mm)
= sin(,:). D + ws(x)-)
.. ‘ —:;(siv\tx\) = wos (x). a
g; S.'Milulfj: 0= ws(x),  dhen £0= —gin(x).
. cas(x) = ws()
Poof- 109 0% -
_ lim Ceos () os (W)~ ¢in(x) SmCW) — cos (x)
T w0 e
= \lm (ws(x\)(“"cm I) ‘“"(sm(x))(""do
T 0- sl - | sin0O
() = —sint0. g

o* % ef
9 We can show if £x) = o%,
then $'(0)= C,.(ax) whee o= £'CO).
Poof. 100 = i B2
nyo ™
= lim ax(a*-")
Wwa0 W

= ot (0
. . P = Gl (). @
gl Then, e (=248-) 8 the unique
value such +hat if F(x):g",
then  £'(O) = |-
9;: We con also rnvz, "“%i‘:&‘— -1
Ev_o_of- If f00 = 5, " Hen ROV
o el
Ve Cay

Q Finally, we con prowe
then BUOEES

i foo=el

x
_me_ -—¢
b £100 5 053 S
- e
=t @O (5
= ). e*
"‘%(c") = X ®
@ Additonally, we o show i F60=a%
Hen £ = 0" In(o) - .
. 2
Boof. $0O = Pl () = e,x“ﬁ~
i

x
o e Jme —t

hm (al)[a -‘]

_ winco)
= lim (ax )[ =1
W

(1]

REYS
- win(o) |
- (a")(h(&))[m‘}

= . aFne)

2 f(x) = aXlnl) - B



LINEAR APPLICATION

9‘; Let u:{(x) be Jiffdln'“ﬂ‘-lg ot X=a.
mnﬁu\“ o + ot

“lineor APPn:&i

Then, ¥he
xza is the function #L‘f(x) is also called
E o = F@ ¥ fOOeD. liresesebon”
* , . the “eagent line appyexs
Why i i+ o lineor "\fl"“’“'““h"" ? b f o %32
= for values of % close P 2 we
now et
£0) - £a)
U ¥ Tx-o
£0O -§(o)

200y + (R F

© Lale) = #:
® L, is diffeentiable  ed L, Ca) = £'Co)-

® L, i the only first  degree pelynomial
O %

be Aiffwhah\f. of x=a.

in wsing \inear oﬂanxmaﬁon

Then, +he emor
to  estimate £x) s given Lﬂ

errr = 160 - Lol

@2 Thee ar mulkiple  factors Hhat  affect
the ervor in linear of’rwximaﬁoﬂ:
0) ammuﬂ, as |x-al inceases,
the enor in L, inereoses:
"c " +h&

‘|'h!. more

@ Generally ,
He jmakr tHhe

af‘f'h is at K=4I
F°+¢J\ﬁod ervror "F L“

Fé?.; | £=Lk(x)
NS o g
- -\'1: flﬂ I 'liili-nl.l arvor
. ST for gl
. due b0
: Curvehat.
: :1=Jo<)
a
- a\\U‘V\OJ"'IV'-\S, we Con  use Hnis
more  presist h.{l;nil—im :
it tprel < M yxel , whee I is on
inferved ot containg & Fnin+ a,
then 2
hy - Lato| & 5O

mekion”

@3 Subsegpeatly.

QuaLITATIve @EHAVIOUR OF F

?1 Brst, we buygin

¢ ‘1"nli+nhw_ v

APPLICATIONS OF LINEAR

APPROXIM ATION
_EST:MAT::NQ cHANGE

we Wnow £lo) ot some point @

We eon st Ly P .F.am—c out whet
value  of fx)  we con

chan:ja n the
i we mowe o a Po‘m!' X, aeor O

Q.L T, other words,
Oy = fx0- £C)  wil
Ax =% ~2

after using La,

~g| Assume

"‘F""

we Want o bnow what

Le if we change the
unils.

Vasioble L_‘j ot
we ,Find-

by = £(x) - £(2)

¥ L - £
= (e 00 (5-)) — £
£'(0) (x-0)

(£'(a)) Ax.

(2T

;o By

use Lo b shdy the
behaviow  of ,F‘mf,ﬁmsl-
2

Y= X

we con alse

eq.
with a  simpler fuschion

ie hw) = %

Thea "j definttion

-93 So L:(u)= 1+

h(0) = h'(o)= |.

is the mauw line

UNCTIONS

b hw) o co, M.
Hence €% % 1*% i w is neac O
@"; However, if x i clogse kO Hhen
sV dose o O #
i oy . nole: lox* is NOT #ha
So, i we et w= "X« we yet Fhot o \oT .
x* a nffwilmh,m f" ¥ o
yse < ) =V
* <o y= x* is VY apoJ arr,.,',mﬁhm
b nf (__*‘L ot values close fo o-

\inasr



New foris Method  uses e lineor nfp»ox'.mdien
arrwxim.k

o o Aiffue/ﬂ’id.l: fuaction h
of the type

@ewTon's METHOD

e  solution o an ulud"im
fx)=0.
METHOD
S Fesk, Pk @ paint %1 ot is
reasonably  close o a port © with f(c)=0-
* e con vse ™ IVT h help find
such on %X-

?2 I § is differentioble ot xex, thea we
con arrwﬁMdg g neer % by vsi"y

£ ® L,‘(i) z

SO * ;'(xp(w—"D-
we Con infer £(o0) % L“(o).

@; Sice £ % Ly, &),

So if $#*0, we can .ffwﬁmh ¢ by %o

e L 0=

Q..,. After expanding and  simplifying,  we will get ot
%y = X,"—:i%%, ond  So Hhis is our next
"skfu_ L0 = FO) + Foxaex-4)

85 We conkinug Hais  process indefinitely,
which vesults in o S {xnk

quch  Thot P

You = Xn” .{:_‘(7‘;5 YneN,

whee Ky is Ha ert of  whih the +"‘j t+

line b § Haough O ) oS +he
X-axis-
9‘: Ulh'mak.l:j’ we will obsene +hat ijmlls)

W o with D=0

i"‘n'i unvuau b

QUOTIENT RULE
% Let £ 43 be diffecentioble

ARTITHMETIC RULES
o
DIFFERENTIATION F

_C,oNSTANT MULTIPLE
Lt £ b Kffernntolle ot x=a. RuL

Toen i D= CFO), Hen R@)T efO.
(cf)arh) = (f) (@

P:'ff" (cF)'Ca): lima
hS0
T line flarh) - £
wao [
s (P cfie). B
Sum RuLE

8 Lt £ & 9 be differentiable at X=0-
)+3(1<) is diff‘mHaHQ_

Tren h(x) = £(x
at x=a and h'(&’= PN ORS 3'(“‘)-
Pwof.  (fP'Ca) = lim (fegilath) - (P90
w0 —
= lim Hm-h) + j(n-(-h') ~ fe) -9
wdo o
= [im ‘F("“h\—Flﬂ) lim 3(A+|n')-3(q)
w0 [ + W W
-'-(_.F(-sjlcﬂ) = f'a) + S'CA).
PrRODUCT RULE
LS differesticble at x=a.
is als diﬁ‘qenﬁa\-u.

Tren W(x)= £LX) S(X\
ot x=a, ond
W) = (@) g+ £¢a) §'(@)

RECIPROCAL RULE

(rfﬂ'mhnuo. ot X=a-
\

Q"’ Let g be &
thea M$)=J—‘; is

If 3@ #o0,
di.ffumﬁn\.\:. af X=a also and-
- 1
W (o) = —3’(:)_1 .
[ q¢>)

at x=a.

) .
Then i 4@ *0, hto = % is
also diﬁﬂ’lﬁﬁ&kl& ot & and-
Wiay = P3O T §2 8¢
Cqta1™-
($- '
Ly oy
(o) (a) () + F'Cc) (-5‘)(:.) Cloy #ha Product Ruie)

Proof- (%)‘Cﬂ\

[{]

Py LR VAR
Egm]‘-+ £ 55 Cly e Ruspoed Rula)
£'a) 9ea) - f(o) 9'C@)
:

2 (%)‘m =
[aln\]"



DERIVED RESULTS

POWER RULE

g‘ Assume  Hhat «eR\40F and FLX)2 7
is diffutnl-iahb. and

Then £
£00= -(x'("
wherever (I i defined
POLYNOMIALS
g' Let r(x)= apt n';(-q- a:."L"‘ ) 4.“'?‘-\_

Then P 1S olulays diffcn-nﬂsb\t,
Yz @, + 20,% % 3n3x"+ o 4 NagX

n-l

and r'(x

CHAIN RULE

“Q‘;" Assume Y= 0 s diﬁ\:!nﬁam ot X=a
and =g is J-iFftn-nHﬂU'- o y=fa).
Ten hix)= (§of)® s also diffentioble ot

¥=a and
n(a) = g'(f@) - £'Ca).
e wnHen oS

*
Hhis oa alo
dy

dr _ 4, =
dx oy A% -

show

.Q’: We con also
L:(*) = Lib)

UPLRADED" VERSION OF

TﬂE cHAIN RULE

ZB psume  F I R, whee TER, and

o LEeo

3 TR, whee ey €T, ond Het
I & T ore op” intecvals  sueh pat T
and J containg Hﬂ)

tontaing  Some x=0

Thea, if £0x) s differenticble at XTa and
94y) is diff erentiable at Y=, necessowily
k(x\:(sn{—)(x) is A«'ffmn-\-inu'. P
with W' = 3‘(-?(-))(@'(5)).
Poof. wt $:T>R e defid by
! 4ly) -9(f@a)
¢65)= ) . U#FCI!\
9'y ,  y=Fa)
Then, since flayeT, o
lm gy = lim 39 - UKD
= lim _
IS o Ly 2 I 3'(fa)),
af  y= $.

ond S0 ¢ljy is  continuous
Nowt,  \yed:

ty - §ef@) * by [y-£@],
even when 3:?@-
Henee 3((4():)) - gcfen

sine pI)C T
. g(£0)) — gCEcad
Therefore  lim 06 & . lim B F00- £6)]
- wa T e

= B L) [§60-5()] Vxe I,

= lim g o[£35 fee)

i R=0
= (i ¢ (am). l;',‘,f‘:—’_;fﬂ)

= B g - £'(@)
(3::{')'@) - 5'(Flﬂ)- ). B



PERIVATIVES OF INVERSE FUNCTIONS

ALL CONTINvOUS FUNCTIONS THA
1 ARE 1-|
ARE EITHER INCREASING o pec:.msma

.g', We clam Hof i # is conhinues & 1 on Ca/bl,
den f s eithe inetasig of  dewtasty o (e v

PL!P_{' S"Pf'“ Hhis  woy not Hree.
sweh Lt eithar

Thea ELIA,G.{[.,L] with  cedee
o

© e < fa) & RHR

® §) 7 HH & £ < e
ul/a logs in 'lel't‘/. agseit Cose | is e,
R swch et

Then Ly He vT, axe

fO A FS) &
& tecd,e) Swh thed-

Hence. Jse (ed)
M continuosS

fishe we 408) sinee £
nb s g5 impessie R
FUNCTToNS
increasing o0 [a k. Then:

.g-, Suppost £ s
O tin gy ensts  Yeelad),
xyct

® gl—)l:_v" FO  esiss Vce (o b], ond J:"C\_ H (ub({ﬂx)‘ '3 LQ,C)})_

P!p_AF- we Fm @ as Ha rwof ﬁ,/ ® i similar -
(ot g::{f[x)lxe(c,l-]}.

Tnen S is bowndaed below Ly -F(c)

et L=GIL£S'), and t g0 be u’-ihud.
cLte) is ek a fovar bound £

Tren  Sina
Ae(e,lo] suh et

S, hene $here exists @
L g $0b < L+€.
So # x 6(c,d), then

L¢80 R < L+€,
implying  lim g0 = L. @

MONOTONIC FUNCTIONS
Then £ is continuoss

CONTINUITY OF

? S“Ff"“ $is inceasing o0 [a, b].
on [abl 1&_;"‘;‘;—3'—"&—‘“&

p(Ta,b3) = 4400 [ xe[a 41} = [F, £O1.

we,fird prowe +he ,{orwad uawwﬁf

is confinuous,  oad Hhat J=) ¢ ¥<AB).

Assume
de TVT, Jeela,l) sveh Hhat fo-o-
Thus  fCLab]) = LH, O] | as gt #
Then, we provt the  bockwerd 5“3““"“‘"
ot some r"i""' celarkd-

Assume ‘F s disconhinuons
L« M= et

CLml N -FCEA,L]_) < %F(r_)},
oo, e For<m Jin 0

Tren i -
" £00
However #his imples

Moreow, if f is Aiscnfinuens  oF
& i, m) O S(LasD) = &

of X-‘L/ 4hen I;M_S:L;):LL-RL).
ﬂs x> b

thay £CLAD 3 R, p]. 5

Sim.’lpl.ll if £ is disconhinuous

So (L, N N £(1akD) =

¥ conhnuer?,

Hene l['—,f 5 e

and  lim gtk (dgeor [ xe (<, 673).

co

?.

I+, with

Sv'?fost f: Ca IR S confinuous and

£CCat] )= Ladd.
i 3: [C,A] e CQ,LJ

Then 3 s continuew o [¢d].
Proof  Gina f s eifber inety o deseosiy on Tatl
or Aea&osirj,

hence 3 is  also ecHer if‘f/ws}j

gﬂ/ os 3(

THE INVERSE FUNCTIoN THEOREM

. Assume 5:9(10 § continuous and invertible on L4
with invecse  x=gtp, o £ Aifferentioble

ot aeled).

Ip §'(*0,

and ' . _\___ =

. 3'(e) Ty

97_ Moreover, Lﬁ is also invertible and
£ —| - 9 _ L]

(L) () = Ly ¢x) = LR‘)(x\.

Hea 3 is ‘;Wahlc at b=f@),
|

J
£G4 ) -

P_'_‘BF let 3(5) be e javete ,ﬁ,.-ch’u\ of fix).
Tuea  g') = ipn 3y -3¢
y43b Yy-b
= lim 8 -9

4>b Ty- £

= . xX-a . -
A P wntinuss ot gob

lim !
x> a (-Fl!)-ft-))
|

X -a

£(a) -

DERIVATIVES OF
FUNCTIONS
91 We can use
dedvokives of  inverse Hrigono

G e
Proof . e [-013, i
Hen 3@0:)): sin

FmcHon  Theorem to

AeivE .ﬁmd'in"s-

& , . ——
3z Coresin ) =k

e Tnvese
we can colenlate Yot

Cms‘m(n\) e ¥

8y tre Coin rule,
g G £ = 1
|

ond So ‘F‘(x) = \‘]'(‘F("))
\
cos( £xY)
|

f1- sin* (£00))

Lo =

and so FCLabDE[f.6H] .

[:C(dJ): EQ/L]' Hhus 5 S condinwowy  oN

NTINUITY PR INVERSE FuNCTIONS

be the invere fuaction of fon Ceal

Ccdl.

INVERSE TREGONOMETRIC

coleulate  Yhe

yfor = orsintd) & %3EN=SAG)  with y e[-Lry



IMPLICIT DIFFERENTIATION

.9 We con  use m\rhu{' Jlffvﬂl\hﬂhm o
f'\ 4 denvabives of *celations Haot
Y\
writea in  the Jorm y= £00.

WHEN NoT Yo USE IMPLICIT
DIFFGILCNTL‘GTION

Q we must  always ensure He mplicilly  defined
Junction s defined before we  implicitly
diffwﬁbk-

LOCAL EXTREMA

Q A qoint c is @ “locol moximam’  for
o Aunchon £ if Hhere  exists  an
open interval  Ca,b)  wontaining €
soch et LG ¢ O Wxe(a,b).

" aeal
@ S.m.laAj, o rm& ¢ is ealled ol
: fr £ e exists  on

Mm\mu'l‘ - .
— intervel (a,\\ won "'_1
OF: et FC0) < FOI \xe (/L) .
S\I O
THE LOCAL EXTREMA THEOREM
Local Extrema Theorem  shates Hhet ot
9 -I"—:LC. is o (ocat Minimum  °7 maxiM»
£ =0

ond  F'C® exists,  +hen

CRITICAL POINT

Q A rnm(’ c in Hw Adomarn of o ,f“:;gti:v
is colled a cnfical Fsm(- fr £
\) -P(c) = 0y or .
) ‘F'(c) does not axist-
; ([
@;_ Ceiticol Po-'r\fs are smwj
exgphion:  eq  £0)= x
£0) = U= 0,
o (peal exheme ’F""

locol  exhrema .

bt =0 is ek

RELATED RATES

@ We con use dedvetives +o  solve
e

9

“reloted e

ie Pn\alems involung & mothematical

Fnlul'.ms, et

rq_lmhons\r\lr betueen Hie nsre,chvt
chonge between  Varous ~|vu~hh'-5

3 Jvan At r\/: kT,
lfl:a‘: ﬁ‘: =r"55v'€, \/= volume k= emsfant, T= k"‘f o +“'~J‘.l

Assume that the g

ated so that the temperature is increasing. Suppose also

that the gas is d so that pressure rem; stant. If at a particular
moment mu s 348 Kelvin, but is increasing at a rate of 2 Kelvin per
e ing at a rate of 0.001 cubic meters per second,

What s the volume o the gas?



Chapter 7:

The Mean Value Theorem

% Assume is wnbuwous  on  Lab]
£ is Ju-H:uv\HaL(e. on (a,b).

Then Hhere  aluiays exsts  *
such  that
gy =
-Y—ICC) = L—a .
nstontoreoy, ,,4,_ ,& \—’\_.\'J
chanp at x=c-

KOLLE s THEOREM

Q ﬁss\mw_ £ is corftnusis on Ca,b]l,
is d.ffum-h‘ut on Cab), ond

over  (a,b).

.F(A)= o= £C0)-
Then Hhoe exists e celal) s Hhat
C (a
') = f,"),_p—z = 0.
-0
Pnof

cose @ FOO=0 \ xe [a,b].
The claim ,Fcllaws -hivi-llj.
case @: Troelodd svh et $0)20.
Tnen necssanly e Jlah\ osmum  OCEATS
ot some Fnin{ x=c € (a,b) by EVT.
Bub sme c is alo a locsl owoximam,
it pllows  thot fl)=0, and 2 oce dane.
case @): Txo € [abl svh et )< O
Thea no.u.ssonlj the ﬂl.L.L acinioum OGS

o some pont X= scelal) by EVT.
Butf sinee ¢ s

et —Fltc) =0,

also o locok Mirum,
S0 we er oe. @
@: We Con use Rolle's +heorem +o prove

e Mean \alue Thearem

Poof- G W0 = 0 = (,cm,, __UJ(,_M)

Nofe that  gox)= e * _,)__-_“‘_fk_,) i lineor,

Jin)_-F(nS g ge = fCb).
So 3 passes Hrwough Ca, Ha)) and Cb FCO).
Bub sine  h(x)z Hx)-gb), it implis hex) i

Moo verhuh ik bohuan o ow e
secant [ine:

y =g = fla)+ "”,1’[’“““ —a)
(b, f(b))

(@, fa)
hx) = f(x) - (_;(‘0 - mh:gm(x o a))

k'ﬂ R
§v\,g@1wﬂ“3’ gina  Jris conkinuss on Lo,
Al e or (ab) ond- he) =0 =h(b),
L’g'j Rolle's theorem  Hee must axist o rn'mi-
¢ with cela) svia o h'(c) =0
But W) T £ - 9'©

. o) - HO-F®
5 0 *F L«
and  henca F'(¢)=F__‘L)‘B“)
b—aa

celad)

APPLICATIO
nuuoea:vm:ve';‘s OF MVT

g Guen a  function £, an onhdedvafive is a foackion F
jocn ot F'O) = £00).

e it of "”“"j‘

TME CONSTANT FUNCTION THEOREM
Q Assume  F'(0)=0 VxeI.
Tren thee  exisk an o cuch ol
£ = of \fxeI.
Proof- et % eI be orbihany. Lt o =flx).
Thea, foc any otiar X2 6L, we Lnow ot

Cly rvT) fhee exists o ce (a,b)

cuch  Hhot . £00)
o= f,’il;)_fx———
e

But tina ,f(c), , we ae__(_ et 0 = =flg) ="
Tiws  Px) = VxeI. g

.THE ANTIDERIVATIVE THEOREM
% Agsame thet £ = 3') \/xeI.
Tren FAHER  such that
o) = 90 Y izl
Proof- ot sy = F00 = 3%
Ten PO £'00 - 9 =0 ey,
d o the Constat Fondion T2eT el
s that J¥ suh Hhod hex) = -
Henc ,F(_‘,q - Jlx) =7
o PO =g Vxel. 8

LEIBNIR NoTATIoN
T we dewte e “family of ontideivedives” of £

by f%‘m dx .

e "
ndafinile He in
el s
Cof ™ F)

CcommoN ANTIDERIVATIVES

.y

: Hee owe 1he anfideivatives  of  Sevesl
bagic f\.m.ﬁav\si
(WL con  use du'fflMHﬂh.M £ v\.ﬁ )

<%l

(Djx"a“’f( 4 C, o=

+1 '

® Jlax= i+ C

X g o O
@ ja dx = T +
® Jsin(x‘) ax = —ces()* C
© [ewsca de = sinlx) +C
© f secroo dx = 1000 TE
@j H_L,_dx: archan(¥) £ C
o -
W dx = oresin(x) + C

dx = ores(x) + C.



TNCREASING/ DECREASING.  FUNCTION
THEOREM

.-Bl, Lt T be an intacvol ,  and X% €T \be. OA,;MU_

Assume ¥ <Xy . (et
O i $070  Vxel, #wa FOD < £0xg) -
cie fois incesging on I
@ if £ 20 Vxel, He L) & $00)-
cie f 5 non-decest o I.
£ox) > £00).

Q i <D \xeT, *then
T ie 41 s decaosing  on I

® i $) ¢o YxeT, He
cie {0 Non-incrpsing oA I.

since.  Hwe Fvw(: ,ﬁw Ha othus e

FOx) > F0)-

Pﬁ_of We rvovq_ o,

Smilew -

X3 XX eI e sudn Heat XK€%y .

TMI\' if «f is AEWQ on I, MVT hsiyg 6’ Cxxd
'

wh o thee oxist o Celxexp) Swh shat
(%) - $(x
J':_,_"’-F—O = ;'(C) 5> O-

Ka-%
wa ke ket

Coz\sncl.,-/‘l-b Csina %o K4 >6)
%) 2 £1xy), whith  we wardk show- B
1T4 BOUNDED DERIVATIVES

FuNCTIONS W

9 Asome § conbinuoss o [a,b] and li{feﬂl‘*‘-“ut on (o, )

with Mg P EM\Irela
Then £o) + mx-a) ¢ O € o)+ Mx-2) e Lab].
P’“"F' we  waw m ¢ $16)E™M-
g xelebl Le ebitery o
Thea ginee MVT ¢ Hrve on E’q)‘], H m\rl.g
fhor eusts & celex] s e
) - §ad
‘Fl(f-)= ﬂfﬁ—
Hear £00- 5
*x-a =
i £a) + mlx-od £ fixy & K@+ MOl g
ComppRING FUNCTIONS USING THEIR
DERI\IATI\IES

:g'" Assume £ ond g oe wnbinuoes  aF  XIa with 'F(ﬂhdlp).

hent

é [ bth f asd g o diffeentioble  fir x>,
and 100 € §'0O Vx>a, tHhea
£ ¢ g0 x>

@ if bom £ ad 3 " Mffueatiadle  for X<a,
and 0O Sj'M \Jx<a, then

202 3ed \fx<a.

. We prwe O, & te ook for ® 5 similar-
@t h(® = 3::)—%«)-

Then W is  confinuos ot Xxzo  ead diffpekelle fir w0

with  WOO = q'e) - 00 20 \dxoa

S, \,3 mvT, if xva, it folows thet Teela,x) swn thed
g n6) —~h(a)

D¢ W@ = T

But Sinw h(a) =0 ord  x-470, lexe  W(x) 20,

ingling ot g3y F6) Ve @

THE PUNDAMENTAL EXPONENTIAL

.Q: We eon show +hat ,E;\:,(H"?)n:g.

Procf. Firsh let  FOd=x-gxt;
J@z In(wk); andk
n(x)= x.
Tren 0= £00) = glo) = (o),
£ = 1-x,
90 o b
[NOEE
So, i 0, then
5'()() 3 |-(+u =)= h'(x)l

aad

and St C-X)ICHN 2 I-x*¢ !,
o pOY=1-x< ﬁ; = 3((“'
Thufore 2'(x) ¢ 410 & WYX Vx>0, and so
by the Tnintoring Rachon Thesrer
£00) ¢ 400 € RO Vx>0
it x—Lxtc InGm) < X Wx>o.
that

@, We ¢on use a Similer Pwnf— o show
o o«_ A
frrony R, %= i (e )

CONCATIVITY

8[ We soj Hhe 3mfh of f &
“concave Lp';y’_uds on I if
Vo, ke, tHe secant Vine
Cie the line sasmw‘ i
lies  aboe Jhe  graph of f
%1 is “concave dowavords”  en I
if Ja,beL, +he secont line
s W goh o F

[les

SEconp DERIVATIVE TEST
FoR CoNCATIVITY

\@2 Recat P"(x) is the stk dasvative of f-

© I} 20 VxeI, tea £ 8
Concave uruluds on I.
O IF 9«0 eI, Hea f i

woncave downwods on L.

INFLECTION POINTS
'g" For any function { o ro;ni' (c, £
is an inflection Fo'nl'" f-f f f
O fis confimous ot (X3C; and

® dhe concavky of f (choqges

at X=C.

a'dl'llﬂ (A,F{n)) aad u’lf(n))

SiMiloAj, we Soy ot the 3mfh o f PRy

Fnole: 4his vsuslly oécurs

LIMIT
Ten, F %20, we s divida
a((m«mlgjxhaﬂ"'h**
¢
l—-';x< ﬂ((+x)<

1.
Tn pockoster, § x=k, then

1
- |
I=3- < nln+) < 1.

AR (DD RS

B -
) g M (l+-,'r§"< e.

-4
1-L © e ™

But
o w0 e e

heneg, ij e S-Iu.uo_ Theorem,

no3,

M n
nl-;r(“"i(?) e g

fa |+

0

~

RO

*
4% a

measu, p{'. how

“1";"‘{‘]“ e slorgi o

dmu\annJ .

when

$0xy=0-

%_ {_!.'(C\:O does f\_o_{- GW\‘N""& HFrok

cCis an :..{{.L-{-,',,. r.;nf,‘

(1.3 ‘F__ X")

CLASSIFYING CRITICAL POINTS

TME FIRST DERIVATIVE TEST

T Aswme © is o cdlical port of £

and § is continuems aof C
@ I thee edish an inferval  Co,b) “""5"'"3
¢ swh thet
D) fx) <o \fxe (a,c) ; énd
D fm ro  Yxelel) ;
then § has & local Minimum ot c.
® Similody, if Here exish on interval  C(a,L)
¢ suwh thet
b fD 50 \xelae) i ek
iy f'&)<0 xeleb) ;
Hen § hes @ Jocol maximum ot c.

THE SEcoNp DERIVATIVE TesT

‘9“ Assume  f1c) =0 ond £ s continuoss

at x=c. Then:

® I¢ F"(c)<°, Hma ‘F hes & local
Moximwm ot ¢;  and

® if §%) >0, thea £ has 2 local
Miniwm ot C.

:anh.‘yu'pa



L'HOPITAL'S RULE

*'H\i! rule also waovls

8 Pssume that f'(x) ond 4 wist  near
x=a, 5'(%\*0 exapt FﬂSIU\" of Xx=%, and one-gided iy
thot lim T 5 an indetemminte foom of e ondk o limik ot

*yo J(‘) to-
() o0
o O e *
nole: LW M\lj wely
Then it the e
-n. w % 0 ¢ l\W\[(- s = or 2l
3 3 s h
provded Hhe  labrer limib exists  Cor 5 %8 ©F -®).

USING LHR To FIND

LIMITS

OF OTHER INDETERMINATE FoRMS

O- o0
g The indeteminale Soem
anses .fnm h(x) = 00 40,

Yien £ = Jim guade o2

? Exmf\r.
Since :;':‘,,x 20 ond
s of the fom 070"
In(x)
But, obsena thel xn(x) = m‘l
X
wd s wukd Lo of the form g
we €oa “ﬂ’l\'] L'Hfz\r-'hlls Rule:

lima, nb) _ fim
=~ =
X0 CT) 30t

“0rop"  wsually
where

and

I' xln(x)
lim .. .
x:) + lal)z~00, +his

Heaa,
2 Cint)

& (x7)
= lim &)
X930’
()

R
=t

Ge)

= lim -
ra0+ (-x) =0,

and g .
: lim glngx> = 0 B

g0t

CAVCHY'S MEAN VALUE

9 Suppase f ond g or ontinuoss  on  [abl ond
(0 ¥0  Vxelab).

I
Ko o X
Q Examfll-: )h;:o(”'lf) .
Note thet gince  lim (1p4) =l aad limxcco,

V.

His Gmit is of he jndeteminalt frm

We (Frﬂ' wrie He ;fwuhan oS ;fnllnuls
(4" "‘“(“J‘)
X

is of #e form O-o®,

T im \
hu\, ‘!_l’ b3 ln(l-\-_)
sboe o

S0 we Coa use the Some hick oS
B form, and so solve it

wnvert Hhis v o

u-illa LHR:
)

oo €3

lim A (100+D)
X-0d
2(

N
(_
(
Xed [+-L
x

= .
u.\ﬁnmuﬁ we ’f hat
xln(l+-—) \

fimCurg)* o Lim e .

THEOREM  (CMVT)

CURVE IN _*
g A cure i RE is o fuackion F:labl> & given by

Brally, sina % is
=e g

diffecatioble  on  (ab) with g
Twen SQH,J“,) and  thee exists a  c€Cab) y
svch  $hot HOY (3&) £(8)),
£¢8) - £6a) £'¢) where  4¢€) oad Ht) o colld e wordinede.
q-3 3 - fonchions of F-
* R .
§ gsy, s s the MVT. GEoMETRIC INTERPRRMTION OF CrwT
Proof- Si g0, 8o gl ¥gew). :
_v_ngf ince g'(x) 8o gl ¥g¢ gl Note thob for any cunt w R* ?,
ot HG) = ‘Fc(:: F[:[(x) gl - (F0x) - f(a)). ?I(t) = (3 ), £,
3¢ Lot aut diffuenticb and bhe lie n the directin G Fl) g
TMACH(;\ |an conkinaess on Lo P iffuentio! the ro.M Ble) s e WJ"‘" line ho e
o WIHD £0) cwrve  at Bet).
ey s FO oy q@] - (F@- . @
(a) 4C0-3() [4¢a>- 5¢ )] - (F@-£m) 9;_ Thea, +he slope of this line s ms= i—g)
and
HCw) = %[acu\—amj - (R -fe) = Y, Similody, the Slope of e secont line
d Huaugh ) s FO TS f0- fe)
Sey by Polles Thearm,  Fhere exisle o Celab) sch 3 -3l
0= H@):= M—)ﬂl(c)_p&)_ y So, wusing emVT,  we con daduce thof
g0 -9 Jcelah) such et £Q O PR
Y IR 3:.))
Pla) ond FCY

T+ follows -thet

£ FO-Re)

3@ gely - g

ie e secoat line thvough
is Pa.mllc.l o +he 'h-jmf
+|'\'°°3'/\ Feo).

line h te VR

FO=gore) =,




PROOF OF L'HOPITAL'S RULE

INDETERMINATE FoRMS
9| we et R = KU{—o,w} the

Set of exiended real numbus.

B Next, suppose fi3: IR,
an open inferval ﬁbl\fﬁv\'pj Some.

on uAro'ﬂ{'- Also assume  J&R

whee I Is
aeR* as

£0 \xel.

“Thea
lim, gy e pr—
et 960 is col an i minate  form
of fpe 3 F
Jlim, poo = 0= lim 300 ond

® fim 0 |
X s called an jadatermineke form

xS & 5")
o0 " .
of type & F
lima - i =
x-lmi £0) tod  ond :1)':! 900 = os.

L'uSPITAL'S RUE PR 5

A paswm £, (W) > R, whee a,be R* with acb.
A\SOU‘“""‘FNS“A' e on  (a,b)
ond thot both 3(,()4—.0 & 3'()():8:0 xe (ab).
© Assame [0 )= 0= )iy @ Then,

D) if lim £
)l|-M+5‘(x) = LEeR, e Ji:*.f;—:;:: L.

WD i lim £00
x30t I = 40, dmn limm £ _
xa* 00 = too-

@ Similed ume limn i
mailody, ass *:“_ fx)= 0= l:vc_ 9. Then ,

i) i M
fotim Bl eR Hen dim B
x> b7 30"

o 300
Dol 2
Pt e . ton, dhen lim $00
o = e

xS X
3 I

Flo ol Simile ];mfr Jr e costs et he
o0

'f“”“)c e ff‘““ﬁ"" 5o

8( We con Use dedvetives

G steps:

PART 2 ING:

bo  dedve  cacfin

chome lestics of J"f"“ of fuchions:

© Complete sk in Pk L.

B Coleslate £0d.

® I‘“‘Hﬁ oy cakical pos i
fD=0 o §' 4 net exish -

© Determine whethes £ u incastmy o deesy

by analysing e sign of Fixy behaeen

e whee

entical ro'wﬂs-
® Test the critical r-inh' 4o dafermine it
H""_‘j ore locat maxima., minma o7
neibher
© Fnd U0
o whee  fU0x) s

® Llocate whee  £U0=0
ot eyt Use these roir\k

interwols,  gad daferming  Hhe
by anolysing  Fhe sign of FlO0 insie
ntenals Cit ross(\-‘ﬂ-) .

Bind ory roif\{-s of 'lwf(gp\"lm-

® Tocoronk nfo inle the goph

to divide R indo
mmm(:] of F
these



Chapter 8:
Taylor Polynomials and Big-O

Notation

TAYLOR POLYNOMIALS

gll Assume thet ‘F s n-times d.‘ﬁhuﬂ.‘-ll. ot K=O0
TWM e “ntn d-jru Taﬂlu ruldv\amul for £
Conkered o x=a 18 e rbnnmml
(

T (x) > Z (l) (X ‘)
n), 2)

= -F(o) + -{-’l(n)(x-“) e f‘;si)(x_n)" PR -

Qz’ No¥e as n> o0, 1:\,.:(") becomes o better

afrvo\cimnhu\ b the curve neor X=&:

(x -a)"_

85 Also, \V’kei“l e T(I-.)()_ ;"‘)(.)
) whichh +his is P

TAYLOR POLYNOMIALS OF commoN FUNCTIONS
Q Here ore e TJl“ robnoml-li GF eornon

ondk is the or\‘J r°_'j"°""‘l

f‘.m:.ﬁms:
®\c(*)=‘x $ Tn,u(")= AT‘T= l+x+—+ﬁ+ :_‘:
® £69 = sin60: o Ly il
Sindx) T(x)-i(l)(m)- ’.‘s‘f+...+(0 (A— Y
® ¢ . e
X) = cos{x): T (x) - .
z ( ') ((I.k)‘ ) == -):-—I + E;; + - +( l) (X
] ) (203 _\)‘
TAYLOR'S THEOREM
TAYLOR QEMAINDER eeroR IN meg appgo%IMﬁTIorJ
§ pssame $0@ vt Ter T R R R o 1800
"t degee Teg remoinder fuction l i imation
conbered at xza' is e funchion - chows the ermr N uswj e lineor "‘fl’::. .b
‘ J X!
(x) = £ - T RELR 97_ TV\M, \=3 T"\-j“"’s Theorem, it 'f"’”'“"s hot GO
the  Taglor polynemial o such 4hot
gl PR £1¢0)
| R o) = | )" ).
in linesr nfrmimmh'm dﬂ-ftnés on

g Thul, the emr in usu\:

o afrmmnh £ & givn
ecror = \Rﬂ,(x)l.
TAyLoR's THEOREM

(nt) (x) exists

# This chows the e’
the chu) site of F'x) and o0

TAYLor's THEOREM TmpLIES ™VT

Tnjhr s theoem

| x—al.

xeI, whee
n=0,

8 Asume T
T is on interval containing %24
Lot xeI be orbitey. Thea thee xS Q Olserve +rot  when
\ q " lu
noceln® Hot D (y - rqures £ obe dlﬁiﬂl“h’“ﬂl on T oand il cenclusion
R (x) = £ - T (K) —/-l)'- (x-a) slates VXEI Jcelx, a) suech thet
Poof et xeI swh thet  xia. £ - T LG = £ x)-
Thum ik & M Such Hhet Na? i " o it
W(x) = £ T Toel® = M(x-4) " Q;_ But -[;,‘(X) = o), % ™ obove  expass! P i
Next, m- ) = £0x - ()
+' x-0
( ! o it n=0-
&t mix4 sed S0 ’fajlov': Theortm B e MVT i

F(E) = £O + FOG-H+ —c,_ﬂ oy B0

Nokice Flx)= fx)= Fla). So, by Mvr

Fcelxa) Such thot F'le)=0.
S 4wy, & )
w( x-t)) 7 i[*_‘*’]cx-t)“ L) 2foet]

!

= _Ftu.fn
@ (x-t F LH
Ftu.m - ) k(x—e) -|)
= (&) L
o (= £4ce) (E) i

(- l)'
. o (n+)
& follows +hot F'4) = {i.:ie et)” — M lxt)”

. i),

S o0 = Fl'lo-= £ )Ci-ﬂ) M D (x=0)"
F(n«)&)

as requred- @

cad  hence m =
D! Y



TAYLOR'S APPROXIMATION TrEoRém I

.8', Assume ‘F&H) s (4,41 fr &70.

Then tuere exisks @ cuch et
k)
L§0) - T, ¢ m x| \xe [-d,4].

conkinuous  on

constant m>0

'FULH)CX)
Clet! l .
Nofw that sinm 4N ;o continusas,

Proof. Gt 3Cx):l
g i also  continueus -

Thes, LJ te EVT, 3 hog a4 mMoximum oN 1143,
T\f\u;/ Hrare exisks & M cvch dhot
_Fcuﬂ)tx)
,_CL_HT) & m \/xe [-,1].

et xe(-,(] le orbitagy. The, l:j Tayles  Theorem,

we know that Hae exish o ¢ behwen O ond €
sveh  that
‘Rk,o(x)l i

LPx) - To) = | ({,Llo(x)‘
- | ,(;(IM')(C) "'Hl
x

) k+\\
Gyt & V-

TV\uLF«m_

Ckt!
< Wtl
ond W oo deow. M ’
81a-0
Gowe sy £ Big-0" of § .
yoa if tee exiss o 20 ond M>0 we sey flx) e Vordas
HF '“’j""““- thot is less

\Jxe Ca-t, ate)

ol that  1F0O) € Mgl
= oy o ) Mﬂtx)"" nu,«( o et of
“@"; o e e, ke eor K)o
2= 0(3(*“ Cos %2 ‘)_'/' opfiondl.
‘wg assume 0<CE <),

fex) = O(x™) A lim £0x) = ©
g Suppose  £U)= Ol for some neN-
Then xlu_,w‘; f = ©O-
Proof. By o2, T~ MIR € £ E MU on (&) exngh
\oussi\-la of %=0°
lgm -l = 7 i

Then Sne
ae Trasam we a-.\— ot

Lj e S-1w.¢
}‘i_g; gy =0- ®B
EXTENDED 8Iu-O0 NOTATION
‘g‘g’ff"" fiqih o defined on an open intervel
containing  X=8, exaph ‘,.gs',l.(J of X=a.
we wnit

£ =3

Then,
xda

) + o(nx)) oS
£0x) - 900 = O(h(x)) as X0
*
Hais lelly us of valhay neor xX=4,
-Flﬂﬂ’dlx) with on e dud s 04
of MA&I\M o most det of Wir).
TAYLOR'S RPPROXIMATION THEOREM T

-g‘ Let r20- Assume 'Fm«)fx\ exists VKE[—r,r] ondh

_‘-_(M‘) i Confinues O C-erl.

Poy = T“’D(x) + O(x"") as x>0.
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