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The Riemann Integral
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THE INTEaRAL OF THE IDENTITY
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UPPER § LOWER INTEGRALS (DLI3)

Q, Let f:lat]l >R be Lowded:
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EQUIVALENT DEFINITIONS OF INTEGRABILITY (TII6)
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Iﬂl‘ival.‘{’.
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whichk

LALS'H:], we  prove 0>0.
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INTELRALS OF CONTINVOUS EyNCTIONS

CoNTINUVOUS FUNCTIONS ARE ALWAY

INTEGRABLE (TIIF)

Q Let #: Ca,l] D R be confinuous:
(aAd.

Then 1:,- 3 '.,\qumlh on
uni j nfinuous

First, noke f
Ce Ll

we con  chaose
X, E[I,L]I w

Bof-

on

Hence,

,ﬁr all
[:—Jl <§

-«

'Imrl'ts

Let X be any rﬂ’hh“" of Catl

Theorem,
GerSe € [xu_";q‘] swch
Mk='FH'r)

(x]cs‘.

Thea,
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Hoat MK='F(SB) $ g
where  kefl2, .o, 23

F\N"-‘s, Since e -Se) €

be  the Exhame \ole

§70 so et
e hove Fhat
€
lf(x)--Fryﬂ < t-a-

with

Ve [x, %3,

[ =%l € Ix)=§,

it ,ﬁ)l'uws et (Mk-mv.l = 'fuu)’F(su"< =

1’: s unifnmlj continaws ).

TlmAS
U, - LR = &

Z(M"-Mk‘ %)‘

¢ &
i 200

3|
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whida \n‘ 4ha 219}\J6[U\+
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.\uﬁu’-ﬁ“l’
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on

SEQUENTIAL CHARACTERTSATION

INTEGRATION (CNI-18)

Q let f:Lall>R b ingnle = (al]

m,«uuaf

and leb €Xp] ke @
portbions o [ol]  with [lmix)= 0.
For - Jivu\ neN, It S, be
Bemoan  sum  Afor -f on X

Ton o o 85 s
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n>00

lim g, = j:‘f(x)dx-
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Jells  us

,f :nﬁam L}(-"/)

(al]. B

oF

Mj
%ﬁ "
Vi4ZA4

a X,
wvv\jls) ~
L/ s/
Yiiios
R nee

<
gz Lt f:Call5R e inkgable on (o]

Then, if we let X Le the Fion
of Call inh n oruol-tizgl sul -infervals,
and S, be the Remaan sum  on Xin
usirj ﬁﬁ-m&rn&nfs, it ﬁllnwl from the
obove  thet

b A

JA o de = lim Z 508, x

). (NL19)

= lim (b2) F peas bt
usz)
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Note
So  +hat

Xn K =

Hence
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L_ €
Tn Pr exch nep3ef.

= (52 ) e+ R0 +ou)]

= ( L_-I.\:)I‘Zi_l fox) .

EXAMPLE: INTEGRAL OF £60=2° (E120)

rn.v.w: deriwd  resuls b

Q: We con use the
evoluafe .Mnﬂ‘: of :raafu'c continuous  foackions;

2
€ x
) ‘jo 2% dx.
Let  f03=2"  Note f is confinuoss, and  hence
infuable  (on  C0,27).
Then, u.su:j the  Aormula from NI, we have
+hat
X1y = i Z
jﬂ 2%dx = |m ZRX,‘,,‘)A
=ﬂ|-l>':|.z|f( L) (L) (sine | Copal) =2)
. L) g
- ALI':’Z' 2" %
£
_k‘: 7_.:- :--l ("j he J,,,......l. for e sum of
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moa (647 fom
2 g hm -
n—}wq."_l
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lim

Since a--— if x= =s)

SUMMATION FRMuLAs  (LI-2))

Q Nete ot
®© Z1 = n;
i
) (n#1)
® SN
2T 1
> )
® 7. Melat) o
Z <
® Z'\ S o (at)'
l*
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Corsiter 7 (L2~ ().
k=r
On one hoad,
% G- C-)') = @P=ot) + (o) -+ (a2 Cae))
S A
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Zcu’ ) =
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| ] b
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n
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=
T 4 Z h; _ nom)(lnﬂ)
'] 6
Hence
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]
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l a“(ntr)
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Z(u‘- (B4 3-1)
=]

3\

4 N

-+ Cn'gr)Y

*za*— Gih‘+ ’fZ'k - z:

+ 4 nb:l) _

nla+0(2nt) nlntt)
<  * b —="=-n



USING SUMMATION PRrRMmutAS To cAlwWLATE
INTEGRALS  (Er22)

o We con use Summation Jormula fo
coleulate infﬁv‘l% of certoin .F-M‘HMI;
cj J’3 (x+23) dx.
Nofe  +hat

J; Ged20) 4 = n'é'ZZ ZIF"‘.‘,,) B, x
- ,\l.',"; Z:F((eik) @) G |03]52)
== :4- (C 20 + 2006200°) (3)
N ,{:: l(—+ n,k(- “u . %“3)

had "
:""‘<—Zl+— u+_ 1*2 ))
N ousy n? Z’ nS Z‘l‘- e Zlh.

Add

= lim (6. 2 nlnt) 4#  Ate)mi) 22 a¥aw)?
n—)oh(T .+ nr 2 n —‘ + av _Y)
= n L. 32
(384 > vt T+ 2

,f (x+23) & = gy
BASIC PROPERTIES OF INTEGRALS

LINEARITY (TI.23)
g' Let f ond 9 be ithﬂUt on  [a,b].

Lt ceR Lo eorbifny .
Then  (f49) and Cf ore Leth mfﬁnkk
on (o 1Y) and

L =[5+ 5l

Lo ool

Pm{ Noh Fhat

J f IJ : Zfl&.,..)a,‘,hx + lim za,,‘“)%hx
=l 2 7 Gepona)

oad

fim
noe

ade N
j (F+J)
and  thet .
Jop o= o« “':Zflx.,,.m,,,.x
= p{-lbh:a Lf ZI (Cf)(x.‘,u.)
= Jl o

ADDITIVITY (Tl 2s)
g" let acbec, ond f[n,c]—‘R be  bownded.

Then £ s '"Tk on [ac] if aad only
. - - an of f‘, b1 ond CL,CJ
v F f i mfvﬂ Loth Y

in this  case
b < <
Jore Lo e
_P_w_Of First, Suppose  f is infegralle o [ad].
Choost o ifon X of [4e] such
Hat  UYX) - LX) < E-
Saq tnet LEDX |, x,], and let Y= fx%, o Xt

oad Uk, S0 et Y om 2
e pectifons on  [q4] ans Lhiel respuine,

Tren  ULRY) = LELY) € UG, XUZLE) — Lef, xuied) (L_, N
€ U x) - LUgX Coy NI abe)
< €,
sed UGE) - LR ¢ Ulf, xUSLD) - LOF XU
< V(, Xx) = LX)
< g,
whids ¢ cast o shoy £ o "\hj,.l.«. o btk [al]
and CL,(_].
&nwm{x. L‘ufrm. .F i wfeantl on  kefn [ob] ek Clye].

Choase. rq—ﬁﬁevu Y of 44 & 7 { Cre] s that
VEN-LYN ¢ 3 ad U - L) s
Then X=YUE s & ruﬁﬁ» of [lacl
U,x) = LX) = [ugy) + VYD Ly + L] < €,
whidh  fells  us Ul{‘,x) = LX)
oad wns«Tw‘“l} CLL( Ha 57,;,.,‘,,.1- D-f.'n;liw, "f I\JU..LI%)
ot £ ;nla.uu. e [a¢].

aad

Csine €20 woy ct’-hm\vj)

compPARISON (TiI-24)
Gl f g b ingelle o [wl].

Surrnsz FO) € g0 Wxe Ce/b].
Then .
3
Jos <
; e that
_P_V_Wf e 1N li "
Jof = lim Zeon,0 8,0
¢ K‘;"l%.jﬁmk) Apx (ma g€ g \helar])
_rt
T
fnally, suppose £ o« e on [acl, and
heace alse o [al] oud cleed-
b ¢ 1
2t Leff aa I:F
et £vo e a-bitror Thea, choose & S‘>0
s0  that ,]Cf all rf4<h+pn < X(')S and X °r Ca,tl,
[Le]l enr  [a,c] "‘r'cﬁ"‘fj, if 1%, 1%, 1x1¢8
'Hl!n 'g,_I|{, ,‘S‘l"ra_’, ,S'I} < % +r all Kemann

Sums  §,,8,,8 fr £ o Xuxg & X n,f.;-ﬁ\g\{].

Chooge [;u-ﬁﬁon: X wd Xy of Cof] ad Clel
with XS s IXK<E.
Chosse  Rieman, sums S, and S, 7{:,, 71, o X and Xy |
let X=X UX,, and ot that (X]<§ oaad  S=5%5,
S 0 Pewoun cum f""-F
Then '\ecc_s*s:m‘(j
(T-CT4T,)) = 1CT-9 + {571+ ($,-1)]
CIT-S 4 18,-T, | ¢(G-Tp ] ClbyHe Tiage Tgulif)
¢ £+ % 1--35
= E/ '
oad  gine  E¥O  was Mh‘i'm«;\] Hi is evfpuet b r-o\e
tet T=0+D,. g



PIECEWISE CoNTINvous FuncTIons ARE

INTEGRABLE  (Cl-26)

g Let X={x,, X, e, Xn ] be o rvH"V' of [ald,
and. et J,,ﬁ L'x“,,,xu]-)ll Lo conbimans  Vkedlz, - nl.

Lt £:lal]>R be a oot with FE=58) ‘HeOy ).

Then § is infegmlle  on Cab]  with
L ko S

Jo. —f(x) dx = ijt Jqux~

This fn”ﬂu&' rfnm Hre nd&iﬁu’-b and (MA-\kJ

er“fﬁ“ of Cn(Urul\H B

Jig=o, Jig<-Jt5 coan

Q, for oy fustin f o @em,

j:f =0,
Rdditionaly,  if J biadx  exsls, Hhen

3
-/; fodde = "‘A-le)lx-

Pfﬁf'

Ql Nok tHut +his  definifon  can bk used b
exted  the scope of the Additivity
Tveorem  Jo  the coe  whut @ LcER o

(nI-22)

ot in increasig  ordes
ESTIMATION (T1.29)

Q Let £ be 'mflﬂmu( on [all.
Thea £l is  alse ;nOU,uUe on  [ell,

and
Ij:H ¢ j:(ﬂ.

Esgaf- b4 £>0 be odbi .
Choos. & ifim X of Cab] such +hat
U - L X)) < E
Dencte M cf)= sup 450 [ Helnn ]} aut
Mg(lﬂ) = Sy EH"(E), ’féb‘h_uxh]} Viegi2, ...,n]'
with  gimiler Apf-iﬁms for mlf) a1,
Thea,

@ i osmycp) ¢ M),

mCIfD= mucf);

@ F mPrcos Mucf),

ad W (fD) 30,
o o Qpn) - m (gD € (i, -mygplf) < PUf)-mp);
@ F B MPO, MU= -m ) and )= -ME)

so thad MG - m Qi) = MLP) - o f)-
coses, we  hove Hat

My UFD = Mu(F) aud

M CfD = max({m ), -t

Ia N:j one of thest
m CED ~ mUfD € My (f) - mycf),

and  so "
g, x) - LUALX) = Z(H\,,_(lfl)—m(l,’-‘l)) A%
€ ZOE) - map) Bux

= ulf,x) ~LpX)
<E,
whidh s syfficead do pave fhat Il is in e
on [a,b]).
Next, let e be o-rLi-h'bU-
Clhoose. a ihon X on Ca ] and  choose

volues e [xpq %l Vheflz, -, nf s Hot

Z L "

I‘ZIHtk.)AuX"jaf, <_£i and IZI'F«I)'M']LIHI<—:-__.

Note L\j e Tviwllcﬂ IMT.I.'@ ot
ZHosx s 2 Halan,
so  Hut B
l I.'F' _ L{ ‘ - l _ A " n
St =L = (141 ) | Zfea.x ]) + ([Efmguxl-glmwm)
* (Zhealax - Jo141)

£ £
< Z+0+ 3

Sine  ¢£50 was arl:i’rru_-]’ His

lJbe1 - St <o,
os rcT,‘.,gA- @

m

dolls vtk



THE FUNDAMENTAL THEOREM

T Rt ol that  for ony fuscha F,
defd on an inkrvel Mhmuj Ca k),

we wnile

OF

[Fm]t = F) - FG). (nTI1-20)

g§ Lt £ Le ;,.;.J,.ug on (a,t].

Defne Filall >R Ly
Foo = [ st
Taen F s continuous ®n [at3.
Moreover, if f is  confinuus at & r'"f( xe(ab],
ten F s é_:w(_i at X od

(n.31)
an urrr.r Lount 1’r Yl on Ca,b].

AS;(,U <h, we hove

F'G) = f00)-
Piaf- lef ™M ke
Then, fr any
| F(J) ~F0| = ,Jj{ —j’.{:l
= | J:f' Chy  addibuily / lessify)

< IJ;: lf[' “J estimation)

CfIm]
= MIJ—X\'
So tHhat Jivun on €70, we en chse a ,[‘_-%
) 32{' thot IJ—XI<S imr(ils thot
|F(J7-F0t), N MIJ-xl ¢ m§ =€,
shouinj F s conbruwows Cindeed, u-quj
condinues ) On (a,b].
SuL;ui-aN-', suppse £ it combuous ot Some xe(a,b]-
Then, for ang ag xg€ b uikh xty e hove
x
l Fep - FOO sl - l.f.f -l 00|
g X
- J2 g ae l
F T Ty

5—_';”: (o) - e o]
< ,-:,'—_,-,lj:me)-fmllel .

lat €50 be orli Sine f i eontiuns b X,

it ‘f'”&u_r that wWe con choose a £20 so Fhat

if l:j—kl 8, then IFCJ) -fR1 ¢ &

S, if o« ,J_x’ <§, Hen

\E‘%-TE_O()‘F""I ¢ (U—x\lj (fee) -fo0] at
§ Iu-xl U e dt]
® iyl xl e ly-xl
= g,
sb\,...'mj Hot  Flx) exiss ond PO =f(x)
(as €0 was odibery). @&

CALCULVS

Qg Let £ be ;n{am& o Lall, ad F be
Aiﬁ,‘«u-ﬁauc_ on [ab) wvith F'= ‘F .
Then v .
Jof = (0], = Feb-Fa)- CTi3n
FL"-"}' Lt ¢g> Le AILH"!MJ-

Choose a

of (ol wit
IRE éf&.‘)b,‘th
for l.VU‘j choxce nf Mrh rnivlb' {-keflu..,x,.]_

e D%

[x1<$, we hawe tHhat

Then,  choose Samrlt points

it
h ey o FOw =Fly.)
F(g,) = Xu- Xa-l ¢
whih we con do L, the Mean Vahe Thearem.

“This imrll"-s thet fee, ) 8,x = FUxe) = Fla).

Hence

n L4
Z ft) by x < Z(F(xa) - Flx-)

©=

= (R - Flx)) + (RO FIR)) + -
= Flxa) - F(xo)

= FQV - Fla),
and unsu?vu\Hj

Iji.f.- - (W -F@)| < €.

Mhihvj,
Few) - Fl),

But gnm €50  wes

IR

as needed. B
ANTIDﬁRIVATIVE (Dp1.32)

g: We say 5 an antidedvetive” for £ on

Some .nhN" Lab] ip  F'sf ea [a].
QL In this  cose, we  wnfe
@jf=F+C, celR ; or
® ff(x)lx = F+¢, ceRR. CNIL.24)
Qz Noke Hthot f GEEzf on [l the
r\tuSSAvi'J G-F) =0, < ot G-F s
constant  on  the intervol;
e G = F+e ,f;:r some ceR. (NI-33)
A3 a
X =X
ExAMPLE: )" =  (€135)
g We con  ust  the Fudamendsl Thesram  of
CD-(O-(MS +o Coxl:.u.(a‘f! i'\*ﬁf‘h “f
sra.df{(. ,f‘,..\cf-ior\s;
g [ e
° 14+x2 -
Swce L Cha'od) = T folows Hhat
%
U Y
= 4oa"(3) - toaC0)
[P x
o ¥ 7 3

§50  fo Hat 1’..— ewry rnrHHM X

i »ﬁ(laws ot



Chapter 2:
Methods of Integration

BASIC INTEGLRALS (w2.1)

Q Hee is o list o  Lasic inhjmls:
pH
© .J"r do= T P ® [ sec'tdx = tontx) +¢
@ J secod taad dx = SO+ €

@j—,"dx = Infe) + ¢
@ j fon(x) dx = (n[ws| +¢

@j._“Ax = & +e
x @ Jsecon dx = In] sed ¢ doa0] +
@jqxdx = 2o (
(n(a) @ J—lTx_' dx = tan'G) + ¢
@jlnlﬂ) dx = xln@) -x t¢ ®J‘ L i = i) + ¢
© [sinddx = -cos(x) +c
Js ® j;jT,—\_T dx = see G +C-

@fms(x) dx = sinG) +¢C

Puoof - Eoch of thst could be v;;.f;d by el $he
dedvetive .f the RHS, and 'mi-j o
makhes  with Hw facin  in Fh2 ;nkjml.
The. rnlf thea fn"w f-v- the  FRadlarento!
Theorem  of Colulus- B

. rY R
Examee 10 | \ "7:—,{&;( C€2.2)

Q’ We can  solve +he ‘,,ﬂajml J.:' ’%{ dx
usin the  FRundamenfal Thedrem of  Calcalus.
J-:'L;_;S—A‘ =J’|¥K!"—5x—"" dx
= [%x% - on%"]l:
L (-GG
. [*3
eameie 2: JUF sin(a)+ cos(mdde  (€2:3)

G w lso o} ; /3
g e can  alse  selve e .nfzjml - Sn(ad + 3dx

u.siv\\j the FRundamenfa|  Theorem uf- Calewlus.
s ot las@a) = -~25n(2)  and e (sia(30) = 3eosi¥),
it follows  that %(-:_;,,g(m) =sin) and  F(Fin00) = cosCiX).
Hence
A 5
J‘TV‘ sin(2x) + cos(3x) dx = [';'_us(h\ “"’; Sin(ﬂx)]v;:
'—'(-"7+n) _(——,',-(-'%)

L
T-



SUBSTITUTION /CHANGE OF VARIABLES (T2-4)

Q Let u=3&) be diffumf-hUe on an inferval,
[

the MJ‘

and e} f(u) be  tonfinuaous on

of  gLx)-
Then
Jgon g0 4 = [Hak

J-x=’- u:J‘L)
HyoNq6) dx = w) du-
X=a ‘1 u ‘L:J{.l R ) du

Proof - ot PG ke an ontideivedive o fo), o
FU) = f6)  and  [ydez Rec:

TVIM, Lj fhe  Chain Rule, we

& anm) = F (Jw) 3 = {0 ¢

and  so, L,1 the Fisdomesfs] Thesem of Calessdug

Jfﬁfx))J'G') dx = Flee = Fludse :fﬂ'..)-lu
and
it fl\jlx))J'(x)Jx [rye] e
= F{j"-” - FS&))

)
= [Ft] JJ(“,

j _, Fqo g dx J"mﬂu)du

?z Nete that  if f(.)=3(x),
we  often wnte {'{u),;.‘:a'(x)alx-

ExAMPLE 1: [Jaxed dx  (E24)

g ? Subshhdion can  be  wsed +o um\ruh inkjv“S

sch o8 [T .

Lot  w= 2x+3, so that duz 24X
Cus'lrj +He  nefotion ,f{am abova).
Then
1
JJZ::H dx = ju? (ﬂ)

I 3
T 3wl +C

£ J'ﬁ):!‘olx = 3(m*.a) te.
ExAMPLE 1: [xe* dx (€27

Q The Gn 1 J’xex dx  con ake be sove

usmj suLsMuHm-

et usx so twt du= 2xdx:
Then 2
] w
Ixc‘ dx = gle dw
= Le¥ 4 c
3 1:
2 ( e
. X = 4
. ch dx =Lt + ¢

Example 3: [ 22y cea8)
G Subchhion  can aln Lo we

Solve. ;nhjak ee | o ax
Lot wzInG) so et dus Ldx-
Then

[ a = fuan
= u?
S tre
. In(x) _
P

ExAMPLE 4: [fonG)dx (E29)
-Q: We cn  use substrhdim b selve
more :omrh'wkd in s like
J4natx) dx . E
sinx)
Grst, note  dalds 5.
Thea, Lot uz s, s
Tt follows that
Jhapdax = [Hod
= j‘_‘l_“.
=
= —lnlul +c
J"Mb‘)"lx =~ la|ewsto] €

Hot  Auz -Smbx) dx-

lknow  thaf

(NT2.5)

ExAmPLE S: [ 35w (€2.10)

Q Sometimes,  we might have tfo do hio

substitutions 4o calculafe  some ;l"ﬁ",‘i

EJ ij&

First, let usdx, so fiuf

Trea dx_ _ 2udw _ 2du
xolx | Juttu wtl”

Next, let wy=u+l, s
that
dx jiﬂ

hat  dv=du- It 'follm-t

xsat and 2udu = dx.

Xtdx utl
= [ 2dv
v
= 2ln|v]+ ¢
- = 2n|utt|+c
xedx = 2n]dx+1] £ ¢
2
ExAmPLE ¢: [ ZE. (@)

0 224

Q When  doin suLush'an' we ned P

1 2 x

j \J-quzx‘-n dx -

Let  u=2x3¢l, s thet duz§xdx.
Nofe +Hhat usl and u®
rc.cru,ﬁw.sj.

Thea Jx_z x jh:i\ #iu
xs0 ‘+ usi ,{‘T

"
piw —
Nl £ g
S [T}
B=-=
=, <~

K8
v~

IS

3

. J;:(:DZ ‘
EXAMPLE F: J ,:;‘; CE2.12)

Q:' Sometimes,  we mignt hove T make @

subsfitution  to  golve an i"+'\'j"l;

9 J-g H-!x‘-'

W usfix, s et dus T
Nol Hat x=0Duz0, ad xa1 D usdi-
Then

X2 g ~
o Tﬁ“ B J,; f |:‘:‘-
= [7'_— u)]

= T(
dx o T

 1t3@ 343 -

ul:l E‘

t.l«oﬁjt

the  velus of  the "L.;rom" accordingly;

2 wha %30 ad X322

werd



on

INTEGRATION BY PARTS (T2.13)
POLYNOMIAL % LOGARITHMIC OR

Bl Let -fo) and J(J() lLe A ﬁu!n‘hnut N

th‘V‘l
Thea
j'f"lx)J'(x)dx = feg0d ‘Jalx)f'(x)-lx,

so thet " L
- a
j, _ 1) ek = [f(x)j(x) j 3&)4‘1""‘*] )

E’.‘L"f' gJ e Podet Rule,
ﬁ;c,fmjw) = £ + £093'6).
Hence., '{'j to  Fondasardsl Theoem of Caleduy,
J(Floge0 + F0460) da = oI <€

which eon  be rewrfie oS
J R0 ged dx = F090 - Jyoog'er &
is  nok  needed

(-HAL o-rklhmj un;{m\"' c
sine thare 15 an  inkgel on Lotk sides of
the ..T,.-ﬁm) @

gi TP owe leb wSfR),  dusfGIdx,
He above —fv'mu\n becormes

Judv = wv - jv“'-'
poLYNOMIAL x TRIGONOMETRIC OR

EXPONENTIAL FUNCTION
9 If the kaml invaves 4 ro’;mmu.l
Mu.lhrln& LJ an  exponential 74.,‘;11."

Higonometric fmd’m ,
miﬂmhnj Lj rwh‘ with @ eTnl
-h fhe ro(;mmm (NZ-]:)
* nofe: mulhflc arrhcnﬁnyu of ;,\.;Umﬁm by
ro-ﬁ may be Ntiuil‘d £ the er‘z
of the rcljmn! is lniJI,,
EXAMPLE 1: [xsin) dx  (E246)
g. We mrln Hhe above shalygy to evaluafe
the mh\jm' stu(x)dx
T by ey ([ s

JXSln(x)dx = —xos(x) - j_mwu
= = Xxeos(x) + Jmslx)dx

v= 3(r) and  dv= 3'601&

CNT2:14)

of a

J-KSi"(")Ax = - xeosG) + smtx)+<.

EXAMPLE 2: &2 e dx  CE2.1F)
ALov‘. Sh\kﬂj

g SIMI[GAJ we  con use +he
J'(x"n)c"‘ dx

10 evaluate  the ini’:jml
3 . . w= X3+ Ve T
FH‘S“, m+3mk L\j f’"k “s"j (.lu= 2xdx dve & dx )
fo Jd’
J(x‘+l) clx dx = fo"{-l)gu - jien(kdx)
= Lete)e™ - fxe™ dx.
T %
° frd " e by e i
His  fime : vsze¥dx .
IASIr\j <Ju—liy Jvzcub‘ ) .
j(x"ﬂ) Ch dx = %(xt“")ek - jxe_zx Ax
- ks
s ‘;’I(x"-ﬂ)eu - (-}_xe - ;’_e_u.lx)

2x {2

- Ly
)
2034 )e -t e

2 ko3
Jodn e = Lot mn)e® s c.

Iwe&SE TRILONOMETRIC FUNCTION

I inveles & rd nomial

a lBMiH\mic. or invu!r.

If the in
mll\lhrl“A L‘J‘\ﬁm

‘hj f:.jmhnj LJ rr-f‘s‘ with w t7v~'

Mo loquithmic / inwre_hygromebic fiodie

EXAMPLE |: [inoddx (E218)

Q We con  wuse the  above s#mh\jj o evoluate
fhe mfujrnl fln(x)dx-

(N2.15)

ExAmPLE 2 : j" Ax n(x) dx C€2.19)

g Tlne above Sh—rdE” con even  be used  when
rojrmm(-l cntoing  Fems  with  non-infeger

rowus;
) J—: A% InGx) dx.

EXPONENTIAL x SINE/COSINE FUNCIION
Q I the menl mF‘,,..,nh»l funchion

times & smefwsine  fiundion,
in+ﬁmﬁﬂj L:] th fuce ,  letfing 4

+U .
be He '_annm‘HAl #ﬁ o both fimes.
(€2.20)

EXAMPLE :  feXsin(x) dx

involes  an

(N2.15)

Q We con use +he above Shnhjj b evaluate

Hhe |r\fﬁml J-Ckrin(x)-(x-



OTHER SORTS OF PROBLEMS

ExAMPLE 11 [sin"Ga) dx  (E2.21)

QI We con  use inhjahou LJ rods to at-‘f
& gener SJormula  for  [sin"Cadx in
feems of [ sin""0x) dx.

Let  I= [sin"G)dx = Jsin""'00 sinix)dx

Tntenale . ws= sin"(x) V= -coslx)
ar "J o B iy (.h.: Cnm)esin” ) as 6 Av==i"°“7‘)
gt
T= [sin'@dx = - a0 wsto - j—m(x) Cn=0)(sin" ) Cos () dx
= -5 st + [t i) (s L) dx
= —sin"TC) castxy + J'(n-|)(l-sin"(x))(sin"q'(m Ix
£ I = -Sn"6) asl) + Cant) [sinoddx - (o I-
Hence

(h-DI + I =nl= — gin" ) eost) ¥ (n—l)fﬂnn_zb‘“*,
So  that
" I-= —;Isin“_'(X)m(” + nT—,fSin"_ rx) dx-
QZ- In ro«'chlu", we con use The atfoined  alove
%rmula o evaluak jgin‘(x),lx and jSin"‘(x)Ax-
In ra-ﬁcu(cr, whea n=2, we gef
jg,'nz(xux = "Z'sinbr) wos(x) + -zlfm,(
-'.jSI'ﬂ‘fXHX = —;[S‘m[x)ws(x) +Ix v c.

When A=Y, we act
fsin“'(X)le = —-!,-sinlb()ms(x)+ %Jsi.f‘(x)dx

= =g i) eas) + F(~jeintdasta) +Lx) + ¢

Jsin'tadx = —§ 60 costx) - F im0 eost) + Fx 4 c.
EXAMPLE 2: [Jsec"(ddx (€2.22)
* Ian &  similar mammer h  the above, we

I
use. Enh‘jru fon by pts R athin o JU\""‘
formula ,)Gn- Jsee"ey dx  ia teems  of Jse 0 dx.

let T-= jser_"[x) dx = jS(cn_L(K) se(x)dx -

I\Jﬂfjmk L"j r"‘k Msi"‘j ( w0 V= fanlx)
du = €n-2) (sec™ 3 (x0)(sectx) mali)) dy= see’tx) dx
b f]"+ = (A-2) (sec” 2 x) (fmadl)

- n - -
I- J-“C (R1dXx = sec® ‘Zx) faalx) — j(n—l)(su"_llx))(hntlx)\ P

= Gec"tx) o) = f (n-2) Csec™ () (sec™x - 1) dx

T T sec" W toalx)= (n-)T + (n-2) Jscc"—lfﬂo‘*-

Hence.
CaNI = Sec"6) Al + (n-z)fsu"-lf*)'*",
so Huat ; .
T = joySe O ealx) + %er_"—l(x\ dx.
Q We con use the above ’f”mh R evelute

the inh(.jml jgeﬁ(x)dx.
Ia rwh’zu(nq whea n=3,
!

j- sec*(xVdx = —i Sectd fan () + TJ Sec(x) dx

fsui(xux = ;:_-sum ton (X) + ";_'(r\ f&c(x)++-«6<)] +C.

we have  Hhat

)



TRINONOMETRIC INTEGRALS

JEGintn) wswfx) dx oR
J$Gos060) sin™" () dx

Q( To find  [faint0) ws oads,  wite
:ash“(x) = (l-sin bd) wsl) ond

Hhen +V:J +he sulstitution u=sil\00,

duz csWdx:  (N2.23 Q1))
9 Similacly, h find Jfeest) ein o0 e, waste
: +Hhen

sinln) = (1-oofON” sink)  and
Ay the  subshiwion w00, da= =SeGYR: (N2.23 (D)

EXAMPLE : J": Sin20) :(‘:)) dx  (E2.2%)
Q We con  ue Hhe above shubyy B

J 3 sind0er
cs™(x)

so thet duz ~sinG) dx.

solve  #he in |
o

Male  the subshiution  wrersGx),

" 34
J’ s sm‘o:) - JPJ(I-u?k)sin{x)dx
ok x=0 cas™(x)
= J "’z_ C-u?) du
4] u*
- [
et “atl de
= (L]}
= (2¢d) - (1)
J— s sm!(X) N
= 3.

Jsin20) s "0x) dx

g To fund Jsin™ 60 cas™ca, dny using  the h\;jmmwc
ond  cos(0)= L+ cas(26).

denhhes  sm(B) = " - —us(m)
Q Alknuﬁw&, writt 520 = (1=cii)’  and  use e
' formula €2.21. (N2.23 (3))
n,
EXAMPLE : fo M cinbedx  CEL2S)

Q We con use either ‘h‘h\']j | or 2

b evalusfe  the i'lffjm' J:Wsin‘(x)dx.
We  use shnkaj

Nofe  that
/e 173
L ¥ 60 dx jo (%~ Leasca)® 4 c{..:g l+;; haf-sede

. [
. j T Fas) + Fes’y _ fadian) dx

: .JJ/""L -3 3L [Py
T OO+ 303+ §eas(u0)) — F(-5n" (W) cas(29) dic

,—" - —cas(Zx) + peasClx) + T 5ia () (29 dx

1)
o 2
]
-e\

- (s
l.‘_ﬁx - (r5|n(1x) + ‘—5,.\(1,*) + —Sm!(b‘)]

Ty
. 6 = ST
J, st = st _u

G pn Jroeasn sec™ 00 i,

g To solve _J-f[su(x))hn () dx, weite fan>"69 =

(x) dx

wrik el

Jfcton(x» sec

(x) = (lfha()d) sec(x)
du= setx).  (N2.23 w))

and 'h’j the  subshhdion  u= o),

ExamPle 15 [T ucde  (€226)

N2 ko an b ed to
g-rht.awsho.kjjcvv_us

solve  the Hfj"' ‘th.,"(x)-lx

Note. ,firs*f +hat
J:/" faa 60 dx

/] N
j fan (x) s 0x) - s’ dx
]

L

- j fon () sectG) — Sec*GR) +1 dx.
]

male, The  sulsfitufion

fo Jef‘ +het

j MIJH

= l—‘l3—3+t:
J-.l-Mlc:) sec?(x) dx = .h"_so‘.) +

T f)c"‘l f fon®(x) sec*(x) dx,
u= k), du=z seciC)dx
J oty secx) dx

It ,fouo..)s +Hat
f""‘ tonk0e) = [-/m’(x) = el + x __!17/-:
° G) = 3 + °

+
<3

. J;%-l-nnl"(x): -%‘1—

U]

ExAMPLE 2: [™ _sec’0) :
L e €229)

Q: We con oin  use +he abue SH"-JJ b evaluafe
+h su"(x)

. e
gt Jmatonr

Male  fhe  substihution  w=taalx)

]

o that du= sec R dx-

Then !
-1
I"/lf s—ul‘.&“ = J!'V Chan09) +1) seclx) dx
° Wb+l eso TanG)+1
= j=| )
wso  Autl
thot  dew=z=dv-

Next,  maka e subshifuhon  yzutl, So

™
) RS jm W),
o Altanl)+! uso  uxr’
- jv=lMA
\S 'JV
= [2 2 1 4
J' vi-avts vt gy
= [%‘v%— %v‘+ '-f-v%']z
= (%cm) - taEMH wa)) - (-}—i; +4)
. ‘J’“/‘fi()i‘x - HB-w
o AfnG+l s
nH
Jf(sgo;))'hn (x) &x o iy”
(e ®d-1) seex)fantx)

seex)

and 4,\\1 the  subshibdion  ussecl),  duz 5%OX)danld) dx. (N2.23 €8))

J 5™ 0 ton"(x) dx

Q To solwe chc (x) bn () dx, wnte o )‘(stcl(sd-l) and

use e ,fomuln from E2.22- (n223 (4))



Jsin(on) sinCb) dx,  f cas (o) cosCbx) dx
OR  [sin(ax) stbx)dx  (N2-28)

Q To  evaluate  [sinG) sind dx, [ eostam)eosChOdr o0
Ssntox) cos@u) dx,  use  the  idenfities

® ws(A-8) - casCath) = 2sinch) siaCB) ;

@ os(A-B) + ws(A+B) = 2ecos(A) cas(B);

® sin(h-8) + sin(A+B) = 2SinCA) eosCB).

exAMPLE : J:’ ® s cast)dx  (E221)
Q We cn  employ  the above sf’m*'jj fe
evaluate  Hhe inf‘jnl J:-/‘ cas(2x) cos(2) dX -

ov

Bj @ in Hhe .LWL, we hawe  Hhat

2e05(3x) cos(2x) = 05 (3x=2x) + @5(3x2x)

= cosdx) + cos(Sk)-
Hence
Jm s () Y%
% =
R X) cas(3) dx ja 300 + ems(50) dx

= [ L %
[zsmfx)d- 15 Sn(s9]

+

w -+
BI-

i
o OSXaws@dax = .

WETERSTRASS SUBSTITUTION (N2.30)

gl The Weiershagy  subdfifdion s leting  u= taa(%),
so  that x= 1fm_'(u), dx= (T?:.: du-
|

gl AJAI‘H“"IJ' o+ }mfl;cs sin (%)= '\h—:u—‘. [3 us({): Vo]
so  that
@ sin( = 2sin(Z) ws(X)
_ t
= 2me)m=
~osin(x) = ::,_J and
@ wstx) = es(E) - sn*(3)
_ 1\ u_\*
* (7= - (&=
. ws(x) = ."_“.1_
1+u?
Example:  [-2<_  (ccry)
=05 (x)

g The Weieshass  sabshhdion con be  used
+ solve some 'mfa"'l;

9 i

(T3 U\=+l-n(-;), o that dx= r::—,_.slu.l ank
s

ex(x) = el

Th

en
J2% - S et

= 2
= —— A
j i (ad

T | e

= &
)
= -4 +c¢

Sk e




INVERSE TRIG.ONMEI‘RIC SuBSTITVTION

JF(Ja = Bixe)t) dx
G R an gl iavsbing Noarns)

+rU the  substihution !in—|( l-(x:c) A
So thet
@ asin® = blete);

@ awsd = 'Jnl- Bi(x4c)* 5  and

® acws0 46 = bdx. (N2.32 (2))
MPLE . I ddx
Em I J; (q,.m!/; (51 33)
g The above methed com e used o
evaluate  +he mkjml J' “_;ﬂ .

Let 25'11\0:,\]3,\" so Hat 250 JE3E  and
25846 = 3 dx-

Tb\en "

< 4 Fa
2ol 3 2
J m = 5 s & 46
¥ 80 (2c:s8)*

1]
vg.‘,
-
18
3
3

| k!
* [gaee ]
j <"—t‘)‘x | 3
3 3
ExAMPLE 2: J; (‘I-x—x’)z dx  (E2.3¢)

g The above Sl—rukjj con  alsa  be qrr(.'d
3
o more oomrhx thmk’ [tk J3 (‘ix—x‘); dx.

ot 25in0 = x=2, s hab 2058 = Wfixod’ 4y
2eos® 48 = dx.  Then
%23 %_ 6=T;
J;q (4x-x*) dx = j_o (2058) (2c050.46)

_ (% «
) 16 cos ' © 46

172
jn ¥ (has 28) 40
. [% a
- 4 4+ 8cos20 + Yen 2048
o
_ (%
= U+ §eos20 + 2 + 2es4D 46
o

= [0+ 4sin20 + Lsnww]

. %33 3 5
' j (4x-x*)  dx T+ 2B
x=2 ¥ -

JF b2 0c0)? ) dx

g For an infegnl invehing  fiEe GO0

subshtution

(m) bry  the

Q= Ju\"("ﬁ(id)l so  thot
® oatea® = blxtc)

@ asecd = 'J“z*' b2ot)r i and

® asecd 46 = b dx. (N2.32(D)

di gy
Ef‘ﬂm?w J; Py red CE2.34)
Q We can  use the  abowe srmhjj +

. i dx
e_qn(ua& +ht I [
kJm JI x’;;xlq,; :
et f3ha8 X, o thdt  Sisec8= JR and
35040 = dx. Then

jx:ﬁ dx B Jrg=?ﬂ' T3 s 46
o A Far0 (J3 226)

T )
- 4
j 5 olx < {_l ws8 40
x=z)  TAx*43 T 3 5o
Thm, et u=sin8, ¢ thot du= cws6 48
It ,fnllnus ot
J-x=.E dx _ jg:.g 1 a8 o
xz Xalx*+3 o 3 570
N
= [“"%, ,
L ik
a
[__, 25
- 3y,
x=3
N - S
x=)  Palx+3 3 -

JRICtxe*-a) dx

Q For an mfﬁml mvofw:’ Ao (xte) - %, +y

the  sobstidon  Oose (B2) oty

@ asecO = bix+d);
@ aton@ = JL"(M)‘— a% and

(® asecd fan8 = bdx (N2.32 ()

ExampLe: [ "'J 2 terss)

Q The above sh-de\jj can be used 1o evaluate

fhe inteqrat Jﬂf Xy
2 x*
Lot 2sec®=x, so Hhaf 20000= {Pg and  25OadAO = d-
™
2n x4 ” 0=T
j . 3 ban'® secd 46
2 X e®
6= @
v,
= /s +on"0 40
° Sec®
j“/s sec™® -/
o sec® 46
L]

S~

~
g
@
g

e

IS

4

= [(nl.me + 16| - sine]:/"

4 =
j = In26B) - "g




PARTIAL FRACTIO“S

QI We @ find the stgal o
rotional ,fww.hm fﬁ% (where  § &J
afe rnl:]mm;.h) as  Aollowds:
® U long division to o fnd  pelynominls 900

and () such et
fix) = 9090+ alx),

where Jej (r) ¢ dﬂ(J) .

¥ qu:)< dgg),  then 90320 and  0d*f8).
lat
@ Then, note Hhat f;%‘i yoxdee a_‘x%
and it ’f”'{“"’ Hhat
.f(, (x) i
© Next, focbor g0 info linear and
irreducible :.].,.Amﬁt octors-

® Fralty, split 3'%’ ik Hs pectiel

Arackion Jewvrﬂfﬁ“l ;

e wnte %‘%‘ as a Sum of derms
so  that
k
D) 'fnr each (ineor Af-.—.fur (ax+b) , we
hove the k dJerms
A
A e .
A A2 + et and

axtb) ¥t

«
W ench iereducible  quadeic frcor (adebx+c), we
hove the k tems
Bx + C Byx +C, Bex + G
Cox®+batc) Coebrte)* Ca+ bt} -

F g XA, Men e ld it

9

A _B . < o &, F
o (“x—) * ( 2t e * o) * (Ram +(x’?-wnz>;
J(x)

. CE23p)

ond  thea  solve ,f:,.— the  vavious constoal®
©® Rom hee, we aa e the in al.

3 x-
EXAMPLE |I° j ':)t: dx ceE2 .35)

Q The above  shafey can be wed + she

the inteqal 3 x-3
-L oo™
Frst, we ned 4o 75‘“. ABC Such that
x- A B <
.o + xe1

(1Y Oc2) x= &t

L0

x-7 = AGeGe) + B £ LoD

ETIG‘F!'j :oaﬁ;a'mfs, we Jd‘ et
( AtC=0
¢ Ate-2c=)
L-}.Aﬂ.&l-c =-F
Su(u'mj this s:jc-{am J:uu us thet A=, B~2 & C=-|.

Hence |,
[Pzt s - -
2 (=N(x+1) x—l x-)* x42

3
= [(I\Cx-l) - :E_l— - 'ﬂ()ﬂ").)}l

3
_x=F ¢
‘L (x=1)"(x+2) e = ("(?) -

g Parkial  frachion .,lm..\r,

CN2-3T)

EXAMPLE 2 j“” L";:_‘:_' &

gnsmmmu in s O of the  melhed,
lovj Aivision  is  needed Le’fom rerh'al ,f;.d-:m

deromposition can  be  casried  outs

A1 x¥oxdy)
Pj \J-, 'W'Jx

Arsk,  wse ro(\»jnmhl |Dnj division o Jd. ot

C€E2-40)

sometimes

K -x+) —xxel
-
X3 +x -+ “aex -
Then, notfe Hat to J"+
—txtl a Busc
B+x = + =4l
we  need
x4l = AG2H) + ().

a+g="Y, €=l od A=)
8=-2 a (=l

Euabeg  onffells g
SO(V\'\J these zqu;hm JN’-S A=,
) j'ﬁ il dx = # ] 2x I

= ' x=l 4+ 5~ @y t = dx

A
[;'_‘xz - x + 06 = (n(3+1) ++-m"(x)] IJ

j‘r X341

£y, I
| Brx 2-d3+ In(32 Y+ 1% 12 -

EXAMPLE 3: jl‘ Loxt-23-20-6a028

22 (P-2m8)*
be arrli!*

to solve ."djrbl:;

s an  also
n londem  with  subshihution
gj j Sex! =2)3 - 2p¢ - 5x-2§ dx

X*O-2x45)”
@t T Le +he above \',\{ﬁm-

Cerw)

Jl)fﬂ‘ 23-20--25 A B w Gt
XO* ceS)? x TS 2as T Glaws?
we  need

w2300 gxas =
Comporig  conffeents, e qet et prczl;
-20A + 4R + SD+F=~2; 2Sh-108=-S; aad 25B=-25.
Solung  +ese uTuuf-iw Jiver A=-1, B=-,

ence

2
I-= J L, 242 218
z o 4
Poxx xes Yt (@axas) X

Cax-2) -
(x*-1xts)*

2
=j -1, Qe ey
X X ry
K-2x+$

z
= ] -
T j _7:__;_'_3)(1 oSt 2R W
l K-dxtS Potas ¥ ot GEamnt ©F

T -2 N
=P ahlR o~ J :;—z:ﬂ'h’

malee  the

—4p+B-2c4D=1;

Ax(2-2x¢8)" + BOE-2x#5) + (et )Gaxes)08) + (Exte) (™).
(G MR +SC-D+E=-2;

C=2, Dz2, E=2 and F=-18-

subshhdion = 2 248, 50 Mot iy = (2x-2) dx.
Twen
-JMS JJ" = Anlufee = (a]2-2xesltc ;
and
jdu _ ~ ___.
cx-zxff) Y T et e
To oM, -L"‘E JK__ f 16 dx
r j X2-1xtS an t,?__ws); N malee the
subshihution 2fan0 = x=1, s ot 2ecd = JF-2xt5  and
2sec*0db = dx -
Thea
J _edx & 2sec? © 4O .
x2-2x+$ —(M—B)‘— = jids = 20+c = Qfa (x_:
ond
j odx j(s- 29040 249
G2y Cased)’ Jm—.o : J-lm"ede =f{+ms(le)49
= G*’L,_Cir\(zeh—c: O+ SinBcosb +c = "(*") u"'") +c.
Thus

T = [-nt)+ >+ In03-2xt5) + 2an™(%D) - x;l,“;

)= 2+ ).

2

H
n

- () - 26D

K-t J |



ExXAmPE G- dex CE2-42)
B Pactiaf ﬁo&*m Jcmrouﬁw can also  be

nrrhd even ,'f the W is  net
rotional (at .ﬁlﬁ),‘
3
J‘su. (x) dx
sectx) =)
firsh, nofe that
j sec3(x) dx = sed0) S+l
x secC-1  Seelx) +l

sec(x) - |
sectoe) + sec3Gx)

sec*Cx) -1
j Secltx) + sec(x) 4
foa 0

3
sec3(x) 3,
dx = [ 5= Yex) j sec’(x)
\f x j fon(x) dx + foanat(x) *

seclx) =1
To find J ,de moke e substhdion  uzfan(x),
& et dusmCGddx. Then
sec¥¢x) _ Cinnl0) +1) sec*Cx)
o] % T e ax
C+1) +|)
u’-
= Jirku
Y T u-t o+c
see'¢x)
o] % = a0 - cotl) + ¢
XX ) el he  Sukhhdion = S0,

T Afind j . ‘(x)

so thot dys coskdx.  Then
sec3(x) - j—
ey @5 () sinttx)
- cos(x) dx
Ci-5ine)) sin¥x)
=j‘ dv
Clav2)v?*
Thes,  neke. e S S -
P e Tttt Ut
Chj r‘ﬂ‘u' ,ﬁm.nl-inn du_omrnsih'ﬂn), g0 thot
se3(x) A A {
Jm‘m =j:'—7+|+v+ A

' ! 1
T ~ginli-vl + hilvl= 5 +c

R Sec’x) 30x) .
. de = =] [-sind] + glnl1+sinG3] - esetn) & c.

-fnn"O\)

ﬁ“,jl.jl i+ ollows thet
secd(x) 2 sec’(x) _sﬂ %
setxy-1 " e foa'tx)

“nx) - cotCx) = Llalt-sinGol+-LInl 50| - esc00d + ¢

. sec3(x)
jsw)_l dx = onle) — b0 + ] secoq + HnGd] ~ €S0 + €



APPROXIMATE INTEGRATION (D2.Y3(N)
G o ol et S TMPSON A?rROXIMﬂTIoN (D2.45)

Ca,b7.
Then, we con ng’:nxim-& +he. in’t'jf"l -Q Let § te able  on Ca,b7.
1

ne2z",  the “ath Simpson

:Fm{' on [a,t] LJ ony Bemonn Toen, 70,,, o
. ol voximafion r I= Lf’ dencted b Sn,
I-= j Pedde ¥ 2 Fle B, x, _ﬂrr F L
. k) is Jufim.d- b be
where  azxex con<xzb, Axs KX s "I‘- "
and « n f a(x) dx
Cp€ D‘k—u %] Vkéil,l, v, n}.
LEFT ENOPOINT APPROXIMATION (D243 (2)) where X = at #.v. Unefo, « a} sk
Q let £ be inkjmblc on [ab]. 900 = 3,00 \'/keg'_l,z, -, 11}
Thea, +he ‘at left  endpoint arrnxinqﬁo-\" for w ‘ ) .
. here fnr exch Kk, is & vadnfic rol nemial
is Atfmd * such +hat j"- 7 J
9,00 9,00

I=[%, deoted Ly Lo,

= I,
- . [9utry) = ) )
j and //\(_,—/A[

zju(xm_,) s f(xzh—l) ’

Ln = Lé’ £0x, ) 8% /r/_—E
ie 77 Julxy) = fxy,).
Az%7

L = L__ ; at =2k~ A
n T qu( L), gz - ey
n/2
= O )+ $F(xu ) + Fxa)
RIGHT ENDPOINT APPROXIMATION (D243 (3)) Sa= 2 e T
g Let 'F be mkjﬂl'ult on [a,L]. e

Thu" e "”I Pt et °r it = I"_“ﬂli flat —(2|. ) + 4f(at+ —(Ik ) 4 F(a+—cu-.))
AR G- 2% : |

i} hGa= AfeBxiC  sakisfies
then nuzmm'lj

for  I-= J;Lf , denoted LJ
P£°f First, note

h e
ﬂ -0z« hy=v onk hid=w,
R. = 27 fx) . . ,
n u.:.'FC"n by_x. /;.—\;\—’/‘: [ e
) /‘; Z Z <C=Vv; ond
O s | ‘ ‘ [ A4B+C = W-
= = at 22 AN A | NMN B
Rn - Tu=Z| ‘f( + =5 lb). a X Xy *3 ) Solwun these QT,,.H.,« \j,a.ldg et Az —— ; B_u_lu
C=wW, so +hat
MIDPOINT APPROXIMATION (D2.43 W) j - J' L )
. ) - V
g Let £ be i.\hjm\u(e on [Cabl. } ; s
) _ =dvtw "
Theny | e - midro;nl- “rr“"“"“““" l = [——u g* <+ %‘X + vx]_l
I- J:'.fll dencted LJ M, , is de.find e
o be . j( b dy o debvs
- 3 -
m, = Z +( "'_'H‘“) Dyxi — S |
. n el * // ] \:‘ /[r ,’ Thea, ‘:j sh)fﬁr:j and scal&::y, W+ ,.fonaw: +hat
e %A%
n 4 k 4 X (x _)+QF(x -)+{(x ) b
LT"(ﬂ)) R K, Ky} j;&—z L0 dx = Flouy 31&/ e, (_ni) g

TRAPEZOIDAL APPROXIMATION (D2.44)

g( let £ Le inhjmue on [a,t].
Then, the ”4“" }..rgin'dal nrrmximﬁoﬂ“ f-r

= [b b T, R defined
& -L’c' denoted by n, F * . A
E o FOq.)+ fox) / Z
- Uy )+ TRy,
e
= b-a é ot 3cu) + flas 224)
L 2 Frole ench "ar” s o

ezoid |
G Note et T.\=—L":_~a". fmpees



ERROR RoUNDS foR APPROXIMATE INTECGRATION (T24¢)

E? Lot _F be in{vrauc on E‘,LJ, and
higher  order deivelives  of f

Surrose +he
exist A
Denote I= f Flx) dx - Then

2
© Lyl ¢ S5 max gy

- Cbo)*
@ 1R, -TI] ¢ &= max [l s

2n  agxth
@ IT -I| ¢ (L1)3
N S —— x “F"(X)‘

120 asxgl

”m

® I M, -1| ¢ “Q) "
n N 24q2 :2:’:& ’f (X), J and

® lIsn-z1 ¢ fal;: ceot 1F "0,
EXAMPLE : ERROR BOUNDS OF APPROXIMATIONS OF
J V3 Gintx) dx C(€2.43)
Q' We con uwe e above theoem b fiud e bounds
the ems  for Ly, B, Mo, T & Se oo

_ Y%
1- jo sin'(x) dx-

Frst, nofe +Hhot
_ (YA /3 Then R re et
I—‘j; sin'()dx = J 4 - % cos2 dx hen,  for feo) = sin*®) "°.
s O §%0= 2sinGestd = N
= - —!,s'm( )] i
® £°6) = 2Leos():

wi§ L2 B~ @

I

&

4w . @ £U0) = -4sin(x);  and
Net, when we divde +he inferval [o, 3] ik
“‘i""l subinkrels,  fhe  sie ¢ each subinfervel s

and  the :rdr, nis of the sub-inferwls ol

$
z ® £ = -Beorlad.
I+ ,fp((ow: +hot

T ; ar
9, %, %1 _T;r', '237!1 Elr, w, ? and 3" 0] og':‘?:; I‘F(X), u?;; ’si’lfl)c)’ =1
3
® wmax g, R
P po0asiw) D&S? ¥l nsx.si.’{zws(zx)l = 2; and
: : ! oﬁv}r’#"{x)l = om!f"-gmsax)] =
n ‘ T( 157 T Ty ﬁmuj' LJ the albove Theorem, (ye JZ‘P' Hhet
¢ i 2 _3- T 3 3
a 2
o conutniver, et o0 25000 Il ¢ g(P'en = T
Thus, the « yoximaHons  are -
. fr‘ ® Ig-zl € £ (e = %i
O 4= =2 Zfx)
'] @ ng‘Il S (lnr)(z) - L’_;
= L o) (Ror+ ) ¢ KB+ A )RR +fmesy) e
3 3
= d0oe e et Fogrord) © im-11 ¢ oW = 2,
Alg = Lo, ® I%-1l ¢ l——hfu(s;z)fm . 2t
s.!'l .
@ IZe: L_qif()(,‘__,
= 3 ("")(ftr)+fcn)+ T ¢ 48t 0T + R+ FDFCP))
= —(%’-’)(7+-‘?1‘|+1‘-+—;+D+—¢+%)
a7 .
S Sl W4
@ Tg= luﬂue)
= 3R+ J)
- 1‘W .
3 T' =<5
® Mg = ;‘E_F("kqﬂi)

HCT (AR e DR £ 1D+ )+ 1)
= F(55. 1,15, 200, 1 206, 225, 1)

'“‘i'j +he ;wﬁb sini(x)= —a ws(z) fo fywe ot
the  valeey of #49).
= ‘z—r(lf- J—E ):  and
—o & flx, )+ bfx
© &= 4tz Dol Pn
= L (D) (#or+ wherr 26)« HCD 26(F) + MO eoftmr 50+ #Y)

D+ flxgy)

3
= T(o+i+ Jry++iron +3)

N
- % 7



IMPROPER INTEGRAT.ION

TMPROPER INTEGRATIoN ON  (a,b) (D248 C1)

Q' S..Prou that  f:lab) SR s m}UnUf. o1 every
closed inferval contmined in  [a,b).

Then  +he "imr»rlr ir\fu,-l of .F on Lab) is
dt,f;ml o be

= e [
gz We say f s ¢ n k" on [ab)
.Dr that  the improper ,,.{3,.1 of £ on [ab)
cm\\uﬁgi . J; £ exisls  an A s fm_d:-

Qg We alse allow +he case where b=oo, and in

+his coge we have
ol S —
j« t e L T

TMPROPER INTEGRATION ON (a,b] (D248 (2))

Ql S'urrnsa that F: G btI->R s ""JEJnUe o every
closed inktral  confmined  in (a,b].
Thea the "fmrwru' inf‘rjml of -F" on  (ab] i

’

Je.fv«d v be
L .
L#=dm]s
.Q.: S\'MiloAJ, we _;,.J 1C is "‘-""C"’ﬁfﬁ in%m”c" on (q,L],
or hat the imrloru hfﬁnl ’f .f on  (at]
.cDr\VU\‘j(s“' l"f L‘f eﬂt-l‘ and is f'__'”_#_t

83' We also  allow the case  where a=-o,

ond in  this case we hove

L+ =

IMPROPER INTEGRATION oON (a,b) (D248 (3))

Q| Su.rros-. that Fi)>R s inf‘jmue on  every closed
inferval  in Ca, b).
Sur’;osg forther that  for any poinf  ceCal),  the iﬂfljruk

3
J’C 'f and j f both exist and  coa be  added-

Then  the " imrmrar inﬁml of f on (o l) is nltf.‘vvJ\

b be
< b
e+ ['s
where ce(ab) s uLimey.
gé We S'AJ .F is ":'mrwrv‘j infegrable " on (q,L)
3
when both J’:f and ‘L 'f ose 4Fm'+1.



EVALVATING ImPROPER INTEGRALS

Q We  wnte
0] CF(K)] at = ,!'_;:‘_ F&) - JL".\‘_ FG);
® CF&)}A+ = R - lm s and
@ (R} = fimrey- F@.  (NT244)
Q surrnso_ that  F: o, )R s inhjm\-'e on every
closed inferval  contnined in Ca,k), ond assume

trat F s differeatiable with F'zf on (ab).
Then . ] -

jﬂ f = [FGI).. (N2.50)
CA similor  resull bolds  for  fonckions defied on L)
and  (a,b]).

Thea, l'J He FRudonentnl

some celal).

E‘ﬁ‘f' Choose

Theotem nf cﬂlcnlq_\"
b ¢ L
Lt s S L
= l
sdu I $o fm [
= l"‘" " (FE)- R + liva () -Fean

= IIM F(t) - llM £(s)

f ]c = [ F(x)]" 74
ExAMPLE f & (eam o)
g The above shn-ij con  hep w evaluse.

Hhe in v J" d:
s .

J,,"‘% = flnb:)]l,_
= 0~ (-
s Jl % s e
Exampe 2: [ 2 cersicay)

T simibdy, e aan W.(u.fz [

the above method.

f = [2,&]:;
A

i

= 2-0

s 2.

N

EXAMPLE 3: ' dx CONVERLES &= f" (E2.52)

o xf
.Q: BJ extension of the ruv.'nvs o '“mfl“' we
con in j‘\u-f' show f: ;"i‘. converges if _and

deatt in €250

Prodf- The cose with [
S0 +hat

! 1
dx _ -1 - Yo/ N
‘[ O [tr-n,,f"],,'f ( r-') (-»)=
aad {F r<l, +hen "’)"°' so that
'ax &P ) |
f,, F T Lip et (,Tr‘) (o) = =¥
ond  thece  deduchons  ove Svﬁﬁ'r.'uf fo pee the

cloim.

EXAMPLE §: f‘ CONVERGES ¢ p>I CE253)

S llv‘l L]
il J Wwe can rnve J; x_‘:_ t-nvuJC-i

|£ Mly I.f P>|.

EXAMPLE 5:

Q In a Ssimiler mannes,

m*kjml

j:e”' dx (E2-54)

f:c_kol)h

we on

evaluafe

J neadx  CE255)

EXAMPLE 6 :
1% Silody, el
J; Inx) dx us'lt:j +he gh’w in
! ~
Jo ln6) dx = [xwnGo-x7l+
2 () - Jim (xlatd)
= | - lim "‘_(’0
- xd0ot ( )
= - - ||M (—
xsot <_|
= -l l‘_;‘;‘_,(—x)
] = =l=-(0)
X jo l"(X)dX = -

integrel

N2-50-

Cy L'Hopibls Pule,  since '(%) = 2)



COMPARISON FR JImPROPER INTEGRALS (T2.S6)

Gl o g b el o any closed inkal
conbineh  in  (a,b), and surrnu fother that

0 ¢ £6) € 90 \Ixe(a,b)-

Surrose. j i_q‘}Z :mruor-fj -nisjmuc on  Ca,b).

so is
< Iy

. )
On +he other hand, if L{-‘ diverges,  then
j:j Jiv‘ujes as  well.
(Similor resulfs  hold  for  fackios £ & g dofinch
on hnlf—orm inferwals. )

. L/£Y
Emmm I j., Sseclny dx  CONVERLES  (E25%)
Q' Usiru Compoison, we eon ghow thet J:%.FKT;)‘JX

amvu:jzs-
me Frst, noke Vxe[0D), we have Hhet 6) 3 -2
w

so Hot  sect ¢ -

I-%K ‘.

7]

and  heace  Joorr 0

«ﬁ

Let wu= I-%x, so  that Ju:-_rlTJx. Then

j"—'{ 1 =0
R f “Tu? da
1
x=¥ = [“Tru."]n
2
J; =0 .J'T' dx = T,
whidh is o(zpv(J Afinite .

It follows Lj “"’“[”""‘" tHhod j ) dx convuges. B

. (]
EXAMALE 2: j e converces (€2.5¢)
g: Sum.lu-{J we  en  show

&Mrl.nlw\
Proof - Frst, noke for Wuelo®)  o%5peu;  hence

<y : 52 1
e 2 I4x >0 | s Hat ¥

J;e_k dx converges U-‘i':,

1+x2 -
Then, since

o

L3
which s ,fw‘k, we see  that f‘t—x' ax
‘:j wmrs—\'snn. 7] °

ESTIMATION FoR ImMPROPER INTEGLRALS

Q Let filab) >R be integobe on  aay closed infervel
conlrined  within Ca,b).

Surroso_ If s .'mruofcdy .'nkjnf.lc. on  (a,b)-
Then so is f,  and in this case

U:‘JH S j:l,cl.

(Similer  results  hold ,f{,. Fomcions  defied o
haif-open intervals).

EXAMPLE : J‘:” Sin
b 3

= ( h«"(x)] s I

-+ x‘ ’

Du\\ﬁljﬂ

coNVERGES  (€2.¢0)
Q’ Us."j estimation, e can  show Thot f’ﬂ"dex

tonv'rJts . °

Proof - W show Ji o)

(T259)

u= 3

V-—

) F

= unvejd n«!s!ﬂnj f IW)IJ)( bnvltjd oo

um\lltjzs .

X dx  ond J‘-: 66 — Next, irrhjmk "j rg,f; using dus L dx
) X
! . * singo —esG) o
First, since  lim 00 by e Fundamatsl Tigmemehic Limi, J \ s—',‘:dx = [ = ], - jl —“’:—f"dx
+he i . . To, . % ©
Suockon Lo = J.mm I confimas ox T4, - jl S‘Lx'bddx = eosCl) - J, Lf?)sb(.
and  So l:J .13 £&) s else iﬂ’v"“‘ on Lo/]. Then, gince w‘?’f < L and - dx
x S o2
Then, "j the  Fndomeatal Theorem of Caleuhs, j'_'fbc)-lx v \aj C‘DMran_
fin d se
condruous ﬁr relod, o g HU\EQI LJ estimation, ‘J'“_)-WG‘ dx  alse
" sinGd) 5 o lim '; M o b=
jn = %= 5G] Snboy - ,!_',’;Lf' f&)dx=j;f0=)lx, Finally,  since
Wich is  fini ! * si
which is finife,  so .fo s'—'f‘—)dx convigs s well. J; -'&xo‘)dx = J; -ﬁL:X)J,‘_,, J"’ sinGx) 4
I e ! X :
R
J““ sw(x)
dx C‘"\VUJES and  we ot done.

it Sollows  that



Chapter 3:

Applications of the Definite

Integral

AREA BETWEEN CURVES (p3.2)

.'Q'? Let f, ﬂ 8 EO,L] >R be ;nkjmklg With
£6) ¢ j(x\ \xe (o, b]-
Then, we define the Toren of  the nj-'m

agxeh, f0d¢€ jéj‘*)
b Le

L
A =_L (g0 = £x) dx-

EXAMPLE |: AREA oF REGIoN BETwEEN
x-AXIS AND ys { =x* (53-3)
Q': We can use the above furmuk 1)

colculale  the oren  of the uJ\'oﬂ

Lefween Hie  x-odis  and  Hhe

‘»nLol; 3=(_)@.

Nole that the nJ.'m R i Jivm Ly
“1¢xs, osjs 1-x,

So the owma S

!
Az e s (~%1.- 3%
=

ExAMPLE 2: AREA OF REGTON BETWEEN
yo3xel R ysd-dxe2 (€3W)
‘g S'l"".'l“'{n, we Con use Hhe method aleve

b calculale  the o °f +he {3;0'\
between the  corves  ys 243x42 and

L3 .
gz x Ix+2. il %O

Gt ‘F{)‘)=7‘1+§3‘+7- ond jcx)=x3-3x+’)_-
Thea, ek Hat

£0d-900 = GFe3xi2) - (B-3x42)
H -Q3-x‘-éx)
o - x(x3N¥42)
and 0 flx) -:J(x) when %0, %73 and
Moreover,  £00) 7 5Lx) \xe(-0,270 [0,3]  ond
for € gy \xel-20)U [£3,).

Then, Aum Ha disgan, olsane Haet
) =J_‘1 (oA e + J: (0-5p) x
= JoG b dx AR G aihlial
: [—;x‘-ﬁx;—lx’]tz + [’%ﬁ‘“*”%* ]
- 283

ps =

(L3

3
»

9%

ExavelE 3: AQEA of A CIRdE oF
rpptus ¢ (CE 35)
8' We con uwse & similae method b coleulale
fhe orea of o arde with adivs -
Obsecve that The or2 of o
Grde  with  rdus © s s'uwTL]
G fimes the o of— dhe rUiun
Sivu\ \-‘1
oexsr, 9%y
oo thut the oo af the crde it
A= : AT dx
Moke the subshhbion sin® =X, 0 ot CosB = Jrmn2
and  reos0AB =A% b et Thed

=%

A= L(-j reos® ( ress® 40)
©:o

¢ AT,

4 quf:ﬁ(.li_ Las20)d8 Ly He double o.ujlz j’omln)
= ff[:/'(z—zasle)db
z r‘['Le-zgmzo]:/‘
L= T
EXAMPLE 4: AREA OF REGIN BETWeEN
y=x-l & 5‘: x+l  (€3-6)

g We can q‘%nA the area of the. rﬂiu Lehweon

the  cerves =x-l  ond jzzxfl using =
similar  method -

To ,f;wl the owen ,&: fre y=z-1

mjion, we  eonsider o ?‘ y=vETl
7
ports Sermh(']: ;//////

CAY This is th on dafinek N
7 T:ms s e r-aa ufn / Ay e

~1€x€D, A€ Y < AT
Tr ,f)llm.., ot

A= J2 e - ()
= J_nl 2(l+|)-;' dx

= [%(:ﬂ)y"]_nl
SR, G _§,
[@) This 15 the jon .lt,F.nd
L rz@l
0¢x<3, x-lsjs Alxet -
Ir ,)q,uw: that

H
A2= j° /JXTI‘ —(x-N 4%
-rz % 3
s (34 Lxax]y
-4
T
Hene, the fll ore= zf Hae rU;M is
Jl‘\m\ LJ
A= A+ Ay
o

wis

LA =

Y d



VOLUME BY CROSS-SECTION

‘QI Suppose  that o sohd S lies i

Space betueen X0 andk  x%=b,
and s cross—Sectiond  ofea at “rnsiﬁm" o
AR, and  assume {{

x B ngl fo
(a,L].

. Hed  AK) is inlelu! on
g;_ We con Arrnx}wmk the volume of—

S as ,fnl(nvl::
@ Clhoose o ror‘h‘hu O Cﬂ,'u]

ALK X € & Xy = L,
with t‘.or‘ﬂSr"f‘A;“J somple ruin#s
€ (:X,,__l, ¥, 3 Whkeil 2, -, n}_

@ Divide the solid inh SMF’ whee

the kN g-h-',r
and X=X,  oad
Ax = X~ Xuy .
@ _W\"‘, nofe ot the hotol volume /— :,'
of S s ngl +o l\"—-

n "

V= Z AN F Zaamﬂ. (N33)

|ies behween XT K-t
has Haickness

Vowme (BY cross-Secton)  (D32%)

@ Su.rrov. Hot o seid S les in spoce betuween
oand  x=b, and  that its s ~sechonol

X=o
orea at x is eqve! & AKX, whee
ﬁ ‘ﬁ\ is iﬂkjm\ll. on [ﬂ, L-J
of S h be

Then ¢ we J.pfinl the volume

= i <
Vel 3 ae) b,
of ‘,,\Ic.('md-ivd.3 ,

V= f AGO dx-
AN ANNULUS Sbl-ID (53 1)

VowmE oF
g\ Let £ and g Le .M\?mug ; on  Cabl )
with 0 € f6) & j&) xe [a/b). "
lt R e the. ﬂj"‘"\ in  the Kj -rlan( /:_/3
j\VU\ L‘tj r:‘
agxgh, of(x)&jéj‘*)

and \et S be the solid olfoined Lj

revolun R okeut th x-oxis -
gz Tlnux' the ovrea ,ﬁmut-'wn ot rosiﬁon *
is jiVM by . i}
Ay = TCRY - L),

so dnet  the velwme of "

b
3 2 "
Vo= j A Ax J T(Lqe1 - Cfed] ) dx.

VOLUME OF A CoNE (E3.10)

g;' Note  +thet a cone with base mdivs £
oblained LJ rtval\a'r\j the

ande

\m.ijh* W ocon Le
+V\M‘Jul0.l‘ rtjibn R j;vu\ LJ
P
o< x¢ h, Osj & X
abwt the  x-oxis.

81 Tt folbus hat the volume.  of
e eone is

V= jr TR A

- 22 (%7,

v\ = 31Tr7'h.

VOLUME OF A SPHERE (E3.11)

.gl S\mdu.rlj we coan ,fml. the wvolume Py
af ne hnlf af o srhm Lj rtvuhnU /
the f‘ljlw‘ R J-vu by 4
i r
osx ¢ r, 0%y salr- e |

arund  the  x-axis-

g}_ Hmu, the velume of the xrl,..n

Ve 2w &

,.
s ap[redR]
Vo= —‘+3-Tl‘r3.
VOLUME of A “FOTBALL™ (E3-12)
B We con use the same ,.f-m-.l: +
coleolale  the  yolume of  the
"/F’r\'La“-Shqu” solid S which "5
. v region R
olbireh by ceehdy the g
Sivu\ LlJ
0sx <M, Ogys sinG)
around  —he X —OXIS -
The  velume qf the  solid s
heace jlv:_\ lj .
Vrjo Tein & = Jov(é-%ww)“
= 7 (2 - {,sin(lx)]z
S\ = _TI:
VOLUME OF  cagRIA
o o GABRIELS HorN (E3-R)
| LaLMh hom efs b the sofid S obhiner
4 r:volu{vj +he on PR vy b
. AN 9
$xce, 0<y<x

around  the X -aXjS. \

NU‘:«

& Nolke +hot Galbiudt hom has infinik Swf-a.

orea, Lu‘l’ unlj ,f—fhik VB‘“ME- ( 23"-{-3

VOLUME OF INTERSECTION OF Two CYLINDERS

.Qg F'\l\a"J, we n  use ou ,f)rmulq +H coleulole e

volume g  the colid ji\m\ Lj x1+Jl$r,

xi'fiz <

xz+ et



vowmE BY CYLINPRICAL SHELLS (wN3-16)

QI Suppose  thet  f and g ore nlearable i .
on Tabl, with f09€gtd Vxe[a,l]]. i ~\.I"'OL\JI\'IE of p "gowl” (E3.20)
let R le the rtjim in  the Xj‘rlﬂl e Q We eoan  use Similer  reasening b find
g by \ '/ ,/M the ‘“f‘“hj of & hoall which s the
agxeh, $6)€ Y€ 90 : ”‘: °\‘$wx by reveliing  the  poamlok
N nva\»'pj R olowt tee %ﬁ' L of e bowl i given
8}_ We con 'f""A the  wolume of S Ly \/ = J:'J-Wx (4-x") ax
fhe ,fv\lwinj; . T[‘fxl--lj_x":l:
© Choose & rwﬁh'on of Lat] AN =T
a=x,¢% ¢ = < x,\=L,
with meronAihj s‘amrk r.;.d; ~.VOLUW\E of A ToRuS (632|)
ce€ Do %ud Mieejiy, o n. (A hes L olhiea by reveliy
(® Diude the ﬂjim b “ships”, the dise D Jivm L’ .
whee  the K ship Ry i gives (x-RY + j" ¢ r
by about  the J-.xis.
Xy § X €K, -f(x).‘jsj(x)_
(B Revolve cach ship R oeu e The dise D i giver by
U,,,;s b el ojl.'m*n'ul "shellg". R-r £x< R+C, _msjEth_(*_ﬂ‘ll
®  Nole Hed teese  ghells arrnviwmk o Hat :: volume of Ha b i
the il velume  of  the Solid- \/=j2_r 2Tx - 2JP-(xp)® ox.
® Then, the volume o{. +he W shetd +(:_+ The: x-R , o Hd s =m o ructde dx,
s
AN =1 ?-“'Cu(JCc.L) - $0a) B, V=jx=¢1‘r e j“zx
x=R-r x = 4T (R + rin®) (roosB) (reosd dO)
so {he fofl volume of the solid s bz
VS TaN = 7 oaf -.l'fm"je:ggl - Beos?® 46
B " 2lie, (J(c:.)-f&uﬂ 8, % [ Runte s
VOLUME  (BY CYLINDRICAL SHEWS) (D3-1%) o 4 [RC30+ 4sinae) + %«’e]"_’r;t
§ S VEameR,

.g_- Sum;au Fhat f and j ore inlearalle on E",L-J
with 60 <JM \dxela, L) ond et R e
He rt_j'mn in the XJ-rhm. jivu\ by
agx<hb A€y g
let S Le the solid Lj n.vel\fivy R abeut
the 5-0«7&;.
Thea, +he “volume of S s d-ﬁnm\ b be

\V = j: 2mx (£ - jcx)) dx -
VOLWME oF A DIscus’  (€3-19)

Tl s b e sl ol by

revolu the vregion R wen by
" N/ 3 y
oixs% , —cos(x)Sj < costx)

abowt the j—ﬂxis'

The volume nF S is

_ (Y3
V= J; *Jux [mstr) — (~eastay)) A¥

_
VT Jo A 4Txcos(x)dx -
To solwa +his inkJrn(, 'mlEJrnk ‘"1 r...k using

uzx v = sinlx)
= Sinix’
t o + +hot
duz|dx Av = wos(x)dx \> J

o

\/ = ((.'(r[):s'm(ﬂ - Jsih(x) A)‘]
= 4Tl [xs'(n(x) - cas(x)] 2/"

o

SIVIRE| R 2



ARCLENGTH (N3.22)

"

L =

LENGTH (D3-23)
g Let £ Lbe difforrdisle  on  Tartl,

Z AL
k=t

W=

let £

or

ke dﬂlﬂl\h‘:lt on (a,l)  and confinueus 0N
Ea’L-].

TblEl\, we Jyfine ‘HM. .'Iu "’ o \'mk,\srlnul
of the cerve j:{(x) fﬁnm xsa do xzb b te

b
L=J; JH"F((x) dx -
RECTIFIABLE (D3-23)
.'Q'} We  say thet £ Com x= hoxb) s
O e
xzb i finite-
ExAMPLE |° LENGTH OF 3:"1
‘gﬁ Uswu\ the abwe ,furmu\al we  Con

e lujn,. of e 3__)‘1.

(E3-24)
,f.‘nd-

with 0¢x€2.

Crve

= ZW by x .

.gl‘ Let —'F be ffbﬁ\‘haUe on [a, L] or et £
Le d}f joble  sn  (a,b) and confrauous 8N
LCabl.
Let € Lo the e y=f6d  with agx<h:
.Q:Z We can arrwxiwmk the |e,\j+h °f C as
/ﬁ(lo\dsi I~
© those o peite f 0 PR S
a =% &%, & - < xp=b. . 3 :
® Bj the Mean Vake Thearem, there exist o 3 x
Samrlg oinds  Cp € [Xuoys %3 such  fast
y
; FCOxi) — Fod Ay
‘f(qﬂ = - "L:xu-l_ = Tk;
@ et ¢ Lo the pert of the cue C
forn Xy €XEXR,  and et D be He
line scjmanf ,f.«-m (Runts foq)) P (%, 7o)
® Then rote Hhat Hhe il lex f @
) D .
a i A h He leagth of P/
rrmxwaklj e.alu 9
e
SR NEE rosogn
" e 8 + (8Y)
b
} +( Sud
A . (Au_x)
L = —
. "/H[‘fl(fu.)]l' B,
So Aot He hil lempn of C is arrwx'ww"-()



SURFACE RREA (N3.26)

Q‘ Lt § be J{-P/w\‘hDUI on L1 e &
£ Le A.,Cfouh-”l. on  (ab) ond confinans

on (a,b].

Lt € be the e in Hre  xy-
plane  given by g with
and let S be the swfnu-
"V"\\Jﬂj C  ahour the *-a¥is -

-g; We can nrrvhr'l mele the

e f,ﬂ-uip:]-,
@ Choose & ro«-ﬁﬁ"n of Call

a =%, £X, <
©)] l?-.) te Mean Value
exists Svmrli. ro'ml's

such that

ag¢x€h,
obiomes by

of S by

< x ¢ b
Theorem,

C € [Kk—ll X'l-]

fhee

By
YR

of C with
Su denofe
oblined

X XS -

Flre) - f0xu-)
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AREA (D3-21)
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MASS & DENSITY (CE3-32)
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PRESSVURE ExAMPLE (E3-34)
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CHARGED ROD (COVLOMB'S LAW) (E3-35)

- N ST
3.35 Example: A charged rod, of charge Q (with its charge evenly distributed along its
length) lies along the a-axis from # == 0 to 2 = 2. A small object of charge ¢ lies at position:

(@,y) = (2,1). Find the force exerted by the rod on the object. Use the fact that the force
exerted by one small object of charge g1 at position p; on another of charge g at position
P2 is equal to
bl
[l | Taf
where k is a constant and u is the direction vector from p; to P2, that is u = py — p).

Ank, consides & small e “f rd ot T-s'.ﬁ-m

%, of Hrickness  &x-
2
Sing the  wd e |wj“‘ )

Hre qu'«]l. rwunit’

on Ml
length s — S0 fhot Fhe chep
' &
Slice O-f the nd s AG = D_Ak' .
I widh s
Then, He i 3 o
ot rOSiHon (x,o‘)l Jp  tre Smal! c\:]u-+ (n y
s
r=la = A’CZ—){)I +l
o lA-I- %Qx
N Ze
Nﬂ.x’\'[ L S)MI(D( “’Y’\aﬁzg' ‘HE % & j_amro"n{s QF ','L\E

exerled L,_) +he slice on +Hhe oLjL‘-" ore Jl'vu\ l,j

AF. = 2-%_ af = q MZL_X) A;
X ot 2(2-0*+ 1)
& ko BLDX

- | AF = ——j-‘———--"1 T
A"j = Ja-at 21Xy +1)

It ,fol{bu that  He

X and j —wmrur\a/\“s

f

ot

F = Jl lq &2 I

X . 20691y

and

fy ), L

o 2(02-

So\vng | we  oat rhot Hr2 totel ,fv':;w'-ﬁ:k* \“J
on tHe oL(u-h urussd o5 oV )

L2
£ e Chofp = 380, )

He okl

Hha o

Ao,



WoRK

Tank ExAamPLE (€3:36)

| a3 Example: A tank is in the shape of the parabolic sheet given by y = 2%, —2 < & <
—5 < 2 < 5 together with the two ends given by —2 < x < 2, 22 < y < 4 with z = £5
(where the y-axis is pointing vertically). The tank is filled with a liquid of density p. Find
the work required to pump all the liquid out of the tank, bringing it all to the level of the |

top of the tank. Use the fact that the work required to raise a small object of mass m |
from height Ay to height hy is equal to |

W = mgh
= h. — 1, 1
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CHAIN ExamPLE  (E33%)

W =

3.37 Example: A chain, of length 7 and mass M, lies along the z-axis. Find the
required to lift the chain and lie it along the top half of the circle 22 + (y — 1)? = 1¥(GH
the y-axis points upwards).
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Chapter 4:

Parametric
PARAMETRIC cwzvesand Polar Curves

GRAPH (04N
g let §: I 'y , whee T is an inkrval emmpw 2 3D Smeze ( RY. 3)
°f R re. i
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CURVE IN R* / ExPICITLY DEFINED (D% )} equation
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. l{— .F 15 continuous. {'Z-'JI "']j Ixi¢l, ljlsl
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SKETCHING. PARAMETRIC CURVES (NY.6)

g’: To slakch o r,numdvic cure,  we eon
Simr(j moke o toble  of volues  ond
‘:\-1' ro‘mh-

EXAMPLE |: “ALPHA  CURVE (E4-F)
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PARAMETRIC => IMPLICIT (N4-10)
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TANGENT

TANGENT VECTOR (DY4.15)
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ExXAMPLE :
CURVE (E%.19)

Q Consider Hhe ¢

ExamplE 2: STonE PRoBLEM  (EY4.1T)

z z
4.17 Example: A small stone is stuck in the tread of the tire of a car. The tire has radius
7= 0.25 (in meters) and the car moves at speed s = 10 (in meters per second). The stone
moves along a cycloid with its position (in meters) at time ¢ (in seconds) given by
(z,y) = (2(), y(t)) = (st,r) — (rsin (£¢),7cos (£2) ).
Find the position, the velocity, and the speed of the stone at time ¢ = 7/120.
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“INTELRAL" OF THE X-ComPoNENT
PARAMETRIC ESUVATION (N4.20)
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POLAR COORDINATES

cAo:resrau GRID / COORDINATES  ( DY.26)

8‘: Let ke @ rnm+ n the B plane -
Tm_n, we 5oy tne  Cortesion coordinates” o
P s the ordeeh ra;/ (x.j).
where
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POLAR GRID / CooRDINATES (DY-26)
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P

Then, we sey
is  the erdwed  pair €, 9);
® (0 rt-rvesM(-s the
and

cesends the anle  bekwee the

b P in the

distance »fﬁw\

fhe origin;
@ O (e®) ‘o

rosihw. X —oxi§

counter —clodcwise  direction-

E: Similarlj‘ 4o rlsf 'rolo-f‘ ro'mf!", we use a

pels—— 1.

P(c,8)

— x

O 13
8 Note thet  fir any r>o,

¢-r,0) = (n T+8). (nNL29)
CoNVERSIoN QETWEEN CARTESIAN AW

CObRDINATES  ¢N-2F)
9 Let +he I"’"" P be n_fn.,mh:# in  both  Coviesion

coordinates (x,\j? ond ro'o( wordinates ("19)-
Then the ,follcwmj must  hold®

0 PolAR

® x= reos® )
@ y= rsin®
©) ;<"+:1'L = rJ
@ 40 = 2.

g For gvuj (x,J\:\- €0,0), thee exists
(] (l«f TS nu.lh'rh of

and

& unigve

r= -Jx(-‘- and & unigue
2_1[) Sth ‘H'\A" (K(J) = Cfle)-

In euler,
ton'( %) + 2Tk for Some keZ, x>0
m"(ﬁ)a— M for wme keZ, y>0

=<
T o' (L) +2lk fir some ke,
geo. (n28)

_m—«(ﬁ:‘?j+mk for e ke,

g If o cve s descobed  expliafly i

S\&'Efcuma POLAR CURVES (N432)
g: We con skelh ceves n the rz‘.rl.ne.
deserbed by pelos coordinates
0] exf’“dﬂj (ie in the ,fvm

@ implicitly Cie in  the fom $8)=0); and
® rommngllJ e in  the fom (r,o)rf(e)-'(rt(-l.elﬂ)),

LIMAGON (D¥. 34)

rt? A luw:s-n 1 S rnlr.l arve of the

F Limagon of Pascal

r= at+hbws®

=) ;

or

rFs o+ Lsin®

.for some a, be .

cARDIOID (D434)
g A u»rdmd s & limo gon of the f"""‘

r:a-\—awse

e

for some oer™ ; /r
ROSE  (D4-3%) —
A e’ s o [»Iu cerve  of the
r= acos(ab) -

or

r= asin Cne)

of" Some o-ER+ and aet.

)]

Y=fl) ¢=> rsin0O = FCrecs®) (NG 3S)

Covtesion

coordhinates L"_‘] —fl)\), then Ffhe Some trve
con be Aasuihd impliaH in olor coordinajes
: iy
rsin8 -{-‘Cru:se)
foop =0 ¢ Frwasb, rsin®) = 0 (NW3S)
Q SlMllM[j, i e cuve s descibed .mﬂang ia Coctesion
be

Cx'.J) z (x(t), 3(&)) ¢

¥

Hhea the same cerve  con

coordmukg "j ..f(x,j) =0,
described imFlide in rnlu ooorJl-ﬂﬂ"‘I Lj

fCreos®, rsin@) = O-

) PoLAR CooRDINATES ¢ NY3S)

LasHy, if o o s descated rw‘ﬂ'—h@“_'] in  Cortesion
coordinales L’j (xl? - ), jte\), we o (gometimes but
neb  alweg) use  olgebeic monipulation express  the

curve  in rolor ,form

* usiv\j the (f"""‘““’f Hd

N2



(y H =

:‘;:)“)cae). BE) = (XePa () cosOLE), Ck)sin O4L))

G nete B i o
oordinates LJ
FMH n

Cenve S J iven rmfﬁudj n ro_l_c.:
Cr,0) = (rig), BLE)), then ik s given
Cortesian  coerdirates Ly

oy = CrLE) cos OCE),  ret)sin OCE)).

INTo PARAMETRIC

TRANSFoRM POLAR
PERFORM

cPARTESIAN CcooRDINATES TO

cALcYLATIONS C(NG.39)
r=rt@) AT B=t (EY.4o)

ExAmPLE 1@ SLoPE OF
g To fird a ormda fr the r.lu cve rar(8) ot
the roivﬂ' where &:t, we can waveet  the cune
info ks "rquc Corlesian  fore" Cused in N4:36).
Gk, wwte r=c8) oS
Cxy) = (e eostd), ) sintd)).

Us'uj tHa T“Juu-f rule, the SIT‘ o e r-'ml- whee

63t is "T"l o

Ay (_‘71_) | r(Osine + &) cost)
» @@

EXAMPLE 2: FIND CARTESIAN

ALL HORIZoNTAL & VERTIcAL

(E4-W)
i}‘ We con employ o similor  methed
hontontol  and  vertical rn'lv\‘h on

6 eas(t) — rek)singt)

oF
r= (48 ®©

CoORDINATES
POINTS oW

all  +he

t find
the  cudioid:
= (+es O

Arst,

CCI“!si-n
Cx, ‘J) = (C14eoste)) casd),

express the  corve  r=ltend Fmrnhiaal(] in

coordinates:

(14 o (8)) SinlE)) .

Then

2 (costt) + as™t) = =sindd) - Asin)easts)
= ~Sin(e) (1420 (6))

x'(¢)

Hene  x#) costt) = -;' .

Twis  ocers

Plu( 'm+3.,

Similordy,
j'({') = -i—l_( sinCt) + sinches 6)) = (2eoste)- Dok +1),

0 when ginlt) S0 or
whea £30, T and !-=ia—;—'- ngfcﬁ\n_’,,

mnlﬁrll! of AT

costt)=1  or cosgt) =-l-

ard s J'LH =0 when
This veewrs  when t-’_r‘?' and  ESAN ,.,r.‘snlj, plos
Mul{-'.rles of 2.
LGSRJ- Fluj in He valus of 4 infe He rwnhic
Cortesion .1,..4-;». o jt‘l’ that

t o =) (x,J)z €2,0)

b=32 D xp- (4, +3),

and sivee  X'(E)E0 B \j'tfno oF e ),,_;4,' e e

is verhel of  Hwese ro.’v\l’S*

At
s = s (3 38
t=¢3 S oy )
sed sma it & XOF0 at  phese peink, e e

S hontontal ot  Hhese r.iv-h-

whea =T, Hhis s of (x.]): (0,0). We conrot datanirt
" - ‘té).
whefhr s vachial  or hevgoakel Jg;, Cime  X£)20°Y ¢).
Apply L'p(a‘r;b"; wle b J"'
lim 3 (e lf) ~1) Ceasl®) +1)
I e
3T x'E) Fe S SNPTRTYIe
e lim Zemtl=l L gt 4
I 1428 tt) 38 gintt)
- =2-l . cottB¥]
R R
T 43T -Sine)
= 3-0
- 0,

So thet (r.J): o,y is &  hevirenel peint

r=re®) 2 (r, 8)3 (r(t), ¢) X
ey = Cr eost),  r(E) sinlé)) (n4-36)

? Similarly, i o (corve is (descibed  explicitly in

r:LAf wﬂ\;'\a‘i’ts F=rC8), ten

k‘j

©+ s 3:vm rw_}(‘] i r._l::o cwordinates by
Cr,0) = Ced), £) ond

@it s ivea ehicall, in  Corlesian  coordinates
| peemm=] =

by
(hj) = (rte)costt), re)sin(t)):

ExAMPLE 3:

rze(® WItd & 0<p (E443)

~gl: We con wse a similor shulf-j: b find &
formula ,f.r the (cn3+h of the r.l«- curve
with ¢ 9'$P'

FORMULA FoR LENGTH OF

r=r(8)



AREA UNDER A PolAR Vi
E?' Let  the  ruion R Le Hhe region J,-v,,‘af,,g € cuq.'*S)

Fnlo-r coordinabes by
< OCP, f{e)srs\j(o).
We con qrrwxama-h. the oa of R ot follows:
@ Choose o r.(ﬁﬁm of Lmpl
o288 < = < BaP.
with mrﬂ.srnndinj sample roinh e (8uq. 8.
@ "Slice” R ink thin ..;dJu, with the
m..lJc. goen by

3:5&0)

qak Vsl s the sedw f o circle.

Ou €0 ¢ 8, , 4f®) srg jca), "
with onfe B0
® Then, the omn of Ha + wedye is S Bep s Lg@TBS - TROAS
ﬂrrwxim‘-g(.] = L0 (jm’»{un’)

AR T (g6 - fet) Ao

® T oo nf R is n.rrnxiuaklj the ovea
of these sums, so thot

"

N SRR A At

so  that the

g; The RHS s o Remann sum,
of these

exact orea  of RS He  Limit
Riamoan sums:
_ [9°P
A = L 2 _ 2 i
je:-r ,_(jte) 4c8)*) 40
PREA INSIDE r=l|+cosO (EW-4b)

we can  calulale  fhe

ExXAMPLE |:
g Us;nJ the  alove ,form-d-.,

oo of the rLJiev\ inside  the  cordioict ol @

ExAMPLE 2: AREA OF INTERSECTION oF = 3cas®

AND r=2-wsB CE4-UR)

U We con ,frlj the ,)‘ermul-. o more comrlicn)-ul contexts
os well, such as  fnding the owa of the inferseckion  of

the  crde r = 3cos® ond  He  limagon =2-es8°

_ [
2 = J {u-u;e)" 48
-]

A
B : fﬂ $(3est)” 26
%

N 5w




Chapter 5:
Differential Eqg

{2’_ An (M) diffarential qvm-" or -pe..,
is on q.a'uar’im which invelves  a  funchion,  say

3=ij§, of & (Sire vadable %, qlonj with
(D51)

Some of s Aenvetives (gj j'lx), j"(x) ete).

ORDER  (0S-1)

g The Tonder” of & (DE s dhe higmr of the
orders of the Aeivetives  which (occur in
the u‘vahm.
aj +he zﬁlud"\ﬂv\

sewond ordes DE-

SOLUTION /GENERAL SOLUTION  (DS.1)

{f A Vsoldion” o DE is a function

I 3:3(*\ which makes  the ¢1vah‘on hold

for all x in some interval.

"0 + Aoyt = e W5 a

® , DE con have many solttions .

rg The "3¢nuol solufion” &
* which “containg”  ‘all the
said DE-

DE is an

txrrtssioa
sdlutions  for Hhe
the genwnl  solufion
mJuih'm‘-J congtants ;
fre  number  of  orkity  constodls s equal
b 4he order of The DE.
INTTIAL ¢oNDITIONS €06.1)
i? " Lnibial condibons” we (one or et addfioncl
conditions  that we m(Jwr require. o solufien
o o DE o satisfy.
INITIAL VALE PROBIEM / IvP (0G.1)
L An Timifel valae pollem”,  or  "IVF',
DE  poired 4jdh¢f with  an
inifial

will Ilsuauj jnvalve

s a
iniHol  condition / a ‘set of
conditions-

EXAMPLE | : SowTIon TO 3",'-0-;:‘:5
OF THE FORM 5=1K“l' bx+c (ES"-)
?wtmn,fedxsuuﬁm,Fﬁgw
‘): a+bx t¢ b the DE 3"3' P y.
@ yzadsbxic Dy’ Jaxeb D g7 2
So gy (a)ameh)+ K e altbrre
D Ua*x+ b + Xz axt+ bxt e

E‘T‘*"j m'ffiéuh, we gt asl, Gatsh, 28k
so tat a2l b=y & =¥
Heacr Ha gll.(-] solufion s J s xteax+l @

uations

EXAMPLE 2: DE w/ ExPNENTIAL FUNCTIoNS (ES-3)

5.3 Example: Find two distinct constants 7y and ry such that y = e”** and e are both
solutions to the DE y + 3y’ + 2y = 0, show that y = ae"” 4 be"* is a solution for any
constants a and b, and then find a solution to the DE with y(0) = 1 and y/(0) = 0.

Let :]: E.”‘, so that j'= ™ g 3" = e ,
Hat
J" + ?n:l'-\-ljw &) e e + 2™z 0
> ¢(re3re)e™ o
) Cra)lra) € =0

&) ¢zl or =1 (since. ™20 e R),

Hene, we can toke rz- & f=-2.

Now, let 4 ™ 4 be™ = g™+ be ¥
Then
y = -ad - 2be™
ond
jﬂ = a4 lI'Lv._Zx.
He, ) )
h n""‘ ;:JI +1" : (a:-x ¥ qh{h‘) * 3('42-‘— 2L£ 1‘} + 'J.(AEK-!- LL u) = 0/
#e DE-
Showing 4> ae™ o b i indaed o seludes b
wtion ).
(Se Mus s the Ju\_v_n-l gols
and ) = —a-2L, i+ +||uvl$ Fhat
Thea,  since :](o): ath " g
<l ‘Jlo):l = ‘,A+L=| > az2, fe-l.
t 3‘“):0 (~a-2b=0

—X -1X
‘ z 2 -
So, the rulu.:u* ro.dim[u oldion 4o Ha IVP s 3 e - e

EXAMPE 3 : “apPLIED  DE (ES-¥)

5.4 Example: A rock is thrown downwards at 5 m/s from the top of a 100 m cliff and
it falls to the ground. Assuming that the rock accelerates downwards at 10 m/s?, find the
speed of the rock when it lands.

(ot #(£) be the keijvd' o He ke (in meles) offer

t sewnds .
we nedk o solve the IVP tnnsisl-inj of

< fre 2™ order X ') = -lb; and
. the oo inifid eonditions
Thea, observe that

[
') = -o

2 J’x"LHM' - J-oa

L) = -1t F S,

=5 ond x(0)= 100°

=N

whe ceR i some  constand. Thea, sine x@=, it pllows

ot c(=-§, 0 we have

x'(4) = _let-S-
Hence
J <At = \J'_ml: - dt
S xet) * gt St + ¢y,

cnﬂs‘l’al\"- 'ﬂﬂu, since )10,  we haye

where ¢, s another
x(t) = SE-5t+100-

+he  seluhon o He IVP s
we Solve x(€)=0 :

c,= (00 hence |

2

Then, 4 ff'.“* out when e rocle  lands,

p = St -st+loo

S 0= -SGSHEY),

so (since t30) e  yock  lands when €74

S -
Thea, gnce x'4) = 45 the e lads ot spect af Yms™



DIRECTION FIELDS

SOLUTION CURVE €0s-s)
g A Usolufin Curve” @ DE
jr\fh of @& solufion J:Jb()
DE -
SLOPE/DIRECTIoN FIELD (N5-6)
glt The '-slar!. ,f-i.,ld", or the direction feta”,
of o DE o the
y'(x) = F(x yo)

+he solufion Curves b

is the
of the said

s a (sketeh of
fhe said  DE-

g We con skekh o solution  curve
* DE of the  above forﬂ\ as ,)C‘pll.ua:'.

© Choose maeay ra‘wdl (x.tj), ond +r eoch
rul'nf unﬁrufc F(x,j).

h a

® Suppose j:j(x) s & ‘sduben fo the DE,
So  thot j'tm Flxy) , which i the slope
of the solubion curve at the roinl- (x,j).
® Then, al ‘exch  peint (x,j), drow a Shock
line s:amznf of the r.ini- (*:J) with (slope
FlxY)-

@ I{l we  choose emwjln rainh ("'ﬂ)' it should
be FoSSiLlC b visualise the slution Cucves, Snce

'Hr\ej folluw the  direction af— the short line snfnmﬁ-
ﬁi?i Then +o gluﬁ'oV\ +he direction oq-‘u °f the DE
Y(x) = FLryd"
Y 9
O we ,F.rs+ Anw  sewersl isoclines

curves  FOup=m, whee meR ; then,

® we sou ,vmr\j chort  line sfjme'\h of slo
F(XI_") sim-

whith 6w Hhe
pe m

alof\j each  isocline

’ Fimllj. o skatch the Jrnrh bf the  selufion

Ive Jl(x’ B F(X.J} with j(x‘,) B j" :

o the

Y]

D we skekch the dirction feld fir e pE

j‘(x) = F(x,jX i then,
@ we draw the solution curve which rase; H-rwjh
Hhe ro'w\(' (x,,J.).
‘? s“ff"“ we wonted to skakly  the  direction P
{br the DE jl:x_J, ond  the  solufion curves
'Hv\m?\n each of Hie ro'nh (*"’Jn)= (_o,-’l), ¢o,-1),
(9,0) and (0,1).
The isoclines tre e |ives K—J:m,
DF, we must l\'Jh#j drow  the  lines Xy .)('.r Several

values D‘F M. (Shown in jtﬁt’:’)-
we dmw mony ghort ling xAJmGJI

vale of the isocline

se b skt Fhe

Thea, n[cnj each  achine,

of sepe m,  whee m is e

(\:-j'—‘m) rassivj though +he r.'.v\f- Ghown i gren).
quHj, we can shakeh the slubon cuews  (shown in Ll ).

EULER'S METHOD (NS-8)

i?l “Bulec's  Method” s & way h arrwx;m‘k

Hhe solufion h the IVP 3‘(!) = F(x, j(x)) with
yla) = L.

Q:: Mc'HnoJolojj-.

® Pick o S"_lF site bDx  Cwhich s small) .
@ L  xe=a  and J,:L, and  for each

n%o0, let

= Xp + Bx ; and

a4

3'\H = jfl 5 F(xm_'],l)bx-

® The solufion  curve q ) is then orrnx'-mfd fr
values x> a |.j the riecl.v-'ise linesr Curve whose
jmrh has  vertices of the ro'mk (X, _'J") .

n )

@ Note  Hat —::_x (e the d,),,_ of fa ltme
n

s‘j t i.i“‘"\j (x""J") ard  (Xpg), Yat)  is ‘1"" o

Hhe slope of the Jdiredim field o  de  poinf  (KnYa)
pe of f §
@ L"*SHJ. IF we wish 4 arrwximdt solubons  with values

< N .
X&&, we con conshudt rnmh with neo Lrj
letting
Xpat = Xq = Dx
= - Fx .
In- Jn ne ) Bx
3
EXPMPLE: o = x- (€S-
5.9 Example: Consider the IVP y’ = z — y? with y(0) = 0. Sketch the direction field
for the given DE along with the graph of the solution curve y = f(z). With the help of a
calculator, apply Euler’s method with step size Az = } to approximate the value of £(3):

. . 2
The isoclne j':m 5 e cidawags rMLola e x-y?,
We drow  the  isoclmes Cje(L'«'), ha

2
of X = j+m.
and  Hie colubon cerve Cllwe) belows*

DF (jnu)

&

R

N

=2
4



SEPARABLE FIRST ORDER EQUATIONS (DS5-10)

Tt A seporcble  first ordar DE" is an
¥ r e e o soLvING. SEPARABLE 7 orDer DES (NS-11)
-g: Note 3:30‘) 5 a slubion fo  the :o_rmUc. DE

OF thof con be
Feytxn j'(,) = 909,
ore  continusus ,fmr.h'uns. fp y :th\ when
JFyu yordx = J g ax,

where  fex), 90x)

Jpgum gads = [y
-Qf So +o ol +he DE, we rewntfe 1 as 'F(juj"jb‘)'{x

and  thea }n{':jm-h both  sides.

LINEAR FIRST ORPER EOUATIONS (DS-14)

'i?-: A " linear ,fir:f order DE" is @ DE  whih con
e .form

pox) 4o = 169

et a0 ond 900

ke wnHen in
rj‘(x) +

»fof some  conhinues
SOLVING LINEAR 137 ORDER EOVATIONS (NS-IS)

colve  the linear DE j""r'j:q- as

" We con
,Follouls
® Fnd oan “i..hjmﬁnj foctor” R =Al)  svdh
ot 7(,' = 'A_r H Hhis  would 'mrl,
ap' < wye Ay A gy

reducs b

@ Then :1' +py 1
’rl-j' + Apy = A4
D (2’ = 2q
2y = Jaga
|
. j' —‘,fjﬂ.lalx.

@ T find A,  we near o solie e DPE
2= Ap,
which  resulk  in the solution
(x)AX
" ﬂ,= ejr 2 A
%z: In ju\ernl, the solubon b the PE
3I (x) + P(x)ﬂb‘) + 900 =0
s |
= e f(\:\lx
j“) efrr.x\dx e.r 1(:)&)(,

Jpede 5 the cnkrﬁ-j foctor:  (TS-16)

whert Q.00 e



"Ma'm(j "usf I:luj and d-\uJ"

APPLICATIONS .

ORTHOUONAL TRATECTORY C0s-21)

g for a (given fomily of curves, an 'oerjom|
‘rw-‘u.f«j Y % a cae That infecsects  each
cwve or‘f‘mjonallji ie of a 555 + ﬁlt to
he curve.

EXAMPLE : ORTHOGONAL TRATECTORY OF

x= kj" (€S-22)

Q We can find the orthoqomal  drojuctoies of
the ,fomﬂj of ro.rlh:l-.l x=ka vie the
fnllou]r\j :

Diffoentindig xely' wrt x o we g 172y,
So ta rml,nl- ):=k\-]" has  slope :1'= z_lk' of
each r.,'mf' Y
3 X R o L T |
Swa e, PU gy ae
Thea, as Hhe nrﬂnjarul Jv-igi.ni.; o r-r/a-di:..(., h
the pomlolas,  necesseily their dope sy -2x
). . 5.
s”l ‘hzj"‘A e ""H'“’JM“' 4"“1"{""‘-": we solve the DE
7%

This is & s‘arm’uh DE ; so

de = -2xdXx
= j']"j = j-zxdx
3
l—";: = -X‘. + <
S x*+ 3 -
T »

;mrl]'.uj she ..-a-wja-.l "\-ﬁic_:.hn{u_\ we He .\\i'm:

- Ay
X ed oo whee  ce R

ExPONENTIN GROWTH /DECAY (05-23)

g [ Tlu\‘ﬁ“j 3'—3“) s sak b “ru/he-\’ urnnuﬁnl!’"
i it satisfies #he (PE et kgl for soma keR.
This gives the  soluion

Lt

!

and  nole  Hhat c=j<°).

yeed = yeed et
{:?1 Then,
® whn 9> & k>0, we sy 1y guos

3= Ce
o Hhet

exrmu\{-i..l\j i ond
Q@ uhen §@) 70 R Lo, we say 'y 45555‘
exponentially.

NEWToN's LAW OF CooLING/WPARMING
gus.zs)

g “Newtws  Law of Cooling /Ww'mj “ siofes
e rate of unhpjjmwm;,, of an oL'lld
is P rhonnl b the Mrmﬁw differcce
behween  Hhe olist  and il Surroundings:

H

Te) = k(K= T@)

whese T is  the knTlniwt of the ALic.d'

at  fme t, and K s the constont iunrw'iwt

of the suroundings:

MIXING PROBLEM (NS-29)

'g' Im-Jine we have  sme  soluton  with o j."""

wncnbrobion ¢, of some Golute , which enfus
o faak ot a fixed rte €.
Tne mixtwe is shoed (o entwre gTu;dishiLuﬁm
of the 5"-\‘*““), and  drained ot anchher rede
f -
Let V&) denote  the  volume nf the
at Hme t-  Then

UCE) = V) + (h=6)(4) i aad

tank

ViR) = - M.

ToRICELLLS LAW (NS-31)

g “ Tovicalli’s law”  slates when o l;TA-‘ dewins

ﬂwujk a hle in a foak of “'1»4" )
it {Inws 'Hun-jh +e hole af «a :7¢!J~
which ig rnrnrﬁml fo  the !T'M roct "f
the dur-}h uf He wafer alove e lole-
or o0 non-viscous Iia,uid, +he !rud s

v ¢ «113 R
Whare j is  tHhe raw tofional fonsh.J, and ¥
s the dapth of the (liquid:



Chapter 6:
Sequences and

LIMIT SuPRENUM & INFEMUM
CD613)

g Let (an)anR be a suruova..
Then, Hre “limit mpn.mum of Cap)yyy s defied = be
Hie  exfeaded eal  number
(«m Sur(a) = nl-.>Mn Sur({au: L;n})'
ord e limit infimum®  of (an) 5k is  defined b be
He exlended real aumber

liminf (o) = lim inf (40 s k2 D),

-{?;_ ThM, note +hot
© Can) & bowsded above Jf and odly i limsup 4y £ o
[©) (an) is bounded lalow f aad {

®nl-i':‘a"=L if and on”

SERIES (06-15)

g' for o Sequence [CRIYS we dl»fn: the Sedes"”
1
Zoan o be eqel B the seqence (Sa) .0,

liminf a, > - ;
Il-)of - ’

A
where
Se = zh“n = a4 - +oag,
n=
called  fhe pth "rwﬁ“l sum’ o he senes Eha,‘.
gﬂ Then, we define the Sum’ of the seies h be
the sum
s .
S= Za,\ = A+ oa b e T l’;’;sk'

and if S exists oand finde we sy the | senes

Convenes.
FIpsT ?mn‘e;y MANY TERMS Do NoT AFFECT
CONVERGENCE (T6-11)

@z Let Ladypc® le o (sequence. (
| . .
Tron for oy ks e sedn Ba e (p eSS

;_E ia,\ u»\vaas, and in s case
nam
[
Zap = Cay+ = + a,.) + zm‘"
n=k

P_’Ef o IMrle
g’ Nete +hat since the first finilely  mony teems o ;.
2 seses does n_of‘ ,Hu(- s mvujm, we may op
+ iusf wnle  the  sum S= Zka" as  simply
29, i ue i“s* wont to delermine  whethe S

c,onvu’JGS- (Nb6.20)

ERROR (N6-22)
f]J let n?,l:" le amvuju\h

vk, T is alse convergent

nyax1 . ‘2°: Lj -
Thea, i we a.rrwxin:-(vc. the Sum n=u_a"

ath FMH.I sum Sy = "i_ia,\, the error” in ous

and  so L_‘] N620  fir eay

arrwximﬁm is

1S- Sl = | Z anl

nzZ+)

e A

*
Haig  relies heavi rJ on knauhdje .ﬁvﬂ
MATH (43

Series

CONVERGENKCE TESTS

INTEGRAL TEST (T6-29)
g“ Let £0) be posfive oand decmasing Uxzk, and
let n":f(n) Vﬂ>,h, nel.

Then  Za, convanes MA)_‘{ f:f&)dx @nverges,

and  this  case, ‘f"’ any 22k we have

‘}; fordx ¢ z‘n £ Jufwlx

n=L+

Poof- Fix @3k, and let T Za,. Nele that sina £

N4

is r.lzuun.sinj 3t s .nhj...l,k_ on  ory closed  interval.
Rlso fr each nyp necessavly {(n)‘f"a Vxela, n],

so  that
n "
" g0ae 2 e = a,
n-t n-1
Tt follows thet
frlows )
Tm = Z“I\ Z J fe)dx = j fodx < Jﬁ.ftx)dx.
NZQ4 n:2+4 Yo 2 9

Since fn)za, >0, i sequeac T & incraasing:

It j:fm dx umv!-rJlf, then (T s bounded aleve by
"
j: f)dx,  so CLJ mcr) if umvm]cs with |["';‘B Tm £ J.L fox) dx-

can ke wu f rwvﬁ Tm>’ J::nn.lx-
-~

A similor u\'jum"‘f
P-SERTES (E6-30)
g we con show ">’—'~ Converges it ond en‘; 'f r>l.

&'—”F If r(o, then 'Ill_;w 'r=no, ond l'f F:o, Hhen 'nm_-u

sl s

;:M n eithe case, Ly Ha Divesean Test Zgp dlivames.

) .('u”,u;e p>2- Gt “n“’# Ynzl, neR, ond
et f60: 57 xz).
Nole  Hat fFO) s Fu:i}ive_ and aler.n.qs'mJ
a,=f(n) Vnzl.
Since we lrow Imﬂx) dx Cmvﬂjes if and nn"-] if p>h
it ,fullows LJ He m{.,jm, fest thet  Zan tonverjer ot
°"‘(J if f>l a5 needed- @

APPROX IMATE Z ,,,; Ceé- 31)
g We can approximate Hw; sum S = 2,,‘1 so  Hat the

nz2

Vx21, and

ermr s at most

@t ayc t,‘_

If we cheose h arrwximnh Y I’J the 2™ rorﬁA' sum  S2.
n:.z.el

the eaor is
©
E= S-S J _"*" [-z_a't-]x
So b ensure E ¢ E’_o we can choose KXy §o-
Since it would e Hinu\s o add uf the f"”" S0 fepms nF the

Senes,  we iastead  folee  the "ﬂ’u & lower bownds of S-S using
He -Tv\kjml Test:

I ¢
24) foxydx £ S-S‘n

=l
loo -

and  fX)7 i,, S we con offly He Lthl Test -

< ] £0x) dx
2

! (
— £ - -
2e4) $ -5 ¢ 33

> Sot ey ¢ S € Se* 33

I we oﬂ;ymcrmn.le S using Hha mr-lroinl- of the

LDIH\A:' e
. L 29+

we et gg¢ Lol L )
J 1( >Ll.+|)) 5 e

Sor jd E€i, we wed —L— ¢ L o We con ke R=S.

4(e+) " 100 ¢

Thea we  estimatfe

S S + Ll oy ., Sq2a
~ 75 1('0 lz) F00 -

Ly . e !
S _|ng2+_’— + Sy ¥ 1._) = S t 1(z(l+|)+E)

‘.Tfu' and  Jewesr



LIMIT compARISoN TEST (Té-36)

? let 8,20 oand ‘,‘>° Vn3k, and suppose
‘H\Dl’ lim 2 N
S ba
“Then :
® If r=e and Zag c«vujes, Zhp also canverges;
® I r0 o 7L, canveryes, Za, alse converges; and

@ If °<r<°°, then Za, amn.gc fE and on(; if Zta m*’j”

- a
Proof-  Tp WM e, thea fir lerge n  necestadly T05) 5o that an>dy,
n

and  He f;mnf fnllnwg fww\ u.ml)nﬂ'snn.
A simila, rwal[ exists f:r tha case f ,{_';T,%‘-'D-

Th“/ Suppose lim %1 _ o i, 0¢ream. Choose m  so Hhatf when
ndoe bp
n
M,  we  |have |‘:_:'_‘_,I <£;
Hhis  mpl; co, 8 £, ¢ ¢ 3
s £ n 3 0¢ = a, & ) .
ik 2 < ¢, % haf The £ S Tl

If Zen mv‘j's- Hien ZiL,\ (-mvujer LJ mmran':nn, and heac
Ztn convu‘\jl-\' Lj |;,\g,.,;/:7 )
IF an mv':j":: fhen Z%EL,\ convﬂ-gzs LJ “nmn-{:" and heace
i“,\ omvu'Jas Lj Epm}:on'snn- 7]
RATIO TEST (T6-38)
:gk Let ap30 Vnzle, ond Surrnse '!l_)': q%:'T'- = r.
Then,
©®© If rel, Zen necessanly  converges; ond
® If >l . Zap = 00.

* .
note  Heot it ,,I.')’:‘.c%‘"ﬂ =1, Zan could convege  or

A}vu3t~

ROOT TEST (Te-41)

" Let @320 VYnxk, and let r= ",:‘_‘,‘:P Ao -
Twen
© If recl, then ZTan Converyes: and

@ If 2L then Zan = o (since :‘;_;V'“d,‘= a).
ALTERNATING SERIES (D6-43)
g We say o sequence C"")-n,h is "“'w'ﬂ" i
ether  apz (0 lp)  or  a = (0" |aal  VYn3k-
ALTERNATING SERIES TEST (TC-44)
{? Let Cap ., b an (olfemating  sedes.
Suppose  the sequence (lan) is  decreasing with
'Eg: la,l = 0.
Then "?,kan Cor\vq.rJesl and  in  Hhis case we
have |§h%, ¢ lag].
P_vn_af We just  give the  proof in the case thet k=0
ond a, = (-D“"‘nl'

gun,os-. (laa) is  decreasing  ond lagl >0-
2 Iy

let Sp= Zn". Then, note  that sine (la,1)
nso

€ decuasivg,  pecessonly
Sip = Spen = I"‘:..I.I - 'D‘u—ll €0,
So Hat the sequetce ClSu_I) is Jw«nsinj-
Moreover,
Syp = lapl =lal * (a0 =lagl + oo Jag | = lag, ) & Ly,

= Clagl ~lal) + Clayl-lagh) + - + Clagy | ~lag 1) + lag,l

7 l“nl = [‘kll ’
ond o SJ_E s boundad lelow LJ lag |~ {QI [
T ,f;w“wvlf (S'u] Con\"ﬁls ‘J mcT.

Similulj, CSh)) s incoeasing ond  bounded above LJ lal,

so it alg unVuJP_t Lj MCT,  aad l'i’:s‘u_l & | ael-

chllj, Since  [a[ >0,  toldng limits on  bebh sides oJf the uj.,.mj

layl = S = Sy gives us that O = }::Su - l-‘;ﬂsu_“ s
we hove lim .
230 S22 = ,_l_;': Sye-t

It f"”"‘"‘ that  (5)) converges with zlnsﬁ J[i-::‘-sllr'n,i:gu-l ¢ lagl g

ABSOLUTE CONVERGENCE (D6-43)
.gi We sa.J a Senes "th" ““"‘VQIJCS ‘L”'u}t.lj" if

-Euh"l converges-
CoNDITIONAL CONVERGENCE (D6-4%)

" We say & sedes nan,. ”caquCS conditionally” if

Z a0 con but ;
venyes W n?ul."l dliverges.

azk
4 zc_;_us" converges conditionally  for 0cpel.
(Roilows from EG-30 and T6:44). CEC-ME)
ABSOLVTE CONVERGENLE TImMPLIES
CONVERGENCE ( T6-49)
g Note +hat i Zlaal  eonverges, necessanly Zan
Converges  as  well.
Proof-  This  follows frorm the fn:l' that
0 € an + lanl € 2lagl  for ol n,

S

ond ’.J linzn.n'fy ond u:rmr.n'snn- 2

MULTIPLICATION OF SERIES (T6-S1)

es  and es-
Suppose Eolﬁnl converg n I'E,IL,.I convery

Let e s ,Z‘oakt'\“‘-' Then Eoc" chuJ.s, and
Za = (E‘n)(;kn>_

2 L 2
Poof-  Let Mgz 2an, Boz Zh,, Co=Zca
nzo nsg a%

L ® 0
A= Zuﬂn, E:AEL’\I K = Z,,In"‘ and £ = @-Bg.
Thea
Cy oz @yl + Cagh + L) + (o wa b+ al) + -
+ Caphy + =+ + apl,)
2 B, + 2By + o+ AR

= a,(8-€s) + a, (B-Eg) + -+ + 4(B-Es)

T AgR - (apbp + ¥ Egu+ - nJI-E”)'

It follows et

| AB — Col £ [CA-ADBI] + lagf + - + agfol
LIJ He Tv{c-rjl!. Iﬂl‘,vn-{"fj-
Thea, let e50- Choose m so et jom imples
€. £
& <3k
et E= mex§lBl, -, IEml}. Choose L>m so #d
2
whea 1>LI we have Z|n,‘|< £ o IAL-A”BH%_

nsp-m 3€
T”\EJ\ -Fyr 2>L ’

(Co-ABl ¢ [CA-RIBI + laEa+ ~ + ay, E..|

tlay B+ -+ agGl
£ [ R-m-l 2
S = £
3 (Elanl)gK + (,.?[,,’,q"’)E
< & K& 3
A A
< ¢

’

they sh.uiv\j that  lm ¢, = ¢ = AR, s neded. B

230



FUBINTS THEOREM FoR SERIES (Te.53)
g‘ Let a, ¢ R Unm 30, and cuppose that
Enh"""l convaryes for ‘exch 20 ond +hat
v\é('ga.a'\'m') CM‘\VC’J‘S-
Then  necessanly
0) Z‘ﬂ,m f—oanJe!
@ z(ia.\,,.ﬁ converyes j

n%o

©) Z‘nm converges Ym0 ;
® Z(Zanm) converyes ; and

m)o nzp
@ Z(Zan,m = Z(ZQNM).
nsg mso msp N0
Proof - First, we cloim T lay | conveges Ymmro,
CoNIu'j'-S, and Z(Z l“n,ml) = Z( Zlﬁn,-n‘)
nspg Moo
For ol nm, we hoe la,,| ¢ 'Z lag ], ond since

A,ZR(EIGH,ILI) Con\tujﬂ.s, we lnow ZI"‘nm mvujﬂl‘ by

the chfo.v\sm Fest-
Let k%0 and €70

\n%o ;

""?n( Eo(“n,m‘)

be o.rLihuJ_ Since each tum 2 [agml
no

con‘/aj“s. we can chose L o that wlen 2L, we hor

€
'zl.'ﬂ": I < L+l VMéo’ ll-"'k-

Thea for 27 L, we hove
L o
Eo("z‘__olﬂn,m’) Z("Zla",ml + Z {“nm )
l:° 2 AzRé
< MZ_D("Z“'“WMI + E"
< EE) -
le
grACATN)
€ Z(Zla,,l) + ¢
3 o8 - ..-°
MZ=O('\2:°|4'\’M!) = "E(Z,amnl) + €
Sicce €& wes orLH-ruj we have Mzo("z '“nm i‘(i,am,nl)

Then, a5 the  sepeme of fw**“' cons Z( Zlam) s increasing
Zla, I) by MCT e hove

ond  bounded  ,Love Lj

r\u ""'

Z(Z ! converjes  and Z("Zla"ml)~ Z(Z[“ )

Mz “n
nsp Mmoo

Gj Sjmmzhjl we jo.f- the ffus:f-: '\6'7""”“]: thes fe" "y

claim. 5
Subsaqueatly, for all 430, since Zlanml  converges, e lnow oot
Eﬂ“n, converyes f:'m albsolufe :onvlguu:l_ .mrlw.s m\vu-J-.nu) and
that |Z a,,,ml M u,\'m_

Since E,(;o'“m) converges, Necessaaly E!:Z,a"”" onvarges L_-,
the Comrdn!nn Test, So that zo(';’ n,m sl converges

Sinca  alelute conergenca ;mrlicr M"V"j“"“)'
SEmlllarlJ’ z a, Can\ll.rjes fnr all

nvo M
oonvcg&! .

»0
m20, ond Z(anl

Since Zo(zal“n,ml) and Z(ill )}

Mm30 nlo

Fimuj, let e>o0-
e and 2 So "'hﬂ"

both cl;y\\lll.r\jz we  con  closse

Z(Z|«m|)<— and Z(zmmlﬂé

nI: (;uzus Hhat . -
Z(ianm = Z(Zﬂ.\,m + ﬁanm)
nzo m:d nso ™30 mzletr
y EACED R ¢ SN 16 £3)
© L 0 w0
| 20Ena) - ZEa] €[ Z(Z0 +] 2(5o0)
n_z,_ﬂ MZOA :M’ + i i %nm
¢ ngl(mi_olan,ml) +f(f )
- N :: Mt
= Z(Zle) * Z(Zlanl)

Similardy lz(zqnm)_z(zaw)] £, ad s

| Z(Zanm - Z(Za,)l ¢ &
Sime  g50 was uL.'l-ruj, it cfollows thet
n?o(éoan"“) = Z“-( 2 an,m), as N.tivl'v‘-"('



Chapter 7:
Sequences and

Functions

POINTWISE CONVERGENCE (DF1)

gl Let ASR, f:ASR ond define a fi AR for
ech ayp, uhee pEZ. ‘

Tven, we so the  sequence of  fuackions (f,\),wr ‘Cam/g{rs
pirtwise” to £ on A when [lim f00 = f00-

(é}z To ot werks, (fa)y,,  converges  poinhise fo f on A
_if_.M—if f"" Mj €70 and xeA, there exsts a m%f
such +het

[ fatd - fo| < € Vnzm,
3 Ta ths case, ue wite fadf peintise on A

CAUCHY DEFINITION FoR POINTWISE CONVERGENCE

(0%:2)
Q': E1Vivnlc.nﬂ:1, we can also deduce  faOf r"""fwiu L

i['_ﬂi_z’llﬁ_l for any 230, there exists & mY%p

such  Heot
16,00 - $2091 < € VceA, W, 23 m

LJ the Cav.clnj cnfedon .f.,— q,m;chnCe-

eries of

ExAMPLE 13 falx) = x° (EF3)

7.3 Example: Find an example of a sequence of functions (f,),>1 and a function f with
fn = f pointwise on [0, 1) such that each f, is continuous but f is not.
"
Let  §a00) = X" Thea observe Huat

. _ ro, x4
.&u:f"m- 7.(:.:=|.

EXAMPLE 2: flx) = Lon'tnx) (ETH)

7.4 Example: Find an example of a sequence of functions (f,,),>1 and a function f with
fu = [ pointwise on [0,1] such that each £, is differentiable and f is differentiable, but

lim fi! 4 f'.
Let Fald)s Fhoa(). Tren [ 002 0, oo LW 2p,

x$0
X=0.

so

®
g
3

\i ) = ¢
Vem 460 =

ExAmPLE 3 (€%S)

7.5 Example: Find an example of a sequence of functions (fa)n>1 and a function f with
Jfn = f pointwise on [0, 1] such that each f, is integrable but f is not.

plzge tzy g L ).

s
Let  (ag),,, = (31 %5501 33, de-es N

Por xeloi], let fao)= 4% x§éa,.. 0.}

th xeda,. et

Cleed, each is integrobe  sima b is oaly  discontinueus
J {" 'j L' -0, x40\

at ,fs'nih(J mn-j ru"'\‘k, Lut ,‘l_i;: Fal) = E (, xe ..
ExAmPLE 4 CEF6)

7.6 Example: Find an example of a sequence of functions (fn)n>1 and a function f with
fn = f pointwise on [0, 1] such that each f, is integrable and f is integrable but

1
Jim /0 @) dz # /U ' f(z)dz.

Lutx-£)-x), L exs

Let £09= Rr n3l, let fokd=nfi(nx),

¢
Lo, oHene .

1
Then each  f, s conbinuns with j‘fn(x)-lk=l, and

\im f0) = 0 Vxelo].



UNIFORM CONVERGENCE (D33)
g Let ASR, f:A2R, anl for eath ap, define a {“:A%R.
Then, we Say the sequence of  functions (fa),,,lf aonvujcs

UNIFORM CONVERGUENCE & TINTEGRATION (T3.10)
-gi Let fa >f unifv'm‘) on [a,b].

Then, if ‘each fa inkjﬂut. £ is nu;_ssm'lj alse in\vjnLlc.

""‘f"’"‘\j" P f en A if ad onl; £ for any €20, e ' - | x
there exists a mMyp  such thot for all x€A, we have this case, if we dan Jalx ‘ffn(*)“ and  q00= j. fearde,
that then ngu.sswij Jﬁ—) g onifermly o Ca\].
nm = [fat) - f0 < €. s ruﬁ'culnr, we  hove that
* ’ in th ordi cha oinhoise & absolute L -
vote the difference e erding Leheea F ise .\l.‘:: J, £ dx = L nl_.:; £al) dx.

S fi [, b1
Tmot- Let eath £ be i okble on L&bl.
Mf "kj 0 AN D lfn(x)—fbr)] < %) \xefa,b].

-ﬁ?:. TIn this oxse, we wrte faof “"‘f"""‘& o B Let ¢70. choose N
Q‘ e i comrgt, & snie “Cauchy 4<finiﬁoa" exists for fix AzN-  Choose & N—H:W\ X of [a]ll go that
" alinia comvegnce. (T34) huc::) § Lq::;) <H:|'< e e MG < gy -
UNIFORM CoNVERGENCE, LIMITS & CONTINVITY ::,L m:(f) im:q,‘)n Vieg'l,zl,..,‘::,-’) ;,\4 so v
x Le o i point of A: < Z(M‘ﬂ"”“fﬂ’ * s Bin
soppee o fuly) ks e b neZ' D UGN X) - LG X + £
Tnen  necessanly ¢ £, £ )
Yo A = S 5+ = : o
In " ackicdae, i ‘each {0 s continusus in A, Tr pllows ot f s inhjm(.lf. on Gal]l. ®w
Next,  defin 4,00 - j:ﬁ“m oy [Mwrat ek o>

then o is f-
flof - Lot Lo ﬂ,'i": faly).  We need fo chow Jmbys "M i gD Choose N o tht nan D Ifa®) -fO)] < o5y M.
LP_" A"’Nl and chﬂ"‘]' Then "LSE{‘VL that

| f:{,‘ct) dt - j:fce).u-l

' L (fat®) - fee)) dt |

We clawm —firsf +hat (L,‘)“‘ ranvujl.s.

ljﬂcx\ - J(x)l

< f: 1£,06) - e 4F y astimedion)
<& [* ¢
J; 2¢he) dt
= (x-a)
ub—ﬂ\ *
< £

2
< £,
S Hot 3 ° ded -
Choose m  so dhat when j,\-éj w\.fmmlj n [a,b], as nee

So, let L= "(_':‘m by - Let €>0. l [ »
. Vo h = N Hows
M, we  hove I{-‘,\(J)—HJ\I <% VyeA, ad [la-t] <& T ruhc o, vace lipga) = g ¥ fo
hoose $»0 [ [* L
we con cho e gl A fulx) dx = j; im0 A a

Rx n>m S.y\u :}lm ‘Fﬂcj) "
so that 0 ¢ IJ—xl<S > l{(j)-l. l< £,
Then, when 04(\7-::|<§ we hove
|f(53—|-\ < 1f - Fatpl + It -bal « (La-b)
3 €
553
- IFﬁj) -bllo< g,
va'w\j Haat Jll;:\ F(,) = L, and  so j‘_‘;; HJ) 3 nl_i':L,\' as
needed - @
Tn porteslar, if %A and  each o is conbuous of x,
Jhen we have

i $1gp = ;i': Vi fuly) =l l\;"x £t = lim o) = fon),

yax

So f is eonbimuous ot x Lj dzfml‘h""\- 7}



UNIPRM CcoONVERGENCE $ DIFFERENTIATION

(T311)
'g Let (fa) Le o sequence of  fumchions oa La, b7

Surrosc each £ s &iffw‘ﬁ&u‘ on [at], and Hat

&) converges aniformly  on (e, 41
Surrosc. f“’“‘” thet  (fale)) wwr,

Then
0]

pfu‘ Some cet‘:‘l

r\:.ce.ssai\lj

) MVUJ‘% onifomlj on Latls

@ Mmpm B diffueniobier oo
€]

P_n_nf

& e o fm o)
@f €50. Chome N so ot whea nm2N,
S el bl, ant

bo 1£') - £

we lowe I ) - £, ) < brron

1 - fulOl ¢ £

fx marN, and  xele,L].  Thea, LJ He Mean Volve Theoem
t

aﬁ:(icd A —fwcﬁcn £u0x) - Fa ),
so thet

we can  choeot®

between ¢ ombh X
() - fur @) (x-¢).

(fuld = o) - £ + ) = (F

14,60 - fw0O] <

Hence
| futx) = fnlx) = fole) + fn(@] + [£2G) = fu))
T - e (xee] & LD £

—& (- 3
< o Cb-a) + <

= g,
S'knwinj (‘F") w"vuj,_; un'rr'mlj on L[abl. 3

Gx  xeCabl, and note dFhef

+ = lim
Gt fO) = lim £
‘) = lim o o i B EOY i fuly - £l
{(x) ) "Lla {n 6o <-—> :14,( T:‘_ T mae !‘II';'; 5:":

€5 limn tim RPTRE oy, Al i

nax rMn j_x " nI3ea 3-13( 3—\(
So we ast wed b ghow (J") “Mu]u Uniful‘ﬂl-] on L‘,L)\;Lx}:

—falx)
faly fn v the ot pollows fom T31.

j—x
N s et nmeN D [5E)- fmo)] <E \teis,t].

where j"[\j\ =

@+ ¢vD. Choose
et Amz»N, and ,F;, ye [a
Then, by te Mean Volue Theorem,

pi\ixd.
t Lt’rv«l!zn X

We can choose

oad Y so  thet
(falsp = fuld = A0 ) = (0 - £160 Gy
Then F,\tJ) - foaly) = 0D ¥ fualx)
lj,\tj) -3,,.(33‘ = 4x = | £ @ -£l@)] <,

as ru,\.imi. 17

QLud'mJ (\J’\) umVUle unifﬂr‘v"'j oa [a L]\ é".i,



SERTIES OF FUNCTIONS (D3F-12)
Pt (0, b o sqae of fuckos o ASR-
Then, we define  the "sedes of  funchons’ 2 fal)
is dufined + Lz‘l"Hne S-Tm\u ~r
($y00) = (“_er,\(x))_

gi “Se00" s called the 2™ pockiel sum  of the sedes:

CONVERLENCE OF SERIES OF FuncTIONS (DF12)
L% e sa e sedes “convermes pointwise”  on ASR
B owe sy Tho) e pizhe
whan  the “']'4"“- (St))  converges r"_‘ﬂ”:l“ on Ay
ond "mnvujcs um'f_umb " en ASR when (Sel™) converges
unin_r' mlj on A
g:_ TIn Hais case, the 5_'4_': of the seies of factions is
Abﬁuli I be the )Q_Mgﬁun
$x) = %ﬁm = ‘l;: S ).
n:r
CAUHY CONVERLENCE PR A SERLES OF FUNCTIONS

(13-13)
'g"' Let  (fa) be @ so.Tm\ce of ‘Fmt_ﬁoﬁs on ASR.

Then, the seres Zﬁ\(x) ummjf.s u'\ifnrml:, o~ A

|£ and Dn% i£ fm, tVUj €0, there  exists N>/r

Such that  for all xeA and L2 >,r, we have
2
25k2N 2D | >80 < €.
ke

UNTFORM CONVERGENCE, LIMITS & CoNTINVITY
AR SERTES CTH14)
-g‘. let (fa) be a Stqvu\u_ uf— fv‘\gHQnS on AR
Surrtxo. '?r-ﬁ‘tx) cgnvujes unifnrmlj on A, and (et X
be & limt point of A
Suppose ficthar  that Sz Fnp wisty for @lmap-
Then necszan'lj :]‘:;V;‘ ;fnfj) = E.‘}m‘&@

Ta rm-,‘imlﬁ(, ;f each fo0x) is tonfiaueus  0n A,

then so is if‘,‘(x)_
~sp

UNIFORM CONVERGENCE §& INTEGRATION FoR

SERTES (T31S)

? Let  (fa) e a sequence of  fimchisas  on
that 2 £.00 converges  uniformly o Ca L.

l}r
Surrosg each  falx) s :hjml.lc on (a/bl.

Ca,b3, suchk

Then M.r_g;sa.n'(J so is 2 falx).
'\:r
In this cose, if we define 9.0 = fonte)dt onk
x oo
g = [ "fo,.m dt, fhen
+° jlx) on A-
Ta ruﬁwlw, we

JL i;n(k).tx = :?rj:ﬁ(,)gx.

a n:r

T 9ulx)  Convemes U"l'f""‘lj
avp vu:]

hove

UNIFoRM CONVERGENCE 8 DIFFERENTIATION
(T3.16)
g Let Gh) be o coquence of  fmchions, o that each

Fa0 s Aifferentioble  on Ta, LT

Surrnse Further Hhat Z,r{,\'(x) convuJ:s unifbm\‘j on Lokl

and ':g']'f"&) mn\/ujes for some ce(at].
Then ne,u_s{an'lj 2 $a0® converges unif'.mlj o Ca\l, ond

o
%x'i‘ﬁ\(x) = iﬁﬁ.cx).
P ~p
Procf- This folous  fam He anslopus  ucon for sequences
f fuctions: B
WETERSTRASS M-TEST (TH13)

.'gi surrog; +hot lfnflﬂ £ m, \dxe A ‘f‘f each .F,\ ,

where  AZP. such  that 2 m, chuj,_;_
. "3
Then nu.u.ssa.nlJ %-F,\tx) converses ""if"""J on A-



POWER SERTES (DF1)
CONTINVITY OF POWER SERIES (T3.2¢)

(8 A l’°”"’ sedes centred ot @ s & seses
g Suppose the pouier seies T anlx-a)' converges. in an

of the form
T anlx-a)
n7° interval  I-
for some aseR. Then t+he (sum f(x)’z%(x-‘) is continuous in I.
ABEL'S PORMULA Lr.2) Proof-  This follows  fam  oniform  conveyence of Tapx-a) s
closed subinfecvols of T.

? Let faa] and dbnt be sequances.
ADDITION & SUBTRACTION OF POWER SERIES

-nM-'\ uessm‘_\j
(T32%)

i«nl-n gm(n_zan)u -\ - (z«n)tg
P Z("Zﬂn)arﬂ-l.) * by b L suppme ZTan0al it Thnleee) Lo onege on T
b (et g Gy b Then Tl x)  and  Tlaa=)(xo) bobh coaverye
+f‘...""m+|+“m+-‘)“ Lmu\ I o f‘r ey -
+ o
_ ¢ s (. -
* Gttt g Mg by nzd,\(x ' * ZL -a). Z(a,,_ﬂ.,, X-a,
¢ g = o o =t Procf.  This fotows fwm Linearnty-
POWER SERIES (T328)

b s MULTIPLICATION OF
g Surrnu z«,,(xﬁ\)" and il.,.(x—a)" both (converge in an ort.r\

F (O By +

i(gn.\)urﬂ—l,) = (iq,‘);, _ %.L 5
INTER““" & RADIUS oF CONVGRQE”CE (T? 13) inferval I, and surrau ael.
g’l, Let Za,\(x-a) be o (power seres, gnd let Let = :‘zakt’n-u'
| Then ncusswilJ Zc,.(x—a)ﬂ converges in I, and for all xel,

e [o, ]. .
we ave
- %c..(x-.)" =( ia x-a' )(%L (x-a)' ).

Pnof This ,f{,llnws Arom e Mu(hrl.cnhm =f Sedes  Theorem,
Since the  power SerieS  convemes alasoluhl) w I

Tndeed
“M %(X")#O, so Za (x-a)“ di es;
5 DIVISION OF PowER SERIES (T+29)

© If Ix-al>R, then

@ If (x-al<R, then T ajx-ay comvarges ‘kd,"‘(_’ ond - )
‘q? Surrose Zaplx-0) oand Zk,.(x'ﬂ)" Loth M“U'. in on

with @€, apd fhot [o¥0-

5 Ilmﬂrm = “ms«r‘:‘\ﬂ.—f: k;n}

Then 4he ‘set of xeR for uhich the power sedes  con
is MC&SSM(J on inferval I centred ot a of rodivs R R.

@ 1t ocrer, -
+hen (xea). in [a-r, atr],
o . Ean *8)  converges uniformly o a+c) open infeval I,
Fio| To prove ,  suppose |x-a] >R. The
l'r J_i“ A i Define ca b3 % L b
imeup 210 tx-a)"|' = Ix-al fi " . _ o n - L
S35t G+ bl AT > 2401 W w fowe, OTT e PR
ad Ha Root Te i " ond SO
* s \"1 «, nl-l)': % (x-a) %0 : Then there exists an open inferval T with @€T  such
Z aplx-a)" diverges: ot Zc,\(x—-)" canrges i T, oand for all xe5, we have
To rwva. @1 Surrost- Ix-al ¢R. Then that
i“n(x"‘)“
nso

[ a
Zenlx-a) = —
nee S balx-aY

\:\ri“r a h,\(x-a)"] = |x-al lnmiur ’ll,.l < R- __ =1,

and g0 T la (x-a)") convesges, by the Roof Test
To runve Q, fix OcreR. Bj Q, Zla,.(x-a)“l converyes PL'L"F' Choose >0 1o that atrel.
when x=atri e T lane| converges. Note thet Slane"| ond i“,nr_nl htn conerge.
Gx xele-r, atr]. Then since la,.(x*:)nlslﬂ,\r“ and Since |4,\rnl 50 oand Ibye"| >0 and Lo, we @
FArRA Converges, S0 Lj the Weierstrass M- Test choose M s ot M3 l'l_,\hr;_" and M ,/IL,.T:' for oll 0.
. . Qo
. nzca.ssamlj Z|ﬂ,.£x-a$‘| converyes uﬂ'f"’""]' (2] Note that | = lI;l €M, and since ¢ = %.}- I"_l:_"’ we hove
E_ I +he obove theorem, . . leyrl € |i|.|_" + IL_;:r]"nl € M= mem).
© 'R is collh the [rodius of convergence . : ;
" Su, rnSl, 'mdud-iw.[:j, that  leur®] € m(m)  Vleen.
of the (pouter sedes ;  and f
® "1 e - Thea, since
I & wlled  the interval og- cpnvolje.nu o s Lnte > b b b * bocne
of the (power seres: (P324) we  hove
a,r L -l ~
ABEL'S THEOREM (T%23 (V) o'l € 15 ST
- a . . o o -
L Fasmd L. - EEEEND, i GED € Mmoo M M) & a4 e W)
of convergence R and inferval of converjence s M (mmn_')
I. ™
Then, if zeﬁ(x-a) cmvujts when x=a+R, then - lenr [ = M Clem)
A . .
tHhe conv g:a_ s ncusw(j vaiform  an [a, a+R]. So, Lj induchon, we howre (el € meem)  Yazo.
Simi‘wlj, if Zan(x-a)" canveryes whea x=za-R, +hen @t 3, = (A-I—:;, u+ﬁﬂ—‘-)‘ and let xeJ, so that lx- al < r‘_—m“
70
the convemence s m.cn.sxo.n'(’ unifem  on  Ca-R, al. Then for all n we haw .
U n ] x-
Proof - Suppose Sanlx-a) convemes when xzatR, e leptx-al' | = lear"| prvenc] 7/"6_::)_‘
Z anR" convemes- | N < x-a |
= " [ Crem)
ch N so tet 25m>N D [ ZaR j<e. ik
Let ¢vO. oose " and  so Zlcn(*’ﬂ)l “""""j“ Lj amr,.,;;m.
Prmula  and usieg 'hlzg:.efinj , we have A
Note -+t from e d;.f.-niﬁon of cn we have g, = Z;f«-l‘n—h' and
we have

Then Lj A bc.\'S

E s
| Z an 0¥ | ) )
azm So ‘-j mulh'rlj-'\j rwue.r senes ,

(zcﬂ(k—n) )(EL (a—a)) ia (x-a3  \fxeINT,-

is confinusus o L, ond ue have fCo)sbo¥0,

|2 et (5 ))
[(Zan) 5 ) - :z;(zaa )«*—")

< x—l ! P
,n=zma" ( z"l 3 '( )) Final[j’ note that £6) = i\sn""“)
) X . nSo T
RO E((%)m-(x—f)) = (Y <x, o T ot o el TCTNG, with 0¢] nk e fito VT @

prorg e sedes unifamly converges. g



COMPOSITION OF POWER SERIES INTEGRATION OF POWER SERIES (T%31)
'Ql'i gurrm., antx—a)" CMVUJCS in +he interval I-

{T?sa)
g Let f“)zg%(x-t) in an or.,\ inferval I with Then for all xeI, +he sum f(x)= %lnﬁt-ﬁ\“ s
nz=o
"‘*‘j“‘“e on [a,x] Cor [xal) and

ael, and let 1(3):"%}‘“(3-5)"‘ in an ‘open
infeval T with (LeT and @,€T X o e
Let K Lo on openintuvel with D such that J; Z apt-af at = zrﬂn«-.)"a s i'—"t y"
aso azo Ja et TR
P_ﬁgf This 'f""w! »fvm un'nfmm cpnvujer\u.-
OIFFERENTIATION OF POWER SERIES (T332)

and
|

fRcT.

Rr exch m30, let ¢, . be the Ccoefficienfs of the

rme.d'
%‘nm(x-")" = Ln(%ﬂ,.(x-a)"- L)M ¥ Suppose Zealel o in.\ e
azo n=o . Then +he sum ‘f(")'g"‘“") is Jiﬁ«mﬁaue m I,

Then zoc,w for @l m30, ond for el xeK, - -
£69 = Zlnan(:—a) .
n=

o e R
z (MZ“c,,',,.) (x-a) converges  on of Tal o i
Pl';"f' we clam Ha  mdivs Jc anCx !

of mnvu'jm’- -
f conWJ'-"U- Bf ZnAnﬁ(-ﬂ) .

i(icnm (x-a) = §(F6O). cqel o Hhe mdius o
me_m_;h_l:i;‘,“a&s for Flinis Theoram for Sedes, rl.¢+ R be the rodis -uf convemence  of Tanixa), :‘.;
cince et S be the mdius of convegence of Trna lx-2) .
geFO = zl.m(;w—n” Fx xe(a-B, ath), so [|x-al<R ad Zlaytx-a)'l  converges:
P - Chose (S with |x-al ¢ res < R-
) ZLM(EQA(K_‘)"- L) Since n‘;";“ %: 0, we con choose N so ot n3N
- gfea) = %(icu m(x—n}") we  have ’
e . lnap Cx-a)' | = [aCE)(52) as"| € 1o1-lans”).
Since  Tlaps"| converyes,  necassanly Slnapx-a)'| m\,ujgs
L,j comparison,  and 5o by lineosky  Zlnanix-ay'™ | converges:
Hence R<S-
Now, fix xé€(a-$, a+s) s that [x-2l<S ot fl.\."cx-a)""|

conves9es -
li/\mr“'j, ard  since

Then 'Z[nan(x—a)'\[ cnnvmjes’ Lj
la"(x—a)“\ < fna"(x—a)n,, hence Zlan(K-n)"! c.envujes

LJ mmra.'ison. Taus SER and so R2S as cloimed.

The_ 'Hl\bbw-m now zfv”wls +w- +h: hnif\ﬂ" r_anvgjllm:e a{

inan(x-d\n_l,
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