


Class 8:

Examples of Matrix
Representations, Introduction to

Inner Product Spaces

TUNER PRODUCT & INNER PRODUCT
SPACES : Lv,wW? cD8.v)
gl Gt V be o vetr spae over [

Then we  Sey the f“"—""‘ ('.~§:Vz—§ﬂ:

'

S an “inner voduct” if’
O vyvieR & vyzo VvV —
@ (uw? =0 ¢ vio  WeVi —

@ vy, WY = LYW + < WD Vv, 14, WeEV; §

ingori
@ (v wd = ceywy Voo, viweVi asd y
® (w,v) = Luwy MuweV-

Qz T this case, we all Cvwd the inner r,o.\‘.u-"
of v & w-

@3 we refu BV ogethor with ¢ as an
FW&M{’ Srau.h.

LEnaT [oF A VECToR]: lvil (P&2)

g' et V be oan inned rbo"«d’ spoce, and let veV-

“inner

T’M—n, the "luﬂﬂl" nF v, denoted Lj J((VI\‘:
is h..fmu; o be ._,1.,.( +
ol = A<uvy.

ORTHOGONAL [VEcTops) (0%-3)

Yot Vo oa TS
Then, we Say vweV are "M'H\ojono\“

if <dvwy=o.
ORTHOGONAL CSETS] (08.-3)
?l @t Sev, whee V 8 on Ips-
Thﬂ.n, we s"j S s "°"H‘°j""°l" ;f
ywy=0  VYvweS.
ExAMPLES OF IPS: PART |
€5 The vechr space V=" with innes rn.lu.d'
' Vi W,
((v'-'“), (J)7 = VW, et VW,
§ an inner rﬂ*"d’ SI’"‘"" (E%'3)
gz S pg—— sr«u-—\/=?“(f) with  ianer ryolur_('
(r,t7 = f‘ollh) + o
ece.. €Ety)

+ r(n’@
S an  nner r*dm(’

CONTUGATE MATRTY: B (De4)

G oar Aol € Ml ®.
Then, the "oonivj-('g of
is len\ to

A, deoted by "B

(F).

—_

A = (;;J) e Mﬂ\xn
CONTUGATE TRANSPOSE MATRIRK:
(o%4)

p¥= AT

? Then, the “wnivjclﬂ ‘f'mnsrost" of R s dzfmu b

be the mohix

AK = ﬁ € Mn'.m‘f)'

} Con'luamh. Sjmmdg

STANDARD INNER PRODVCT ON mmm(n:):
(8,87 = tr(ng*) (ED-5)

g;’ et V=M (F)
Then, +he ‘stonderd inner product

a8y = 48,

*on Vs J'uﬂv\ La

whee  AFA) = Zi"‘ for “’""......“F)'

?;_ We can TM this is ndeed an IPS-

INNER Propuct oN  CLs,ll:  Cfon, guo2= [liq) goo s
a

(ER-6)

3 We o show Cla,b) with ihe fm\uﬁm

- rb
(f(x\‘ 30(, > = j- fa)atn)dx

S an ner rndu;.i space -

T VAF 8y T,o)= (vw> IS LINEAR (T8-20))
-?’:u WeV, ond et Tgvo® by Tut) = Ly WV

Then nau.ssan'lj Tu s lineos.

SET oF VECTorS orTHOGONAL To w IS A
SuUBSPACE OF V (T8-2(2))

{? (ot we: oW s @

Then the set nf vectors orfhojorwl

SM\»Sr&ce * V.
PBDE- This ,fol(aw.r /j’"*“ the -F"" thot  He  seb= ker(T)- (]



lvil2 0 VYveV, v=0 ¢ \Ivilzo (T&30))
?' @t V e an TeS.
Then necessadly flvlizo  VYveV , ek lvi=0 f
and on\j i# v=0-
froof- Twis  owises from fnrv\'f'a G iemer produds.
Nevil = lel- (vt (T83¢2))
%’ et V be an TIPS, and let cef

Then  nacessenly flewi] = Leb- tvll-

\3_;30}— This  dlso  awsas fvvﬂ r"’l"'h'"‘ 'j innar r"‘“ﬂlr
v, w2l € UV Hwll 5 1&vwd) = Wil ¢2) v %

w ARE LINEARLY DEPENDENT
CTUE CAUCHY -ScHWARTE INEGWALTITY) (T§-3Q?))

g et v,weV
Then r\u.l.SSﬂfi‘j Leywl € fivl-lwll,  and 0.10:[.1:.] holds
:ff V and W ar \ir\u-rlv1 thdnhl\f'

Hvewll € vl ¢ iwll YW,weV (TRIANGLE
_:mEMLn'/) (T3 (4))

g Gt v,weV.
Tren  necessarly  Hvewll ¢ lvile twil.



Class 9:

Orthogonal and Orthonormal
Bases; The Gram-Schmidt

Procedure

oRTHOGONAL & ORTHonoRMAL BasIs (D9.1)

et V be an TP e let BEV.

‘Thu-, we  Sey B is an "or&hn;:ml basis"'
‘F,r \Y if'.
OB is o basis fr Vi and-
@ B s an erbupl  wt of vechrs.

?;_ We S“J B s an " orthonorme! loa.sisl. f-" Vv
i the obove  conditions ace saHsf.‘ul ond
il Wee.

SSV 15 ORTHOGOWAL & HAS No ERD VECTORS =

S IS LINEARLY INDEPENOENT (TA.1)

g @ V be an TIPS, and b SEV Lo orthogenal onde
have Ao e vechs.

Then  neassaily S s limeacly ;“W'
@g. bt n""’rcﬂefrl \/n'*,'/n‘S st
CV t-* CuvyT0.
Talirg +e iwrar rnelud -é each side with Wy,
we Sea ket
0 = <o vy
= V4 + GV, iy
= ey + ¥ (IR

Ceina S is
w-n-.a.,,..r)

= c,((v,ul+ €,(0) ¢ .- +eat)
10 T e vl
and o sina Vo it ,ﬁll».d Hat <=0,
/hfuﬁvi s uw]-wof L.,' -f':J«'n? innar /anJu:4 wibh
\lllw'l\l’\ 'llwq wf +Hhat € 22 cp=0, SA“';NI b
B vertoy  one  fineed, ;.d.fa,\loq‘- P
V HAS ORMOCONAL ORDERED BASIS R?iv.....,v,.} =

we ST o (T92)
{31 [lv'-."“' t

? bt V be a Jiite-dimensiond TIPS, and et V hawe an
"HWJOM‘ ordeed  basis  B={v,.., vl
@t weV be  orbifrary.

Then nu.;.“a(ilj

{w, vy . Cw, Vo>
we e vt v "
In other words, WY
flvor*
wl = .
Wl ,
LW, Vay

\ HAS ORMHONORMAL OROERED BASTS R"'i"'u---,va} >
ws ,i'(w.vnv‘- (ca.)
3

-? t V be o ,finl&-d;mmsimd TIPS, and let V hae an
orthonoomel  ondered  basis B=i{w,.., Va}.
Lt weV be  oarkifrary.
Then nla.ssarilj
w= Wy, + e LW, Vad V|

In other words,
W ?

wl = ( :
C B dW, Va?



S=§w,,..ua] Is LINGARLY INDEPENDENT,
.= e i (ﬂ;.V')

V‘ - V. "j" ij"i‘: Vj -—5 {V',.u, v"} Is

ORTHoaoNAL & V..,V F IS AN

ORTHoconAL BASTS FoRe sr.m{ Wyoer, Wil

(THE apAm-SCHMIDT PRocEOURE) (LA.1)

i,

-Q; @t V be an IPS, and let S=&;_w',...,un}$\/ be. I'Mwl:]

inh.ruknf-

Define % Vi, Vol mesively by yEu, . and

CRA Lz, Vimt?
Ve 2 W - ——m— 3 .
Th ’ ‘ v 07T T Wy = Vicien.
[ X, -

® &veaVal s ork:,mo\i and
® Vi il 15 on or“\oJm.l basis »fnr ng furrrragh
{"f' anj |€k5n -

P_r_@f- We poe s by
wgo las S & N lad) hanz g} s ecHheged,

induction .

en=t) Sina
and Sme  v,sW, , so  spduf= tpenind, e
He  concludions  trivially Jelew-

Cindudive) Sufr-on fe  daiue s The ff [glecn -

So v, Vil is an orfhegeetl best ofir Speiuf,

We want H  she {'nm','a-rL] {'\/l,_,_lvkﬂ} X an ..«ﬂ‘?v-al

osis f’ Sf“ i"‘""'-: Wl

Sine we knve e, v I ,‘-"hva-\p,' we l'usr aeed

b odedh Vo 08 othopewl b ek v b vl
' A
R R T

Obsene yuat

< dw
lv vy = heer) V> et o Vi
¢ = W - e =
e (e = >
< {w v,y
= <w vy — kxlr V1
e e e~ = Lv,v?
<“‘Liu"f7(
e = 2 e
ot v
Sy, vud

- - T <V
Nypu® e

- ka,ﬁ:\/[7 - 0= - = LWt Vi

v, n*

W™
= Qiers vy - ooy
-0,

§|/vw.n‘ Het Vieww s ,,,}&/.7‘7»4 F each Vi

Vi Yt \,ri-h?,.,\-l_

Next,  we chow g}:an S Gy Vel = SFM":”I"": WM(Z-

Bj kplrvﬂtn'f, grnr\ ':v,,..., vt = Sr-ni Wy .t | ek sinca

Yt vi>
Vie! = Wi — o v e = <l.a.,.|,uu7
Nyar T Vi
' vt

Showy et Vi 05 e Min oconb R vy, Vi Wit Sirma tha g

also 'h:ﬂﬂ'l-llv’ Hnae :f\,.. Vieery Yo 08 ot g oy lin wmb P

Vi, ey 15 o tin cowd 7 iy e Vi Wit ol So
srw\‘:."u..-. U,,_u} < gr“‘"i"’.,..-, V),_,Wlazﬂ-

Then,  Spoafv,... w3 = Sprivul S

gr"\'t'\fl"--:“h .""uh'i = Sr"\-;‘ Wy, Wy e l, ond so

gr*“iVn---- Vi b € Srhn{ Wy eey Wien §.

CO’\VM([-I. —57: 1$ichtt, Sha wp I8 lin conh 9 Ve, Vis

hene -y lin  comk ._a¢ P T Gim awb \#

Ve ik

So 5rma;_ul,..., W ¥ € 9]7"\'}_ Vi eem v\._n'§ , and so
Srcm.f_../‘.,,,/ ulmlf = Sr"“é\/llm' \/1,,,“} .

Sina Ly Wit
”‘dl asmd 30 Vi,

“*V“""\) fle  imdudkte stop

i fm ik, i ol Ve Viagd 05 alse lin

Vu,ui f  en ortln  feyis f/ s"""‘:w,,,,,,u‘_,lz

dim V< 06 D V HAS AN ORTHoGeNAL
§ASIS (13.3)

? @t V ‘e o fite-dimescioed TIPS
Then M.u.ss:uilj \/ has an of‘H\ojMd Lasis .
fﬂ,l; Sinta  dim V<oo, V hey s faibe  lesis, 529 {wypewal.
Ther, opplyiy 191 fo fupuin] e o
-»—H--TM ek {v',..., Va }' f__ whith  fvjien va¥ g an

a—lﬁar.q basis fur Sfmiw"""u"]:v' R
dim V<o D V HAS AN ORTHoNORMAL
Baszs (ca2)
%) et V Y a Finite -dimeasional  L75.
Then -\u.o_sSo.n'lj V. has an  ortharomal  basis.
Pg«g- Tuis follon by falieg $e  bosis  obfairek in TPL and
Sc-liul wch  vechr dowm In, ks m;ru.h'm Acrm. )



Class 10:

Direct Sums of Subspaces and
Orthogonal Projections

SumS OF SUBSPACES: W, +--+ W, (DIO.1)
Q at W,.., w, & V-
Thea, +he “sum” of W, ., Wy, deasted s
“Wit ek W, is the  set
Wt W, = 4 e twa: wieW, isn,ad
? Note the following:
O Wt Uy s a subspaen of V,  aed

e smallest SuLsrau. whin‘wj Wy, e, Wi
and
® 1 s‘ru-s} W P cach i, then

Sro\n(Ug) -t W

DIRELT sum oF Socsmces (bto2)

?'I et V be a vechr space, and let W WV
Then, we say Vs the dicdt sum” of W, W,
it

© thee exisk vaigve vechrs wieW; with VEWtety
for eadn veV;
@ VWt +W, o W N (o4 W Wy et W) =50}

/fv" eachh (20, k;
O B s o basis for W, Hea UR s a basis
for V.
? Note +he /f"”"h"'g conditions are qua(ud'

? Tn +his case, we whte Hat
Ve W, @ W, ® « & W
DISTANCE CBETWEEN VECToRS]: dlvw) (pto-3)

?- w V be an IPS, and let vweV-

I Then, +he dishace”  behveen o w,
‘Io“v,w)" is ¢1u.l to
atv,w) = Nv-wll-
? The distaace  function obeys  the
diskance  (Tr0-3).
oamoaom:, PROTECTION mMAP: P"iw“’) (Dio-)
i? @t V be an IR, and et WEV be ,Faih
Aimeagional,  with octhogonal basis iw..---.w..}.

deaoted as

“usual” rnruﬁcs of

Thea, Or(kojm\ f’"?“*'“ map’ of V eato W,
denoted as rwl w’ ERAVER'A s lf"l“ L_'j
: _ vowyy <V, Wa
lew(v) = —"w.n‘ w, * -+ o

projuCv) IS A LINEAR TRANSFORMATION

(T4 )

@ W v be an TS, aad et WEV ke fiate-
dimensionol | with orHr\ﬁoml basis  §w,,.., wpl.
et rn"w: VSV be tHe assocated odkﬁoml rniceﬁov\
maﬂsind.
“Then nc_u.ssnrilj PRjw s & linear hnsfgm.{-;.n

Gt Vb e T, ek et

Alv, proj, () € dtv,w) vwew (Tio-4 €2))
g @ V be an TIPS, and et WEV ke  fintte~
dimensionsl ,  with orH\onml basis iw,....'w,“;_
(VX r“"lw: VAV be +we asseciated odkﬁom‘ rwittﬂoﬂ
mp.fr'mj.

Then necessadly  for any VeV, we have thof

dlv, rw’lw(v)) ¢ Alvw) YweW-
Moreover, note that
dlv,w) s smallest (=D w=rmiw(ﬂ. (Ti0- 4 €3))

pwjw IS INDEPENDENT OF ORTHOGONAL BASIS
Forp W (Tio4(4))

WeV  be ,fim'k—
dimensionel | with N‘H\ﬁonol basis  §w,,.., waf.

Wt prejy: VSV be +he associated erﬂusuml prejestion
mapping-

et §% ¥al
with  assocated er{-hbjonnl rmluhm rwlw-

be onother or{hﬁoml basis  for W,

Then ncussadlj rvolw = PWI\I;

Orof- By TIO.4C2) R 3), prejw(v) s e omine vechr
in W clsest b v
Sina FNIW also  sefiefes this rwiw/y Hhus f»o}'wc\/)
= wa wivl.
Sine  veV  wes ubh—o..y i+ :’td‘ole Hat fw, f”lw,

aS peeded . 174



Class ||

Orthogonal Complements and
Polynomial Interpolation

ORTHOGONAL COMPLEMENTS: s-‘-
Co-1)

Q Gt V be on TIPS, and let Scv.
Then, the "ov“\oJ«\-l complement”  of S, denoted
vl & f "y set of
65 ST (read as Srur) is the
Vechs  orbhogonal o every veche in S
ie
3“: dveV | <vwr=0 YweS3.
dimWeods = WO wh=V (TiL10))
g Gt WEV e o Mn-l‘msiw\ subr-‘&
Then necessanly Ve W w

Proof-  See ek for o wewaw®,
“‘, , 8o wTO nutshn\a,

vewswd,  anside prw

CwW?=0 by

To  show

For Mj veV, lwtﬂ i & lin cewh V} vacbu—y
n W, and 5o ""I”J‘ W kel

So

V= rw"wlv\ + Cv- rnl'wtv))
~
€W

Sine - rn',‘,tﬂew pf"’* dhe r"“d ‘1 T3,
Haas ). Wf""’L, as reakd @
dim V< oo, 8,,B, ARE ORTHoaoNAL BASES FOR
W, w' RESP 2 8 ug, Is AN ORTHoGONAL BAsIS FoR V;
dim W+ dim W = dim V' (Ti1 €2))
B0t Vb o fatedimesiond TIPS, s leb WSV-
@t B le an cr”\OJM basis  for W, and fet By be
on ortiogenal  Losis for wt.
Then  necessanly CByUB, s an tr‘ﬁoj-«! basis for VY,
and in rumhl.
dim W+ dim W = dim V.
Poof: G 82w ] b Byt dXue el As Ve
thus B, UB, S V-
BUB, i3 echogonl. a3 ea BV

nd |.7 ™I g
To show His, wejnt resk R ghew CWi,%52 0, s Bi& By

F suffivs Ho shew

wheld  be N~

ora  already orHuJe-uJ hl contrudion.
Bul Hus j\,lluw: f""" the  fot that
Thus R, UB, s an 1V obasis for V, phat
dimV'= dmw+ me“ ®
Sl zw S S*ewt (TICD)
?M WEV,  and et r.,\(g)gw
Then m.u.ssaqilj st-wt
Tn other weds, + check i
Shou v is or“n]m\ P evay vector in S

froof - See +hat )
vewl 2 vis vtk all vectan . W

Sy is o duall vachmin § <

L
weW & xj¢W~

vcwl, it s«ff«u Jo

. S60)

3 vest,
s whe st
Thea, let ves*,
8y uy: -+ S, Fw,, .., WS,

We woat fo thow Cvwr=0 YweW:
oy C 6 2

Cuw, + . + CeWi* w- s_; .
9T H since ve ), us
As ¢y, w;?=0 fnr eadr ¢si
LU, w? = Ly, gt + Cpwu?

T E vy 4 ¥ S e
= o4 -t Cueo) =0,

Lod
So veW’, o thet S EWT,  and 5o strut w

nw_ m

JimVeod D = w; ssva (sY = Spen S
(T (4))

? G Ve o foitedmeniond IPS, and et WEV e o subspae
wh' =W

Then AW\:
eV, tuan (Y= SponS.

In ju\ml, if
Cwyx»=0 Vxew‘\',

P__hgf- Gt wew. By “J:.
we )’

bAd 3o we (Wh)T. Thuw

£
dim W+ dis WEEdimV = dim whe dimGah, o Hatt

By Tiic2),

L W Aimewh’ Hence w=@h®

Tren, leb SSV  amt lef wWeSpebh By

gtz wt

Takng orbegped nplrinls on el i fiels
syt . cw.l.)i__. W = Spans,

as needed. 3

Thaes), nlzuSsnn"-{

ker rnlw = w ran rnl'w =W (Tu.2)
@ et V be an IS, et W ke o Paite-dimensional
sol»srcu of V., ok (o} rni",: V3V ke the
Of*ko‘joml rvo'er.ﬁu\ ontv  W-
Tnen neusmn'b lear ﬂ"’ =W
Proof- @ dw,.., wel be an ok lusic for W
Lt ve ke rnl‘w. See fhat

3
ard  mn rniw’ L

i = <V, N2
rw'w(v) = Cvlwpw ‘- V:“L‘w‘l:a'
Hegn* ! ¥
By Gin id .s Gy, heaa SHWI? 0, and %
[T .

e cvwirz 0, whith tuff-'mn fo show Hat vew
Thes pwj)=0 > vewd ie ber puiy = W
As rnl'wcv)sw VveV, thus "“f"iws W. tow, let

welW. We wish o chow “"f“’iw“"J'
B.‘J e, Cf"'h-l(u) w) 5 amininal. Rut d[w,w:::,
Showing that  w ois  that Yminimal alement’

w;fﬂju,tw)‘ a3 acedesdt. @



LAGRANGE INTERPOLATION: FINDING )
pPoLYNOoMIAL To APPROXIMATE DATA
(Tu.3)

?’ Gt MmN, oad et (xugdn, by, Jme) € B

Ut B=Lf o) Prnt € PuR), whee
_T'ri(x-xj)

N
e 1€ iemel,
S T Cxexp)

i

)

Tuen 8 is o basis for Pu(®), and
Pixid=y; Vigisma & I“”""\l*"'* sm‘?m“.
?nof' See +that T
Lo T (x x:
Brlx = 3t X %)

T owx) (o st (xewd 20 i 48k,

ond
fowr - Bowrw |
poYEh)
Hence

PEOP 4+ Gt € )= SO0 € + 3RO

A

8 Yo 1Py ety

< pox:

> rOﬁ) 2 Y lo) tet 5#“%“3”’(0)
(4] rlx;/ Y-

. A

lo show B is a lasis for PR, we nest oy chewd

&l ind, a5 (Ble mu s dim Pl

@f oy g e Swh thet
A A~
CIPI + e+ (n“?mh = 0.
R any  1¢ismtl and  evmluading Loth siday ot x; gields
~ A ~
0 = e e o RO + ot Coyi Pt

T 04 et U4 4
0 = -
¢,
aad 3o Cpre = Cpppr 2O, Showing lin ind, snd weld

done. @

coLumnN SPACE CoF A MATRIX]: (olCA)

©0I.2)

?| bt Ae Mmuntf)' .
Then, the " column srna." of A, dencted as “ColCR),
is the set of wvectors ia Fm of the 'f""" Ax,
where xef".

E1ﬁnlu+(” ColcA) is the ‘set of all lineor combinations
) of columns  of A-
g:. In rﬁrﬁwlu, Coltp) is o sulﬁT«c of ", and
the columns of A span Colca).  (TH-)
Aem, (@) ; ColtA)= Null(AT) (LI

g @ AEm (B), ond gue BT the shndank janer pedud
Then nuns-#J Cotcp)* = NultCAT).

*ea" mINImIzes WAx-bll ¢=> ATAx=A'b
(Tu.s)
Q @t AeM, (R) ana beR™

Thea  xeR™  minimizes  WAx-bll i} ond ealy if
A'Ax < ATL.



CT:v>W] PRESERVES INNER PRODVCTS (DiI2.1)
? @t Vv, ¢o) & (W, [T) Lbe TIPS, and (et

lT\/-»W be liness ) o
Then, we Say T )m’ws s f”"“‘ 't

L6y, Tl = T(ewyd) Vv, veV.

g; T porheulor, we sy T s aa "is-morrl.im"
of inner rwdud spoces if T is also an
Somorphicm.

POLARIIATION IDENTITIES

? The  poloduation identities State Hhat
OVowr R o ¢xy>= Flxagits Llxeyl™; £
® Vo § > ST Foxegts Luxeigi® - g xeytl '_"“‘3“1-

Eﬂ;_#- This can be ek by Xpodio He nooms
A the RHY  in femn 4 IFs. B

T PRESERVES INNER PRODUCTS ¢=) T PRESERVES
NormsS (Ti2.1¢n)

Q' @ VW be IS, and
Thea T preserves inner rwo\uds Lff T ru:ms noems

lt T:V3W be lineor.

e LToN,, = nxil,  VxeV-
Pﬂ’f' Tt T presaves imer rw-o(,, by ua": -d the norm
+ aleo e mores,
ney noms, If VW ee

Now, Suppose T }w{
ove R, r&e,. by the ro!-«':tdv'n iclaspier:

CTox), 6] = 30 T+ T, + 41 T0-THl,
= Ty, + FaTexgi,
= Gllxegn » Tux-yly,
= <x,j>,
o Ha cose wherts Vi ane ovee € ¢S Simile
shakiﬂa T presioes IPs as  well. g

T PRESERVES INNER PRODVCTS & T IS I-| (Ti2.1(2))

g Gt T:vaw preseve  ianer rJuch
Then nlussanl‘-j T s -l
P_@J: Wa  witl ghow ker T={of.
inall
I} vev 3 Ttv)eo, +hun el
L), 7] = Co0T=0-
Sine T praseved I, we hows pat
CTw), Ten) = ¢vvd> =0, so V=0 if
Tv)z=o0-

T ker T2g0f, as nwded. @

T Is AN TISOMORPHISM OF IPS, ¢v,,..,va§ IS AN

ORTHOGoNAL/ oR THONORMAL sas:s FoR v )
{TV), .., Tvad} IS AN ORTHOGONAL/ORTHONORMAL BASTS

PR W (Tac))
8 Lt T:VAW ke an isomorphism of ianer rw‘“” spaces, and flet
SV val he aa °"“'°8°’“' Cor orthonormal)  basis  for V.

Then  necsssanly  {TEw), ., TCuY IS an erthaqonel (o erthonuema))  basis
Frow-
Proof-  We frab show €T, .,
srthogoaal,  thus <V VD=
shows ¢ Ttv,.., Ted§  iS

Tew)} s octhgoral.

Sine  iv,.,va} s
Ifs,  Haus LT, Tl =0 Yigj, whick

nerJou(,
o Tv)40 VISEn

T"len, as T 5 an :'sow-oyrh,'m, Hhes T ir -,

and ke T:{p]_

In petide, $Tewy, .., TR} i
the olim V= olim W, and so it dullnq that  £TWL ...,
fl'f W, whith & whet we welsl + ’I}“"' L

lin ind ""l Tl Since

Q et T:VOW Le lineer, ond leb

>z0 Vikj. 6T presenra

TV =W,

Teva)T is o Lasis

¢Viiy Vel TS AN oRTHOMNORMAL BASIS FoR V,
4 Tv,), ... TCvad] T¢ AN ORTHONORMAL GASIC FoR

W DT IS Av IsomorfHISM of IFS (Tia-1(w))
Vi Val be on arthonocwa)

Losis for V' swh that (T, Tewd? 5 an orthonormal
basis for W
Tuea necessadly T s an lSomurrhnSm of inner ran-P spaces.
l%"o‘ Fal, we thew T prsanes If.

@t  x,reV, oy

Kyz ey # o Cava & K2_=J,v,+...4¢|n\/ﬂ_
Thea
Tl )= ¢, Tlv) + ~+ caTlvyd & TexDI= A TCy) € -+ da T,
Seo  +het

X XD = CGV o4 CaVy, "'IV| +om 4 davyd

= Zedi ) cas  Uvinel)

1
2 —
- LK, X, > = E(;,‘; s
and

CTO, )] = CTCvit £ Gua), T(dyvy+ - 4 dav) )

&, TCV,) €t duTly )]

= f TCv) 4 - + enTlva),
= 2% 4: LTew), 14))
e
" —
= >_:‘ :4;0TCw), Ttv;))
L - D =
2 ST Cas UTCwpI=1)
st
= _Ec;-k';,

.Sﬁaw'ma T I)VGSGNGS Zes. )
sinc dim V= dimW,

37 Tial2), 4wy T 05

Has T s alse an  Bomophim,

B3V, Ve TS5 AN ORTHONORMAL RASIS FoR V =D
m:) (T

. T peiede

ondh were dow.

CT] ((T(v-) v; ))-- eM,

.IQII' @t V le o fx‘mh—dmmmul Irs,
va) bYe on ordered orthonormal basis -f-r V-

and in rﬂ—H-klv, let

B=(wv,
@t = 0Tl Tuen Aecertenly
A. = ¢Tew), vi>  Vigijen.
(¥ I )
Proof- By €21, we hee Fhat
ef By T, vy '
L‘Tﬁg‘))s=( ; 5 Vigjen.
<T“ﬁ'): Vo)

Sina LRyl i He (% olon i [T]y, o Sotlowa
thet e emh\., in e H oow L ['lk caluma 2
ETJG ® <TC\{,-), v>,

as needed- B



B 3CVy .y Va) TS AN ORDERED ORTHONORMAL BASLS

PR V ) Cxy>= t:,]atx'lc CLina)

g et 'V be a  farfe-dimensional TP, ond ruhu—lv let

B=(Vv,,. Yal be an orded orthonermal  bagis )t"' V-

et xjeV Then necessanly

<xy> = Ey] CxTg.
Proof-  wt  Cx3,: Cy=
f e (5) & e ()
""j’ = CC.V. &t Ve, A+t davad

Eicd vV

|=‘

"
kS _".M’ kY
! =

R N N
B: (vju-sVe) TS AN ARGITRARY OROERED ORTHONORMAL

8aszs FoR V; T:v-w IS AN IPS ISOMORPHISM

& C1ig = [T (Tn3)

g Gt e o Afinite-dimension)  IFS,
let B=Cv,,.y Wa) be an ordead orthowommsl basis for
M¥ T is &n isner Pndw.f spoce isomuerphism iff
€Tl = LT3,

Proof- () by oty LTOx), TOD> = xig> Vx,ye V.
Crype CFCRY & <TON, Ty Tyl CT00Dy,

let T:VSV be linea, ond
V.

gv 012,

We also hnow
l:7lx)],3 = fT]gf‘qn £ CT(J)JA’ L'T_'Ie('ng»
Hewce
CTeo, Ty = [Ty 16T,
= (cng[\.,:,):(rrja )
Tyl (c73, UT1))Txg,
(= ¢rnys= CjJ;D‘J,;).
We  claim +hs .‘...‘/aliu ETJ; ETJB:IH'
Todaea,  lot  Cylyze; & Oelp: e
Then  (CTI3073) 0y picks out e [* colome G LTIgCT, &
Tling e podet on e gt with Cyly  giva th (0 enby
of E1':73,CU,g
On tha otha hand, ) Oy = dle; 0 hich  suffiess
o hond, J (] 1€ L, "J ,
to chow [TTRCT) =T, and o (1=
reeded. g

(CU,,) Y

UNITARY MATRICES: A“A" (Pr2.2)
g et Aem_ (F).
Then, we sy A s "um"hos" f af=a

ORTHOGONAL MATRICES : A=A (DR2)

g‘ (et Aem, (F).

Then, we soy A is "or}ho\rv\al" i ATept



-0y~
Ag( _.s:'_) o ID:EN'>F I Dley,-, e =l

B D800 % ¥Ebis Sitrrems
.2q: (T34
a‘-qJ S D(.l veeey Al yesy ‘Jo"'i .“‘ =0 )
E There  exists & vsige  funckiod D: () > F  such Hhet:
O T e ot the stondard Lasis vectors, tan
Dley,os, €n) 2 Vi
@ D i il R i we fu (€0, cef & bied",
we have thet

Dlay,.-., By, FHbE Qigies ap) = Dlay., 801, 40, &gy 80)
A0Cay,..., @y, b, 4ipp e W &

@D is on “ﬂlh’mﬁmj ,6,,‘4;,,."-, ie f q;=aj Aor i*j: then
" D(ay,..., g, ..., %, .., a,) = 0.
?z In rodicu.lw-, D(ay.naq) is  the detemivant” of A.—(-;")
——-.
® s is an alarabe offinien of  defarminonls  Caside fu- the
cpfichr A;f:uiﬁm)_
l_?mawm.nnel.e CLINEAR OPERATOR] (D13.2)
g WtV be fuite-dimensond, and It T:VSV be lingas.
Thea, we say T is “d‘"‘:jm-"hlah" if thee xists an
ordwed basis B for V  suh thet CTlg is o Aiaoom'
madax.

DIAGONALITABLE twatRzX] (DV3.2)
? et A€ M,‘“(‘F)-
Then, we sey A
Mu(Hrliorﬁm orw{u
s oliagonalizalle.
EIGENVECTOR § €TIGENVALUE Cof LINEAR
OPERATORS] (D132

?’ Gt T:VSV  be lmeos-
| o#\le\l S oan "ﬂ.ijer\VtC‘hN‘“ aF T .'F

is "dl'f:ﬂom(i!nhlc" i the matrix
Ty FF" by T0OT Ax Vxer"

Ten, we say
w, thee exists gome ceff such  that Ttv)=ev.
Q:_ ?\:\ ru-h';uln-r, we call ceff  an "eiju\wslug" of
§1c.eweaoa 8. EXaenvAlue [of MATRICES] (DW.3)

.@: et A€ MNM(F).
\

Then, the u.iju\vu:brs and ei\ju\va\uts of A ore {'usf-

a{ TA -

O-‘r"EFn s  an q.‘ujenve:_h)r o{ A \'E

. +he uf"tsror\cl'lrnj
@g_ In other wocds,

Axzcx, and in  this cage Say that ceF s the

a.:'jmvedvfs and eﬁuw-(uer

associated eigenvalue .

ELGENSPACE  (Ti3-3)

?\ b TV ke linesr, and Rt cef be an ..ijznuo\ue of

Tnea, ‘he "u.:jcnsrm" associated b ¢, dencted as Ee’
$ dq,f:ui o bLe the set
Ec= {Vc\/: TCV)=CVE_

@1 Tadeed, Eo s o subspae of V-

DC8, -0 * Dlye-8; 11 Yis Ojppems 8) R

T IS INVERTIBLE
¢=d [T), IS INVERTIBLE For

ANY oP.D%kEo BASIS B of VvV (LB.Y)

{35' (at T:V3V  Le linear on a ,f.-..i(-g-—‘limus'.on-i vedhor SY&Q
\I.

Then nzu.ssorih T & invebbla Sff ET3p s inverhble for
Qvu:j ordered hasis B of V.
. = Wt A ek \ .
P~ () B ol en slitay -5 g v N
we know JThvaV 2 T T TeT ¢ I.
Hene
-1 -\
1,: [315: CTeT 3,7 T30 Ta,
shouing (Mg 75 invedibe.
CC-") S-«n;asl. T s net invebibe. Tn To,.h,_..,\p T s ne)
-\, se F0%veV 3 T(v)=o0-
Tehe any ordost  Losk B Tms\n-’ﬂﬁ e webn®y ( thy
CT(\/)]B 2 ET]REV]B = (ol = 0O,
Showing  that Cvl e N €CTlg).
Sinee  Cvlp%o, «hus CTlp s Aol javerbble. @

cef IS AN EENVALE of T <
det (T-cI]g =0 FoR SomE BASIS R OF V
(L13.2)
g Cat dimV e, and let TIVAV Lo lineors-
Then, cef s on ._iauwn(ug f T S M[T-‘I]g'-'b
/fd' some  choie cF orderad  Lesis R of V.
onf. (:)) @t ceF le an <‘,7¢,w..l.,< 7; T, w( ¢I7Mut£(br

veV-
So  Tt)sew and 50 (T-eINW)=0:
T nediele  cclar (T-cD), and o1 céd, thn T<f

is not -1

Hence CT-cI-]e is wot invetible by LI3:p awst 50

dat ET—CI]E =0-
(> dot[T-ck], =o,

faveible.

Tn f’“ﬁw(y. fee exisfe o OkveV 2 (T-cI)¥)=0-

Hence

Tew) = cItw)= ev,
Showtyy that e s en ._,'7:»"/-.1& g V- @

CHARACTERISTIC PoLYNomIAL (of T: vav):
gce) (o13.4)

?' et dim V<o, ad et T:VaV  be  linear,
|

o l..r g T-<L & not

Then, +he * choractesishic rnlJ,.Mi.l' of T is the

Pl
cee) = det [T-¢ITy,
. where R any ordeced  basis  for V-
?,_ In rdrﬁmleq i B' is another ordeet Lagis 'Jr“ V, then
f\er_assm'lj
det ([T-€1],) = det([T-¢I1..).
PzaF- We lknow
-1
CTlp = l}‘L‘xjﬂ- L1g,. Q‘[r_‘_(B\ .
Lt P= BIEI-_lg_ Note EIJg= [_'I]!.T-'\‘—dt'm V.

QRPN

Then, ser that
det [T-€1],. = det (Eﬂ." ¢13,)
= deb(CT]p - 1)
= ek CPLTIP - 4 (PIPT)
: aet CPULTIy - £1OPT)
= dek(P) et (LT - e1,) dat cf)

S det ([T, -tL)

= dt[T-¢1,1,
&S Aeeded . B



ALGERRAIC mMuLTIPLICITY CoF AN
(Emewawe‘]: a. (DRS)

9 @t dimV<od, and let T:VIV be lincor, and
let ceff be on eiJu\vol-«_ of T
Then +he

, .-Ah‘hm;‘ Mumrl,‘db" nf e, denoted “q‘..l
s the lorest rus'uhve integer ke T' such thet

k-0 is a afu'_bf of the chonmctenstic Fo (:Juav-u'-‘
Ccet).

GEOMETRIC MULTIPLICITY Cof AN EIGENVALUE]:
3e (p3:§)
? @t dimV <o, and fe T:VIV be linear, and
let ceff be &n (ijmvolu of T-
Thea, the “jlomc-hrir. mulHrl.‘th" of ¢,
is oLe,f:.uﬁ to be 0.7,,.I +o
9. = chim Ee.
1€9c Ca, (T13HQD

0

b et TVAV ke lineor, o et cef® be

denoted Lj "3"'/

e.ijuwsluc- o T

Then  necessonly 19, €@a..
T IS DIAGONALTABLE ¢7) 9c=2%c Ve
CTI3-4c))
?"' Ly T:vaNY o be lineor-

Then T is Jinﬁmmh\.‘a £&  9ecac for eny

eiJu\./,l.,_g; ce °F T

Ciopu ARE TWE OZSTINCT ROOTS OF cCt) =D
e“o---®€q‘: T IS DIPGONALITABLE (=D

€, © - @Ec -V CT13.4¢3)

? et T:VaAIV e lineor, with  chosracteastic r:\Jnomiol
(38
@r G, S be the Aistinct  wofs  of clk).
Then  mecassarly
® E,® ~ @ Ee, (ie Sem s divect); ond
<

® Tis a:.jmuhu. # € ® @ E, =V



Class 14:

Orthogonal Diagonalization

Aem . (R) IS ORTHOGONAL <D Columns O A
Follms AN ORTHONORMAL RASIS Fr 2" wRT

S TNNER PRopVCT (LI%-V)

8 wt Aem (R
Then nuc.ss-n!7 A s or{h?jeda’ ip e colwmns of A foms an

orthonormal  Lasis  for Y (with NSrlr-f 4o the shandosd
Prosf- fasad B &5 srthogonel € A=A
Tpz ATR.
Then, He 05 ety f AlA s givan by
A n
2. AL = A = .
s ik |4:j Z=‘A|,_,A|.:} <qt"“J>,
whee ;i the B oluma 4 A.
Thea,  ATA =I. iff A= & o). =p Vi,
aak so in ,Jo«Ha—(-—' /
ap,a;> =1 & <a; 45 =0 V:*J‘.
Hewe  the a4 frrd on  yrthonormal set for
ad as  |ia,., axdl T azdm®”, s st 5 sle o heir

£ 0", as needed. 2
Aem . (€) TS UNITARY <= ColLumns oF A
Fbms AN ORTHONORMAL RASIS FoR " WRT
ST INNER PRopVCT  (LI%1)

? et Aem . (O.
Then, A is umfmﬂj ‘_E the eolomns oF A ,fmm an
orthonormal  basis  Afor " with rasred to it slhaded

inner rmdud’ .

E_WJS: Seq shet P is vniteq ﬂ‘:ﬁ"’
i AR=T4,
or in other ey
A = 2P 8
ELA) g &M Ay

>

whida is  exeefly d's IP Tha reat ﬂ Ha Fraef S Dlea
e real cuse.
Ts IS DIRCONALIFAGLE wWRT ORDERED RASLS R =D

FuNzTARY (oRTHOGoNAL) P 3 D=P [T, P; Pz (b~ b,)

g bt AEM, (F).
Sh"uu Ta s
ordeed kasis B, so  +hat

there exisis an vnib—rj

d.‘.jmh'uuc. with rc;ru\' fo  some  srthomormol
D= C‘h:‘a is o\-’njwl.

Then  necessodly (oerJou( i PaR)

mobix Pem  (F) sach that
p= P'AP,
and if B= Vv ey Vi
Pz (v, = V)€ My $FD
Poof (ot S be Ha o ek lomis of KT, o thed
ETR-JS = A

"), “+hen

T‘lll\
-l
Ctwle = G,) Cul, (Lvlg), — o)

whe VeFD Then, see that
SE:\,:IG c (w3 - Cwale),
and a5 B i arH\-Jo--l & [vlg o f\.n +he
“Stadad ” ref-tml-n-l-'wn: o V for each b
by 1. S['-IV]E is Jnrf\sq’ Covtha if F=iR).
m.H-'mJ Pz gLl and subbing heck inbo (%),
we gee  Fhat

D= [Tydg = P CwlsP = F AL
25 needed- W

Coina S it Haa
A ok s f F)

%) Lt A8 emnm(s).

ORTHOGONALLY SIMILAR (DI4 )]

W ongem (B,
A is brﬂ\ojoml\j similee” to B if

Then, we say
(R) such

there  exists an orHqu-al mabix  PEMacn

“that

B= P-‘AP = PThP (since P is orﬁe‘jm\‘l)_

ORTHOGONALLY DINGONALTIABLE (DIY.1)

Y et Aem, (B

Thea, we say A i uorfhojomllj d;‘(jc lizable" .f
A s orl‘hoaonall similar . | hi

J ¢ ° Some d mMaix
Dem, (R). J

UNITARTLY SIMILAR (DIN-I)

"uni‘l'a-r;b similor” 4+ B i

Thea, we saj A i
Pem,,(C) such

there  exists  an vni!'uj modnx
fhat
B= P AP = PAP  (sme P s uniteey).
UNITARILY DIAGONALIZABLE (DI4.I)
g Gt AemM,  (O.
Then, we soy A s
A s vni{wﬂj similar o o diajono( matvix
Dem  (@).

AeM  (8) TS ORTHOGONALLY DIAGONALIZARLC
D A IS SYMMETRIC (LIY-2)

g et AEM LR),  and suppose A is orfhojom\[-j
d\m\jofmh\-a\pl(

Tnen necessanly A s
Eﬁljf' Sine A is  ertho dh7l 3 a(h? mahix Dem,,,.zl?-)

“unitodly  disgenalizable” i

symmehic tie AT=A).

Such Hot A 5 oo gimilee fo Di e
3 ortho PeM,  (F) 3

D = P AP .
Heace
A= pop”' = PDPT.
is  aolso iymmh:‘:.
:(,'cl-(; tha b

Since D s diagwas(, i
TAMj \“rw.sfnszs °f' both  siddes
AT= (ror)T = PDPT = popT = A,

Showing  Hhat AT=A, o1 neadedt.



AEM . (R) IS SYMMETRIC D EVERY FEIaENVAWE
OF A Is A REAL NYMBER (TIY.)
G e Aem, (@) be symmetic.

Then  necessanly eveny  eigevelue  of A is o rea

Aumbes.

sa.P-aosunf CmatRIX IN €] (D4.2)
o Aem (€).
Then, we 5o A is -Salf od,o-d' it A=A

Rem . c€) IS SELF-ADIOINT = EVERY EIGENVALVE
oF A IS A ReAL NUMBER (CcC4-1)
g Lt AeM, (C) be gq_lf dl..nl-

Then  necassedly «every ;..T_,w.l..g of A is
Poof - Sawe a5 TM.I, sine pch. B

A Is SYMMETRIC, (c,.v,), €€3,Y2) ARE ExcnvALves [
VECToRS of A =) v, & vy ARE oRTHOLONAL
(Tiy.2)

g (a2t AGM (!&3 be Sjmme'hk, and let Vv &Yy be e'juwu,hr:

a real aunber.

correspording  to e eiqeavalues . R of A respectvey:
Thea  necessanl vy & vy o orﬂuﬁ""‘l with f"-Srﬂd' 4o the
standowd  innes ]”"’A"‘{' of €.
7vof- See Hwt
Clgdl AN 4c,v|,\l-7

S <Ay
< v,_T[ﬁv,7 Cos all enhids in ®)

ST (B 5 syereire)

= (AT,

T <y, Avy>

= <, Q%>

= eV,
and aS € ¥y, the “i"”“ holds ff 2unh?=0, showi the
caim in quaifin- B

A IS SELF-ADJOINT, (¢, €3,v2) ARE ExLNvALVEs [

VECToORS of A =) v, & v, A€ orTHOLONAL
(e )
‘L? wh AEM (O Le safadpint, and leb wgvs Lo cigenvehes
assodiated tv the c_ijenwlue: < 2 ¢y b{: A r'esrc.d-iv ely.
Tnen nu.eSSar\'lj v R Ve o or+knjm,| with respest o the,

Standord inner pwiuct on €.
o[- Almst idanticl  to e rnq{: for T2



Class | 5:

Orthogonal Diagonalization
Continued; Unitary

Diagonalization

ADJoINT CoF A LINEAR oPERATOR]: 14"
CTWV), w? = ¢v, TGN (TIS-1LN)
gu TUAV be lnear, whee (dimVees.
Thea, +he "uiow of T' dewtesr os " s
J“F"‘-‘ b be the w \ingor orw sueh

that .
cTew), we = v, T)> Yv,weV:

oo Ak, oSsume  TF exink.
Chosa. an  ordl  or thononm losis  R= (Ve va) A V.
Then d"' each  v;, 3 ‘”‘"“Il—l C;h...,cher‘F E
THVO = it = % G A ek
et ET]gf CLl;j). Then we alse lnow

TL‘{J') = ‘.ljv(.‘. R LI.\V" for  @ach ’

As  eTty), vi>= ¢y TC)?,  thus

CT), vi> = <bp-Vytemt bpVa, Vi = b, .¢v,vi>+ - +b .
J yh mVa, ¢ [N 1V ,:)-<V,.,v,_>- L..
»
<v, TS = ¢cu. — —_
i 0 <\{j, C':v(.f.--c-c,liv,\') =& ;\ﬁ.,v,)-t... *C 4\4‘-1.,\[") =

Heaw \..zgo ;-
LU Q- V.UI ond 5o ['[x] s e wniqﬂ‘{ ws[’ﬁit :)*'

J R

C1l,,
TS SN

Thig r@u: vnigueness T T, ona e ]»owl o+ exigés.

Thea,  we lnew 3 un:lin_ ™ivav 2
T = Zhive Viggen
By #e b, c1Tpe CTg.
3\1 u,
L Tew), w? = Cu-l]: ETC\ITJB
= Qwly LTl O,
<
<, T(D> = Cttwlg V3e
- (ET‘]BC'-J‘\ CV_];
= rag et (- £TCo)y ),
s u._au_‘ a
CT*3g= (7] CTiS1¢2))
Yot Tvav be bneer, ot &
bosis  for V'
“Then v\e_ussuilj
*
013 = CTle-
Pog- T was  proved n e P'“ff'( TS,
s __lg = =
aT+bW) Tz aT ¢ BUT CTISA)

g et TU:VAV e linear.
Then M.u-s‘i‘f“J B
(atenn) = T+ WU
Progf Folows by ws® 4 T
¥
n® = TN (THT =T (TS

g’ @t TUN2AV Lo linesc.

R ‘e oan ordeed orthonormel

Ya,be -
a

Then v\u-tsswilj
© W= T and
®eT
Proof- Gtlewr Ly gt 4 Tt @

Vv ovér €=
-3 ORDERED ORTHONORMAL RASIS Fol= V 2 ET]R
s UPPER TRIANGULAR  <C SCHURS THEorem I

‘CTK-ZLI“

-?"' t V b fwk-d»‘\mmsml wdh over €, ond et T:VAV

be linear:

Then
Such

Proef-

Tren cee  hat

oS

there ~exists srdeed  orthonorma)  basis B for V

that LTIy s urrdeH*

Prcead by induckion  on Azdim V.

Consider nzl. wt OEvev.
< L o = ' B(W) i3 ar
r we gy, s et Qwll=l, ead 0 )

orh arthongn eI v V-

Sine [Ty 55 W, # s havely “ppe iaqgle .
Now, assema claim 8 e o oll V with  dw Vzn,
and  cheese YV 3 dim V= atl & choose tome fine~
T:vaYV.

Comtidar  CCO) e T A
Tomem Hl-' ct) hes z | mﬁf“-“ wot ¢, whid
clganloe  f T by ey

ags0 ciated zi«‘»nd’-’ Vatr €

ccore B (©), hn by [t

s o~

So, we ¢an chovse & v
T Vpey) = Vato-

WLof,, o5 we con olivde Vpy by
et van =l
bt W= spadvand.

so dimwWi= n.
W »f-“A under T“; H3 thw‘l Tex)ew?.

shew  TER) W5 e

its noem, We m,.’ sosurR

. 1
As nel= dim Ve dim W + dim wh oo k-l

Now, we claim
et rew' We wan+t +o

Z0Ypeq, Txy? =0 Vae F-

('\,.1 ,U: .Z T*)

cav, ., Tx)> = £ T'(x), %P
* caT ), x>
T cacv,, x>
= @c € Vag ¥>
: ac(o) (o3 ne & % 0o orfhe)
= 0’
neaded .

Hence, #f we i ply He laess adion T te Ha vedhm in
' o

uJ“'

’

As
3

Sinca Vg, i5  orthe to  any vecfer

is
So

we obfem a “restvichion vﬂf" T{u‘" wi 5w,

dimn W2, by TH T ok ortemens deaks Celnyyn, Vo)
[rlsTe s wpper  trengelar.

in WE thasy BT (Vi Ve
orthogmal, and in fut sobtleanormal o Hlup ez 1)
BzCViyvan)  is  on ovdh avthonsm  Lesis YY) i

ind.ud, no  metler  whet Ty i, Eﬂj is \.“..f'rs":-)..h,.



pem, (€ > 3Junrtary mATRIX Pem  (O)

VPPCR-TRIANGULAR. MATRIX Ve M”'\(C) 3 VUszp'ap

& SCHuR's THEoRem I >» (TiS.2 ()

Y e Aem g co.
Then there necessadly  exists  a um‘h:-ﬂ.] mei x Peﬂln"(@)

and urru-fviujulor matix UEM“"M) such  +Hhat

U= P AP

?’L"f' Bvl Ts-2),
e J ovthoneme ord.  batis

wPrur Mnnjulu.
Thena -t
CTalg = (Strﬁlni CTals (T Tg,

ihee S i the  stedesh ok basE e "
%4 SCX‘:»]‘g ova grive b e sanded

Ta® &> e i u_fpu -m]uhwi’:‘ul_,
R for € 2 LTalp it

New, te columns
covhinafes  of 4 veshy in B, uhick § en orthanormst besic,

so by Lt PsCIely s waitery
Sina us ETn]r_g N \,1,‘5.,_{-,;.“1\.&(- 2 Crﬂ]s = A, heata
U:P AP, o5 needed. @

peMm

[ 2 ]

3 oRMocoNAL mATRIX Pem,  (R) &

UPPCR-TRIANCULAR. MATRIK Uem, (R) 3 VU=p'ap

¢ ScHur's THeorem T > (TiS-2(3))
8" (t PEM, (@), and suppose  all the n..'Jcnvo.lue: o4 A
ore .-cp(-
Then there Mussan'lj exists on m-H\U“.x mabix  Pem, (R)
ond urrc_r—h;nnj»lw mahix  LeM, (R) such +het
U=p AP
EEQI_. Qimiler 4o rwuf .f-r Tlg.l(l).a

Aem (R); A IS ORTHOGONALLY DIAGONALIZARLE
¢=> A IS SYMMETRIC (T1S-3)

L
Thea A i symmedc f
Proof-- 85 L2,
A ur"nlﬁ-ﬂﬂ-l(, -u-T..h"-l.u D AE s.tnuhic-
Se, (et A be ,J,\,.Mc.. R.J TNl A anlJ hag ol

A s M’h-jondlj di-jwul-‘i-o-'ola.

cigeavalues.
So by TERE), T on sqpuhicapls abic v
o [ madix P 3
U=z P AP = pPTAP:
Heace

o e cpTan) = PTAP = U

So VU s wppes dv‘\-n?«bv ondh Synwtf\q':, and S0 U is
A;ﬂjﬂm(f
Henoe, &3 u=PaP, Ly oﬂ
arthogonally oLin()wA- Tpeble. @

(€) IS SELF-ADSOINT = A IS UNITARILY

v iy dalls wg that B IS

AeM, .0

PIAGONALITARLE CTISY) ,

g Gt Aem (© be sf-adjeint tie A'=R).
Taen A:u.sswi\J A S um‘('u-“J P Lroble -

(M), A EIGENVALVES OF A ARE REAL =)

9 2t Aem,, CO)-

Aem, (Q) Is UNITARY = A IS UNITARILY

DIACONALIRABLE (TIS-S)
~?1 (€33 Aémﬂﬂ\(() be unitery.
Then m.a.ssa.dtu A i unitonly A'moonalihl.(o..
Roof- By MS202), Fuwnitony PemM, (O & uppreohi VeMy,t0 3
u=p'ap = P'AP.
As A s wniteny,  dhm
uf = (f’np)’: Aty
=¢ate
e e
-1

’

so U is also umih:\’.

Sina U s u.‘)r_\-r-h:h-v\r[-, +Hhug U‘ is lnwll—‘hr:l-a:j\-'w-
But as U s u':rl-r—’h"l"“ln(n’ § invertible,  taug U s als

“pp MM\TAM.

Sinca L)":U"l thws

So U s disaon! o well, audh dbe pect s g
_NormAL CMATRICES] (DIS-1)

m nemnncf).

Ve VUt et e dingoat.

Thea, we 3oy A s “normal” i
ATA < A'A.
NoRMAL CLINEAR OPERATORS] (DIS-1)
? et TSIV be lLner, whee dimVee:
Then, we soy T s “neemal”  if
Tt 1.
Aem__ (€) IS UNITARILY DIAGONALIABLE =>

A T¢ NormAL (LIS-1)
(Hj Gt AEM'\M(C), and  suppose A s unib-\'lJ J.itj\mli-u].k.

Then nutSSmrﬂu A is normel.

Acm _ (€) IS UNITARILW DIAGONALITABLE <>
A IS NormAL (T1S-6)

Thea A 3 un'-'h-ti\J di:]..ul'.tp.\ult W+ is normel.



Aem  CE) IS NoprmAL, (cv) IS AN ExuiVVALE/
VECToR OF A  (Z,y) IS AN ETGENVALKE/
VEClz oF A* (L15:1)
Q et AeM,_ (€) be vormel, ond let ve€' be oa o_\ijuvu.hll
@G A agsociated  with e ;_,;jg,.v-lqe c.
Thea necessadly v also  an ¢.'vav.c+or of A
oSsociated with  the gijll\mh( <.

T:vaV IS NORMAL, Cc,v) IS AN en.envawe/vecro:
oF T & (Z,v) IS AN EIGENVALVE/VEcTor OF T
(Lis-2)

g t T:VSIV  le normel, where T s lineor & dimV <00

et v be on Liay\vc.f.for of T urnsra,.di.u o the ¢£juwo.lue
c.

Then vxuzs:wil:j

v is  an eije_m/edv of T mr-esrona(.'n_’ +o the
eijmwilug T.

AGMMm(C) IS NORMAL, (c,wv,) £ Ce,,v,) ARE Emmu“/

VECTORS OF A, cc, D V, & v, ARE ORTHOGoNAL
Cti5-1)
? Gt AEMAM(() be normal.

Lt Vv e € be c.iJmVld'nfs of A associated with disbnet
ziJMn\u.es ¢, c,eC.
Then ﬂtuSSnvi\j v, & vy o °r|'|r\ojhm\|.
P_"’_D}’ We wnow CA-¢T)v =0 So
0 = ((A-¢DIv,. vad
= ¢ A",r"-‘\7' € v,
vy, AV, Y - 6 ev D
T LG TGS - cav vy Chy LIS2)
T ey, ) - € eVl
= (C;-c‘)cv.,\l\)

As CA.*‘:M thvs eV, w> O, af ncedad . &



Class 1 6:
Introduction to

QUADRATIC FoRMS (P16
‘Ql A "Tuhnh" form” s a rnbnwi«d fuachon Q"SR

Such  +hot
deq (06D =2 Vxed

More e.):rlidHJ‘ we have
Alx) = Zi_q..x-x
xl
whae a“-l.eg Viciica & X° x:;\)e
L9 = xE 4 Ka- Axgxg 4 X"
?,1 In term(Ar,
olx) = A
wheme A= (R‘." \—-3
@at -t A/ ¢

n

xTAx

’

Qlx) T5 A BUADRATIC FoRM = 3 UNIBWVE ‘
SYMMETRIC MATRIX CeM, mcﬁl) 3 OLx)=xC¥;
C = (C‘l;j-t QJJ I%).:’ (TN
? L+ 8= _fiin;.,i,. be o quedmtic form.
DR ; ; M (R
Thea +iee exists a Vi@ sjnm'-’m matvix  C€Mpal
such  that  OUx) = xCx  Aor  esch xe®'-

Moreover C is iven 'I..1
?

C;J' - (q‘.. “'2“'{) V(Sk‘.js"-
POSITIVE /NCGATIVE. DEFINITE / SEMIDEFINIIE ;
INDEFINITE (KCLASSIFYING QUADRATIC
FORMS > CDI6-2)

? 0t QR"SR le o ,1,,_,;,,4,;,_ Jorr-
! . " . n
© We sy e s "rosl“\ﬂ- Aﬁ"“‘h it w20 VWxel®,
and @Lx) =0 =2 %XF0i
@ We hj Q is "'rosihvﬂ. sum'ub'.\ik.
but @O =0 f" some XX0,

@ We saLj Q s "ngnh‘ﬂ dg—_inihh EF alx) <o Vxelg",

C g e Ve,

ord O(x) =0 ¢ %=0; ) .
. ‘e semidefinite” if QL)€o VxeR"

@ We Sa.j o is n
lut BL)=O  for some x#0; o
@ We sy & is indefinite” W
and  BLx)LCO  for some xe®"-
?Iﬁaoﬂﬁl- OUADRATIL FoRM (o\6-3)
%?l @ OERYSR  be o quudndic foem
Then, we soy & is "d;.jo...\' § #+ has  the

.form
¥t 2 2
&( 3 ) = qy + o ¥
xn

W, v sowe  qe®, 1¢ién.
?2 E1viv4|l.n+|j, & is of the foom
alx) = xIDx

&

4vr  soma d;?,,.,( modvix Demm"‘(ll).

Quadratic Forms

0.0x)= xPx;

ON MAIN DIAGONAL CTI6-2)

CLASSIFYING. @, BASED OFF ENTRICS

Af\.aPM, say D:JiAJ(l.,...IA,‘).

‘g”: ot a.:r?-"%& be o 1,.4,,{*, fprm, soj

BLKY S0 for somME ke,

ﬁ @t @)= *xDx be o dia:jon-( quadeahic

Then,
0] If a>o Vigisn, ‘then Q is rcsiﬁve ﬂ."; A

@ If azo Vigitn & g=o for some Isjén, then O S

P"Siﬁ"'- Semidefinite,
® 1§ aico Ysitn, e @ is  aegative definite;
@IF R;s0 VIsisn % (S=o for some 1< jEn, then & is
ngmﬁw. N.midgﬁni‘h; %
® 1 aivo & HED for some leijem, than & s indgaﬁ'nik.

EIGENVALVES (Te3)

oy x Cx  xe®”,

sj mmetvic -

whee C i
giJuw‘lue f C 5

Bj TIHL,  evey

resl, and by TIS3,
orﬂnojnnnllj ar.j.mun\-lg.

g C s
saj 1“-.-,1“2@.

sme C 1S sjmmhic.
Hence, € has %

Then,
3 +then Qe s rosiﬁ'lt &Sﬁﬂ ite;

® ¥ A>° Yigign,

reol !.ijtv\\lﬁl‘“sn

® IF A z0 Migi¢n and 1.":0

rosihvg s._,..i.liﬁni('z,-
Qe i M.;AHVE dzﬁni‘h ;

® If R>° Vigiga, then
® I Azo Visisn

nigdive semih:Eni('c,- %
1€ijen, thea & TS

® 1 2e0 & 2570 for some 1€

afar some. |5)'£n, +hen & 'S

and A:=0 ;f)r some |5j5n, +hen Q. S



Class 17:
Optimising Quadratic Forms

OLx)= x'Dx, D= ding [ Wy PS B>
M { Q0x): (kis1} = max {R,0-., Rnt;
_Min ¢ 8Lx): U= = mim §R,ene, Ra§ €T1T1)
.? (% &’W."—)W\ be a dl'ﬂjyml Tudnxﬁt. form,
e a)= xTDx »fv" Some Aiua..-u-‘ mati x
D= clisg(A . Ra),  whet Aoy me R
Then aecessenly
® max q 8! lh‘“"‘-’; = max i._lln--'.’llr\’i; ES
@ min ¢@0): et 3= min R, Raf.
P 15 oRTHOGONAL D uPxil = i (LD
g et PEM,\“(&) be urﬁﬂml; and  let el
Then  necessanl upxw = (el
Q(x)= x7Cx, C IS SYMmmMETRIC )
||x‘|=l} = m{a,,...,'ln'!;
min § QL): el =15 = min ‘.i,a-umonﬂ};
Qex) mIN D x IS AW EV corp&st To mind:Y;
o0 MAX D x IS AN EV corNES? To mmc;a;g

mayx § OLx):

(TI3F2)

? et GRSR Le o quadec Joren,  with 8= xex  Vxe®”,
wh% c s .53»«»".“:-
By T % TE3, C has M real  eigenwlacs. 30y
1“"':1’\’

Then, necessanly
O max S OUK) zt§o= max § Ay, Anss A
@ min ¢ QU UIxU=1T = min €20, Zaf
Add}ﬁemll_jl
QLX) 8 min (D X s o norm-l  eigenvecior
t.oMSrp-\d'mj 4o Ha omallest

% Ql'Ju\val-u. °Y’ c

Q) s Mmax (D X S & norm=-l  cigenvector
f-oMSrmJ:mj 4o  H= loﬂzs\—

eiqenvalue of C .
A(x)= xTCx, € IS SYmmETRIC =
max § 80%): uxus=r} = > max € Ryyery R3S
min § QU Il =rE= > min § Ay M §

(3D

8 et @RI be o
whee C s & Sj
By T & TSI, & has
Ao A
Then /\u.c.eSs‘om'ly
® maxé 66x): (E (LM“"&'/L.---}.\'&-,

® miagopo: Ilzel = Cmin $20 R,

quadetic oo, it A= XTCx  VreR”,
mmadvic  madix.

n  rovl n.iJu-vu(‘“S, oy

and



