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Convergence
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Completeness
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Banach Spaces
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Closed and Open Sets
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Closure and Interior
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Compactness & Open Covers
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Limits
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P I%ly™ + < lal+ Idiylted
£}
= 5‘+ (xllete yllzl,
I wso, Pea fivg <0
Swe
G
(*x'{:;\-):n,qn) Y et (ylizl s o,
W ST oar Jotles Heat b  Flry,2) = ©.
an,th,a.n] F
2 Evoluate
3 2
[im Y

b‘.ﬂ)-u-,n) K"-(.nq R



Module 4.2:
Continuity

_CONTINVOVS C(FUNCTIONS)
g Lt AW, whar AeV-
l Tnen, we Saq f 8 “confinous” ot a€A

if for eny €%, thare, wxets §70 such
dnat  if  xeh with  Nx-ali<S +hen
L) fedlis e
91 Note thet s confinuous at aeA\ia}

it and on(! i£ ‘l:v; ) = fGa).
-“ A pa—
g& However, # ok A\qal, then fois auhmhullj
continuous ot @
Why? 2 020, gt NA = i
W £v0, & chea 57

T4 xeA k (x-alleg, Fhen x=a.
L eeR)-fells WFE) -fe)l=0 LE.

g; We  say § o confiauons  iF £ S conbinuous ot

all aehp:
§ 15 CTS ¢ § PREIERVES CONVERGENCE (=) V ofen VS,

§'cv) 7§ RELATIVELY oPEN IN A

XQ"' Let  £:AW, whee AV, Then, the following oo vivalant:
© § is  continuos; f' 01
® ‘F rﬂsws U"\V'-(JU\M' and
® Vor.,\ ve W, f"CU) is f"-l-ﬁvt(j open in A

Procf - Ao fom Hssi-\nwF 2.
©>0: Swyppae fou <k, at let (aleh 3 gpach -
@ €70. e exisls $50 3 xeA & llk-alle§,

Han [[F[X)—f(ﬂ ll<E.
Take NeN 2 Wap-allcd Yn3N-
But ‘Hﬂc\, {‘r "> N, e SRe +hat llf&n) ’F[A) llce ’
S(ADuuiM\ fhat  PGI2 fle) 3
@3 ® © AgSura f T“m unvt’-h—:\ . and Suﬂona_ .f— is  discantinuecy

at o

= Fevo & Ceg€A 3 lap-all <% but  lIfa -fll % €.
TLn,l' a,da but ,f(,n)+ fe) — corttradicion! a
lgmrec’fhﬂ mAp Is CTS
Ql The it projection map” PSR,  whee 1¢i¢N,
is Jn{inzn\ Ly
P; Cxyyee s xp) = ¥i-
g" Nu: con rww- e r"’]wﬁ'" map is  continubus .f‘r oy
ELén.

£,9: A2 ARE TS D 19, of (xeR)

ARE CTS
? Gt 4g AW e s, ond et eref.
Then .ftj and crf ore '\eusson'lj olso  eontinuous-

ool @t Cag)SA 7 M-
D (sivea .g:.:] e ) D i) % j(q,,l—aja).

> £ap)+ Jl_r.n)—} f[-.)rjta) 2 "(F(:,,)—a Q’HJ. &

£:A,, 9:83%,, BEW, ARE CTS D
g°f I3 cTS
g ot fAOW,

and g BAW, Le ~continuess, whoe BEW,-
Then nw.ss-w%lj (j"f’ is  continuous-
?noF' Lt Cay)eR 3 W32
—
Sinm  f i ck, ) flap) S £6)-
Sina } s ck, D j‘f“‘"“ ajc(im).
= j*’{- rrum M\,uﬁnnu.
= JOF it ankawes. @



Module 4.3:
Uniform Continuity

'UNIFORM CONTINUVITY

?‘ et FADV,  whee iAW
Then, we Say $ o “wniforrly  continuous”
'.f for any g0, there lexists @ §20  such
+hat if x,aeh  with Ix=all<§: then
ey - f)l < €.

?; Note Hhot < unifom un&imllj ;mr\'.es ”"“"“"L‘l

LIPSCHITZ CFUNCTIONS)

g_ t f':ﬁ‘)w'
e g.j $ © ‘lLirth'i-" if there exists & M0
Sudh  that

Lfta) = ped ) £ mlla-bll  VabeA-

LIPSCHITE 2 UNIFORM CONTINUITY

g’ Gt f:a2W be Lirsc.hﬂ’t-
Tien .nu.zsso.vi\:] £ is u-nlfvlmb contmuous -
Poof- tof gv0. Chocse 8= 5.
I aleA  with a-tles,
Uf)- fell ¢ Mmila-bll
<L mg = M('%‘\_-_ g,

than

ghow'ma, £ vxnifmv\-ltl ch .
C Is compACT, f:a>w IS CTs D £ IS UNIF
CTS

: et CEV be Camr“.f IS f,c:,w be  confinuous-

Then f is un'p)‘wmlj confiaumous -

"‘_’l"_“(’- - Swpm & ki Bab s ek wif
D e, hy) €C 2 llc,‘-l,,,llc.:_" ||§[M)_F(Lh)||>,£_
'31 w-\Tu-(-usc,

a6 ) 2 2y, 2aeC -

7—') \o'\lL= \o,\k‘—anu_f ahu_

—r

-0 a

=) \,“’b_;) a-
8\1 conkinuiby, flan,) > £6), TR £Cb).
2D (flowy) - Fg) Il > O
But tais ¥ O comtradictim  7C ((Pen-foml e by
eorlier ngl_,y.ann|_ 7|



Module 4.4:
Extreme Value Theorem

CSW IS CLomPACT, f:Cd3W IS CTS
fee) IS compACT
Q‘ wt cew be compsch, and lef
Then necssanly ey s m‘m&--
w_[‘“f» Take  (fan) e fC€), aneC.
2 CansC.

i Le condinuoMs -

Sa.
Cwmfad’) :-)Ca"u\ ¢ (a,) 3 Aq 4

CWJ(;W;AT) D F(a,\“)—ﬁefn) € fcc)
I AR ooMrar.P- "
PEASR Is Bouwod 2D inf A, Sup

E\) Lot PEPER Lo bounded: _
Then Awssnr.l(j inf A, Sup A ER

ACA

gHCEV TS comenct, ficafR IS CTS =)
9a,b0C 3 £0)=Min £C¢) & £b)= max §C©)
(EXTREM VALUE THEOREM (EVT))
g ot PHCEV be cmr.d, and let FiCAR ke continuous.
Then, +Hhet must  exist some &, beC suchh +hot
£a) = win fo) & £CB) = max £LC).

UNZFoRM NoRm (FoR Kk, W))

g et KeV be umru_ﬁ-, and let W be @ NVS-
c(K,W) = & f:koW sl g a NVS when

e(& with the un'ﬁm nofm

Weu = max & [FEN ¢ xek .

Then,

4P



Module 5:

Sequences of Functions

fprmwxse CONVERGENCE [oF FuNCTIONS]

Wk RSV, fu AW oad fiRSW
Then, we sy £n ou\-luaq o f .-rcinhdist-

i

£a09 = §00) VxeA:

UNIFORM CONVERGENCE [OF FUNCTIONS]
?l’ Wh ASY, $arPIW ank iAW
Then, we S0y fa converges . "“"'T""‘l:l"
§ for any  E70, Hhere exists & NeN  such
that
o) = fOONI < € YnzN, xeA-
g; In His  case, note that the Some N works
unifumlj {or ,"l‘ xeA-
WEa-fU, = s..r{|u=,‘cx)-f¢,‘)||, xeAt
Q, Gt e frASW,  whue ASV.
Thea, we dn.finl.
Wfn-fW  *= sup & Nga00 - f0: xeAl.
Qx Note that

$a>4 Mf""“‘_‘j & Ma-fl < ® eventually
R Ufa-fl e O

g,a For c_xomrl'., foka  faROR,  with 4L =%
bS {"“\ zo0 \nzl.

Then  fa0 un‘.)lu'mlnj, even H‘"“J" (16, -oll = o0
ExAMPLES

? For each sequeac of functions, Jind the ro‘.nMse.
limit  and  delemine  whether the mvuaua.

s U'\'Lfcrm.

¢3' for ONOR, Fald) o

ej'" _F":C‘,—?ﬁ’ -an[ﬂ‘)) = &p-

g L
4 Pt Cox 0o TR, fatao = %*ﬁ;

"\:A-)N, AcV : £, Is cTs VneN, fa2§
UNTIForMLY = § Is cTS

Q et farAdW,  whee ASV:
Surrm each -f.,\ is eontinuous  and *""F uniforml\.’ .
Then "MSsarHJ -P s confinaous -

Pwof- et (o )EA 3 ap>a & et €v0-
— n
We lnow we may /ﬁ"* NeN

Wn-fle < [ & |
Since  fy i cfs, we know ImenN 3
Ut - Ful <E/T’] Unyym.
Than, Jor au, see Hat
[ fea) - Fe@)| = 1 8Cagd-fiytan) +Fulay) - fite)
+ fula) - $a
| $re) - St + [£igag) = Fu@ + Hue) - fa) |

A

€ Ufa-fll + 1f40an) - fu@l + Ufa-Flley

¢ £4E,8 =
\3+3+3 E/

ol o fla) S fa), amk so f i cfs. @
ASV I5 comphcT, w IS A BANACH SPACE =)
(ca,w), W,) IS A BANACH SPACE

W eV L conpuct, ord b W be = Banach Spoce.
Then nwr.ssn-rilj Ccp,w), (ly) is a Banach s‘race.

Pﬂaf. @ U)S ctAW) be Caky, and fof €70
We know aNeN =

Ufn- Poolley < € ¥am2N-

for  xeh &K amyN, ses fhat

U 4a00) = fn GO & NEA-R N < €
and 8o Cfa)) W s Cauchy-
Since W s a Benach gln.m., + 6 -.mrlefe.
and so  Pa(x) S fox) e W fer seme POEW.-
Tm, we hove constustad o fr fAW 3

£a>F  pointvise.
For xR and AYN, We bae +hat

lim g0 - fm0dll € &,
and o

Ugalx) - RO g & Climits pasene ocdec) 5
D lg-fll, €€ sna xR ey ackireny.
= Laf Uv‘ifo’m(\-]-
So, by e previevs theovem, it flows ot feCtAM),
and so  fa>f = CCA W)
D caw) s e Bonach  Sp-™ (sina (R was
an  arbirery  Couchy su{vﬂ-nu-)- a



Module 6. 1:
Partial Derivatives

ScALAR FUNCTION
E A scalor f‘""—"‘"‘" & any ,fum-_ﬁw\
of the ,funm n
$ A R, ASR.

-, .
G o o oy G0
Yhere  exist  sealor f\mcﬁms Sy
Such  +hot
‘F= (' T PSR ‘Fm)
L ® 2R Wy foy) = (xee, ),

$ou: AR

Tan  flnge) e xee? B falxg e

Ten o cfifs)
th i
" parTIAL DERIVATIVE U[OF ScALAR FUNCTIONS]:
2 (= 4
)
¢ (et paR, where ALk’
g (2 »fg Jeny be e stondard  basis f. &
Then, for 1gign, we define the Forhal
deivabive of f ot a=(8n- ,.uA denoted
as 2
: S{Em o @), w b H

lim flathey) - @)
= w0 W ’

vl Ho

£ (@) = “ t0)
""V‘M the lm\d’ exists -

?z We use e nofation
albout fuactions £ AR, AsR™

?3 Nobe thot A (@) i e deitve of f of a
wet ¥y, dreoking e othae x5, jhi constonts.

@: Moreover, 4‘,‘1(-) s the Slarg of the 'flv\Jurf
line 4 +the m.f,u_ j:%(x,,xl,_..,x,,\ which

. is rm“ﬂ o e

g; For Q_xnmr'f-. .f.,,. f‘-R‘%R' .fi,d.

“$ley ey %) when  doling

2 8-
35(.) 3 sj(-).

:g: We alse  freot 2 as o function, and  write
3 2%;
P Oy s %) —?tr. %),

ExameLE | &‘ dor, -P(x.g.!) xﬂ Tt e 3,
FIND PPARTIAL DERI\MTI\IES

¥ paRTIAL DERIVATIVE COF FuncTIons]:
?-im 2 £y ()

Q @t ASE ans PRIRT, ke falf )

For aeh, we i dne ks pactiet deivetive” o f

at a denoted as %‘f‘_(n\ or .F,(‘_CA), o be tTlAl
1Y

4o
P13 . (3F 4, P
'FX-(“ B .(n] 1z (hi(n), . _—)Xi (A)) em .

anM 3t exisks.

exampLe 2: f: B2 RS, Flxy): xy, ux, '9),

FI %

ND ox & dy

Sol. ‘Px("-\‘_ﬂ-' (ij' u, dzc':l) .8
'Fntx::j) = (2% o, xe™),



Module 6.2:
Differentiability

OIFFERENTIABLE ([FuncTIons AT aehl

Y Lot aeASRY sk et ITEL S
Toen, we say fis Tdiffaenbable” ot aeh

it
©® oe IntCA): ond " -
@ There exists & Te L(R, m) such Fhot
o Blath)= =T
w0 it
)= {Tae | T tineert)

Crecall  LCR,
?1 Note that by O, fath) i defined  for swoll ¢mu3k

-
OPERATOR NoRm CoN M, R]: “A“'I’

g et Hel’lml"(‘n.
Then, Hhe "nr«\br norm’ of R, dencted as

Tun, s et o be equt b
sup 4 I1Ax: xe@”, ezt F,

llm\,r =
NAx\ & WAl tix\)
:g"' Note that for any

we have
< uAl
WWAxW P

Aem,, (R) ond xer",

(P3N

DIFFERENTIARTLITY =) CONTINVITY

ond AR

Y wr aencey
Trea, it $ ;‘_-_f_f_ of @, then M.czuu“j
$ is k at o
PLo_gf. Fis J:ff > ITe Jep" r™) 2

line Path) - £G) -Tch)
w0 it =0

Plath)~ fla)- Bh
T o 0 (ukae BEMP

> lim
nee kit
3 T(x)=8x)

D we e find S70 3 ¢
pcltni c§, thea

fras-ga)-Bh |
“ [
2 Nfatn) -1 -8R 1 < thit

D (g - fall - UBWY < kil

2 (fath) ~falll < LRI+ RhY
3 ug\\.r il + Whi)

As k>0,  HBIl, Wwt & Uwil >0-
A Ly ST) »\.‘-;‘3 Soth) = £
faoH'snl Kootk

> lim 60 < RG).
DIFFERENTIABLE CFUNCTIONS ON

B ot USRS be open, ana et FEY
Then, we say f s Tdifferentiable”  on v
V.

iff i differentioble ot evecy point in

]
oPEN UsR"]



Module 6.3:
Total Derivatives

TotaL DERIVATIVE UCof § AT a]

?m— aeASR”,  and fA—)&”
Then, +he okl desvative” of f of a, deneted
as D", is  defined fo be +he mahix

F
D= (3 (.)) e M, @)

anud. b ens-ls

£ TS DIFFERENTIABLE 5 B = Dyla)

? @t .encn gaR",
e is Aiffum\“bkk of a, so Hat
S u

Bem, (R) such

there msfs a
ign Flat) =Bk
w0 [Ty -
Then  necessarly B= D‘F“)'
h, show that
?nu{ o ﬂ‘{f‘m 3'F| -N:""
o = )x . e )xj

So let's do So-

Osarve thet o5 tel, €39
i the sh basis :}V #.

heac te S0,

whee  § .., enf
Then,
limg Flat) - £ - Bh (inn L2t €0)) - £a) = Blty)
s Ul 0 &S 5 wl =0
S lim, Flatte)- fa) i Patte))-f6) .
et ot — " By & el-;?- oy
() :im +~(..+e:-,\ —em= Be;
= QF (a) = ng = b
% I
&y needed .

91 In pocticalor, if f S diff ot a, then
® AE exists  ViIgign; and
@ llm Kath)- f@)- D b

>0 1]
GRADIENT [oF f:A R AT a]: V$(a)
? @t aeASRY ana fiAIR.

Then, +he "3:-1'.-«#" of § o &
as V), s defind fo be equel to
U5 = Do) = (Eeo, ., 3Ew),

denoted



Module 6.4:
Continuous Partials

n . 2
Uer ofen, £:VUIR; 3—1:- ExIss  Vigyen

AND IS CTS AT acU g T OIFF AT &
.‘"'; "
au.f UER" Le opea, and et frUaR.
s“f["'“- for gome aeV, that g-& exisés on U
and i ets of a ,ferw (&j&n-
Twnen ng:ascuilj £ s aiff o a.
toof. @t o= (a,.., %) Sinw U i opa, 3720 3 Bla)sV.
Then, for on hzth, .., h) o 2 atheBe () wehave that
Sath) - fo) = Flarhy-, apthy) - Q1 &)
= Pla e, o) Satin) = oy O thy - ., aathn)
4-'R-..n,6h;, - antha) - fla,, @, 2ythg, . ,anthp)
+-FCA.. 4 %, nthn) = flay . n).
By th 4‘-»111 eble  MVT o Xp o Vigisj, g w4, J("nj ?

feay,..., 4 et J' wey Qhy) - oy, & e J” h“, ﬂnfl\ )

4J+ hj -9,
S;’ Cayyms !J'.|,c‘;, .:}-,,,fbﬂl - a thp)-
Thug
f(n-rln)’FCA)- ghj bx ("l' Kl j-l' J: Jﬂ"‘:,u .y "n*h,,).
Next, fr 1¢yen, o
. of
gj - _37)(“\.-
and S"-(S,..-., W), so +het
f(l-(-lq\—#{ﬁ) - Uft@)-h =
Since  each f“J"-‘J is cfs af a, &S hao,
o 350 in R Thus
0 ¢ lim | feath) - f6) - VGal-h|
T o il
= lm _S'H
Wwao (thil
linma WSO
(SO

“ J"' < Jﬂ Jﬂ- ,“n“‘"‘n)’

hS-
each SJ'-)D, and

n~

= 0.
Henco.
linn | Fath) - £2) - Vel
ho (b
and %o
i flain)- £60)- Vea)- b
h0 il
. showing £ 7S £iff at a @
'?’ Note thot the cconvese: is ‘Aot necessanly true!
e @ fROF by
Srg) < J c{‘«j )s.n(rr\) (:.y)ﬂn,n
' (xy) 300100

wWe know ‘F s J.H: ot €00)  (using He Thearaml.
But

. uwsn( =) - () e N
Frlmy) = N Ry 4;:3? o o).
See that Cg,0)3(00), but

=0

.

.

£xlF,0) = 2 cinta) - cos(n)
divantS;  so fi s et ks o (50) g



Module 7.1-7.2:

Differentiation Rules

D‘f* ’fq): D;(q)f \’Datn)
€ Sum § SCALAR MULTIPLICATION RULE D)

Lhar fgeAr @ be aff o acASR”.

Then necesserly for ony aeR, ftag is  ff ot
o ond
() + oD @)
DCM’ = D‘F“) 5
why?  ar P2+
“Thea,
limn r(qfh\—pﬁl - (b&““"?j"‘»
w0 (A}
Ll Rt D) o i glan g - By@
w0 Y hd0 v

T O+ Yk)= O
’
S0 in  pediciler

fon) = Qf&.) + °(DJ(a)
D as needes- L]
‘f'ﬂ’c‘) z 3(&)%(«) * .f[.)bsta)

¢cooT PROpUCT RULE »
?‘ Gt ‘P,j‘- ASR™  be A aof acACR™
Consider .foJ : AR d&fmeA by
(foj)(x) = fx) - J(x) (ot r.a}ud‘).

Then ng¢;WlJ 'f’J s Nff of a and

D = a
y (a) j‘ )} D,c.) + f«)Dja).

f’m-b\h. need H pove tha:

lim &g ath) - q‘-a)&) - X
h ithit
whea X=jh“?|'-‘t" + F6) %(ﬁ), so lets do go.

et

=0,

ech) = Path) - £a) = Pph
gewy = geas -g@- DJ‘“”"-
are d;ff ot a, thes

Sincz f and 9
lim g \im_s_(ﬂ .
Wy UL~ wdo MAA
Then
o EPlat = F)a) =X i, Fiarh) = (930 - ) Dp) - F) Dy
we2 whil = nve T
(imn GC2) FCath) = gCa) §(=)
h>o
= lim jm-eckh fea). 8Ch)
PEYS Wil
\jm $¢a) -9Ga) - m.fmn) - pa)- 5:«+h) + feaeh)e jmm
o til
= 0 + lim - Ca) - (ﬂ.f{ﬂh) - F(n\-aa&h\ + ‘Ff“‘"l\‘j(n.-l-h\
o Uil
= lim 9o * (£6) - fGth)) - qeat)- (f) ~fCath)
ho o
= lim (ga - lath)) - ff'm--fm-m)
eadd thit .
By Comclay-Scuutt,
11 £6o) - platmll

e CfG - feath)] I\ 35.\ -3<a+1.)l\ .

( (aCn)— Cath
J < ey
ALY .

\ad

and  so
L D Gatv) - Cf- Na) -
I

o ¢ lim
[ 2]

- i"-
¢ tim tgon=go
hoo nho
- ua
lim ‘_‘jf_"l_’,Jf“lu—“— CuEW BRI
>0 ahl unt
(i (1gCa) = qeat) - Dyl ¢ DAL fn) -fate) - Optale + B W
L — 0
h2o (A0 Ll ¢ 1O ; (hit
. _ _ N Ifa)- fG@ath) - ¢ 5
c linn “j“) @) Do ta) ' [1Q f- Y= Dlad il 4 [IDCa) il WAl
TS fiTRs tt
¢ lim tlge) —9G@t) - Dokl ¢ 00N NEG)- flati) - Delad il + 11D ca) Uop Mhnll (
< 3_,4-—*’—«-- - i
ahtl

ho0

= O,
ag neaded. Q

Xl

( poa) - feat)

1A
lim cox 1 Dy g Yo+ 1D e

y whit

of)(a) z DJ (fla) Dpla)

(¢ THE CHAIN RULE D

%}. ot ASRY BSET, am let
fear € 8. J—— 8
Suppose pois Liff of aeA & 9 °° dif ot freb:
Then necessadly  gof ¥ aff ot o !

£ A0, 3=3"'2k, where

%.fte) = 5(4-‘[.))- l}(.)
Proof- ok X = Dy (el Ba)-
_’F ©t J *
b=fa),
€lh) = fath) - fa) - Wh, &
SCL) = Jlbti) -atl.\ —D%:m.,
So Hhat
SR .
GnZh o 8 Jmil.o
Consider W= fOtR)-FG). By conbinui
w0 3 ko, S J g e
lim Cjn.l:)tp.-(-h)— o f)ts) - q:(-.))bfa.);.
w0

Wht
i gllesh) = 9€0) - D 8)Deeh
w>0 ) (T} )
_ lim D.Cb) €ch) + ek (L= Plackh) ~ ()
fim o (as =$ fe)

. L
= L";o DJCL) i ¢ Ui
Thea, since
0 ey
1l chl.) ech) 2
0 thel < DJ‘D “'T w0

as W30 it fotlews +had

lim [ ‘ﬂ.) c
wyo DJ O T 7O

Next, ser ot

sy | i S0 WD

h'_m e ® avo MU Wl
Howave

(ol = (DR keca It € NYEy IR +Hledall,
{;qm which ¢ ,F:I{a.,q ol -"-Ii% s Lounded.
B, <,

L sao I Sek) kel

im =— * e TR

nso M wae Ukt Ukl T

md S0 the Vondie” limit  evalusfes o 0, o needd. @

w .\ .

‘ e can “frlj this in o ,ru.'fg wentexk,  say e
Gt ‘F‘\hj,!\ Ve realoveleed & i
S‘mrrncz_ xC,¢,), ylub), 24,6) e diff rees(- valead-
fuackions +Hhamlwes
et Pl = (KRG &), yiha), 2t &Y. DBy asmh
fuis is diff-
Moreover,

[ q'f) lt, 40+ D f([lf‘,i-z_)) Dpthitd

b J
Vet t) = Vitry,® " D ttty),
or in ﬁ u
o werds

3, 3t
F o, . (24 2 )2 2
% G5 WE R
ETMH"] ww‘fu""“k, it fotloms ot B .
‘a‘f’ - ﬁ _;_1 As 3 2y _3_{-1;: ond
w3y B T
YRR

¥o_af % ¥ U
dt ¥, TR ¥ o ¥y

2

9

Cchain  rule).

So



Module 7.3:
Mean Value Theorem

? A naive Rrrmk b the MUT anhf look (e ¥hise

Sn.‘-j f (VA ‘t i 0’*4 R and f: (V) @ s J:Pf
If abeU, then thae Cedts a ce Lla,b)= §Ct-t1a +ebe telopT]
such thet

fa)- F&) = L';g(c)tt-e).
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Module 7.4:

Tangent Hyperplanes
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Module 8.1-8.2:
Higher Order Total Derivatives
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Module 8.3:
Optimization
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Module 9.1 :

Inverse Function Theorem
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Module 9.2:
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Content and Measure
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Module 10.4:

Integrability and Measure
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Module I 1.1:

General Integrability
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Then, the “volume” of A, deroted by “Verca) "

s 4q,fm4 4 be

VelCA) = L%A . J; ».
A/ B ARE TOoRDAN REGIONS = AUB IS A JoRDAN
REGION ; ANB=¢ & £:AUB> R IS INTEGRABLE

-.>J.Avs¥ = )8 Js¥

?’ @t A,BSR" e Jordan regions.
Then  necessenly
® AUB s a Tordon f‘l.Jibﬂ; ond

® 1 Ang=@ % FAUBIR is linteqralle, +hen

J;u's = Jop o+ Jgt

shy?  © AUD : AUE)\InteA UR)
AU\ (Tatcn) U InLR)
= (A \TabeA)) \ (B \TnKE))

= A VB,
@ Gt AVREAR. Then

.fn"-{l o Jgf'xﬁwg
= Ja 8, + %)
s St + S 0 Coy ase®

(tin ANBZ$)

= J el wm



Module | 1.2:
Fubini’s Theorem

Be® TR ; Joemav = J’j $exag) dA ;
BCI?} IR J L) av = J'JS f‘&,,ﬁ) aV

? lt Ber® Le o TR, and let £2:233R \-. ..mjm\.\v.
Thea, we denote
Jproav = [ s an.
?; Similacly,  BER® 5 a TR & §:83R i integlle,
* js $D dv = jjj $oxy2)AV.
Rz Ca,\] x Ce,d ]ca £:RIR BD, £(x,):Cqa]3R
IS INTEGRABLE Vxet- ¥l

Hp sy dn J L (L snpag)ax < J' (] sexpag)an
¢ .U forgan

g Gt R= C-:L]chx.l]Cfl ond let LiROR be bA.
Lt fex):Cd) s R by RO = Key) be
integrable  \xeCa bl
Than  necessanly

b,rd
JJg #ogr an < Jo (J s0up 4y ) o

3 E (J:u,,a) J.J) dx
< -Ug%“-‘” AR

R=Ca,L] x Cc,a] € #. £:R>R INTCGRABLE,

£x,2), §¢-,4) INTEGRABLE JSe fexpan =
S 52 eendudn = SEfL fonig dxdy <& FuIND'S
THEOREM >>

? Gt R=(a,b] xCe, d]cﬁl and let £:ROIMR be {nhijlc-
Su”mse £Cx.2)  ana  £Loy) ave in(»gjml.le over
Ccd] & Ca,lld, ‘"'-sf“ﬁ""lj: fr all  xeCa,ll, jﬂc‘-‘”-
Then  necessanly
I Sexpan = j\.jdf(x Pdydx J:J':m.j) dndy.
Pwnf Siaa £ i '\(’&]"‘L&
§5q Boxap an = ST Fexip4h-
b we e
TH5E porap aqer = S S R A
5 Jiptong an = JE S enpaqan:

f"—"—mwjﬁg oies of x &y prves te o @

g Note ot his alss nFrl‘es when F is cts on R

(because this  saticfies the condifions  aeeded.)
ITEMTGD INTEGRALS
? An Citerated .m.j.;l 5 oan '\ng,‘\ of the form
-5._ jn‘ £Cxy, ey B) d¥p o dKpL

EX - R=C12] (o, T]: j"ll ysinlxy) 4A

Sol". Note fat ., fx0), fory) wa all ets om
cloged TRs =) -m.T e ol ;,,,,J_._l.(...
s Fr (¥ ~¢
-UF- jsm(ly)#\ = J' j-' Jﬁdxﬂ) dx dy
- J'“[ ) xs2 2
° cas(xy ]x=| Y
n
: J, -cosCay) + cosy) dy
= [~Lsin2g + sint3 5
e Co0-0)

= 0. B



Module | |.3-4:
Iterated Integrals

R=Cay b k- xC4a, W3 € 2" f:R2R INTEGRABLE

FCx,.) INTEGRABLE VxeRn & [*fpexnab TS
INTERABIE oN R, & J.gc,,.

ASE®, $:A3R CTS: A IS TYPE-I D
Jp feirav= jl»j"" Foxapdyde; A IS TYPE-2 D

‘nj. fex.t) at dx " pvrdv: | "jw" frg dndy
? Gt R Labd ne x Gn TSR (i fasR Lo o
ntegrable. Q @t ASE, Ly |¢+ £:A53R be ets:
@ Ra: fe ke x C‘n-,. L.\..j- Surrnse A s 4:”»1-'. s+t
Then, if 0% is ;,,hjmue for each  xeR,, hen A= ";(x.j): xela,\], 00 £y ‘f’(x)z
bn
o j flue)dt s ;nhjmu:- ond r tome cmmispminiis.
® J- £v)dv = j j -F(xf) dt dx. e
' Joteravs Jb [0 o0
? Note once agoin et i$O§ s ok, Men g A o Jgpey FRPayar.
j fen dy = j Jl" £Ox, ..., %) Araen o 2 Similecy, Sufpese A s dypesd, s e
@, a, 1 1oy Ky ~ U

A= dexas yeCal], g ext ]

TYPE-1 % Type-2 CREGIONS IN R')

for some cts ¥, Y:[lallaR.
?l We SNJ Acm 5 -lb‘,—‘t v’ i€ Thea
- pa— 5 L7
A ity xelall, ¥Udsysyf p A dv s J° J P e axay.
For come ets € Y:la ] >R. #9)

?—)’:il:. We. rw\-e the  fut rs..l»; second r.._-}- is  giemilas .
@f RGLIACcs]) be a et cortuining A
Extend £ 4 R vy cetting  £20 on R\A-

ej ﬁ»‘.ini,

ke, . - o _ cbypa
W, simtodty, e sy RS d Jatenar = Sbende = L [Coopdyae.

A= i(hj\ : 3€CA,L1, '9(3)5 x & "Y(_'j)l However, F[ﬁ«j) TO i@ ik s ad the coar et
Aﬁf' Some cts @ Y: Ca,b) >R, Qen € 4 £ \P(x\
“)-A Fev)dv = j 5.“ " £ox J)Jj dx. @

A

2
2 . H 5
ﬁg The  ondegeus  theorem  exists  Jor e g At

is *jrc-l and  FIRIR is s, then
Pexoyd
Sy teoan = §, 500 2 ) b
3
TIPE1,2,3 CReazons I ] eke. o
? et ASRE Thea cx: DSt = ReatsN gD BY yz0, y=x, x=I:
i€ it 45 of ¥he form
@ A is Thpe'" @ e fo cALe J'J' st",‘A.
Az {Cx,j,q): (xpe H, ?(r.:‘)s%s ‘P(x.‘:p}; D ]
@A i 'h]re 27 i i s of the ‘f""‘" St . o flta,;q»-') Tﬁ-l'
A= flrye): (RBEH, By s Yot and
® A i q’jl" 2" i it 45 of he form . :
A= dlxya) s (galeH, € exs RGRT, o g A

whee HER® s o closed Jordon "J""“ &

CYE:HIR ore cts.

TIPE 1,2,3 REGIoNs ARE ToRDAN REGIONS

'g Nofe et Nﬂ.;ﬂs of bjr._ 1,2 or 3

ore  Jordon rtjl'ons-

Cin f&‘ or ‘R‘)

5 st(j) olj dx
j CXSM(J)]

z j xsin(x") &%

JJD Kkeos y 4dA =

"

= E-—ws(x )]
= ';—lzws(l). #
. 1,3 x
€x: S.Iase de’
Soif.
” =3 Disa 4 ’;&_‘ g J-yrg_l
' e = 5,
2 Jody, € J&‘j e M
L, D
s A
oy ; 3 e
:J—o ;xe dx
- | x93
= [t T,

= “"(e.“")~ #



EX: VoLuME of TETRAHEDRON T ENcLOSED
BY xz0, Y=o, %0, 2xaytazh.

SolZ. a tre fehededon we Cene

See that

o0 T:é(x,qu,): 0¢x¢2, 0cys -2xth, O< & Q-Zx—jl.

@t
H='{()<:j): O¢x$2, 0¢yg -2xedf,
€20, 0)
( * > H s f‘JFq.l in 1?—1-
o) ge-dxtlt Bat aleo
#30 —" T={Cx.3,r\: Cx-j)eH, o¢ £ q-2%-4¥.
W,0) c2,0) = 4-2x-Y
lav = | dz A
2 NIRRT
—

cts!
- j"j'zn‘i Y-2x-y
oVp jo ldiﬂjdk
2 -2y
= j,, 5‘, (4-2x-q) By dx
_ 2 " ‘J:q-l!
= J, [C-2g -5y ]j" dx

-
5, -2 dx

w
#



Module 12.1:
Change of Variables

Qec'cu, k),
ABSA 2 VouB):o, P 25 K oN A\R, I VaeA\g,
§:ecA) >R TS CTS = WAl I A IR, £ IS INTCAARLE

moN Q@cA), j.(“)-}‘lx)lxe jnswm)lzmx)lax

vsl” oMN, AU ccoSED IR, §:ASR CTS,

?’- et UERY be opea, and let AEU Le o losed

Jordan o -

@t fASR be cfs., aa (et fECCURY.
Sv.rrnsz there exists Some BEA  with

(D VeltR)=0;

@ ¢ i '.niecﬁw. on A\B; and

® Tea) 30 Vach\B.
Also suppse £ CAY IR is continues.
Thea neu.ssan'lj

@ PR s a TR

® $ s 51'31&“( on eR);  and

©J‘ +00°‘% = 5 fotea) [ T¢00] dx.
C(-\P-T'ESIAN -> POLAR CookDINﬁTes

? Recall rou cosrdinatey ore coordinates a(— he

foem Lo @),  where (x'=ireos® & Uy =csin®-
SN _ o).
?,_ Considac QeC'cR, &) by ¥Ce,8) = Creasb, r:{\
Note € i injiwhwe on & >\ 4 (o, 0) ¢ ocec2
and see that {¢o,0): O¢ 0¢2Tt  has velume 0.
Thea, l (ugs st
isece ol = Tt (o e
= Jel = € (since ¢>0).

ﬁ Tlunfnrv. jivu\ +he .'juf wnditions,
* JS oy TP AR = jj £Creotd, r5in8) € AA-

Ex jj cos (x* vy
teyt=q & ABOVE THE X-AXTS

Sol?. See Hhat
D= ¢ ®): 0&r<3, 0¢6< T}

> ﬂ,, cos (e y™) dA = ﬁDwS(r‘) e dh
=J’D"J’: wsCed). ¢ drd®
= j:tl,s;ncm]z a8
= f: Lsin(a) a0

= %smC’i) -

) ap, D I8 THE neetoNy BO BY

CYLINDRICAL C00RDINAIES
? et Cry, P et .
Then, we call +he sint

Cri0,%) Cos Shown jo +he
Aqut)  the “ajliv\M:a\‘
coordinates”  of Oay,2). / .
g To convert, let l
Wer, 8,3) = Creos®, rsin®, 2).

Then ws® -rsin® O
13,68, 9 = | dot 5 o \

=r,

So wvadesr +he ,;nlud' condifions

#J) I . foxy,2) < _Hj £eeess, sing, 2) AV
éx: Jif,eav, A encosep 8Y ) THE
PARABDLOZD 2:=lext 0, 2) x* *y =S,
3) THE XY-PLANE

A= 4(66,7): DersAS, ofeg2d,

T; 0s 15|+)‘-&ﬂ = (+r ’f

i ”/5 > 2 5T 20 e

\j%g_/\ﬁ, —7555;\" weos S.,S.L j: et dvad ar
| T

et

= ')_T[‘S:rs re'“- - dr
(et 5

- 1 | 27~S

- ar5e- 407"

- L

=2n( ze --55-_——2'_9_)

= e -s-e). 174
SPHEKICAL COORDINATES

'g Gt Oy, '!)CWL +
Thea, the 5[’"""“' eoordinates”’ . (513,;)
of (xyr) s cﬂ,-"\ L
Cer 9, $), o5 showr n the
N vt
Y w pocicalar,
@ x= esir\f s ©;
® y= Csir\f sinO;
@ &—emsﬁ i and
® F+yg* +X= Q".

? To convert, consider
€Cp. 8, §) = (psing By plingaind, c.,.s¢),

and
\wcc,s,,-n] sz plsing

Huu.

J—Jj F(xj%) av = _H_\- F(f!n#me f!mfgme Cwsf) (gmp av-
Ex: Vowmc of x "':] textz 0



EX: VoLUuME OF Sotld wHICH 1) LIES ABoVE THe
M

CONE T=Jxeq, B 2) BEcow THE SPHERE

Ryt 2

T 2 - SR 2
Sol®. Note v(kj'"*% =32 e e e

! Lone: ¢
‘ peesp = A e%in'f os™® + € sin" P 0in"O
N

r ’ = esing tona 0SPET)
D te e, C* ‘;.Cr,&,¢)'- g0 o ¢='!’q’i
tha:
e"' = (:ws¢
3 e srh&, S= ﬁ<f,e,p)= =0 or ‘=u:s¢}_

W.H'il\a D = ahone ﬂoi-n’ .. »
volume of D= SSSD 14V = Sn S:‘ S. 6-5"‘# Ati#de



