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Section I:
Enumeration

THE eALLS £ BINS examePLE

@; Con;.du the ,ful(nw\nj r.equ«

How ma.n uﬂajs are  thee te l:\acc_

n ’ov\
ws* lml/:

e bms

g;_ This s on ;ll-;ﬁwrﬂ-‘ Tn.sh'"\:
thee S ambigui

RESTRICTIoNS 8 DISTINGUISHABILITY

ﬁll We ean er"“ the {"“"“‘l"} ceshiclon on  the
‘L"\E

® None
@ At most I ball ru biny oc

® At teask ) ball pee bin.
8;_ Smu(orlj, we ean impose the ,?ol\owuj J(shv\crusholuililj

crtedon for the Lins & balls:
@ Balls and +he bins are all
Balls ore indisknquishable, Lins
© Bins e indisinguishelle, bolls o
© Balls ank s are all s diskinguishable.

L balls

Since

,l,'sﬁ-viu.':ln able;

ace nof,

ne'l' ;

ﬁi Thus , MMLiﬂirj the reshicten & dish‘,juiﬂ_“]qi“[,l enteda

j{\rﬂ.s us 12 vowi ahiong of +he rm:Llu.m .

FORMALIEING THE PROBLEM
81 Each "Wt:j" oF e lﬂuﬂj the balls in bins" can LQ
viewed as a  function 2: KN, whue
QO \k\= Cie +he set of balis): &
. @ Nl=n e the set of bins).
81 Then, exch of the reshictions on the way c,,r,egrov-ds
+ a re.sreckve ceshicon on the  fimetion:

® None ;

@ £ s injechive; &
. @ % is Sw"u.ﬁw..
@?: SiMi\N“j, each 0& +he dl;h’ﬁu"\'\“[o”“ cntena &:rrﬁsrﬂv‘d“
e relahionr  on the —Fw\d-,ms

4o o rts‘n&HV@ lqt_»_";l_&"_‘,—————-
® £y <D (1=j;
® _g,‘lvj <= 3Lijt=ﬁ'en o: KK st .?:joq;

© ‘fNJ <= 3 Ln'l‘u.ﬁtm F‘- NN s ‘F=f°j; &

® f~9 < 3 Lijeckions koK, pNSN ek = poye

a We ¢an then re-state  the rvcblzwn:
for each restviction / equivalence relation,
numbec °5: QT’;V"‘('J\CQ classes  of fl.mcHoV‘S fﬁ"m
N, where dkl=lk & ANl=n.”

detarmine

[ 3
FALLING [ RISING. FACTORIAL: X, <

g The nSuj {-‘u.shnAl notation 1S

x© iz xCee)) e (xelnt)
ond the " falling factorio)”  nototion s
X = RCeet) - Ox=k) o
ProBLEM (A
9 This is  simply how  many funchions  exist  from
Kt N7

Answer: nk-

PROBLEM 2A
8 This is S'M:J ot most | balt per bin,

A all the Lins awe Aishnjuis\nn\:le.
A o

Q’. Answel: n".

whjq Case #\* wen.
a  choices 4o S v,
a-l choices for 2™ lealls

oand

Than

la.“\ La”,

A-lerl  choices fo€
adend,  ther

ond as cheices one in

# = atad) - Ca-ktr),

Case W2: W>n.
Case ¥
cinea o v fus exic for K+ N,
=0,
L
and note that this i AT Simee O is in

in the “rvoﬂu—{' agrcmsian" ag nE

™en

g; We can wate o more n\j,,.“s rwo’c fa the fu\lewi'\j'-

Let S= set .4: .n‘ P {LK%N K=¢ —“wl % N=él,.

et S;= ¢ eS| g =i%.

We then use induchon to  shew +hot
e
1Sl = (a-1)
ond So
1Sl = S\ + o F (s,
('_L_i)
=N (n—l)
- -1
P

s



hwogEm 28
? Pt most enaleall bin (), and (PAL
are indishn rshalle (B).

binomial Coeﬁeuau\%s,

'gz This nvolves
i kent dea (W)= AT

T oflen then C(1): WM)I( G-

But note +hat x oo be onafl«.nj[
wM’;lcx, mabvices, eic)

8 The answee is (o)

FWO.E (2} X_‘,_-?K-)N l -Fni \h\
led {N\j ¢ 3 L.[n.cho'\ T

Creal,

._ph\ll‘&
for ,“‘,JGX, K’ak-
st §=3°T
Wt Y= X[fo ke e st £ 9
°§ Hra 0.1\;\\/ lahion ~-
Ten (YL is by a-&'l the answi
gj K:E[r?_'sr M:q‘a,l,,:_]
Thea .
(2 X=‘L|->ﬂ' '2_7‘1;’}

25b
<

oiv classes

o« b +he Clu“HM-

& y-:
2 c o '8 U
< .
L2.=n.‘l 1)’1“:;' : lz—n 1\0
v r-:. (,I

Sine if we swop 1&2, we aﬂ-‘\

4he other.
Se \Y[=3-
We saw  [¥l= AE ¢ pwblem 2p).
But also . Wk
(X('—Zlcl (omea is &« l’
CeY of X).

We daim NCeY, lel=kl.

anf' et CeVY, Jec_ Then
C= $Pex| F=qo% fr vme bj K31t

='1'_J°'(I o kK is = L,\}
As q s in'\a.r_HvE, 3.:( jaa( D o= o'
ANTARR Liiuﬂnns K>K
k' .
Raally, puthing it ‘kd,-+h¢r,
kL
P R 2 ¢l
cey
Ky k! 1yl
v =G
CR)Y is Hhe # of k-ele~mant

gq I¢ mkeT, mn
subseds of N, whee
Q So, & fogeX, wen
Uslaj thig, we jp.{- a

Y & ¢ 3 le-element

oot [ vo L is \.\l.ehw.} b Image(yd.

IN(=n.

Lijechon

I
subsets °f N}.
HO.IL(‘.n

=% N

N
{g:exl’lmjeC&‘HSZ «—1S-

9K

£~9 o ImaJeCF\ = Imtje(\'j') .

n muLTIcHoosE k't (C¥X))

-g'" We alO-\:mL _
xh X+le-!
o = == ).

PROBLEM 18

g No resction o Sunctions Q), and the
balls ore |r‘&\$\’\l\j¢’l§h¢~\i\& ¢R).
8 Tl fodon 't k—a.lzmu\* mulfisets rfwri‘
an n-element set-
A malbiser & @ set whee we con have
an alament more +hon 0NCE.
g The answer 5 ((u.))
a3

fesume  N* L
bt X= set 3‘ k-
~ N
vy = set
$ L, Atle-f.

Proof -

alemnt mullisets

et of L -elament  subsets

of

r\kk-'
Sinca  we  lnow Y= W , it su%.,w)
b shew trares o L:'gcho«\ -}’.X>Y.

orthm:

lats (’Jrﬁv“' —F Ve an “Ej

T (finisla. va.r{(lj £ s w.\\,,(a,f'mnl and. ma\l:] is
bijechon.
{)e{rm'ls are Qxescise.
PRoBlem 328
(E? At least 1 ball r‘f bin ?), and balls are
mA(shn\Tlsha\ale. R).
= 4his  boils  down + 'mhjer
comrosiﬁwls.
PRoBLEM 2D
At (east | ball Lin C3),  and Latls & bins
are  jadistinguishable D).
— s wlates 'm(’ﬁar ro.rﬁﬁcns_
ProBLEM 3C
L;n! ore

8 At (gas(' one balt rv bin, but
|Adl$thA|{kaLlL
’8 We 3 sk
2 wn e L'\z as the onswer b thic
a[uv.sl—'\o.n.
These o called N SHr“r\j nembars  of the
gecond.  kind ™.

PROBLEM 2A

3

Q This S umenj +he nuwmber o{: SV'{&H\/E 'f“’\f-h'of\s

wA |< +o N

. 1Ll
8,_ Answer:  al- T L



gyumEMTIou FRAMEWOR K
Ql- We inhoduce  sets, '.m:(-d.‘-:’ the set of °L)'uf‘s,
we wish 4+ count:

-?,_ Then, we eshublich relatienchips behuen these
ets.

sets

?'g Next,  we ton  Said m_lp.*ionskirs nto {orMulas
for cordinalities .

Ca] = U,...,n-f

'81 We dendte

Cnl = s, .., r\}
fut‘ "‘GN'

(4] AWx) = &g

8 @t A= %o"j W Then we winite
[4lAL = @

C-x"= ,},«.‘:»x"

Z;N@Auve RTNomIAL THEOREM >>

€7 Note that

Cl—x)'“

- 20

k20

Cmclﬂﬂtmuﬂb T0ENTITIES
N - A=) A=)
(u.) "( k )*(k-t) < PAsc
Yowe wn prn Q) CECER)

Pm;q:?__\ . (ComL'-Mhim\)

[€2] )(::'Lll.-a.(cmm* subset:
Y= 4 or oy -alewent sub
Then \)C\=C'|;,\, and |‘/l=(ﬂl:l)*('|‘a._-(l)

= LHS = RHS .
We pwwa k(2] by gidy L; estion
Lefieen X £ Y. 1 j 7 (

Dafine §:K3Y es fotlows:

Sor AEX, 2 feA)= A\ int.
noke  femy € Cn-i, and  £CA) hes

o W-l clements.

s of tn]?, &
seks of En—l]],

eithe

3 faAleY .
Then, 4o mvarse  mop G:Yax is as Allows:
¢ BEY _ . B g mlel
Ao BeY, JL'B)— S Ruia i Bl7kel

Exercite: check IS well-dafined,  ons j"F'-?‘x- ‘F“S‘i"‘/-
-rh:S suff‘““) £o  show -F s a L{lﬂ.ﬁ“ﬁﬂf\, ac ne-to(eo{- 2]

FW- CNJLLmu'c)

wetl r..aw- mone  qunecally thet
AN (a;')a- (G)  VaeR, ke
Recall e binonsal  thesrem!
Qenyt = Z(5) % e
REXLd
We con uinte tws &5
Cxu]((ix)q= (1}
Now, shoct  with )
a-\ ey I
Ci+x) = .Z(J )x
J>e
M"(ﬁ[’lﬁ both sides by (1A
> (l(-)c)a~ = ()2 ('_-l)x“
e

- a-1y ) a-ny )
B J?o( J )x. N *J'%n( I e
R a-ty ) «el I
. :;L—o(:l )% +J§(J)x

=1+ _Ef"._')Ki) + i(m-__'.)xJ
j2e ¥ J
= | < at a-1 J
(R * 5 GG
SR TRICn" = [, &
o s () T Viez
~ by hin tom chis s (L)
. leof ,ﬁ:l{owf- Q
g,_ The dea belind His proof 1S wei  hyirg

about the s29,
(Q;l)‘ (u:‘,l (A;l ). >.

to prove something

+he “gﬁkien‘('s o[- o rodcr

which we con wmale ink

senes

- >
(+) ®A(x) = C"“")x “+ (o‘")x R

AL'S TPENTITY??

Thus

Q4R AG) < o
CwnA = L+ (F)x+ (3)x"+ -

()¢ LT Txa [N+




FIRoNAccT seaueycE
The " Fibonacei se.rtnce is gwen by
‘fO~°: ‘FI" 'an-,_: ;!\Q‘fgy\ Yazo .

g.‘_ We can %n& an er.ied Md‘ for

¢

R -
et F)= Eg,‘,, so
Fix) = ,F°+4‘,<+; e %* RN
>0 KFC)Q = ‘Fﬂ"""Fz" i—-('zx +€._|x P
b3 *‘F;_K-(-...

> £
»() X F G fox

= for -$o) % ¥ (3= §AT
= "‘a * c‘F.“Fo)K

= X .

Cl=x-x") FO

r
_ L
F(x) = NS

Then, we use rm-'\"\a\ fﬁ'nc-‘ians:
QUx)  (x-o)x—egq) - (X~ Xy)
Vonahon -,
= = L A Ay
X8} (\fF\x)U pux? - (\-B ) - i \le -
Tharm
X
Flx) = (l—(”'&J Ya-(2% 5y
- A R
— T ———
1= T - () x
F(x) = _‘_..(_% o l
NN ('f"’-—f)x) . ﬁ(wx

= L AT L
\,Z;(H :) 2(, ,J;-)
k’/o
=CR" AT S -
Fa=Cr1EL = f;(‘:i_f) - _’_(vfr o
CATIICE PATH
2, o1
g. AV lattce '»“-" s o "-‘1"“‘" P"""'Pri_[s‘?_ o |’°"‘" such
ot
Sppefipataibblsdds el
gv_ Note 3
= Yeast sty

Pie-P; = CLO)
Pray - P =00 )
and we call « fthe "(enji-h" of the ro.-)L.
ot B 1-.1 «

Y nocth 9‘('Qr"

93 We urvtw" o poth sl-u.rmj

SHt\j of NS % “€'s.
¢j c2,)
Cn,')]:n)l(l,l) > NEeN ,*,;.;;,j ot (0,0).
0,0)
Numgch OF LATTICE PATHS FRom (0,0)3(Mmn)
MmEn
s (")
g The um\,u of lothice rd‘\s from €0.0) o tm,n) s
M(-V\)'
; with A oare N

u.'_"_“[l - etach Such rnHr\ has mén  stepS,
g

2 m ore E.
- con be in @ order .
f ran is ,Qr-(unhl. L.' 4re SMV\j 132

o > iemem) |Si7 N'E

let

v ng ,

- s j.;vl.s 'S
& +he n-element subsets
- &k the # of elenfs

of Cmn].
n the latter 58 (M:")_ |

g:_ The numbess Ca

Liechon bw (odhee ra&-hs 'f’""‘ €0,0)-5(ma,n),

DYycl PATH

Q A Dyck rau\“
® P,=(0,0)i

is a latHee -rd-\.. Por va\ Such

® P =(an) &
2n )
® p:= (x4 where X $YQ \¢.
¢ Y
#-\Ma,sc_ Aever  €M%s the line j:K.
Gis)

¢0,0)

CATALAN NUMBERS: Ca
.g: For neR, let ca be +va & of Dyck rofhs of length

[]
j Cn_'l ° (0,00
<D

€0,0)

o
Lol

(§or A%0) ar oalled  the “Catalen

Aumbarc”

that



F S A+l (2")‘ V"eﬁ

N
Note that ca= e ().
ALGEBRATC PRoOOF
Proof - | Slep #1 : wWe'll show _|'c'§n,a saficfy ke reeoance
Co=l, €a icuc,\_“ Vnzl.
Proof- o4 D, i|>.1=;°,>f.ﬂs #§ lengtn 2a%.

calabon

We  claim H»a{' for anl, we hort o Lil‘uﬁm behwean

Dy &> "U D,Lan_l‘_l )
This would imply #hat
LA
=0l = iIDI:."DM-Il.-l‘ = 2 Culnotenr
o ko
S aAeeded.
So Tet's fird e bijeckion .

(>) & TED,, axi.

+ The ,f::ﬂ- step must be N (otherwite we weald g

l,as(' "'1-x")
« The To\"h alko ends at We line 3:)(.
Se, consider the first fme T rtuwas b

+he  line

Y=%, and ;..rros. this  oceer§ qf}u A+ sln.fas,

whae k20
Mmuct have been

W= NTET, ,

- T, has lu:an
- T, hag \enqth

€o,0)

»(n,n) Thea +the QL+

H'Sk.f

€,

So We con wite

ak, %

atn--1).

Thea T, s o D:.Ir_k ;g-u\ that has bean chifhed

fo stort at  Cletl, kel -
Moreover T, is & ngh Tdh, Shifted »
at  €l1,0)-

stort

- T can never go bolow the line 3:)«-[.
- because if it 4 e would be an

“earlitt’ pojat which hits Hhe line y=x

Hence, we can define owr map

T B (T, T
(&) Uivea (T, T,) eu.L:);Dh X Dppy, we Map
(T,,Tl,_) T
in a “5l1hﬂ€h'-“—“ manael .
we checle Whese Mnrs are M\*"'ual\-., saverse Ll.,,_-ho,,\s
Sinee +he l,ll echion  exisk, we hove proven the
rneoudrence , #
n 2
S&‘Fl: Consider  CCX) = Zcnx . We claim xCX) - X))+l
%0

?v_tff- xC(x)’ x(zcx )(E‘ ")

>, -]

[i(i_ <. x )cuxj

ko jo J
|3
s xZ(icx.cux )
ko " )xo
Jtl
= X 2_ chcu_;n
k>0 j»o
jrlst
= 22 gjeu X
Iﬂ-’;oJ>,°

I we tot ,\_qu-ﬂ, we sd- that

n-\

%oy = o2 cl\-l-lch.x'\

ny! k=0

= Z c,\x'\

n>\

Cloy Step #1)

= Y-\
waf ,fp\louls . B

=0.

Sgg #3: Solve Aof Clx).-

By Step #2. xCexdt - CCRy &1 =0
Su, we con use the nlvad.mhr_

(i‘l\jl-'hﬂ 1£(i- qx)l
2x

is al‘lué‘ﬂ-*“
gormida Fo findk COO-

Cex) =

x
Thea see Hat by He bin thm:
o/, e
Ci-4x) oz Vl) (-4%)

|A>,o

e (R W K

k>

u

See Hhat
- =2k
()t = 5CRER) - )
: (-
k!
1:2. e - (2k-3)
. o

o w!
B <
- k! [
- C2k-2)!

2 e
-2 C2u-2)!
e (-1t Dl

wlo~

- =2 (2k-2
L\ -t/

oxnd Af{'u Lecl Su'-w\"\h“"‘i we aﬂ. +haf
' o ').k—'z.
cer= 5t (%2« L))

2

But thees nnl;.l ore CCW, $o W+ cann=t Le

et Lotk + & - o correch -

I Ve wrnests Suppt

=1 ro_2 ‘L‘AZ —'—(_K----.
e "-f,l*(-z.% 7«2',“ ) \
“Thea N
xcex) = l=x—% -
but we D.(ren.d% Lnow that
xCex) = Ot X4+X - .
. Ps.
which cannet hepper by ,,,Tznes: 4
TMus = v " golubien 'S UM""? e
"
-2
cc»q:—'l—,‘,,(,i L )
* r k—’/l
=S L (’Ll«. 1) -
>t
= E_,%.r( :“)X" Cr\'.:IL_.\)
n>0
- PN
CL = o n‘>

ond were doe- @



ComBINATORIAL PROOE |
Poof- @} p, = set & Dyck pabls of 1o
& P, = set of all \attice rn%s

th 2n
to,0) h (n,n\.

We jl“"- a L(iccHov\

§: P> Dy x Cnttd,
as \Talz () & {Cat]] = nEL,
ek So= N. Consider #ie r"'ﬂ's

and heaca ID"I:':—+\( :)

Let 55,8, €, and

So S‘ Szﬁ_|
S5y - slr\
SZ$3”'511\SB

S .56 - Saaca -
Crss out ones +hat or aob in Tn o j.'ve ws a lisk of o+t

ro-Hrls-
e th oa this list is & Dack Th‘”ﬂ, sey T.

We cdaim lKaaH[ on
IE T is tHe Lt ru—& on the list, we J.e,fine

$Csin, 5,0 = (T ).

eg  NEENNE € f3.

Tre list would be
NN EENN
(. NEENNE
2. EENNEN
ennNENE
3 :‘E'_ ;"‘E'C this s e only Dych pote.
: N
4. ENNEEN
&(NEENNU = ¢NENNEE, 3)

uc()le\wﬁ“ /f"’ why 4 s

See et notes ,f-r
a Yijechon. @
COMBINATORIAL PROOF 2

Y

@ Gr Otasl, aleN, o & of latHce
fomm Lol o Ca,)) Wl““(_‘] above Y7X

Fa&hs
S
1

SO Gud)

IP Cab)zCa,n), this ¥ S
| "

(- G2) = aa G,
lathice Fo-dl\ﬁ {El"‘"‘"

ore rn'm]—-

Boof- G X Lo #e st of o
(a,l) Hhet 3° shicty  below y=* at s
T¢ we can show )= (24,
e tolal # of raH«s s (eh.
@t ¥ be e sef of lathie paths from -0 e

Cq,L). (e no PLSMZJ';Q,\).

> 1yr= (2%)

It suffices to give o Li"uH“ P>V,

wera done, sinca-

Qo let 55, - Say € X
=zl ron"\(- Lelow y=%,

on the line j:x—\.
;s ofter 2l-t :-I-grs_

Since  theae 1S thea must

be ot least oae ro;,\y
Sl‘-f’(:a:v. the 'f;rsf Such rainl—

Dz&mz
£Cs, - Saep) =SS Sano Saw Satl,
where
_ ( N’ s= €
S =«
LE, s=N-

Execise. £ s o \.;l'uh'on-

& H\Q""-El'-c'(’d rc_(l". of

oy the faH\



GENERATING FUNCTIONS
GENCRAL comBINATORIAL FRAMEWORK
-g This is the Juura‘ combinadoact fﬁ-nmqwur‘k

’ 8 Iﬂ%ﬂ&luﬁs

a set 8 of “ Cpm\,ip\uhrin\ o\,'lo.r_'('s"

® =« funchion Wi §> N celled Fne
‘e Wl';Jhi’ f\knd"\bn"

(@3 Cenerl r_ow\l—inJ rn,l,(m._.

“bor nels, determine the # HF— o\vlk.-l-s in

$ that have wa':jh(— n "
e #éael | w(e)=nd,

g,; We say @ we':jhf Fuanction s "\joo*" if the
answer b the  abow ,T,q_sﬁon is ,S—{ni-('c Aor

B all n.

gs Our basic s+m+zjb s b +rj to  shove (almost)

every rlezm we encounfer inbo this
{"“'V\C(Norh_
€)‘AMPLE. BINARY STRINGS

6> Rx nelN, and let ._?m: co )'g
we call S, the sdb of “binesy sh"sz

o} lv_o\j\-ln m.
Let wCa’): # of 1S in 6 —F,r M:] o—e‘s‘m_

'
'Zj 33 = ¢ 000, ool, 010, ol

A wCIO)) =2.
82 Th%nl Hhe c_ounﬁnj rwl-(cm

(oo, o1, llo, ||1}

Lecomes

: DO.'\'Q(m'mQ the # OF L'\r\arj SHan oJ“.

l?—»j(—h m  with exacl—lj AoNse

whidh the answer to  Whih s (',‘,‘)

GMMPLE

Ql (ot Le +he set+ of ail chlc raH'\S,
e P= U®r\
%0

funchon W 4o be:

Dn.f‘mo_ the we_ljh(—
# of N steps-

for TED, let wm=
-gz The. COM+-I'\j erlcm becomes

K Determine  the # of chb- ‘ra-'Hr\s of (:nj-H,. 2,\"I

{ n
Aor whidh e answer iS5 i}

CoRPINARY]
C.ENCRATING. FuNCTIoN/SERTES: $,x)

%PI We oled:ma The Ja’““‘h'ﬁ f\mr_-han/ser\as for
\? u)l"b\ rtsr'-ﬁ" o w 4o Le_ +he rawef

senes

— )
?ES(X) = Z xw(.o‘

sed
filoed| wep)=n = x"] @:‘go‘)
? The onswer  +o the u_.ﬂ(—,.\j rmueﬂ. 18
Ex ]ézv(ﬂ,

#coel [ wee)= ni [)‘]@: 0.
Proof- (1 Bpt0 = T="] = & werr

5€R

= A] EZ Xw(o‘)

m>0 gef,
wiE)zm

= [xr\] 2 me |
Mo &el,
wer)sm

- 1T (2 )
Mm3,0 el
2 [
ogey,
wlr)=n

= #¢56d| woo) =l @

wir)sm

)
g))’_ Ia Farchlaur, we want o deo Someﬁm'nj cimilar

o e ,fn\lowinj:
) We sturt with an easy c,ouu\ﬁnj Plezm/—

® Tuwn Hat inte a GFi

® Convert that ko © GF Afor &
wblem;

F lemmag

* Ksual(ﬂ M5;"j
@ And  use that colve
FuoLqu .



S:AUB D By = By + B0 - F (%) Wla,b) = oCa) + BRI+ ¥ =D

& THE Sum LEMMA >2 An ® ]
G = % Q WD)
Q @t & bk a @t with we_jhi— firmction  W- A<B
I 9 - AUB, P ccTHE PRODUCT LEMMA »2
FROE @, (x)+§ 0= 3, G 8 Wi A, B be et and
O o be = wd3h+ Afunchion N A
Proof.  For ASS, et Ky 95T be the indicas @ p be o cweit fanchion on B; and
’S:'A s-4. B w be a we_;jM- Aunction  on AxB.
X ) = c(I’ ceh ® ¥ is « constant (“Suﬂllj 2emo).
A o, c&h- Suppose  that  wla,b) = o)+ g“») £ % daeA, beB.
Thea since Q= A UB, thes rl)*
5 _ Hhis line  is \la.r‘] m nrhm"
%, () + Hg(8) = Xy g () = 1 Naed Thea J
Thus
¥
T 0+ B 0 - Ef D= x 0P 9.
E %n?cx) ) AxB A B
(o
= 7_’)(, co—);{”‘ )_,. ’Z«, cd)xu *po¥s tnen N WAY S
gel sed ° F_— © §A*B(K) = @A(X)'@’B‘X)'
27(/ (U)Xu tr) Proof- QA;'B(X) - Z L
oel Ca,b)e AxB
- ¥ + orCa) + pb)
- Z 0(, B w(o) = Z «
e ( (o) :%B(U—) f)dﬁ(\’g(o_)) X Ca,b)e AxB
w(o
= 1 a) BCY
Z (D - s et
_ § ae A beB "
-)F \S’(X\ ?z = Y(z Y(ﬂ))('l(g )
most offen uwd in the case A(\f3=¢, ) aeA
g g = X EAcx)Q,ch). ]
2 Ta jlr\uall N S’: UAL with * Baite oc 2 Generaligndion - 5 A A .
3 _ Wik ¢ Countuble 'f“"\cﬁong v k / /‘nx"' X‘AK have uJElJ'h.'
i AAJ =P Ry e union X, Y w rzsruﬁvo.(y, and
_ *we can also wrte
Q (=) = 214.&). this as A - Jyw(q“___‘ )= T+ @) 4o Yiela) 5
DISTOINT UNION AU B for ary (o, Q) € A x=x Ay, thes AecQSWJ“J
g We wrte AUB t mean AVE, whee - ¥ *
ANB= B N P IR N
This is called fhe Cdisjoink - unien of A Q! Note that
& B. ® the Sum [(emma \janmh"teg for !\M{} unons;
but

@ the FWJ,‘C(— lemma m‘r,;res o f\ﬂ_z rwducf-

\A)V\:f. S in&ini-{-& rmdmcés are often ancountable .



EYAMPLE : LOONIES & TOONIES

8; Problem A:

“You have 6 losns ($)) % 3 dvonies $2).

"loud MOW\J WGJC Can ﬂow male $1?"

Sol? - we con mabe o duble °f‘ all combivabions of

loonies & foonies:

[nnr\\a.s
“"m

g1 42 ¢z 84 9S

$l 2 9 ¢y 8S

i: 2 $ EI S 14 $¢
4 gu ¢s ¥ v #
5 %% ¢ 41 o 4

- ko
%7 “ﬂ’m 3 dvues so +thea o 1 wep

make §$%F dollass.

" toblem B
2

[N ‘ g
R Comr..h C)‘q]c'f)cfxzi-%;")‘q"' xs)(l+x‘+>&“+x ) T

Sol n. m*lffrla eaclh ruir ,,S teems .

\] S
ﬁu )‘| ;. 7('5 % X

o
N T

%
-c".:*zv{

3

)ﬂi*xf)‘q-(' XS#XG4. +
¥
xSt s P N
6

xG X *@4)‘? + x'-'\_" xln +)<\|

e r..auu\l—i.?f . the  cofp K’* is 3.
Q; We can use +he rvoduc( \emma o solve
Pm\,\em A as well

@k A= dset of looniesT, =g st ff ook

EXAMPLE: WEAK COMPOSITIONS OF k,ne N
g W kyneN

—

We want 4o determine  the # k-\'uples

CC(,-N,CQ_\ € Nl" such Hat et Oyt n.

SolZ. Consider Nu with we_;jhi' .fur\r_Hur\
wleg, Ck) = o4t S
Then  the  ancwer To  owr alw.;idan s
018, 0
Let q’:N-BN be the u\'.i?"\f afw 2n N
L.] oCi) = L
Then  See +ha+

9ci) R _
_67:_‘(’0= ZX = ixl =(l—x3‘.

e N
Since  wlcy,., ) = D oley), the fﬂslm{ah'ms +o

A

He Pwduct (mma ‘.l:gl g,Hg,f\'lJ\: and SO W can

use (€

k -1 -l
§Nk(” = (Eﬁﬁx)\) = [Cl—x) ]k = (1-x) -

B'1 He naj bin twm, —hus the ans s
E?‘h]C(—ﬂ_u = ((:)) - (k(—n-[)'

n

%

ComMPposSITIoN

g A «wmrosiﬁon" of w with W porfs it

' le-huple Ceppop€a) € (l§!>’l)k with

" C ket G-

?2 The numbers  Cion Cu e called the "rorl»s"
of the comrasih'on-

-93 Note O has & umi1v0. comroSi‘Hon, and has
o ports.  (ie TOY ).

4 We oy o Comrosiﬁw\ s Vwealk” c‘h-“,cu_)eNk;

e Poud-s of size Two  can be included-
EXAMPLE: NoN-WEAK CoMPOSTTIONS
g Problem:

For ll-z'\EN, defermive  the #* o} u,mros(h'ol\i
of A with ko povis’.

Sol®. Sinter to e rnv'l'ous Q%Amrle/' Laf  with
Hhe /fu\[ow‘w‘ :b\au\qp_sz
Prev Now

. . k
-~ set v‘ aLiS = §k -set OF ﬂ)u"; s (NZI)

- @N()Q o lhrex* T EEN (x) = %+ X+ _'I‘*""
s =R 7= xU=0)
— answef: [#‘](l—x)' - answer: Cx"] x"-c(-x)"‘
=)= ) - o e
> (L)
= (W)



ExAMPLE | CompoSTITIONS 2
8 Problem:

“De‘lth'IV\C the °F umrosi‘\:ﬂms D‘F n

Wwith an  even number  of ro-ri-s, and ol

PartS  are  odd.

Sol' . b Q= set of all such com ositions .
Ceven 4 of fqocts, all T.>r+s o odd).
And define the waight of composition +o be
the som of the ru—’{‘s

Let Nod«l 28,3, -i e set <% odd H. Thea

. <
$= (N Y (N )V (N V-

2k
- U CNQJ\J\ :
lt> o0
Us‘m; the udJ»\t o oY=l on P‘,M, we See
Yot
IN Mcﬂ = x+>}+ 7~g+fq+---
= ';<(l~)<"’)’|
Bj st & 7L,
_ § (x)
B, 00 = Z N (S o)
2 (Pra L‘.mmn)
= z (_§ (x\>
k7o CSoAL\
2k
= 2 (xet-x)")
70
\
T xR, (G Geom Peg)
ul\d ? lJ

So
|

anowe = 6 ()

Houw To Solve ENUMERATION PROBLEMS USING
GEN FPuNCS - A gtep-'ro-STEP auIdE

T atways e Same for any preblem:
® Fque out e relevant set of objects
ond  ueight  fundhion.
® Rnd & dewmros'(‘r\m ofr ‘oii&ch"w\ inVo\v;nj
sets of ob'l ects.
® {avolves thought
® S“"-r ® may intoduce new cats — introduce
wci.Jlnf functions  for  these. )
Ve,{}j +hat wg',\]hf fns  ar “additive
Cie rm&&d lemma hjroi.heg',s aﬂ;hes)
@ Use +he sum & ‘ryDA\Lr_( lemmas 2

convert Li'ef_ﬁms/.lgwmrosih'ons into «luaﬁens.

Solve  ¢aid e1 vatoens.

© o

Extract the answer fo the ori\ju'r\a\ qutS‘Hof\.

e,

PLuGGING IN NUMBERS

(GP’ IF S is = Finite set, +hen @'—S(X) is
1

o FOBAOMial' and So we con Fluj n

numbers into them .

e,

-@, I~ Vo.rH:.u.lo-/‘.
2

® @SCO = (S‘ J

©) ‘ = wt (o)
§g(0 %
N
ESU) )

@ we can also caleulate the vadance of

avq of the wc_ijh{-s.

Hie wQ'u]h-(‘S S‘M;larb.

@3 I S is instead infinite, ea S is a

powes  senes.
®© In some ‘;w\-lcms, we con eveluate
- r come OSPCls
Qsﬁf fo P
His can be \'4+e.rrr0.f'es\ as some lind of
Q‘re"h‘i value coleulation .

® In some TwL“-W\S, the rodivs  of

con\lzrgv.ncg_ S O-
Surrvisiv\jljl +his s nof @ “".j deal | but
we need o undastand how 4o make

Sense o{: it



FORMAL POWER SERIES
g There ore Several vodants on the r.v\ce{ﬂ'
of a “vodable  %-
@ ‘vanables” —> folke values N @
roanqe -
® “constants” > toke definite volues.
@ “porameter’ > varalle treated like o
conshant -
@ “unknown” = conctont treated like &
Jayiable
® “indeturminake” > Aollows he rules of
alqevra,  but s nef meant o hove &

volee.
? The idea of fnl’mb‘ powes senes S +hat
x is net @ vonoble, bub rother ar

indetec minate.
-(5-1)3 Consider Fhe ?vasﬁon'-

n
Soif. LE X is & vewakle , this s net quite
‘e 0 %=l is a rnlﬂle»-
I¢ X iS aa indehemivete | than  using He
cule q ,;.(\],_\,r,
%:c ¢ a=he,

So the prmala @5 bue 1-x" = Clax)(1-x) .
ANALYTIC VS FORMAL Powek SERTES

Q I-\.l;](-.._ powes sedes afe of e
form
o= o,
n%o
where
@ * 5 a \/Ar;a'ale;
B® AG) is a funchon: and
- @ A:ler,0) > R
%?—,_ Foemo! powes cedes are of the Aform
Alx) = Zﬁ,\x",

n%o
where
® x i en inde teminate ; and
@ we Pufum mamf,,lo.}-.ons but never
f’lUj in velues of X-
g-i MVW\-('D-Je of FPS:
We never haw 1 woﬂ‘j about e cadius
of cenvuJo.ncz.
So our caleulations Sl be wvalid even ik

the adius  of aem/ujmu_ is O

@S Howaver, all  the ‘denkibes  we Wnow o
Ll true jG:r Af\r.(7h'f- Pewo_( Sanes afe

alse  {rue j‘br £PS.

SET of PALL FPS WITH REAL
COEFFICIENTS: RCCx1]

gWO_ wn te RCC"]] to denote Hhe set of
FPS in x with real cno_Hidu\'\'s :

QZL We jiv( KCC)‘]:‘ +he ryorw'h'es OF
commutative ,{n\j:

(D (AddiHon % guL‘h‘at_h'on)
IF ACx) = i “n)‘n 2 Bx)= E Lnﬂn. +then
“%0 nzo

o

Alx) « B(x) = ‘ZCA"-Q’L") %",' X

n>o

A - B(x) = an,\—\uo*“-
no
@ (Scolor mulh’rlicnh'on)

For cel®

c. Alx) = E(an)xn,

no

* mulhplicative

@ MulhrhCAhon of FPS:
fdenkity ¢

ACx)- B(x) = Z(qu ) <
I=1+20x"

@ Fuhall_'] = def""“‘ division: A

ACX)
227 - ocex) <> AGD: BGx) C.x),
B(x)

@ Coafficient  extrachon:
Cx"] ALY =

@ Formal  dedvotive:
Laey = A = D magx
dx z(ﬂﬂ)a
-t A7/° n>’°
Y _ .
3 ese definitions  soksfy  the uswal properties
we Would be Jomiliar with.
eq - CALX) B(X)) CLx) =  ACx)(BICLK)
- dishibubive prepahy
B icmx]ecx» = A Bx) + AEIBICD

— ek
RINomIAL THEOREM IN Fes

g' I FPS, the Rinomiol  Theorem becomes o

dq\,\.hw\ .
G = Z (A
n%0

gz. The  resulbant  thearem s that this becomes

\;(L?- on  e¥% el\gr\ﬁtl .

4 £l+><)“a+x)" = (\+)<)Q+L-



Sue s TITuTIoN/ CompoSITION
Q; We define ACB(x)) in two cases: .
@ I¢ ACX) s @& Po(\jnemiol . osey Al = ;_Z a x",

‘hen
r d K )
ACRIX) = E 2, B(x) |
k<o

- involves y ,\;.e,_(_\’ many FPs grun\-ions
-se RHS g o\c.sév\m*-
@ Ip Tx°1B(x) =0, +hen we de{—ivﬂ?—

k
ACR) = 2 a,80) .
k%0

This malkes <ease.
Kg Eoin-}: it we wont to lLnow Cx"] ACBCx)) , +hen

™ 4
sum mands ;n\,alu;nj BOX) . whee m>a, dont
contribute.

Therefore

o Kk
Cxﬂ]ﬂCB(x]) = ] ZBAILB(K) 3

vhida un\J iavolves rff'\{hlj many oS
(we con “rveewx" AR s o F.\jnm\.\.)
2j Consider
- 2,

Acx) = | tx+ P

ROx) = XX -

Thea
ALRWL))

LR 242
[+ (xRS (xe) & Cxex)

7‘1_
— 4+ X+
: "‘+'J.7L!""*"

+x 3
s
oxd +3xT €3 +%

\
enJ

cseff:

When we colleck  like torms, thee o

'F"H'dj M.nnj 4ems o collect ,ﬁr each

Hnulb/q-l gmrrnsll—
B(x) = L+

3
> Acguy = U F (5% + CLe) + -

= |\

445 rx
t g xR
1

+}f—.»%-x+%x"+7',x

.
So each L‘plj‘—f{-\'uﬂ s an ir\f-im'fﬂ. sum, which we
Connof do.

-g; Tan all  other cases, ACBX)) is undefined -
This  includes ACLY  for any be R\ ‘;0] .
%)3 Cauili.\j rule:

N FPs s validk § amj coe{ﬁcien-l of +he
result can  be c.omrw{'cd with ff\‘nih(:! ™any

avithmehc oru‘a’n‘ons

Ia ?Mhmlu, no \i:/\i-\_'s or iﬁ:n?‘\‘& Sums.

Alx) IS INVERTIBE C=) Cx°]Alx) %0
<¢ MULTIPLICATIVE INVERSES >?

Ql ;‘ﬁ; maj oc moy not  be dcf;v\e&

ok Alx) s inverhible

?1 However, we can rnVL

ff Cx°IAGK) %O
Proof- (¢=) Wnte MK)::%Q,‘X“I and assune ap¥o.

n

-1
Let Fx)= a,-X , q"‘):zo“"“ <"

observe 4ot FOIGXY =1 ndeed,

-1 - -3 2
G(X) = G + aq, z';( + ap X ke
So

Fex) Glx) = 2, GEX) - RGO

= |+q°—'x -l-a."."x-L 4 -
oo % —agtxt -
= \.
Let B(x) = g, - Alx). Note C[x°7BLI=O.
" Bex) can be subshiuted ‘nbo ofhe~ FPS.
Thus we cm  do
ECBX)) GLREX)) = |-
Buat F(B(X)) = ag— BOI= %~ Cap-Alx))= Alx),
and o GCBOXY is e mulk. iavese of AGO.
(D) If AMIBx) =), +hen necessonly.
ACo) o) =1
D g, (o) =1
9 ap*0 -
WEILHT PRESERUING BIJECTION
Y oot 5,3 te sets, & 5N and

Wy S-;_-)M be we'«JV\f 'f“"‘h.
is l.,'.iech've, such

&

oNS .

Surrosg £:8> %

ok wof = Wi-

Then  we soy PO “we'rjhl-—rrgsszj
loi“ac{—{m"_

$:8,58, TS WETGHT PRESERVING =

“,§s.<x) = chb&)

i:} S'\...H,nse. £:8,98, is « w._;JN rn.suvir:ﬂ
\,'.(c_c\"\m.
Then  necessanly §Sl(7~)= ng)t).



CATALAN NumBERS REVISITED
g We can use jcmrodinj chﬁons & EPS T peve
Calrlan  aunmbers.
Solt. Gt P be Ha gcet o al Ddcu
paths  Cof any lenghhl:
Define  w(m) = # of N steps, for any PeET.
we have a [,,'[:.cﬁo"

£:Dxp > D\eet,
wheee gt is  the F-‘“‘ of lemgth O defined by
&CT(',,T,_) = NTI’.ETI',_.
C rvtdunslj we G.'lrlniv\zL ”“‘1 this o L;iul’i"‘)-
£a “""F : ’Dx’l) - Rj -

T"‘M, consider the wl.}dvd'

For k/‘j CTT,,TI,_\Q'D)(D, we hawe

WC(NTET) = Wt )+ wlm) &1,

Crro YL ) =
H?-N-u, \’j the r,o}ul' \emma,

§DX'D (x) = x @fp(x\ gp o).

\-&" f
wr 0 ule
echon Lj conshruchon,

§ is = d;'ﬂm-—f‘.uem‘ﬂ Lii

Moceover, as

o ,_Fo(lau; thed

4 = § (x).
. i@ o0
ab

C By - B, = B0 -l
E'17\%1"( ) = B = R T
and 55 Ly sabst?  we j¢+
«D oyt -@ x) +1 =0
D D

Tne rest of the solutiar rvnm-ok as Lefore,

Cle solve +his a:{uaHan),
and  we ad‘

EROENCES oL

»0

ExAMPLL THE cRARY DICE PROBLEM
% Problem:

% +he
is

\Suﬂ»a. we haw 2 6-sided dice,
probability o wiling  ang  givea total

Te it ross‘.hle to ro.rlace the numbers on the

dice with some Aifferent rosin. integers,
+his rvoLaL(\i"j table?

without clr\w\jiv\j

Sein. it O = st o sides of an ordinary ¢ -tided

die -
e+ +the un.'.JM-
watten on &
Then

5eS 4o be the Aumber

, s e
ESCK) = XA+ N R

Tre  set o weys to wil & p
Pefine  the uc‘\jm- of & par
°§— e two Aumbess .
Then N

3, 0= B by
i8S

R "S’ dice is  SxS-
o be te T

Henca Hha ?WLLL\'“H -‘, ml('MJ ~

| n
g - "_G'Ex ]QS‘XS‘Oﬂ
= _3_1‘ el §g (x)z

.A,/B are  the gides of our

Now, Sulnrms‘e
O

and he UP-RJM-

"crntj dice”,
cach Side -

of the numbers witten o7
Ceq T te fiar die wad  1,2%449,9, thea
f‘ﬁA= g e+ 3dte kL)
Then Ahe set <f woufs to ol peit o dices is
AK(B, and
= (x) (x).
2,2 3, §E
Thus
l "
wh. = o (Cx (x) &)
| 36 ]éf‘ B
we \.Jw\'{’
8,008 00= Eigcx)l.
Tden: fackor Esm‘ 2 redistabute ¥R Juchrs oty
and &r\& o soluben.

Other conditions:
Othesr conf? —

0] @_AU)= igm= 6:
@ Since #s on ech sde
we need e fx{-pr of ¥
® cxff of EALK\' By o 20

Tn wawlef, cer that
@SCK) = xCxa 1) (Rt =R 1),

21, for btk 5 &3,

We need
3,00 =
%(ﬂ =
Hence the oal ‘wssi\u\mﬁ Cso 4nat A% o B+s)
N OEre)

5400 ER &S
= x-&zx"'-‘—?-xl““l

2
& B ()= xCKﬂ)(x"+x+0(~2-x+0
K S v %6+ %3

= xR E R
These “HSE‘T wll  the conditions,
e crezy dice erist’

and So we conclude

die (= (,2,2,3,3,4
& die 2 = 1,3,4,56.8-



CYcloToNIC POLYNOMLIALS

Q, T e Gy Dice prilen, o ik e PART.‘I:‘ITIONS of AN INTEGER
o g0 Ql An " imtegor pockhon” of m with k porks s a
T —hrle (Gl 71,) of pesitive .A’rejus such
ngx): x+;<’-:x3+;<"+,J+)“ ? ot 2,7 21’/"' %A, and Ao ot Ay
- A
g There axist ro(jno/ma\S ¢n(x)eZD<3 Vo>, 8:0- .S.wr(j * 1-"(.2”.:”' el
called +he  “egelotonic [”Jnom.o\s such +hat 'S _“"““ e site of A, and
we  whate lAl=nA or A Fn;
® x-1 = -[qu’*(x) 2 @ e s called +he "le..j»\" of A, and
el r(nlﬂ we wate R)= k;

® ¢ ) ;T;E(x -1) . where

@ 2 2 o “
, P e colled  Fhe s of A.
/u(.) is the “classical  Mobius ("\Mf-ﬁ""‘, e r°

& OF PARTITIONS WHERE ALL PARTS ARE

defined by <m
=4 - s product o o dishnct ¢C PARTITIONS (ROBLEM | >
O, otherwiSe- @ Probliem:
O g p= TT - %)
n 0clken, :

jcd“,‘):l g“rrose M,AGN- Determine the fF °F P‘HHD"S
W which all faox-l-.!‘ are  &mM.
@ ¢,\(x) s on irreducible roljnomia\-

8 fr m=3, azs: CLLLLO

Proof Sheich - e @ as dne deft of  Balx). 2,1, 5 such
Then, we check ®  holds. C2, ) f'%ﬁwf.
B ruhm{—w he  Mobius Tavesion Th ’ ((z zlt;l))
and vme e e Sol%. Gt P = set of pobbons AR R) ek
® > g e COI, ot 2 cm Vi, whee keN:
but @t  the \,deht Aunchon w,?m_:,ﬂ ‘“j
B D Bix is o @b of intqy folj.m:alv MERPY
’(oje{-hV, these tell uS that P00 T - let S,= Nx 2R x3N x- x e, w| weqht fa
@ i« o conchivud Hm @ Gaum, beqerdt e SPE S:3a5N by Bl em) T CrHCme
y of the course. @ Wa claim we have a uejjv\i 'arD.Se/\:w\J \-il‘eaﬁan
Y s, $:Fm > 8,
-1 = ¢G(x) ¢3(x) $, (x) #.(x), Define £CRpre, A ) = CCqpm, Cm),  WHETR
'S

c;= (- #¢ LAk
¢e(") = o xel = O8N Lx‘-\)_'(x"—\)_‘(x-l) ’ !

=3, A~C
¢3(,&) - x"-&-X‘\'I = (X;—I)(x-l)—l Cj M ‘ S i3, .3; 'L/ 3;7-,7-,|), +hen
cA)= Ci,2,4,0,2,0 .
¢z£)t) = x&] = GE-Dx-0"! Thus ! ' o
= X'l = ( -l) . Py
¢ (x) x % (x) = Qg (x) .
m m

which  we t ia @-
ge v Now +to ,g\sm out §sm"°, Fm'ed as  in umrpsiﬁon

ExAMr\Q.S
ot R SN Lj q’I:Lw\):n.
Sivice ch,,...l Cm) = T+ 4+ Fmlew), W& a7 use

“ne rwdu.(.(— le.mmn

§SM(K) Tr Q H (x)

ned . = l’];-[: |'Xi ( Er,ck‘)

answer = G170
e

There is no  reagensble wey Yo siMfli{-J +his  furthec.



& ofF PARTITIONS = [x"] -n-| , mn
-t CGENER
¢c PARTITIONS PROBLEM 235 g FUNCT::IS: gt";»« wI™ 2+ WeIGHT
§t™d

g Problem . gl Suy ppose S & a set of combinatorial objects,

“ Detarmme the H# of orfiens of a". and  w&  have wo """j"‘f Functions I >N
f o, & w,: 8= N.
gl Then' Aq]:mq_ the juuwhvj Sanction wifk rn.sr«_k-

Solt. (at myn. Thea edey (Jr_«\—'\H-rh 4 ~ we
hes ol Po—d—s €m. t  both W, & Wy is &nJ—merL L3

B‘_‘] Pwblewm I, -IJM- anSwe” Ny @ " (r) w, ) *jlnn.ra-ﬁ'ees o
CK ]—r (-xt mxyn . s(*lj) i X ) Udj'\‘(‘ /rut\ch'nf\s as
, . oe$ well.
In Fuh'u,lon, simee.  this @ T Jr (E?, _ . —
3 LA rarhc_m\&f, Cx 9 ] ES (K,j) answers  +he ﬂ[ues‘}iw\

Su}fdm}(j [o-:Ja. " (73 M>,r\)/

we Mm woite Hhis  anSwer oS "
J < e with w(n=m & wle)=n.

B Houu m o(\j

x"] ﬁ_ ,TIXT (sea below).
TIn pokeuder, o gqon fn for the st SUM (emmh FoR 2+ WEILHT FNS
u portitions, ure their  Site, S g et Sz AUB, with weight functions u('-gah/ &
@ n = w, g SN-
Then

[ -

INCINITE PRoDUCT = T A{(¥) [

e st o 2 )

g[ S\hrf%e T?L(x) s the “cored answes Aor S( j) §‘-A (x'j) ) Qg(x'j) Q‘Angcxﬂ

. [
_l\x

- .
0% sufidetly lefge o Jororalizes fo more sets £ mom weight fas

Then,  we may v.si' write

PRODvC
‘rﬂc 0w A T (kmmA PR 2+ WEIGHT FNS

g et A, B, AxB Lo sets with uue.\jh* funchons

or  such Sw;ﬁcutn(-l] Id-rj?. n.
O 7,90 AN

91 Moce  focmally,  leb Ax), A, .. € R Ccx1]
be o Sejvenu of FPS.- ©) Pn F: B ‘ﬁ
We Sn.j that ® hJ', Wy * AxB%N

[)‘n]‘n— A ) ond let 'b-“ ¥ be car\s-{on-*'s.
Suppose

i} there exist a NeN such thot Por ang
| wilxey) = @l Bilxyd + ¥, =l

MZN we have

an - C;J‘]E A (x). Then  necessanly
-kl ‘B-')-
= X

Y % (x.\’) §’B(x’j)'

e
"l

93 I‘F &, exists ,F.,: all AeN, thea we soy

E 3
enecalive By ore [& F,' I ) r
j ipes 0 M Sets m-hlj Manj and  more uﬂq‘jlﬂ

n%0 ' AFML").MS .

T_A(x) T 4"

where  A;(x) is o FPS fer each i



EXAMPLE: COMPOSTTIONS, PART |
Q Prblem:
Dcfumlne the # “F comrosih'ms of qj

Sol2.  (at S = set of all c,omrosiHmS-

In rWHLvJ ar,

k
§=UN
wzo 2 -
D"f"‘z two wl.iJN' fns  on S with
w, Cepresy €2 = Cotem +Cu,
Wy leyy., ) = ko

Then e # of .-.cmroSHib\S o o with b fo.rﬂ is
DXY4T Ty
de:i'\e two weight fng  on H’A Lj

q’,(c) ENd
so  that Wy Ceyry ) = G Ce) H + 7,C),
and

o, )=
so that W, Ceqmy €))7 k= ka)s=
Tws, by SL & PL,

@S(x,:ﬂ = 2 §H:.‘Cx,5)

o, Le) ¥t Nle,).

w30
k
h?o (QN;‘(K,B\\)
Tnen eS
§ (x 5) = xy*¥ x-"j +7\33 + e
Na( ’ _ *y
T o-x -
it follows that .

ms(h\p = z (:i—)

|
Xy

t=x

l-x
I—K—Xj'

Therefore,
# °§ compositions  of A auq =X
a with kr ks a :‘ Ky 1-x-xy -
¥ ]A(%nj) = mzyo([‘ Y ] A(g,s)) gm
<CA WORD OF CcAUTION ABovT COEFPICIENT
NOTATION >

Y Consider

Flxe 8)

. 2
& 3+ 5%y~ %Y

(+ BFSyIX - yx'

“

Then
" Exrj"J F(%.j) = 5.
&_ However, note “hot
[x1F(x,9)
is Om\oiju.ou.s
we define it to be

(it could Lo 3 er 3+sj‘), but

[x3F ("‘33 = 3% 5”'- .
define

g; Tn other wocds, we
" = (T Ay
01 Ay u\?,o( | 9 ,

whee 4the RHS s o FPS in g~

vasiables as well.

* Jhig jo_na.m\«'zes o mofe
:g‘{ we will wnte
Cx"f_JALx-j’
to mean the “normal”  coefficient of the
orijiml FPs-
e in owf zmmrla, [x\cj"] A(kr‘lp-'- 3.

g Problem:

SPEIALITATIONS OF MULTIVARIATE GEN

FUNCTIONS

8" Note:
® §S(l,|) = |sl i

®§SC¥,|) is  the 3¢naraﬁn3 &ncﬁon

1Sl<ao;

wet

W, ; .

’E‘ iE w, is e jom‘l ""';‘jw" 'Fﬂmhw‘
itself ; “

\:3 1TSe G N o

answes to the f"""l""

e the "
weEy=n’?

mony elements oF S hove

iS 4—'{,\1(1 4&'\,( PUTES
®QS("3’ s the ﬁ“ M {or S

fl\eld +o clack similer 4o above:

® [¥'] §S‘(x'fj) s a4 rowu' senes N Y-
- the ‘j"‘ /F»'\c ,fof the set ‘.'_ o“gS\ u.cs)=n}
wrt o, .
OR AR I NI
-  the jn_,\ ,gl\,,,,c 'f"" +he
wet -
@ §S($,X) (1 Hhe ju.nzmd"mj
W) = Wy

PART 2

rowa.r sereS in X

a
et 4068 |t an}

w

,{:;.nt:ﬁon 'fb’
S et w whese o) * w"“—).
w ’

EXAMPLE : COomPOSITIONS,

“Dz+¢zm'mo_ the H of MMYOS'\HHIS of

with o:\j & of r,-,.,fs_”

Sl et 8= set v} af\ wmrDs-l'H"'\S, as in prad

vee & wplo Gl

Thus, ow answer (8 a..w,\ Lj

(SIS =X |=-x
(x,\) = ¥ =r
Cx]‘i’g x V) T 0 — Ll

At |
20 —— -

"
O | ——P—
~N
>
1
¥
by
L}
>
v

answer <

=0
(1) ’

# Howwer, consider §g“/5)'

This  showld be #He aF $or S wet # of PMB ;e
this  answers " how Mﬂ-na wwlfnbs.ﬂ'l'nﬂs wl e rﬂw+SP ’
Butr +his is a  Lad T,esh'nﬂ (+hee ora ¢ 'r\'l{-e(j meny

Suclh u:'vfﬂs'(ﬁonsf)
zxrec(' the substituhas =1

So we should

lhowever -
- o
By * g Ty T

which 5 a awLAjL cededadhion -

Fo be aontensieal



STRINGS

gﬂ A "st\j" s a Ainite ordered list  of

SJ mbols  taken fnm an a(rhnLﬁ'-

e,
81 Ini{'ia((:j, owr alrhah(- will l'-l-s‘\ be

‘lol \'i ; n  this  cose our s+vinjs
will  be called y Linarj s+r'mjsu,
“ot- ;+,;nj;" oe 4oa%- s-h'mjs“.
EJ a = (1010

L= oool

93 The QMr"J S'h{nj “e¢"  has \gnj-\h o-
CONCATENATION
Ql We define the rﬂ"“d" of 2 S‘(’r'\njs +to

he +heir ¢ oncatenation

E Lokiji'*s of A)(dij:-h of b)

¢s = S

gg_ Pwrnr-\—iv.s-.
© It s associahive)
@ It hes &0 idu\+ilj element;

> so the sat "S’ -;-h,:nj; Lohaves ke o

monoid -

e
@ But, s r\on-—c_ommd-“"hVC-
® And we hovt o inverses.

CoNCATENATION & UNTION Cof
LANGUAGES)

Q It A & B oe sefs of  Stvings Cie
lo.nju.ajzs ), then we Jn{me

KUEENE STAR Cof A LANGUAGE]

g We define the “cleeae stae  oF A to

be

wheee A°=£if_'i IS _AK: _A-.-.A'

. R 3
eq q0,1% s the set of ol stAngs

AMEIG.UOYS / UNAMBIGUoUS COPERATIONS)
g for um°'\

—

We sy ‘A’U_’_B s oon -.“"OML\'JuouS“ orm\"-on
f ANnp = #,
and. "am\rijuous" otherwise -
811 For concatenation:
Note thot concateaation s G Mdf
AxB > AB.
I8 +his m“'f s a L;iuﬁon, we sa.j
AB s an "ur\amh;jwusﬂ zxrveSs;on.
(and " ambi 3uoms otherwise) .
N - alweys surjechive by asg” o AB.
93 For +the Kleene ster:
)\# NS i unam\ﬂjucws“ if ol wnions ofre
';"‘SIP""*, ond il concatenations At
unambiquous .
?‘1 For  move abmrlica-hA zxrnss\'ons,
Hese  ore unam\"ljvous it ol dthe constituent
°r¢f°-Hons ore.
eg - A=ivoof, Britul Coinef
« ABCQ is  unambiquout!
2 001 must be cood L) ()

D edey otber element of this set con be

ryaducul bl\l:’ P Sir:jll U‘j-

- CAB is amLiguuus.
> Led’“""- CA i am‘oijuﬂ“s .

> 00 = (g\tood o L0

’ ‘A UB IS unamLf;uouSi but

- .A uBv<C X3 amLigu.mAS

D sme O€AUC.
T AT s anmbigeess
= 000 = 0(00) = C(oo)e) =
ADDITT e e
VE WEIGHT FuNcTIon CoN A
STKIN&S'] SET oF

wujb\f ,g'w‘c‘h"" w on o Sef of stings
s Taddi hve_ f

luutala) = wla) ¥ web) ]

,fur all s+.,injs a,be s‘_o,rg’".
¢J - lo.'a-u,\ ,ﬁ the s+vir\3
DEFALLT wETe
HT FUNCTION ON SETS OF STRIN
= LENGTH aS

g Unless  obher wise sreq&-td we assume the \..z'.fsm- o}

o S'\'m\j 5 it \Z,jw



GENERATING FuNCTIONS OF comRINATIONS

OF SETS oOF STRINGS

g Gt -A ,B e ‘0,[’{ oand let w be an

add.ihve wn—\\jh’r ,Ew\f-h'on-
Then

© 1 A UB is Ma.m\.;Juous, +hen
= + (x):
§JWBU) B o0+ Byox
©) I A i W\M\%'njuws, then

§-A'B O = § )\(x) @100 ;

@ IF _At S wun MLEjuouS, +then

)
B’*m IR ol

F_pg,_a. ® ,foll-ws from e SL;
@_- ‘A‘B RS wnambiguous

D we haove & L.‘"l-d"pn AxB->AB-
This wu,'ju-e ,ﬁ,_;,hon is sz,-(-_rusuv\"j T
we %.\,_
wla,b) = wa) + wib)-
v
T8, 00 @A Bm - B w0 B 00,
S
Ok -ﬁ_“s x = i@

i%o

2 (§ (x))

izo

m) (53 T-:mz-\v\ﬂ Sades).
EXAmeLE: B, S

g The set uf bnu\j S*V!Y\SS iS ’:,_o,\'k'L .

= Then

(x) = -
{o,l’{* (e ‘6'. x)

1.
- .-
= e u v ¥

which s convack
(we have 2 5{,‘,,\65 o \n.nj'\’ i)

SuRSTR2NC.

8.1 A Su.\»shmj is conseewdive  letters that ,{pm

« word -

?;_ A "Suhsz1ma" [ “subword” s & subshing, but
the  letters M]Jh'!' not  te conSecahive.

23 1200100101

2€po - DELomPOSITION
g A ?,w dﬂ.wmrasﬁmﬂ 13 o.? 4he ,E‘o,.ms
(attach) o

Gt oyt y

Ood - Sea +net

|
YL = . Y]
Bt B
- ! A o
- l-T)‘_—x t-x T ol-ax

ONG-DEComposTTIoN T

'.i?' The one —Jewmras'l*'\ol\“ is

ford = Caod 4%) 408"

= (0T (4ot )

PCA,,.., A,) TS UNAmBIzwous, B,C A;
PC8,. - "Ba.) s UNAMBIGWOVS

a Gt A, be sets of s(’nrns r(A“_ i an
unm\-UM 3 r.css'.on, and BCA, ., 'BME-AL.-
Thea rL'E,,...,"{s’u_\ s also U"\w-lu‘juou\s.

EXAMPLE : SET OF STRINGS THAT DON'T HAVE

Il AS A SuBSTRING

8 walcm

U—(’ S be the set of

s(-.'mjs that  do  not
have  ‘w’

as o su‘oS'l-v'\nj-
o By "

So1d. We claim

. *

S= éo,p00% 4 1L}
K an ut\a.m‘yijuoui gxrw_uiw.
Wll\a does his  set Juna.rnh s?

& Considec  \(0101100 |
e———

3
From this,  we qef shot
§ (x) = (4D E-‘-
Y ) §%.°"°l |lDi* ¢ e, 1t
\ —_—
: — 0 tx)
(- i".',"’:\‘"lc*) Ge,1,u%
z L ClexX)
[ - (xR +23)
@‘ ) = Lrrext —
S |- x- KT

But “hZ i the z*frv(‘!&'ﬂm »f-" S womLiJuousZ
Fofﬂau‘&f'
éo,l0, \w'i < QI? ot .
-[p.h.lL
LA, A, A - TCAAD U,
Wl A =AT, A e
we Lnoe

({up-;ah*.;qr is ...m.“\.'.dm,u;_
Then, let

'B':;.g”,n't ¢ A

Cin  below thrle)

0 3,5 4ck <A, ?3 Tig, 0% S A3
US'lb\j Ha theolm, C'B;Bl)” %3 s umnr—-LiJubus‘

(s P.Xa.c-!—y our nxrﬂcsiof\—

which



2eeo-Block = 40f¢o0t¥

Q; A " -L\oclﬂ— i€ a maximal
. non-—emrl-.] suLcMnj of meres.

2 Here , “maximal’  means it cannot  be

extended.
2 on $he othar hoad, “maximum = L,.'jj._g.(.
russﬂ;le .
% (ol booot ol
. . *
oNE-Block - &3 413
8 An “one -L\oda." S o maximal non-e,,,r*j

S“L‘Mnj of enes.

BLoci - DEco«\PosxTIorl

9 The " block - dzwmrosrhbn is
r" g% = 4ob (ke v‘*i{of)

ot iof uws‘)w&

Taeo 434 s« Weas of 13 doliof 5 o bld

of Os.
But, .
{o]":‘..ﬂu £0% 9% Cie "“r‘g or D-block)
LA 2 5ey U ERUT Le emply or 1-dba).
ExAmpLE |
—‘8' Problem :

« Defermine the 4 of L;mrj shhv:js of |¢,3+p.
A such thot all  Licks ore of odd luﬁﬂ,.."

St (ot S be the set of OI-SHVUS e ol
Wome odd lq,«jﬂn-
Then e thet

5+ (i v e (s tat)
(2£3 O $ofioof’)

CA-halj the rules o Jef @S(X))

REGULAR EXPRESSION
g‘ We saj an e.xrn.ss'wn for o set of shmds
which is  buift frm
@ finte sets of stangi &
® the orughons of U, concat, *;
S o J.,(a.( Kf"s""”'
* pote ruqulor  expressions  con M be

amby u.aw;'.

Llocks

)
%,_ Since EG_A: ,

(E??’ We qu ‘A('A:l‘AS - is

QA VA, - (x
¢ INFINITE PRODUCT LEMMA FoR STRINGS >

g Qu.ﬂ,osg .A A is v-namLJuaus

EXAMPLE 2
g Problem:

" Determine  the aambar  of  SHings of
lu\s\-\n n  Such 4ot c.\le(j Llock
is (fn\\owci Lj a \D'ﬁu block of I's.

\
n[— Os

<9 “Iiooeo (11111 00 111V
Saf. @ S be tha set such GN’US-
Then noke  thot
E 3
- af(aatat)
whece
A= 4o, 001, 000\, . 02001, 3
“Thea see thot ~or
B o - A PRIC I
A s
1= x>

(and (f"'"‘ e, we coa jd- Q‘ﬂ(x})' &
RELATING PREVIOVS CONCEPTS To STRINGS
8’ NoteS  alowut  old l*um\;lzs:

® chll- rol—hs

We can Think L4 D(jd,. Y'*"‘S o5 stings

n He olphebet LN et.

Ip we et Dz set of By

D= det U iN¥DLERD.
ot on o_;xruscioa e §D()O Aom  hese

w)-hs Yhen

$o we con 9
and S0 ONn-

@ Pachibons:

INFINITE ¢oN (ATENATION PRODULCT
QA |A3A3 owe

Lo sets of Sh"vgs. and Suppose

G ar Ao,
iEAl - R .
Thea, we dg{inz 4he 'm,fiﬂi{'t concafenodion rnduc"' o le
Py
ArAzAg e = U‘AI‘AN\
mn=t

4he wnion iS5 never Aisioir\+, and so

A S AA, € MM AL
\H\nmLijunus if
M.

“A‘J‘S.-Ag'“ An s unML'jmaus Aor 2l

.A,.Aa_ -« TS UNAMBIGUOUS =D

oa
) = .T_‘-@J.(X)

Then n zu.ssm-\J

§ (7‘) = t-];[l_ ﬁd:_(x)

A, ..



ADVANCED STRING TECHNIOVES
SUBSTITUTION : alq>R], ACqy>R]

Tt @ be on alphebet with qe@.
1

et RE Q.
*
we have on a€®&, and wnte

SuPPnso.

the  sulbsthtion of a of ¢

Thu\' we de,il',nz

ij = ] L_‘j
@—::%ER{R& R.. R mﬂ

el * imilorly  Aeqine
£ e simi o
. 1 AeQ, then W N

(.ACi—? R} = }3\‘*[‘1"@- )

let

2q Talke 0\—s+.;mjs, and
A = zoi01, oot}
R = 4w, 0% .
Congider ACI>R]:

Olbl ool

T

AC>0]- S oot ool
doimow 475

© 101 01t}
OB'OID)

. ; Then, we sy .ACQ_-%R] < umam\.ijuo«.s e all
concedenshions % wnions in the Aqf;nﬂim are

RAGMbIQUousS -

AN 7 By ror e Bglruneay), Rty %ie)
7%

£¢ SVBSTITUTION OF GFs >>
@ gu-ﬁ’OS'- Q=¢o,42,..., L}, and let
w @ s N by w@=Fef i's in 0

w A RS
Then no.cv.ssodlj

§.AC4L-9’PJ

» = %(&,, . QR(x,,_..,xQ_ Kt K.

Proof - 8y Mdcan'\ﬁon ,
- s U a.C S Q] .
Alg» R A L

(%), B = [} (SN 9.
%, T EA—"‘E‘L—‘R_J 0 X

01 %4 *u)-

= i (&3
AZ (kR il ~ Riam]

ae A {aot
w Ca)
= Z % TaNay xamik(*"'--':xu) t
ael e
_ w,(8)  wa) - w, (@)
- i %o ®, QRCKD,...,H.)

ae A

=0 (ke xin, @rg““"'"‘u), TR

PL
- 5 NG (= R .
28 O ?\( ? a{«.'ic ) - Qk( R aé{n..z (=

EXAMPLE : SMIRNOV STRINGS

letter 0.‘9 r(_cn.fs fwice
. . *
eg  in 40 L43%

Smimov s-r,i,\j .

~g;_ Problem:

gl A " Smirnov s+v‘vn" s a sting whese Ao

con :o.cu.ﬁve{J .

01213012130\ s @

Y Red the GFP of
élol‘:---,k?*, w{‘k

earlier ™

S‘\’ﬂ'njs in

Wy d&{-;n&l

4o Wp, W, .oe,

Smicnaov

So?- Gt 0= set ea’

Smirnoy  stvings |

Thea see thad
* .
N RCERTITL ]Clai\iil}*] [llﬁ‘:h&ih&u]
*
=49,1,2,3, .., Kt
$2, by ouw theomm, \
N - I
S ko o Vomy weee VHe 1 -CRg 4o+ %)
) 4 T
block of block of block of
0s \s K's
Tren, ot q: = I’; so dhat  x;= 3
Tius ¢ i
|

@co__. ) =
¢ o= Ju (= +l*3u)'




MARKING TECHNIOUE

CXAMPLE: STRINGS WITH NO
ou SuBsTRINGS
(al Problem:

4 of Ol-stangs of ength

" Detecmine  the
A dnot  den't have

o\\ as o

Sut. Considec e set X °F ol-shings, .,.,t.m B
orked
occurences  of oW mey or Moy ast ke M
ej ololliolteoniio € X
Cno mocks, has OW)
( S all dw
or@rytet o ‘1o elements
Ciwo morks , wnot oW ol mehed) o X.

o@D \@o@ wo

Cal OV macked)
@t YEX La the subset of X of stingd

in which o\l oesurrences of ol ore marked.

S €
o101 e Y
@ dhe wegnt a5 vo,w be defines by
wr X2 Ny o= length g
o X SN by =% § medings Cie aedes),

Consides § (x,j)' § (*'j)
TF we r‘j”*’& each e_u'e.h. ag @ sgfcfﬂd'z “lettec” a O
a r‘n ook,  gee thok
x=9(0 =10l
—

ey the remove the
arcle Cirele

Th"‘s "3 ow l—hm,
Eﬂ(x,ja = § (%, § ,’.I(K'S))
= @ (K,J’:/ EH‘
*

We weat a0 occwenca °¥ o, ::re no circle
which i a,wu "‘j
°1§. (xg) = B lx
CJJQy("jﬂ §‘j x,0)
= )
§7(.
'ﬁw.n
= CZO‘ | .-i
a&nd sp
D ey = - (xnd
PG IR WG Y
P S
Thus \- (¥+x+x’33 :
tjojﬁj“'[}\ - §7Lcr,-|)
L
1= xxesdD)
[
1-2x4R
thet

Heace 4ne 2 of ,h;,n]; of l“"‘j“"‘ "
don't have O as o subsVy

\
M Eﬂ(r,-l) = 1 ere

B;— What if we chm\az

‘ot te TOWRN'?

- mee we need
Ow fN-v'leuS vhnteny weoldat work, si need o

allow  thin tike

otooulm\\\

So, to solva this rnbhﬂ\, we 'lus\' intoduce

mltlrlh‘)‘.)'\n(j arcles  inbo  A*

x 2ien @D @R R ) .. ¢

ExAMPLE : BALLS & BINS REVISITED

) 9. Problem:

s.,r-luﬁw. Afunctions exist  fom  [L]

" How many

Yo Ca17"

Cl bally, n bing u.\l!(:]\'h'mj olianJuishn‘ole, ot teast
one  ball re’ L)
Sa2, Iia: nete
su]'uh-ve = now\‘nv\:] not  in mrﬁc.
Tnen, consider the set X of morled ,fwxcﬁms

f:Cwl-> Cal
a;. Cnl which o2 not

n roqu_ &) may

where  elaments
oe  moched.
o [ Cul 12 3 4 S

P Z i

Getnl is madked.)
De,]’—'int YeX e +he subset of Morked  Aunchions

where  all  elements  aot in ranJe oo morled.

% { ] 1+ 2 2 4 ¢
I L L/t ey
[c1 5o -
Thea, let d4ne .,,q_-jy.} function W be de,,fsmA as  +4he
of Marldfjs.
See +hot

- YyLO=>40> 3],

% - —
and so l?_/
§7( (:j) = @y ( g+1) -
We  want elemeats of Y with ae mwkirgs Cuhich ose
Su]uﬂ\ﬁ. ,funof\'u'\sl\,' ie we want
Cj"] 5 @ = Ey(o) = @ c-1).
F‘nn\\j, -h, determine §7C )
® we ,Fvsi— ru;l/. e elements we want o
cirele;  and then

@ conSteueY o ,F,nchu\

@ x) = ZC )(A-J)

J*° A
of ways to ereote

o‘-“c.r.t- of X “”j
and Se circlag

n k )
answer = E (J‘) (,\_J) L—])J'
J:D

£ twi> Cunciccled),




Section 2:
Graph Theory

GRAPH

g A "Jrn.rh" G consists oF a fnite st @)

ond another set E(a), whese
® V) s clled e st o verhicss’; 2
- Siraulor of ‘w.(F\ceS‘ 3 *vadax’

® The elemeats of ECa) ore unordessh i

of distingt  clements of V(G called
.-eAJgs". *usu\lj, e write

€9 Lt G be st- P=(Vco)\; A

vea) = £1,2,3,%5%
Ece) = 4412, §133, 4288, 3,47 4,5
42583
We often dep e 4% for edges & st write

‘v’ inslead  of Cu, .

1= [ECGOL.

We can also rr_rn.suf G L:] o dmwinj'-

5 2
4 3
Another russ‘uh\r. drawing:
[ *ja.mrnllj, we, rﬂ{g{
Shaignt \ines  over
Cw(; lines
! 2 Gsince  Shmight lines are

easier fo viswalite

AI\O‘\'hg( D;;i‘;la M'n-w"‘a'.
? and shn’-d)

AN

I 2 3 4

*
we olfo don't want ent]l.s Jo  cross  themselves.

ALTEARNATIVE VARIANTS OF GRAPHS

@ Vodants  Caot  shudied in Hhis course) ¢

O Tnfnite  grephs:
via) is  an in,S:-\a'r\-e set
@ Directed 3‘-,‘1,\,,;;
Edges in ECLD &

.

O] C.nu[:hs with loors;
Two veckces 64 eddn. cwon  be

Same

srdeed  paics oF

verkices

e

@ C\rafhs with mv.lﬁrlt eAJu;
¢ EC) is & mulliset

<

ete.

ADJIACENT, NEILHBORS, TINCIDENT
JoINS ‘

g' I e=xy Cie e=éxyt) s on edje. of G,
we So-a H
O x5 Sakpan’ by
@ X ond j ofe “n:;JhLafs",'
® X 1S “im:ido.nt" with e, or e is
incident  with X%
@ e Cijoins" x & y.
SE | 9
T OF ALL NEIGHBORS: N(v)
’
PE&REE.‘ Jejcv)
?l If ve NCQ), we define N) be
., the set of oall ng'.jh\,ors os: -
82 The "dq_jmg" of Vv S Aﬂ.&'mn& Yo be
i, dEj(v) = lNC\I)l.
93 Atj(v) is also the number  of 2&325 incident
with v,
Is DMORPHISM, TSOMORPHIC CLRAPHS]
g| Let G, H  be Smfhs.
Thea, we s“_'j o fw\cﬁur\ {—\:\IC&)%VCH) is on
“isorna(rlniSM" if
© # is Gipdve; &

® “rnswts adl'ncmdzs",- ie

Lwe B D fe)fw e EH).

-@1 IE such on isomo(r\f\is"\ exists, we sey G & H

ore S omoc]olnic" .

e,j Consider the (fb\\ow'mj 4o jmfhsz

0! a
C‘”%Z HHQ‘L
3 c

These  graghs  are different  Since VG F N,

vea) Vir) s a~ .'sam..rhism.
| — @
2 b

"I——-""

93 IsOMO{rhic jmrhs hove +he same s hrachucal rvoro.r-)-ies:

it we onlj core oboul these, we somebmes omit e
verfex (okels from Arau'.njg .
ej * Yais is nob e Amw‘-v\j of a jmf‘"f
Sine  the  verhces o un-aamed.

This is & Amw'\nj of an

'5°""°rﬁ|r| ism :)yﬁe_.



> Acﬂ(v) = 2\ECQ)|

NTXYIIA]
& THE HANDSHAKE THEOREM >>

e W Then
?' (et G be o 3

i sz(v\ = 7.\ECG.)\_

vev(s)

eﬂ ! LHS = l+2t243
-8
3 2
RHS = 2(W) =8
<

Fmof- Consider the et

= 2 (ve) \ ve N, ecfCG), v i§ ncdent o ?-E.
= (v,

deg (V) es
for each vedex N, thee ore Oy dj

incdent with Vv, and SO
.S deglw-
= e 3

for each edge e, Hhee ore e vertices
incgdent with e, and so
1P = 2 (Ecc).
Proof follows. @
Qz In packier, it gotlows fom e e
ot  the  aAumber of  vertices of
odd dc.jru. is ‘ewen.

k-REGULAR CGRAPH]
Q A ogugn G “k-mjum“ i all veckices
of G have dajru' be-

Qj -Q This s 2 —mjulu.

Tws s 3- ju\a.,.

EXAMPLE [ : J-ReculAR WITH (63
VERTICES

?i Prollem:

TIs there a  F-requler gmph  with
102 vertices?7 "

Sol%. No, because such a Jmfk we would
hove
21ECL) = F-lo3
and the PHS s od&A. H

Cuge GRAPHS : Oa
9; Qi e gaph with *eob v

V(®,) = {0Ol-shings of length at r’julo.r.

aofe

and  dwo Vechices 5,5 ose ndi.,e.zm‘ it
ij "l'ﬂ:" in txnd-l:’ one rosihen.

Y q.

v

(]

9, Qg-_

00| otl

Qz | . Dl - ’
Owo o0

l(EPz Ia rnl'h'cu.lar,

[veedl = 2
[E@)] =

w_lg_417 < ha Cv)=n2"-

KNESER GRAPHS
Qu Fx o m,l. ¥ Lneser Jﬂ.rhc o

redules.
Then, L\flu
Verkices = m-element subsets of Cal

; D (ANBl =k
edges = A & B are odocent €
-?z Sru_'ml case: n=5, m=2, k=0.

( The Petersen erh) 4g

23 Is

ISOMORPHIC

EXAMPLE: ARE Two cpapus
T Penersen
"9’1 Problem:

n

3o

§ 3
A isoMaTh;r. to  the (etosen J,,P;,? Is g7

Is
__

Sa_lf'. Tt’ r”"e. 1 J"nr"‘s dre fsomnr’:h:r_l whte down On
SOMOPhISM  Cand vefy it).
To prove 2 J hs  are /\or\—isnmaff""", we ;d"{Hb &
struchuml f“’f"’b that s d;efw’r-
e} See et B hew a ',-ad,_" ‘H lza\'j*‘h 4, lat te
e guph dus
Bub A s (SDMofrhic- — con  drech .U\dﬁ'n"fﬂ. time .
COMPLETE GRAPH: K,
' A “comrleh Jmf'f\”, denoted as  Ka, hes 2q g

N vechices L al pesies of vehices are
a.d'la.cen\n

??P““TITE GRAPHS & BIPARTITIONS
-QI’A Jmfh is “Lifxuhh" F thee is @ rwl-;ﬁon
CA,B) of VCG)  such +hat every QI’JQ joins

veckex A + a Vertex n B.

3 1, . . .+- n‘.
gﬂ. Ina ’)d.l‘ﬁt_ulf-(, LA,B) S called o LlFN"'I ton |

B



COmMPLETE BIPARTITE 02A|’H Ko

? The complete Liportite g Ka, hes
‘nrarhhon (A,B), whe
® (Al=m
® \Bl =i &
@ EUUJ (n,L) é AXB s en edqge ab .
ej K!l'-f
SUBLRAPH
A s“‘:jn‘rh H of G s & Jmfh
Such  dhat
® v € V&) &
® Ew) & Eca).

SPANNING SVBGRAPH
(Q H is a “spannin sub h i

VeH) = vea) .
INDUCED SUBGRAPH

g H s an " indouced “‘Lgﬂfj"d i

EH) = ¢ xy € E€G) | xever), yeVen.
o,j G = | 2 \
induced
3 't 3 Y
\ ° E S
]
s?amﬁ t neither

°

2 v

Yy
'{UALK LENGTH, REVERSE WALK
?' A "\:&-" n o jmfh G is o szivu\ce
Vol V) €,V, o %pVa
i whidh v e V(&) Vizop.n & ez 4vy, v.teEc).

We  gometimes

FﬁJ‘HQAlNI Fhis is o

=0

Wal kb u,f,om Vo +o Vu.”,

Y M “leagth” of We walle i3 A-
84 The  2ngth f
QS The  revesse walle” s

Vaen Vo, _,\V,

SHORTES T WALK FRom w
PATH
W 4o ¥ in &

. ]..s% write vy Va  Cond emit the “j“)-

PATH
tf? A fAHr\ is o  wallk with ne vertees 7|
rtfu:tuk ./\‘/\/ #We o v
cYcLe S &
% o " clc. is o wolk such ¥rat Yegele” o
el +
itself; fer
® It is from @ vertex o ¢ o
@ No v_szs o ro.fo.ake&, “ \,3 e
@ No verkices o rc.ren.h& lsce,r werhices /ec%jes
in the wall.

st = \ost; %

@ 1+ has at least has one Qdag.

e
j ]
12324Sé9 is & walk
b 2 6122 s  a Fcﬂ
(24561 is \
3 ! & cgce'
< 4

To Vv IS A

Yo e 5@ el e
\le
Gmrh G, -thea oy shortest (MJH" we
&wv. w“ 4o v must be e FQH\-
Proof - Congder @ chertest  welb
WoW, - W, ws Wy, Ve
Ib this i act o [,;.H. Pen Hae 1S
a "erh'hhl voden ;@ WiT \”' ’5'(
i.<J‘_
But then
W, w‘_lwkwﬂ . W,
’ J @ nw\{'fndid:\"\-

Sv,
would te o shertw wotl F”"‘ W

Pwlg rfg[\nu-ls. @ G
THERE €xISTs A PATH: ~7
% We de.fine a rdabon r&;} on

by
k/&»v (= thee exists o rrﬂ—\n fﬁoj
w o Vv

[emma,

NCG) xNCa)

-g.)_ By the I)»-ev'wus

u,f:‘zv ¢ thee axsts o walk  fom
u 4o V.

"~ IS AN EQUIVALENCE RELATION

o N
g Note ~» is  an G‘Tuvalum celohon.

veVd), v sine Her

Egof. Reflexive = For °""_‘]
A \en th (o} ,f«m v
pete g I

is a
H’sel}.
M' I.F V\/EZV, 5.»«4\ AAJ Fbu\ 'f;"" usv, +he
Ryt Pa'(‘h exists ,  and s & ])o\-l-h fFem Vo u.
— G
(_m""‘fs'hlt: Surrose u,&;u/ v~ w- ot
wsY, = Ya =V, V= @y 0,7 w
be +the ra.-(-hs ’f"""" wsVv & vew

Then

rLSl'>.
u=Y, - Yo, Wy, = w
is a  wallk ff""" w Yo W,

Thus  w & w- (LJ lemme) - a2



CONNECTED CGMPH]
8 We saj o 3rnr is

,&7, has one gt‘u'plulZM

compoNENT CoF A GRAPHT
9 A omrnne/\‘\' of G i the Su\nsrar

G
—~ -

“connected” &

ss.
exocH class

induced

an 0_11‘,\\/.‘(/\5& class °f—

\

Gi vvelance  classes:

- é.,b%
- < e}

C°M]>om1\"rs .

o comrom.n\' is o Mo xime

g,_ A Heen ad'ivo.b ,
connected suLJmfk N

9; Exectise: I H s &« connected su-\v\']m{’\" ,
and N CO)= N () VueVCH), +nea H S
& component-
G MInug e: G-€. ee Ea)
. ]:F e is an gJ\je aF G , we de,{-ing
“Geoe' o be the spanning suLJraf"\ Such
+hot
E(‘") = E@ \iel.
BRIDGE /CcuT-€EDGE

CoF A CONNECTED GRAPH ]

? It G is  connected, w2 Sey @ is
if G-e s

BRIDGE / cuT-€EOGE

[OF A CENERAL GRAPH |

{:} We sa:| ecCa) & 6 brdee f it 5 o LMJQ
n its  compoment -

G IS CONNECTED, e IS A BRIDGE 2

G-¢ HAS 2 comPONENTS, ENDPOINTS OF

e IN EACH COMPONENT

o b {‘f

not  Connected-

(F? If G is connected, aad e=Xy s a4
Lv')dde of G, Hhen
® G-e has exoc.}‘\lj Hwo uomrmen-h‘; &

® One u;mror\z/r{- corttams x, & the other

l:owiu‘ms \j .
Poof. @t vevece) & ted
i G ey e X

v-x be @ r‘-'H*

If e dey not 4frgr/ n His ]m.-ﬂq, inen Hwis

s a r@w in G-e.

Thus G2
v ~2 X -

Otherwite, Since x can uﬂb
fo Lo e end; thus, fhe Y"\'\"

,fom
AR \\_je.x.

Sine o con onl7 q_rrw vrce,

rn.u omee, e has

8 :*—Hw.

thus
vy
S o faﬂ« fom v ko y i G-e.

Hence G-e
V ~~ :‘] .
Tnerefoe, b most
mainty  dhe r.am.runb\" wn-h-\'\"‘\']

confas ning Y-

Qince. GC-e S

. Ce
free are fwo wmrmeﬂ-l-s in )

%

'

wot  wonnected,

“twese mnfuny\‘ﬂ musk be di stinck -

P Aollous- %

ExAmMPLE: Y -REGULAR, CRAPH
S HAVE NO
BRIDGES
? Problem:
- Prove Hhat o "i-rtjulm' jmfh hag no
LﬁAjes."
S:I_'—',. _IF E:?tj HES \,nd‘je_
aponent of K 7 Ge.
et G, Lo +the oMo
Evm] vactex in Gy hos d:-jfu escapt f %
which  kas degree 3.

Bub Hhic S rrHrnssﬂn't, sina  fle  Hondshala  Theeren  Seqsr

we musk howe an ewen ¥ "J nodes with  edd dajv,a. ]

g‘ 4ne cpmrnn@ﬂ,’

(as e S & Erid\t]ﬂ-\,

G MmINus v: G-v, veV)
G 1 vevew), ten we defime TGV * oolagous Lefialion
B be the induced subgraph with for TG
N(G-v) = V@ N
CUT-VERTEX
g A Ceut- verkex IS @& vartex  such  that  its
deletion  disconnects  the Jru.fh

ecEBca) = < I8 A BRIDGE ¢S e I8

—g let G be a dmrh, and et

NOT IN ANY CYC(LE

e efla).

Ten eEsEEEEELRlR o @ S

n Mj t']"“g X

Ju,v s4- 2 DIFF PAMS From  uSV
G HAS A cycle
8 let 6 be o Jmf\n Then  the ,fu\loufms
e a u}va\2n+‘
® Thee exists wve V@) sach that  fere  exe
Hwo Aifﬁm+ raﬂns from wth v &
@ T oxists = cddz n C.
”23:. @>0: wsy.
020 Gt
——
FI =z (uzugy .- “‘m")
Pl = Cu=vp VI\:V)
w o v
be fwo diffecd rs“ﬂs from
IP 'F,#le fhaa e exists  on & e Ahot
n one  \ut  vot the other (erercise)

ez W U B oom a.djl 4 P

wLoG, mrrosg
But then
Wi o wpVy e Vo
u "
wz Vo «w
S a walk n Gee (me Uiy o ug-
Theefne 2 i not o bidge.
By e pavews thw, T a gl confoin®] @ -

not  contained

>

fres

[



TRee
9' A Tdre B8 @ contected Gmfk

with  no chlLS-

*'Hlﬂ. mr{'j Jmf)\ i nob & 4ree’,
4
N
et.
FOREST

-g: A "{u@-ﬂ" iS 'S Jrqrh " which

s a tree.

a {-nﬁ is o Jrof\\

every con\ram\‘"

'@,_ More cnndsu.&j,

with Ao cycles.

EQUIVALENT DEEINITIONS OF BEING

A TREE

?’ et T be o connected h o with r
vechees and 4 QAJ,_S_
“Then the fc\\ow‘mj are qﬂu;vnl&n‘}"-

O© T is o tee (e T has no t]:\cs),-

® E\Iuj uﬁe ﬂf T
® Thee s orectly ore PO

S o b riJjG.}
in'm'mj each

poic  of vertices? b3
@ t:r-l.
K “comectd’ i essenhal for @>0-
N A . su{'is,f\'ls gp- bt iS4 @
tree.
ffgof' OE@® i solved LJ owr rn_.,\,..s
“theorams.

®i®: procesd by induckon on P
True ’f” P=l nai\N.U.

ST e resut s drue or smaller
p Cie Aor J"fhs w] fower  veticas).

tet ee ECT). Since @%@, e IS & ‘";AJQ'
T, Ta.

So, T-e has 2 muranu\{‘s , sA:]

ar L T_1 are toanected, ands  have ne cles

(Sina ’rhuj o components T-e, L o= Su\:jr‘fkg
of a J«rk with  no :Jr-\ES).

T L T, ae frees.

Bj IH, (ECTYL = NCR)I-Y & 1ET)) = jven)) -1

Thus
lecT-o)| = [ECTI + 1ECTO)
= IV + et -2
= [vem) - 27
H
@2 jeen) | o= queot -l
» 3
T £

oad. we'ne done .
® 20 : Su.r[)nsq_l for & contrmdiction, thot

QF- & T hes on eﬁe that S et o brdge.

Delefe  aon- lmd\(]a.s bl nene  remain.
Ta e ond, were \ofY with & connected "
Cwe only  deleted nm—l,.-eja-*)
with F vectices, and, ]”I 0.43,_5
(sine  we deleted 2| o.dje)_
Tve sut  must  be o e
hoS o aon- bdges, whidh doesnt Sstf-j 1=p-!-
Tws  contrdicks ~ @ 2®-

Proef folle ws-

snce i¥s comected &

£ IS A FOREST WITH ¢ comPoNENTS
S q=p-c
-‘(EI r F be o /Fns\- with P vertices,

1, Q‘JV-S and c wmronmh .

Then ne_u.ssan'lj Q= p-e
SPANNING TREE
8 A Subjn.rk T of G is called o "srum'nﬂ
e’ i T s @ srwm'mj subqraph & T is
a tree.
G 1S CONNCLTD ¢ I
TREE T HAS A SPANNING
9 A Jarh G is ‘—M i
hos o srun'lvj “tree .
Pag. (co) Zf & hes o sprenivg T4e
thea we can use T do faa 2
P“'H" '|u'm'|N| ey qu ?I wackices.
me ,*plluu(. #
(D) Tp & is conmcha,
S = & commind spoming Subgpapht 4 et

i+

lef

S!\'¢ sinG ¢eS. ,’
Comsider an  elemeat 4 S with Mimime” LmAun
na a.eljl.s.

Exeise: show Fhis 1 +ree .

STRUCTURE OF TREES

.?: Sur‘)osg T is o e with p vertices, whe

r»l-
Let n: = ¥ of werhiees with degree

8

Yizo,, ...

Then necessanly

O handsheke Thm:

%2 We can combine these c_q\la‘l'ions 4o 321'

@ 2L+ E(u—l)n

i3
Cfom 20 -0Q)

LEAF CIN A TREE]
9 A Cleaf” is o vetx of  degree \

in a tree.
EVERY TREE WIT™ 22 VERTICES
HAS 32 LEAVES
Q Evtrj 4ree  with ot leost 2 vebies  hos

ot least 2 leaves:

%_ g,n,",ﬁ fom r»e.;ou, thna .



ENUMERATION ofF TREES
QOOTED TREE : CT,r)

Q( A rooted ke’ IS & peif
O Tis o tee k

. © reve).

Q,: We call +he

o 4ee b ¢

93 We m_r.es-.r\i' o roofed Yy ?(

© urcling #he vooli  er 2 3

® LJ rvM’mJ arows on ol edjzs 30

(Te) whoe

oot .

Hat +he wniqr r°‘H" from ony verten ki
r-z 4o ¢ follows +he afrows: 2 3
Pl ™ Trees wIT4 verTex ser Cpl
L CAYLEY >
-%| Problem:

“tven o set of vartices, say ['ﬂ,
how m-nJ +eeS ore  thee  with +hat

verfex set?”
)
4 p3 ‘ |
NARAY Z.Lz
Q‘ P2
2 There o ""“"“_‘/ P freas  with vertex  set
Ced-
e
T
Y frees (2 ‘raes

P.’la,il- We  cwunt seqvences Cey, oy er_I) of divected uJes
such ot  these nggs ml\u{-ML—, ’ﬁ,,,_ o rooteh
+ee on  vectex set CPY:
we do his in 2 wags:

Method #\: @t T = set of ol dvees w| vetex set Cf].

for each TeV, +thae o p Vg o pkoa root,

fo order -ﬁls n “‘I""‘d"

and Er-|)'. ways
S u; ;c.qvo.aces = (7l -p cr-,)!

] ) S
pick a  Pick prete en
“+ree G ordes

root

Method #2- .

Methed #2° St with e vefex  Set Cp3 % no (5'_&

Add  direded c.dJE.S one ot a time as +\|ous=

© Pick oy vectex  velpl:

@ Pick adother vetex w  sf. oadding 4 direded edge
/fcm «w do v crestes o Jmfk n which every
‘°""r°4°-'\‘f is o vootfed Hree.

Tae one P choices  for  Step ©.
How maay '9“' shop @

S ?ul- S works iff o
S the yoot of its w’“r"'\‘?ﬂ'\"

So, the # o possibilities for w Ce step @
the & of compuents -1
By o prevows theorem ¥ F camporants < p-q.
oo # vg rossi\;.lﬂits = r—'(_—l.
#oof cwoies ot K teodion = PLpK)-
Thus

& of- eul‘,._rw.O.S = < Tu)

pepd - PD C

',l’". Cp-nt-

Combining 4re two wmetheds, we goF
(T p- -t = rr—l‘ !

or in other words ]’T" =7 a3 neadad. @



BREADTH- FIRST SEARCH TREES [/ BFSTs

TR Tlreadth- st sesceh tree’ of o 3""“ .
S o poted e (Tr), whee T is o
Suﬁmfh of &, which s +he ouJ-ruA“'
by e “BFST aﬁo:\%m"-

_BFST ALLORITHM

gu Loput: & graph G % vedex reVca).
Oulput: & BFST with wof

.ﬁz Exmrle:
=L
q=24
= 138

i_jﬁz The smm\ ‘,39,;\4,,,.,. Aorlows ve.rj similaAJ_

UNEXHAUSTED VERTICES

8 The veices cumntly in  the queve above ore
colled  “unexhousted .

ACTIVE VERTEX

Q The wvertex aof the head of the quewe s colled

“ackive'"
PARENT Cof A VERTEX]

f_? The "rauvﬂ-” of x is the achive
the tree .

vu‘kx such

Het x s ieinul in

LEVEL CoF A VerTEX]
8 Twe  “levet” of xS defined by

@ fevel¢r) = 0: &

® level(x) = lever (pre +\.
BFST Is A Tree, & IT IS SPANNING
¢=> IT IS CONNECTED
W oa gesT s o dree, oand

+ s sranv\iv\J ._E£ WS connected..

P‘Bf' To show it i @ te,

nduchion of each ‘H'r.Jr. 3
thot T is  comnectad & TECT)| = IVEN-1.

we  Show I"‘\
the AlJovi-H\m

for He second roi-d‘:
(D) Cleor.

=) Suppose G is comeckh, & (T s o BEN
Given veVCa), let  vEVoer i 57 be &

Fa\-\n &M Jg h ¢
(Such & ru\'k exists

I8 v¥ NCT),  ‘thea 3 some index

-1 G s mnnuhd\.
k such ‘Hﬂﬂ+

Vet &ver) Koy VeT).

But this is ;Mr.,ss'.\,\e.. Vecouse i VuevCT), Ahen of Some

oint  in the BEST algontham Ve i achve -

At this point. ol of s naighbors Cinduding  Vumd edded

4 T.
Taws v, e Vet o

?rea ,fa\luws - B

wnfm,li:ﬁon.

8, et G be a connectad j”fh'

XeVCL) ACTIVE, (evellx)z=k = ALL VERTICES

IN THE GUEVE HAVE Ledel k oR k¢l
? When xeVC&) is octive, if leveix)=l, +hen
all vechices in  the ‘tvu"_ hove l\eval Kk or ki,

Proof.  Exercise.
T 1S A BFST, eekE) @ \levo.\(x)-\cvd(:'n <\
« FUNDAMENTAL PROPERTY OF BFSTS>)
Ql let G be o connected 3“1,1,\ ond et T be & BFST.

Let e>xy € ECQ).  Thena m.u.sSa'i\J

Proef - wiol, Suppese ® is ective Vefee y.
@ ko). TE g s et i e grne
whea x 15 active, Hen y is WH7 rot m VCTD)-
Then  x Lecomes the parant of Y-
T oy is i Ahe quee ok this  stage. thea
\uu(:,s:c"_k, wal LJ 4he  lemmS-
P""ﬁ ,fv\(.ws. 7}
DISTANCE CBETWEEN TwWO VERTICES] : distlny)
? et G be o tonnected 3mf\r\, and let rlja\l(t‘c).
The “distance”  between X Lk oy is the le-jH\
of a shortest Fa.-Hn from X oy,
T IS A BRST wI™ RoOT X &) %3y IS T™e
SHORTEST PATH, diskCrey) = (e.w.\t:j)
and T is @ BFST routed

aF x-
Then e unh‘uz rd’h fomn  x b 4 in
shortest FoHr\.

T s 4he

In fn.rh'c-.\a(’

dist(xy) = level CJ) .

Proof. Cleoely the pobr
- Py ?"T'l'J”
iS o rmH\ an Y +o
we must show ot any
(et

x of lu\zjfk Izw.((:]).

other ?an has |¢,\j+h 7 levellyr.
j= VoV, - Vi X

be o l,.,.H,\,

See #hot
| level () - level )|

evelly) =
3 e
= | ClevelCv;_y) - Iew.l(vi)) C tel ; -
& St | Cretesping <)
w
< i | levelCviy) - levellvo)l (L'_'] AN }m?,)
< Q N ;
=1 ! (‘"] Fuad B‘]’ “8
BFSTS)

3

oS  needed . R

?2 Note this fails if acither  x nor gy s the

root -



fltl':\’.RTH CoOF A GRAPH]: girth(G)

3 The gt of & gmph G s dhe lengh
of fhe shortesk CJcle Y

AluoRIm To FIND THE CIRTH

g( let G be o conpected 3“‘{”"

For each vertex re V), let CT(,r\ be o BFST
vootd ot .
(et
min P
t tw.\_rr():) + level Tr(J\ +|’§_

M =
r KJEEG)\ECT,.\

Thu\
girtn(G) = mind m | re v,

reV) e o

Proof Shuetch. Lef

Firsh, we aced Yo show

le\lal_r (x) + lavd_rrl.j) +\ 2 jrdh(&)_

-
Consider 4pe  wolkt

o PR Y % PR,
_ "‘"‘Jp‘.'i\ § m"““rr""
This  haes )o_nan (o.vu.\T(r_,g) + leuo.\_r((nj) +1.
Now, consider +he  subgqraph Jefinu by
% edges in this  wolle.
Tuis hos ot most ‘EV'-‘T(()\) + \evelTrc:’> 1 eﬁeg
and it has o Cj;\e CHee ore *wo
from T to x).
Tass, fhe  subgeph 03 cyle of  leagin

Hene

’ the j

£ level \ l.
eV Tr(r) + (evel T,tj) +

Cansila.r'\vj all  yatices T thus

) £ miné me: revea) §,

j’.r+h(r
To ghow ¢1JalHjl we rM
"I\: F s in o shortest Cj:\e, “hen
M= jaan(Q)".
Cleft o exercise.) ]

g" Note the #F of rjc\es in G

’ f.,r a -GKGA + of verfices.

the # of adges

verkex & xye Eee) \ECTE)

Yhe  Vartkes

distnct Fa(-hc

£ level
level £ () rlesel (g) +1-

icth Cie e shortest t-Jd:) must  be

) ’*
is exponenticl in

EQUIVALENT DEFINTTIONS OF RIPARTITE

GRAPHS

9 let G be a connected Snfk
Then  the ,fqllow'mj afe 0,1‘,;\,0\“-\-,

O ¢ is Li]:orﬁ-iv.',

® ¢ hes no cycles oF odd  lenghhi

@ for avery xje ECG),

and T o BFST

&

| leve\(x) - Ieu\(\’)l =1

Tavial — Jeft a8 o erercise.
Then ':ijceca) such +hat

C]
Y
®

Proof-
@@ Suppose @ is faise.

level(x) = levellyd -
Gin by He Fude Pop- of BFSTs stufes

[lever(x) - lcw.lcj\ | ¢\
Now consider +he suLjrqr‘n Hom
n}jﬁHﬂm Cto —the lefb).

Hhe 3‘.144'\

The cht. w  Hhis Su\ojrnrh hos  odd \2"3*‘"» which

wntadicts @ y
@’g,_@-, 1t @ holds, +hen let
Az ¢ xevea) | leveliy emnd
B = ¢ yevee) [ levdltx) ¥ y
Tuen @S (A,B) s o biprkihon, which i suffivent
foe omet  we  nead. W

¢

So loolaiv\j at @very sivu(c oJcle does nob  gwvR &
F°.lj nomial  Hme aljon' Ham.
However, his aljovi*hm does  wn n Toljv\omio\ diwe.



THE ADJIACENCY MATRIX

gt

‘8’, let & be o ﬂf“f"‘
Por convenience,  asSume Vew) = Ing,

e matix A

The 'ﬂJia&mﬂ matix oF G is
S
( ije Eca)
Y
b -
) L0, otherwise
zj —o—0
| 2 3
Thea
- o ! ©
A= I o
o I o
92_ Notes :

@ & vekx ean never be ndia.:gn" Yo itse\f, so
the aﬁﬁom\ wilt  alwoys be DS.

@ 4his mobax  will  also  Ge SJMMG-‘M:_-
ga' Thu;’ -ﬂnej are Or\-hojom\lj ditajamlii-a.\sle’ and
hove  rfeal iéjq-"\/““‘es'
ﬁq In ra(h'cu.lo.r, o
® 3 .
0] If )‘=(E> & 4= Ax = (3-">, thea

So

*a
-z *®
S0 2%
JENG)
2 s -l .
Ej Xz o, 1,3, -l are the
g + S enbies of +ne
Ax = T er 3 vector  X.

24D

# OF WALKS OF LENGTH A FRom i—)j
s AY;

Y et i,je V@), _ .
of anSHn an KLom 1 ‘o J

Then, the 4# of walks
s equel 4o (A).
fuf - S i saliceban
—f Use induchon o A & J&f: UF matin Mulhr(
ol -1
(A", = 2 A ) A
Y A

J
EILENVALUES COF A GRAPH]
8' It G is a araf\ﬂ. the 'eijuwoluesu of G s

the q..'auwalu.es of it ﬁdimﬂCj manx -

G IS K-REGULAR D W IS AN EILENVALE
OF G, 4§, =4 OoF ComPONENTS

Y ot ¢ e o l-requlac groph-

Then Wk s an e'.jq.nualue 4 G,

and its

Jeomo.lw. m..H—'.r\icil-j is the & of

*
geometic  mulbiplicity = dim é xe® | Acslend

frof. @t A Lo the Axilomj mehix .

let  x= (E'ﬂ)eg‘", We Wil prove

Axzlux €D A% VL’)‘E EQ).

Rest of proof i< exercise-

(¢=) G@f Ax;(;,-":)_ b R

(:)) Gt Axczkx- Then
lex; = 2R — )

jenay

X

g

wmronﬂ-l\‘h .

eC(L), +hen

(sina &aj(j)w.) .

bt S=-2ieva | dje N¢G) st K;‘qle_ We wont o

It S*P, ket €S o W

Claim: %, 3% V_)'ENG)'

. -eS- Then
Whyt G v S

x{

is maximal.

is  maximol

Coase #H2: J#S- Then \,.’ Aqf! & <
et
3L\eECa\. -
. Lewe D RiZTX).
Thus TIn Fnrhwlu, X =R > *i*y
i o & kxe,
JEN('-) J
oxe YieNQ).
with aa(unlﬂj I ) J
s stnch

Bt sina (€9, Aws ineqelly
which contrdicts (.
Hene S=¢, os NTIEMOL

B

e

EN

show S=9.

®e =K, Sor o\

#

J

2k <hx,

J'eNl-') J



ExXpMPLE :
XA PETERSEN GRAPH TAE PETERSEN CRAPH DOES NOT HAVE A

o L e en raph.
W, le T Le e Petossen  graph _!",',IAMII.‘I’ONIAN cYyeLE
Problem -

Lt A be s o--!iuencj molnix.
gl Problem |- -
Prove +he Pefusen 6\"1’\‘ connot

Hamiltonion c:jc\L".

have &

envalues & their ro.sru.ﬁvz

" What are RS ey

mu \kplicities? “
plie PL"_”{' Suppose P has & HomiHonian cpte H.

gf_’l:‘ . 3 is on e ijﬂ-r\'\la\u\e with mmlHlﬂidl’j ' (et A be +he adjacency  mobvix of P.
Te~r H ¢ & 2- redulc.r Su‘:jr:;fh Hhet s
Srwm'mj & connecéed .

We  elaim
A+ A = 2T+ T Tz ol ones mehix.
’ H
Proof-  Notice
(A*+R), = A% + A _ "
b J J let C Le +he adocancy m™ o H
Wof ks 5 of wells ‘Ab Then the cgenvelaes oF €T
of I¢n3+h 2 0f langth 1 “' . o
A P} vl o B2
(az+7) = [3 &5 ‘ #2
( N E*J- Py U:j Hie Fr«v’mus theoam).
Check: e any 2 disknct vehies L. Tf we delete the edyes of H, we gof o
free is exocHy U welk of \g,‘a_,_k { or of \g,\qu 2. - r'—\ju\n-r srﬂn"i"\'j sulnjmrh, say M.
. o a
Now, let 2 ba an oiqeavelue. fAssume PELS let's say its  odacmney —n
J Mobvix is B m e—e
Let Ax=Ax, whee %%O- : —
Thea Then the o.iJuwn\us of B o—0
ar
A*x + Ax = 2Ix + JIx ¢
* L, Ly, =4,=, -,
= A*x + Ax = Ix + O . NN .
) . " & Slizeble s wmf-mm*s have 4o be +he same, &
Since A is or)‘hnjmj \ndor\ e qm of e A heve
=  wveckors fmm disHnct gi\jo.nsru-es ore oanoanml_ < - ' o be O
" fﬂ'ht Cr N
Thus (1) x =0 (sme (1) is en eigeaveche of 3). © G) s oaa E-lJQ,\V.chr of
! 3 in A
Heace | in B
A+ A =2 .3 in C
> a=-2, 2= Additonally, +he other !'«Jf-nvtd‘m are  orthodqnsl to
W has  eiceavolues 3,0V, 202 J
Tt follews  Hhe Petersen  grop q s fnis  veckor.
The sum of +he eisuwmluzs = 4race (A) =0- Then, "’j construction, we heve A=B+C.
' Comsi A e
dee ove S 's & W -2s: nsider £ & E_(_
v L
R e
The eijunuolus of A eve 3, Lo\, 22,0, "2 V= ‘Cl)—g )
5 P Cnote  dimV)= q).
. A . =B
"“I'AMIC\'DN\IGN CYCLE E? Mso  dim El = dim E, = S.
Y A Homiltonian cyele’ in a quph G with p Sinee E;, E_,B SV
> o g R ¢ wn
vertices s & fﬁd& of IU‘SH‘\ ]J E—| SFM(EL:E’“ thug Gims dimS
#o0 ~ ol (24P A, B
or cyctes = pi(F) S e Lm(E NEL) 2 ses-q =1
? Note +ne orrnx‘m\a‘h Awmbes of c:jclzs in a A a gnen-’&v Vedhor
. < xe B, N E_ .
goph  with p vehices & g adqes, where _— ' (
1’5 M=(;.)' is < r' (%)r Ax:)ﬁ & BX:-XJ
.vyj roximate  volue! “rd g0
EA - “f a s MMCT&IC MATRT Cx = (A-B) x = 2X.
. 2. C%R y b 3 Aj Se weve found another :ije.nvedur in 'E:, ond  So
dim E:_ 2 2.

e A s SJmmq.h'x., & 2 is on ciJemalwe,
wnife Heacw W was 2 componeats, o contrmdiction.

E; =4 xe @ | Ax=ax?}



PLANAR & NON-PLANAR

PLANAR  €MBEDDING
Q A dmwinj of & graph in the plene  with

no v.djv.s crossing s called o “planar
"“LEdAinj".
PLANAR GRAPH
g.l A smfh 3 "rk«mr" # % has o lesst one
planar Q.Mlaeddirj.
eq Q;: o1 oul
000 ool
So 93 is PlhnH.
Ky:
o Uy is  planas.
K, :
32

-g,_ But the {u\lowir\j are non-ﬁlav\ar:
Kg, K33, 8, the Petersen s
FACES (Cof A PLANAR €MBEDDING ]

Y a planas embedding  divides  Hhe plone  inbo
ions,  called “faces”.

ADTACENT / INCIDENT CTFACES]

g' We  say +wo  faces o “ad"agu\’r" it they

on a common que.

ore incident’

BOUNDARY COF A FACE]

-Q‘ e “Lour\dm.j" of & face s The s"\’d"fh
defined by verhices & edges incideat
with %

?1 Note : +he above thiee oace concapts
with o le.r gmLeM'nSl ot @ planas J“'f"'l'
Lsmfhs don't faces.-

SET OF FACES:

?’ l.n.{— P be o
wite  TFeP)”
of P-

the

associated

hove

F(P)
Fl-nu— n.nl.u(divlj.

afnr of

the Set

We

fors

GRAPHS

DEcree CoF A FACE]: dea({)
of o Hace

g The *dcjrv.e.' is
(¥ of nm-L.‘\Jﬂzs) + 2x(Fof Lﬁdjes')
the

n

3

meda.rj-

p=é vechees

q=1 edqes

§=3 -fm.es

dej(.-F.3= 3

dog () = 3

nlejl-fs) =3.

BRIDGES ARE INCIDENT W/ | FACE,
NON-BRIDGES ARE INCIDENT w| 2 PACES

gl lldha are Lr\djc_s gre,;m]'{
Consider the ,fnllowinj +wo ﬂmfhs:

D

/>

e i o LyiJJC e s not & Lr‘\ial-
et ¢ be an edge.
Shrﬁv\j on one Side oFf e Frace ""\""3 he

Cin Llue§

foce.
© In +he ,Fcrs‘l’ jmfﬂﬂ, we jy} 4o  the oFFos'rh. side.

either side of e are

boundara of @&

- The +wo faces on
+He some
- So e s incideat with one face.
- Moreover, e i3 @ L,{JJL, because the line we dmwn

5¢fw+zs the twe rwl-s of G-e.

@ In the second dmf\‘ we J,l- +o e seme  side.

- Thus e g not a Ln'n\je Csine the .\:oun&uj of § containg
a l'—JC\z)_
- e is ale incideat with Jwo Jiﬁ'lrﬁﬂ\' -S—‘ar.zs
g-,_ E"__"EE_" Lvidjes are  incident  with | face, whils¥
'\Ol\-\oridjo.s ore  incident  with 2 faces.
(R;ﬁomu; rwu(! aceds Hhe Tordon Curve TMW-)
DIFFERENT” PLANAR EmBEDDINGS
g. Note: a planes Smfk wn  hove different  plonor
em\,guifﬁg.
4 & 2 1 3
[ S e S
foce sequence foce  sequence,
$i5 33

C4,3,3



&%@)“3‘“ =24
‘.‘ HANDSHAKE THMm FOR FACES >
Q Pr a rlam.r embedding P, let
F(P) be ‘the set of  faces.
I? P  hes t cdjzs, +han

i Aeﬁ“" = 11'.
,feFlP)

Bk Lat
A - 45,e): FefrP), ee ECP), £ incded wih e, @ L-uae]
B= dcge): feFep), ee€el), {,;.W;Aul- with ¢, @ nuq-\-pilan'g
Then

(Al + 2Bl = 2 % pA deqCf).
—  JeFtP)

Eouﬂ\-ﬂ\j \3 '\\
s uw\hr\J Ln

'-AJ‘ —ﬁnu

Proof  foliews -
p-qtrs = c+l
CCEVLER'S PORMULAD?

g’ For any planar embedding with

0] p vertices; (0-dimansional)

@ q edgess C1-dimensions!)

® s faces: & (2 -dimensional)

@ c umrow"h:

we hove
r—%+s =exl
23 F:IZ
1=13
s=5
cz=3

Thea p-g S = 3el e el
Proof-  Assume P s ABxed, and use induction oa
.-
@t P be owr rlu\u !m\:tui'\j-
Base case: 9=0- D so s=l, c=p-
ook =
> F—i+s s F+l =z P“'
CSo ,f.,rmulh works au*‘-)

Induckive ﬂlf'- iulgrns¢ 170 and the cegult

holds for planac ambeddings WM P vestices
% q-! ada;s-
2t P be o rlanM‘ cmhg*d‘,nj with P
verhices & q uljgs, c components & s faces.
@t eeECP), ond  consider P-e.
Case [ e is not o \,r'\ﬂae-

Thea P-e has p verttees,  q-l n&Jes,

$-l faces  (ginea o faces on oither side of e bewome wne)

& c umronnn‘h (since e is not a l.y',djg),
Thag Y—Ci-l] +(s-1) = c+)
= r—t+s = c+l. ¢

Case 2: @ is o« bridge.

“Thea P-¢  hoa r verhies,  q-! cd\jts,
< fm'-ti ( Awo faces on either side of 2 o a\n.nAh
the sme)' %

e+l wmru,\enk (sine e i & L,‘.Jje).

Thus r‘“r‘“’* = Let))¥!
> r—ﬁL-rs = et &

Pmof ,fol(ows . B

P HAS A CYCLE D EVERY fpace’s BOUNDARY
HAS A cycle, deq(f) 3 girtheP) VFeFLP)

? Let P be a planas embedding  that has

a

ojde..

“Then +he /fnl\nuinj are frue:

® The \,ouwhrJ of every fae contuing o

cjdc. )

® e dejru of every face 2 gicth(P).

@ Gt $eFP). Reatl in o foash, e # of
Verbeas,  edges b components sakishy g
P is mot a forest, so

‘l’,f—c-\—l.
BJ Euler's ,furmula,

Sz q-pte-l*2 2 2 faws.
Thus £ s ot the whele r""‘e'
Lt @ be the boundeny of § Ca s..ijf\. of
embedded in  the rluq_.)
Thea £ is alo a  face of 6, and ifs
whole P\Anl.

Taus @ has of least 2 foces.
So & s not a -fbrd.sh and so has o cjau_.
@ dog(f) 2 1EW| 5 lengm of o cpe in &> geth(o)

P

not  the

> j;ri—k cP). %

EXAMPLE 1: K¢ IS NOT PLANAR

9" We can  show KS is m-r“""‘

?_Bu l'_ .

ujo.s.

gufrou P is a rlanu’ embedding  of Ks.

“Thea
r:S, q=10. c=\

ond o by Euless Aformula
S = tl_ra-c-rl =+
for gva‘," fe EeP), ,\gj(f) S sir'Hn(.P) =3, & onad 11,] +a HT
29 = z deqe) 2 2,
fefp)
but q=10 s 920
Proof  follows. 7

contrdiction!

G IS PLANAR » q£3p-6
g at & be o gmph with P73 vedices % q

I G s planar, ther é¥-e

fren G is o ,f.-(sl-

fwof. IF G s no cycles,
so g7 p-l ¢ 3',,4. (sine r>,3).
'.IF G het & rjcfz, then G"rﬂ\(a\ 23
@t P le o rlau\a-( rzmlodd-inj of C. TThea
26 =2 degcp) % 3s. Cly fhe Hondshoke Tam cas )
‘L feFcP) 'j i) g 'f“ /F
Hence a #-a,fqu!
<3¢
Since  exl, LJ Cule/s Theors
r—(t 4SS ¢yl 22
& 2 _L
A p-rt3l; P39 -
So ,
Pr39 22 D Qe3p-b
as desid . @



VERTICES HAVE OEL &, FACES HAVE
deg d%*= CGRAPH IS A cycte OR A

PLATONIC SoLID
?' Consides  connected  planar t.m\»uM\njs such

hot
© 5"'—*3 verkex
@ E\IO.(J -fnng has dtjr',e &*_
whot  do Hhese look tike?
Soi2. Bj HT o vertices, ir = 2q.
Sum .; Auj % werhces
Gj AT ,)tpr ,fuu, d’;s: 2q,
Sum -3, Juj of ‘fucgg_

Bj Eule's Theorem, f-‘l1‘5= 14l =2

hog chn.e A

(Sina.  the Jmfh s  connecied ).
Ue  eliminaion, it fotlows that

P- + ji‘ =2,
Hen .
- d (E-Z)
1 -2
SiMiln.rlJ_
¥
dp 4 (p-2)
a ‘5_2 .

“This con  be cewdtten as
adw g
24* P -
p»3- S

In Parhmlu.
acd®-2)
—— I R

24t

Heacn

v *

da”-24-24 <O
Thus .

44 -24-24 + 4 < h

5 a-nd-D) ¢

orﬂons:
® d=z2, d°= any
3 - t:jCIe_-
*
®A=3 d‘=3- (since a33).
s s ’ Kq : A§ - 'k;hn.hzdml\
@ d= 4, 4 =3,

This iS
- oclhedwon .

® a=5, &"=3.
@a:3, 4=k

Twg is &3
- cwbe
L

© a=3, 4"=5.
Q'; These ﬂ""f"‘s t'.arrr.srbﬂA b the Cycle, &
+he ,f;'vq_ Flahnic solids.
GRAPH IS PLANAR ON A SPHERE =)

q(ta»l IS PLANAR ON THE PLANE

'g' And erfh that can be dmmwn on & Crheﬂ-
Awn on

without uossir:j coan be [

r(m\z without crvssinj_ )
Proof. We can wse "s—fuoﬂmfhu pojection

girtG)zk D q¢ _P_";_;“

? let G be & rlnnu Jmfh with P vertices, q :djes,

'L g =k
Then neccssaﬁlj
q¢ kip-2)
k-2 -

g,_ The converse is not  drwe!

ej W
The '.nuluulil'j nolds Ats‘!ﬂt the  fuct we Lknow
+hv-j h s ot planac
ANY SuBGRAPH oF A PLANAR GRAPH
IS PLANAR
-92 A"j iu\usrnfh of a rlnmr jraf\r\ is rlow-
EDGE- SVBDIVISTION

? An "e.al:]r.-s-ALAivision" of o
o ra#h nf(ahA\3~

3mrh involves hh,'..\j on 2432

and ro.flnu. it Lj

& -
& IS NON-PLANAR ¢ IT WAS A SUBGLRAPH
THAT IS AN €D4E ¢vBDIVISION OF Kg
OR K33
<< KURATOWSKI'S THEOREM>>
Q‘A groph is  non-plonor  _EE either

O I+ ras & :uLjrqu. which iS  an edje subdinsion

OF Ks; or
@ It has o :ubjmfl,. which is  an edje subdinsion
of K3:3'

'?2 Maleg sure we do not "afm{-" any verices!

This s rlwu»r'-

2 "lines’ ghore &

9

common

verkex-

ExAMPLE: Tie PETERSEN CRAPH

q Problem :
“Use Kurabousiis Theoram 4o show Hae  Petessen guph
i net rlarm(".

Qo2 See +hal

(e 5
(U] 12 24
) °
us e (f
N 3y
5 s 3s
23
So e Petesen Jnrk S oa uAja subdivision
of Kg,3-

Thaws, ¥ s not rlano-(-



BETTER wWAYS To DRAW
Y Ky

CONTRACTING. AN EDGE :

? Let G le

De,f.‘m. a

Gle

o erk, ondk let g:xﬂeEca.)
new jm.rh G-L“

\VCCfe)

V@) \{XIJ’E J é\le .
ECGfe) = &abeE) | 4ab N dxyl= ¢‘g
Uéo-\l'_\ axe E) eor ﬂjeff&) nﬁsxﬁ]}
where

Ve = e verlex that wr‘reSrcﬂAS‘ o o

>

LY M2

uur\f'mds o x
G a/e

3

k‘

MINOR Cof A wrAPH]

g A graph  cbluined o C by  deleking edqes

& verfices and/or ccnh‘ud-ir\j edges

-‘Minor" °F C.-
Ej l<5 5 o

is  called
a

minor  of +ie  Tetersen jmrln

Conl’rur.Hnj Hhe rinl,. aﬁd
j';VES us kS'

@

G IS NoN-PLANAR <) EITHER K 3 OR K,
IS A miNoR OF G
€¢ WAGNER'S Tueoeem»

? A jmfln is non- rlano.r fF eithe,
0) KS 5«

@ KB:} is &

) AS
,Nuk.: s is  alse FEFW Yo as " Kumtowslu

minor; or

minof -

Taesren” (a8 well os e rrn.viws

&a{rim'ﬁﬂﬂ)-



GQRAPU ColLORINGS

K- COLORING
B n kewlomg F o geph G s an ANY PLANAR GRAPH TS S-COLORABLE

assigment of K or fuwer colos 1 T €< FIVE -coLoR  THEOREM >>

verHees  Such  +hat wd"aul\" verhices  heve 8 A"j YlO-'\M f]“’fh is  S-colocable.

Aiferat e, fonckion V@ > Tl sl Poof-  Argumeat of  Eecler feortm  shill wels f
, Pormally  this is @ oo deg () € - “
@e ECa) D fmﬂtﬂﬂ If o\“jtv)=5.  hes 2 meighbes aber
which are f‘°"'°d|.acu‘+-
k- coLORABLE Cothecwite, the sebgrept duced by N s K
i?, If a k-coloving exisks on G, we say G s R @ 5 pane, 5 4 cant bave Kg 05 @
k-colorable - _ _ SuL:JmT,h\.
. Mok e i no effident algorthm o defernine if et €' Lo the  gogh obtuined by contmctiy VA
a Jrafh is 3-colorable- .
EXAMPLE : THE PETERSEN-GRAPH IS 3- ol the  nws  vedex V-
ColoRABLE 9

g Show the FPetecsea j"f"‘ is 3-colerable.

Ve
L

D The Peterses 3,.1,1“
is 3-eolormble. G c
G s skl rlnnnr, ond  hoS W yokoc  than G

Bij ows  [aduwohw L\JroHﬂeSiC, a' Y S - colorable .

Use +hig w\ov\"\J $o J-.,f a rolménj of G-v:

2-Co =
N LDRBBLE C-) BIPQRTI Tc E\Ierj vertex xe\/\{qlﬂ a'_.(.s the same wlor as in
9I l\;:*'l a jﬂ'\r'ﬂ is 1‘mlom|3\g ﬂ i+ s Colwinﬂ of G
\portite. Bt o & L Loth get the wolos of V.
97_ This  con hv. decded Lh:\'der\ﬂj_ (Reca.use a & b oce nun—nﬂinm\' i e).
+he ,\q.'.Jthrs of v,

This  wses o most W cdoes  amongst

Every pLANAL GRAPH HAS A VER TEX
‘.NITH Jca(v) €S o e
. ANY PLANAR GRAPH TS 4-CoLORABLE

<< FouR -CoLOR  THEOREM 5>

extend Hhis Yo a S—mlurir\j of C.. W

9 Evtnj rlanu 3«'41:)\ has a vertex  with dljru.

at most S-

?BDF- Surrosp_ act:  Thea 3 a rla\ﬂl jmfk ¢ sd 8" Ar\j rlo.na.( jrafh is - calorable.
dzimzé Vvevea) . Poof.  Details  beyond e scope of e  conrte.
Since IveaN %3 & G s penar, s qe3p-6 g,_ e was fuesh  conjedwred in ~ 1852,
By #a AT, >
! g; Fist actual rnof‘ ~ 1936 (Arrv.l & Hadken)
29 = i dﬂjCV3 >, Gr. .
ie vev(a) (E?ﬂ This was tumed info  an  efficeat a\Jcn'va in ~1998
?'?gf AR S oy, CRebarson, Sanders,  Seqmour, Thomas ) .
e 4wo in velities  obiaied  oane inconsistent — 85- I;J_Gi-. same os +he S-edlor theorem ,  except
Tuug conhadiction' Pmcf rfbllows‘- 74 thot we ook Aor c,\fij“mﬁo,\s Mot are
ANY PLANAR CGRAPH IS (-COLORABLE more complicate thon
<< SIX-CoLOR THEOREM >> I v Y + *

g Anj r\al\al‘ jrofh ) is 6- colorable.

. I particular,  we idu\Hﬁ a list  of unavoidable
N +heorem . ’ ) -
. a wo.rm“f w b induckion  °8 P +he COnFju(ah'ons "Si"j d(schujinj N such that eolonnjs
voof- We proce '

=t / ) can Lo extended:

# o vehes. ‘
- : list '
Rase case: p=!- (This is  fivial.) but this a lonj i

Taduckive sl-c.r-. g“ﬂ’"‘“ G hes P vechees &

Hhe resulf s hwe for  grephs with Pl
Vertices.
B_'] Hhe oabove lemms, G has a velx v si.

d%jw)SS-

BJ +he  induchve hjro“\esis, C-v is 6- clorable.
We can extend 4nig u:lnn'nj of CG-v b a wlofiv\j
of G, by 5-.,;,\1 v o celor thet is  diffesent

6""\ s ﬁr.:'j\nluors-
Proof Aollows. a



THE CHROMATIC PolLYNomIAL CoF A

GRAPH] = X (¢)

R et G be @& Jmfh with p vechees .
There  exists  a ro(Jnmia( X, (8 with integer
coefficients  and o\gj (7{_&(&)) <P suth that

(:of w\orinjs of & = 1G(ﬂ

lj Pr kr,

i
%K () = te-1) - Gopri) = &

4
lAth". - +hee are k ways Yo color

the  fiest  vectex;

- thee are k-l v.laj: }o  color
the  second vartex

-ek.,

L k-coloings s k(ke)lUe) - (S IDEP ADE
Pﬂ,(:' We rvowu!- Lj induehon on +he Lwis-'

IF G has no uijc.s, +hen zvuJ ‘F“"‘H“ vee) >l
5 a &—wlarinj,

- 4P o N
xa(t) = ¢ worls

Now, fix G and asseme the result is true Arbr

jmflns with  fewer zAjes.

Let e=xy be an ulJe.

- every w\mrinj of G is dlio o wlor(ﬂj of
G.

- A k-wlw‘\r\j of G-e s a I:-u,lnrinj of Q&

IFF X and Y have J\'chrq.nl— eolors.

- A Ia.—wlwinj of Gee in whith x % q have +he
same  colors i v_?u.'valen-! o a w\oﬂnj of
&/e.

Thus,
& o h_-wlurinjg of C = (& of k—u\-r;njs of C-e)
- (% of k_wlnvinjs of Gfe).
By our induckve kJro*-hesis, +his S

# o h_-wlovinjs of 6= X -2

G
h
whee %G-l CE) & Xﬂ/ete’ are ro&ﬁom;nlr ,,F A%M sr
with integer  coefficients .

&/e“‘)’

We dgf‘-"e

¥« L A ) = Yq_em - %alccf) ) ]

and  +hiS  works. @

'Qz Note +hat  caleulating X &) is exponentiol.




MATCHINGS

Q, A "m.,.ﬁd\'.,\s" M in o graph G is a Subger

of Eta) st ewny Verex  of C iy incident
with ot most | eJ-ae ob M.
%
M= ¢ Mnk_h'mj of Mn""bhirﬂ of
.o Site Y4 $ite §
?1 Note Cmaxiimal ) (moximum)
The emphy set ¢ is nlwqjs a mokhi'\j of C .

mAXIMum / mAX MATCHING
i? A * maximam” modching s a mnhki-\j
#  of edjes o-mo'\JS" all

with

e maximum foqsi\-lz

mhhinjs of GC.

may imal*® mak\n‘unjc st we “cannct add

CCOﬂ\rGMd- o
""‘J more zﬁe;" and let  iF sHN ke o Mhh'xv\j.
»>
max = Moximum.
SATURATED CVERTEX]
%" A vertex veV@) s “sabuated” by o makching
M if v is inudent with some a.tl\je
m m.
o ® saturateq
®  unsaturated
Q; Sea  thot
@ # of sahurated vetices = 21Ml &
® & of wnsatumted verkices : r—2\ﬂ'\l.

PERFECT maTeHING
2

Ql A "'rufuf m-dr.hinjl' s @ mair-hinj with 5 verhces,

where p= VL
'g’ In a perfect matehing,  every verkx s sctucated .
93 A re,f‘,d. M,_h.\ninj is ﬁﬂhMﬁ'HCn\lj a  mMaximumn
) Mo‘k,b\'mj,
g, However, Some 3r‘o.rhs have no

o ;\
ALTERNATING PATH

?" CGiven o jrq,rh G ond ma*—ch'mj m,

“a\‘l'zmm\-inj raHn" s a ra.Hr\ in  which the edjes
m.

ru{:cd mah’—"‘“\j-

an

ore O«Hv.meh_lj in ™M / not in

ej ._‘——0—.——0

_A”vc.menrmc. PATH
g An “a-ujmznh'nj ra\Jn" s an alermating path

»{:rvmu-bv’ whee w & Vv are  both

vnsaturated .

4 o—o—o—0—0—0
T

“\
sahucated ungahuroted

M IS NOT A MAX MATCHING & 3 AN
AVLMENTING PATH

?l Given  ap ““j"‘""ﬁ"j Pa.Hf\ P, we can reflu.r.e

A DR = (A\B) V (B\A).
92 Tais wil be o shq'cﬂj lm—jgr mnhk'ma.
ej *—0—o—0—o @
J
—o o—o 0—0

€3 The Petessen Grnrk'.

% R
[:X mMHnj

ran
?3 If M is aot a  max m-\k.h'mj, 4hen  an uujmu\'\-\'nﬂ
path exists -

f}Noma AN  AUGMEANTING PATH
Q In +his  course, we .fec.us on “he \:itr.rﬁ'i'e case .

why?

@ Easier;
® More imrorhm\' for arrlicnﬁms; (4

® vaov:jf.r resuls.
EXAMPLE : TJoB APPLICATIONS

Q Problem:
N Saj we have a jrn.f“\

® ] coop students

° o [ J‘obs

Thea

Mnldr\inj the most shudeats 1o iol:s <D ‘F:'ﬂ'*"'\j a  maximuem

Mnklr\iv\j .

EXAMPLE - SCHEDULING

? Prollem:
¢ So.j we have a 3rﬂf"‘
. e ° ° e © ) voluntears
o o o o o & 0 fimeslok
Thea
f\'lliv\j the most Hmeglots ¢ {—‘s‘nd\'r\j a  moximam

L Mnhhinj.




CoveR CofF A GRAPH]
Q A Vevec C in @ 3rqf'/\ C s o subset
I _
of \E) s+ eveny edge of G s jncident

with of least one wvertex in C.

® ]
& ® [ ]
o.. - 0
[ & ]
® ° .
C=vce)

91 Note: C=vCa) s olmjs o cover of C..
93 We oare interested in  minimum  covess.

Cbut this s NP-hard in qeneel.)

M IS A MATCHING,
ING D Imigc|

9," If m is @& matching  and C is o cover

CIS A covER

in +he same Jrqfh, then [m] £ \cCl,

(where  the J"‘fh is loiFu-va.,)

PLD_OF ley M= ée,., e,‘_§ e;z wVy-

,

Rt cach i, we must have u;eC o weC Cor both) .
oy, wny £C
But since M is & mnhl\.lv\j‘ uiky; for E’GJ'
SRTA R TS ]
IMizic| = Mm T¢ MAXImuM, C 1§ MINIMUm
gIﬂ Fo-rﬁcu\a(, i Iml=lcl, ea M s o maximel

mal-r_\n'unj and C s

a minimum  CoVes.
Poof- @t ™ be  some matching, and C be Some
Ve .

Then

il slel=1mb & oy s imi=lel.



G IS BIPARTITE =) I MATCHING, COVER
OF THE SAME SIE
€< KONIL'S THEOREM>>
?,' In o \airorhh. graph, there  exists Makhinj
M and a cover C of the some Ssize.
Ldea. St with o makhing M.
We will  geasch for on aldet"H“ﬁ r“H‘/ and in  the
process o dong So,  build o coves
Either e "“"\j""“ﬁ"j (,m exists  (so maninj is
rot  moximal, so stost oda-'ﬂ, or €1 =M}
Proof- um g1t Seorching  for auﬁmuﬁ"a@
, an

I!
let Mm be a MGH\'I'\J in & 4 CA,R) be o

birar-HHon-

Note  Huwl on o--jmwhnj raﬂ\ has one aend
and the othes in B Csince i has odd luan)-
on  unsohwmied

n A

WLOG, we cen stert SWch'nnj &M

Vestex in A
Let —
X,= set of uncaturated  vekices in A

X = set of reschable verbices ia A
Y= oset of ceachable verhees in B: &

Y, set of unsatwratek vertices in

1<

De{;{nc o Velex  w kL, “reachoble’  if there
exists an mH’U'\A‘Hnj beh fom  some verter

in xu o w.

Denote  thais ro+l'\ PCw).

Note: on mlhmah'rlj P“H'\ exiskts ¢ Yo 3 A

(Tf weY,, +4hea PL) % on ougmenting peth-

I P s on “‘:j“‘u‘ﬁ':j path, one end is in Xo & the
obher is in Y,-)

Aso  note every vesbax W KXo i reochodle  Since  we

can iug-} consides r,{-hs of ln.nj-Hn 0.

S %, e X,
X A\ %X

saturoted
wnsoturstelo " ratle

X, PAN S

Saturated  but
unreachable

onl pssible
pleces zdjes
con be in M

i (e
Hhis forw oty P
e min wover:

\

—_—

€ whee the

edges of G
J <an LQ

Y\ Yo

satusnated -
reacheble

unsofuroted & | soturmted &
.“"Mﬁh\e unreachoble |

)4 B\Y

\_LE/M-_L?*H: It ueX & e=uve EG), +hen wveV.

Proof-  Case #1: cem.

Toen e must be the last edje o P,
‘f_’_"‘J-! -  becouse Pl has evea lenal-h los a€R), and
Hhe  fiest shep s Aol M-

Thus, the last o,AJe is in M Coy altemetion).
Since M is a mak_h'mﬂ_ there 1S "‘IJ one ,_43,_
w M inddeat  with  w-
€ S such on ztlJe, so this td\je is e.
Plu) = PlWeu.

In pachiculoc v i reachoble.

Cage #2: e&M.

—

Consider PG, T veP(), dea v s readhoble , 36 were

done.
oterwise, Plev is an al‘(’UmHnJ Pan so Pot Vv

IS reacheble, and an;n we're done. W

Lemma ¥2: IF veY, & es xye ™M, +hen ueX-
—_—

Proof-  Qimiler o Lamme i

Consider Plv).  Either we PCv), o w is reachoble,

or u&Plvy, so Plew s alternating, S0 w is  reachoble .

[P&r(’ 2 Euildit:j a cover.

lemma ¥3: (ot C= YUCANX)., Thea C is o cover.

Moreover, |Cl= Im|+ 17l

thas one

il

gj Lemma  #1, every ed\j! a G
end in ANX o one ead in Y.

So C is o cover

Gj lemma #2, ev edja. in M s incdent  with

& vedex ANX  or a verkx in Y\, ut
not  both.
[l = TANX+ 17\ Y]

= |cl - \\,bl)
which “H’i“s to r.ovg the claim. ]

Su-rrose M s o moaximum mokching,

Construct X.Y, ete. as before.

Since M is & max malching, %o augmenting poth  exists.
2o Ye=@, and so

\cl=1ml,

as needed. B

g,_ This Moy or  may not bLe +he case for 000-‘°irwh'k
gophs:

[

Mmax makhinj min  coves

& Im| = |
mex Makhi“\j Mmin  Coves

N WV

a



RIPARTITE MATCHING ALCORITAM
?I To hurn  our rnof of konij': Thu,g,v.
info  an aljoriHm\ for  max ma"r_hmﬂi/
Min pves, we need O s‘jsm.Hc woy to
., Cmpute  the sets X & Y-
t(’?z Idea: mcdi(j the BFST .ljoyﬂ-hm-
© Insteod of starking with o single woot,

evey verex in X, is
@ Ip v is the ackve Vverbex:

a woot

-if veA (even levet), only add  edqes

not in M-
- if veB (Codd leve)), or\lj add djcs
in M.

@ In the end,

- X = vechces of even \evel;

- Y = Verhices of odd level:

- Xp = Verhcss of levael O
- Y, = vetices of odd level with neo
children

(ie \eaves)

® 1 Vo=,
C= Y U A\X)

S o min ave; %

© 1 vy

b its voot s on a‘“JM"AH“j ‘»H--

we have a maximum mavching, 2

Mo o patt fomoa vedex i Yo

3

¢ 7 ? b 0

Skt with Hhe  mokchin shown .

Wiot, ‘et A b the  set of ‘the hT nodes, & 1}
fhe LD'H‘DM nodes.

X5 = évutl.
Run Phe BFST algosithn o X

k-
‘M\so‘u ' level © = con °'\l'_'] move alonj
uA\.]:s gEM
u")u(—\l‘\ = o level | — c¢on oW move U‘l‘"‘j
J 1 k E&jzs em
3 S \evel 2
9 fevel 3
wnsot-
S YR TR SO

Then
© x=443,4¢%;
@ y=¢¢,389,0%;
@Y, : ieal.
Tuew  41,8,3,63 i on  aupmeting path.  We  con Yhen use  Haig

+H obtain the new mb\th'\v\j

- da mnl—d\]nﬂ

;ﬁ:ﬂw'ﬂ

- 0QW ma\dl\'mj

X, = c'q
T 2 X=iLy5%
“ levad O
8 ¥ sig0%
‘o levet | Yo = ¢
S
! S levet 2

Busva: 4 3 101 S

Qince  Yo:= P, His is ¢
Se

MG){}MMM Mﬂl’f—hw\j .

C= Y UCA\X)
< ‘:8.l°l7-|'51

i€ o win cover



G TS BIPARTITE:
3 MATCHING OF ST Al &

INep)|l 2 1DI VDEA

¢ HALL'S TMARRIAGE] THEOREM D
g‘ et G be a \nirorﬁ-h 3rufh with \.irar‘HHW‘
(A,B).
fe De A, define

ND) = U nvew.
Ve D

Thea thee  exists o mo.kln'mj of site [A| ._“-_F
INCDY| % \p) for ol subsets DeA-

¥, Note: if o makWing of sime (Al exisk. thea

) it S a  mayimum mah\n'"‘j_

W Plso, i (RICIFL, +hen foking  Dzf, we see thod

Nep) = NCA) ¢ B,

and so  [NeD)| < IDY.
Tous, Hie Hicorem States a0 ma{chinj of size Al
exists -
e we wmust have [Alci@l P such o M“hw":j o
exist-
Pﬁ"f’- ) Surrosq ™M is o mah:hinj of sive IRl
Then every veex of A is  Sahemted.
Let DERA, ond et

m': {aem | e incideat with o vedex in Dl

N = iveB | v incideat with an u.djl. in M‘E. ‘ " N’

Thea (Dl = (m') =N,
Bt since  NENOL b lloms el

IDI £ LNCDL
as neaded - #
(¢=)
X ANX
Yo % \Xo
A
unsaok: Sok - sed .
%g?
m 55 o
mMoX
mhhmj- N
B ansat Sal
Y B\Y
feachakle

wnreachakle
S
“ppese that  C does b have & makhin

Gt M\, f st

a meo
"j uSSu.vwrﬁon -
Consider  X.Y, ek. ,fwm Kanij's Thearem.

Since M s a

Mol—:hiﬂj. Tea  (mlcia)

max  morching Yo= @.
Then  ImIC Al D X %@, (e 3 an wnsefumbed verdey),
IXI= 1%1 + 1X\Xq]
z X\ %l
SNARA

Ivl.
But also nokice NOOEY. oOthewise, we would howe zdjcs

(makhimj jwu a \,'.i“—'H"")

n

So
IX1 > [NCXYL .
Thus

apecp st (ND<IDI oS required: @

+hot 9° ,fwm X B\Y, which LJ +the Jinjmr' cannt  ocev.

o

ExemPLE \* RANLS oF PILES IN A
]?Eclc of CARDS

. ?’ Problem:

—

You hove a deck of 52 cards-

Deal  the cords as  ewaly at ross'n be inbb k piles,
where k<13,
Thea, i+ is awaus rnss;!.lg bo choose | cacd Afom

each rile, with o 4wo same Cank.

urﬁnk: A2, o ¥

Poof. Use Hall's Thw.

bt 6 be =« geoph  with L;erH,,\ (AR):
A = set of piles
B= ¢aa,., xi,

and  we have an edge pr,

where reA, reB, FF

there  oxisks a0 cord of ak  in r.'le p-

g ® . . ?iles

. ran(cs
A N

Let DEA.

Consider  cards  in r;les fom D

Each pile has b cards  (since keR).

Thws, +thece are ot leaSt  YID|  cacds in  these

fi"-sl wmbined.

- Thee  are only 4 cords of each cank in  the

Aecl;

. There oare af  least |p)  ranks rufm.sm-h.i in  these Fi\?ﬂ-
In pockiculer, weve prved DI (NO)I.
By Halls Theocem, G has o maiehing of size JAl,  which
s nxu-)lj the soluhen +o  our rro\olu«- 3

ki 2) EVERY Lk-REauipR BIPARTITE GRAPH
HRS A PERFECT MATCHING
Y I ksl thea wery k-reqdec biporkte graph has
o re,f.e;t mi:hina_
Proof. (et G be a [L-ﬂju'r.( groph with
biparttion  CA,B)-
Let DEA- Ther

# sze.s incident with < # Rdﬂcs madent  with

a vetex in D o verfex in  NeD)

“w
[}

ekl kINCDY)

since  the W s Y-requles:
Thus 1Dl S (DY -
S, %5 Holl's Theorm, there exists a makhing  of
Size  \Al.
We can “‘Pf\‘] ¥he game mScr\hj’ sw;);wnj roles  of
AL -

There wxists @ wolching of  size 1Bl
Tus (AL 1B] ond Wese o pofect  malchings.

—

can also be Shown

b\\J q_}jf. - counting
ar;jumen-h.

]



CONVEX HUWL : conv(S) Dsm =
95 Let S¢ m"" Soy S=¢, ... SKZ_ m“ = ctonv (Pmn)
& BIRLHOFF - VON NEYMANN  THEOREM >)

Thea e  “eonvex hunt” of S s
PSM, & conv(PM,).

k . o
laim
FMCS) sdasg - + a,s, lQ‘-",O Vi, Zq; =1 ? ? We cla
iz Pﬁof. EisU" conv(PM ) & DSM .

Hok:  Show #iat if AEDSM, =5 Acconv(PM,).

s\ s

Y S, Sa T
av( . .
) //// conv(s) Form o Lnro.r"‘h'h jra.fll\ G with L.Irm—ﬁho'\ (R, B).
wnv(S) cnv(S)  S3 let
iR, ...
DOUBLY STocHASTIC MATRIX Aot B, Bl
g A “dm‘uj stochashc mabix™ A is a  axn  mobix B= {cu c"}
Such ot wherw  Ri M of B, & Cjr i cluma of B
Thea et
® AJ 20 Wi A
R edge joiaing  R:C: ¢=D - %0-
OW- YR 1, d s +ne “all-ones”  vechor, 3 J ) J
- Claim: G has a ﬂ.rfc.ci' malkching .
Lie Sum of each rw =1) - P J
®aT1- 4 Let DEA-  Thea
(e sum of each column=1), ”—Z__‘Ai' S : REJ'
DSM Loy st st ™\
Q " . ,.RCJ-EEC(A)',‘ C IP;C'éEC&)‘\
We write ' R;ED . - ’ J
o . . cjeN(D) [
i i cI—
PSM_ = set of all nxn JouLlj stochashe . is set ‘il‘:& R
Mances - of
PERMUTATION MATRIX 2 Pz 2.8 = 1Dl
. . ) (7 st -
9 A rcrmuhﬂon matv x P is an nxn mobix I;;C':ErC)' R’cj—b
suwch  that R; €D '
D] E\/e.rJ e_nh:’ s O or \;
@ There s Q)(o(_HJ one | in each vow; & .§+ Ai_j = [Ned)-
o) st
@ There s exaC'HU one | in each ewolumn. (Y I{VAR
.?mn Cye NCDY
T We  wite So, G has o peufect melhing.
To faich  +he umenl,  induct on the ¥ of non-zem entmes
PM,\ = set of au rezmuh'h'cn mahices. _’\'E A f’(‘j meat
(v)

Base case: AePm,.

Trduchve Step:  Find a erfect  malchin m = ;
his_si puer maby < ige me
et P = Fumu‘(‘nﬁar\ mohix  with s at (i,,)l), (ilj;), L

Let 4= wing Ay | RiCemi
Thea ) J

S a DM uith fewer non- zero enbvies. g



