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Chapter 1:  Modulus Functions
→ notation :

Sketching
modulus graphs

→ the
modular of flu) is demoted by Ifcxll .

-

- -
-

→ linear functions .

definition :
if , = Jfk

) if ft") ? o

eg
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"
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- ffc) if floc )
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'
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& y=
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x < 0

eg
' sketch the graph of y=

2 - Ix - Il
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' 13×+4=4
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if x- i > o

ie x 3 I a 'd
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g
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:

g. six
. it
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.
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→ important
results

⇐,

y
= µ

- """ it '
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where a c- Rt

⇒ - a e feel ta
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I
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, y
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÷ y Iea ⇒fl" a egs sketch
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graph of y
-
- 1+12" - ' I 1=1+1 ""

hence
- a efcx ) Ea . 12×-11=42

" - l if KI I
I -2K otherwise I - . . . . . .
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" if 't !ii¥which satisfy 2 - 2x if scat- 4 c 2x L 6 this .

- 2 e x a 3 -

② IfIx) I 3 a=
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"
-
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s
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or fix) E
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"
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"Et
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- floc ) , floc )
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"
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Has - g 1=1%4
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.
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I
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s
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- ⇒f

a
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-fed §=.eg

'

Solve 13×-2/37

-1gal -flied
.
: 3×-237 or 3×-2 E - 7

④ IfGol
'

= I flu ))
"
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x 73

,
KE.

eg
' Solve taxable 49×+91 .

" °

eg
'

solve 11-3×155

egz solve
laxtbl 34pct'll ) I ↳ alternative .

Method I : square
both sides -

- g g , -z, e g
It -334=13341 C Eb )

⇒ we can only square
both sides I

- 6 e - 3, e y
.
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.
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.
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Chapter 2:  Remainder Theorems

⑤ Solving Iaxtbl
> petal or laxtbl a pxtq .

→ CANNOT square
both sides !

→ graphical
method . eg

' solve be-21 2x - 3 .

⇒ consider y
.
.

Ix-21 & 8=2
"
-

y

?In
-3 solve

In-21
> 2" - 3-

^'s pt of intersection :
.
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-

-
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.

.

.
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.

-3 - 51 . .: Ix-21 > 2x -3

| ⇒ KEI
.
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Factor theorem
-
-

two methods of dividing

polynomials :

① Synthetic
division . ② By inspection .

x3 - set x t 14
yes - xz + × +14 = (x -12) ( K2

-

i
+7 )

eg It -

÷
- 2€4 -3×2

consider a polynomial w/
a

repeated linear tutor .

- a
remainder -

p (×) =
( ax t b)

"

9C" ) .
x
2
- 3×+7 .

= :p' (x ) = (art b)
2

q
'
Cx ) t 21axtbka) q

Cx )

To futon.se qualia polynomials .

& to ifx= -ha
,
pl-Ia ) -- o .

solve garlic eqIs .

.

'

. P' ( Ia ) = O .

Hence
,

⇒ p ( so
) = ax

"
+ 6×3 t CK't date .

aseo:p:::p,! . , . , . , . ,

¥II¥I:"i%:ied¥orsr
Case ② : pfc ) is a produce of

2 linear factors & I quadratic

factor . pcx) = C rktt ) ( gxth ) ( Ase't Bsc
i C )

case ③ : pllc ) is a product of 2

quadratic factors. pcx ) = ( A sit Bxtc ) CDsc't Ext F)



Chapter 3: Binomial Expansion
For 1×1<1 .

8
'

⇐* , ,
= ×÷ t ¥,

(ltx )
"

= I t nu
+

n K2 . .
.

2 !
method ① : com

Not
DO THIS

x coeff & no weff.

Partial fractions
# method ② :

z÷×+j I ¥3 '- x¥'
uses :

- expansion
4 I A ( xti) t B(x -3)

- integration
- differentiation if × -3=0'

⇒ when × =3 ,
X =3

- further maths 4 = A (4) i A =L .

⇒ when x= - I

"
rational function

"
: 9-

olient of ⇒ 4 = BC - 4) .:B = - I

④two polynomials . method ③ : SHORTCUT.

eg fc⇒=①Iz, v.

③
is

"

cover-up
method

"

→ strictly for linear factors

"

palial factions
"

: how ? →
exPnpesaseiaffaceions .

"Y .

① cover up factor under
c-

4 the paeial fraction
-

- ¥, + 2¥, =
. cists

= ¥3 + ×¥'
② sub, value of x thot-
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.

at fcdions easy . =
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,
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,
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,
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factor a×+b in the den - of a

= + z÷+ ,
- ¥+2

.

rational fine, there exists a,F+b .
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, eg3
2×2+1

Here is a psa.¥. a Iii .
¥5 = It ¥ +÷,

# 4 : for a quadratic fado
- ""c

'

'
= ÷ t ¥,

+
c×¥

Art B
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3"

eg
'

,
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9 =

It
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,

.

,

.
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"

,

= z.FI + ¥it¥

=

.
+ ¥, it.

X - 4 = - 2 ( x - 1)
2
+ B ( 2×+1) (x

- I ) - C2x") .

let x= O i

- 4 = - 2C- 1)
2
+ B ( 1)( - 1) - Cl )

- B = - I .

'

- B =L .

.

.

.

K - 4

c¥uxir=I÷, + I, -¥ a



eg
' i÷÷⇒=¥+B: ;÷÷⇒= +21¥

.
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X -12
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*
5× = -21×2+1) + (Bx -141×+2)

( I - f(x ) )
"

is a
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if x-- O , O = - 2 ( I ) t C(2) .:c = I .

a =/
,

r = fcx).
if x =/

, 5 = - 2 ( 2 ) t ( Bt 1) (3)
.

'
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+
B

⇒
(

+ fast [faithful
'
"

u2-13 .

= 2¥,
+
Bxtc
,c 2+3

.

'

'

- 3×+8 = 21×2+3) t ( ButC)(2xti ) .

×=o ⇒ 8 = 213 ) t C ( I )
,

.

.

3¥
'

'

- C -- 2 . (2×+1,1×2+3)=22×7
,
+

.

" = I ⇒ 11 = 2C 4) t ( Bt 2) (3)

13=-1
.

eg
't

x2t3
( xtl ) Cx -12)

*
since nvm of deg of den ,

we must do

long division first .

1×2-13×-12xt×Zt3×-1 I
g-, ×

2+3×+2

⇒ - -
(xti ) C x-12)

- I

.

'

. XZ-13×+1

¥cxt2)
= I+c×xtIa+1¥.

+
'⇒

-

- it -1¥, -1¥. ]



Chapter 4:
Indices and Logs

← exponent
K

a Exponential Egas
a
-

index
⇒ unknown in expector base .

# e ( Euler's constant )
= 2.718

*
if a" = a 's ⇒ x

-
- y

*other properties .

Properties D y
-

- ex ⇒ my
-

- x .

- 21=8
1) an

=
a×aj 5) am a"

I
am"

za .. 23 ,

.

.
, =3 2) taking log of both sides .

2) a
°

II
G ) AAI

I
am
- n

= a÷m

3) a
- nIat 7)

( am )
"

= am"waters
.

nano

.

:cabin ¥÷L¥:÷
9) II = (IT

ExpEgas→QYs.
Aa
"
t Ba

"
t C = O *

we use
substitution

U= a
"
⇒ Auk But C = O - when three or more

i. a:÷÷÷it:i;::log Functions
-
-

Laws

* if a
"
-

-y ,

⇒ x
-

- logay -

1) logaxtlogay

=
log alky)

Properties Pzof : Let n = logan , m= toga )

1) go =/ . .:O = toga " ) -

.: x = an
, y

= am .

for a > O
,
a * I

.

.

. xy
= an

+ m

2) a
'
= a .

-

. toga a
=

I
.

.

'

. logacxy ) = m + n

3) a''to .: toga O is undefined toga C xy )
= logaxtlogay .

4) a
"
fo .

.

. 10gal- ve ) is undefined
z) log ax

- toga yItoga ( Ky )
5) I
"
=/ fu .: log

,
a is undefined .

3) log ax
"

=
n log ax .

Solving
T = In a lnb

① a
"
= b

, ) b can be expressed as a
"

e
T
= §Inattrib)

In a

.

.

i a
"

= an .
'
-
'" n

-

= (eina)
n 's

= ( eh
b )

Deedinga-non-Linearrelationtoa- = ain
b

=
bln a

linear relation .

-
-

1) y
= ab

"
is non

- linear

( curve) .

⇒ In y=
In Cab

")

In y
= In a t In b

"

.: thy = ( Inb) x + In a

2) y
= axb ,

b #

In
y

=
In Case

b )

⇒Ing = In a + b In x

-

'

. lny = bln x t Ina .



Chapter 5:
Trigonometry 

y = fcx ) y
= fix)
I

i ) if ( a , b ) is a (a. b) is a

min pt ;
-

max pt C given
bio)

i;) if (a.
b ) is a

- (a , I) is a

max pti min pt C given
bio)

iii) if Ca
,
o) is a Pt→

"

x=a
"

is a

#%gIII'm the

1- on the x-axis asymptote . ( FM) curve at a .

•Sec x = ask
→ curve cannot

1-
cross over this

line .

• cosec x = sink
iv) x=a is an asymptote→ the curve intersects

• cot x=
I

the x-axis at ( a , 0 ).tank

Sketch graphs of y
-
- seen , y

: cosec x,

= y
-
- tan x .
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I I
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I -•,

i
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'
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i
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I
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l
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I
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×•
( zyj

,
I ) is a

'
'

min ! !
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⇒ graph passes

thrush ; ,
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& 1360's o )
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I '
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i

(

,
I

*
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*
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sea.I* I
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I

y
'
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(
.
. x c

i
.

i
isx
O
'
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'
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.
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'

I

,

I

l l

- I -
-

* I

.

'

"
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'
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I
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'
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n
.

(
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,

I
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,

d:L:L
:

\ I
,

I

'

! I I
I

(iYIis) x i i !
°
'
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'
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.
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. 360

-
( I

X
I

X
I ) a

'
.

y
= thnx 90

'

Ifi 270
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'

,
I !

,
iif:/ i
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I

l i
I "

.

I I
I I ,

,
l
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\

,
'

I
'

.

' i
l .

. y : cot x
✓

,
'

y
'

,
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S A
Iso# °

T c
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Identities
-

sink

( P1 ) tan x=
-

- cos x

sink t cosh
=I

→ given in formula
booklet .

① sin2x t
cos 2x

I
I .
,,
÷

sinx
÷wi" fans, + I=÷

,
I + cot

2x I sintx-1: I t cot2x = cosec2x . /
hence , if we replace

B by -
B :

.:/tank t I = see
'
x .

--

sin CA - B )

=
sin C A )

cos C- B )
t cos

A sin C- BI .

② Compound angle

identities
>

we
www.sc.rs,

=
.

w, B
& sine -B)

I
-sin 'B ' '

'

'

- iii) sin C A - B) = sin A cos
B - cos A sin

B .

i) sin ( At B) = sin A cos B t cos A sin B

ii) cos ( ATB) = cos A cos B - sin Asin B .

\ likewise :

cos CA - B) I cos (A) cost
- B) - sin CAI sin

C-B)

.

'

. iv) cos (A
- B) = cos (A) cos (B)

+ sin (A) sin
(B )

P

Puff I sin A

P , a
cos QPR = 7¥

,

go-B
i cos B = PI÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷÷:÷¥÷i÷÷i÷÷÷÷÷÷÷÷÷÷:= PR t RM .

cos ( AtB) =
Old
OP = PR t QN .

Sin C ATB ) = sin A cos B
t cos A sin B

= OM

=

ON
- MN

= ON - RQ
→ = cos Aws B

- sin Asin B .

sin B= RI cos B = OI
PQ OQ

= RQ
= OI-- USA

Sina

.

'

. RQ = sin A sin B '

.

'

. ON = cosAws B

Recep

sin C Atb)
- cosAsinBt

sinA cos B

sin C A - B) =

sin C At
B )
-

⇒ tan ( At
B)=cos C ATB)

±
sin A cos Bt

cos A sin B

tan (At B ) .

-

cos A cos B
- sin A sin B

Dividing every
term on the RHS

by cos A cos B :

tan CAt B ) ±

tan A + tan B

u, -
I - tanAtan B

tan At tan C - B )

.

'

. ⇒ tan ( A - B ) =-

I- tan A
tant- B)

as tan ( o ) -- -Keno :

Vi) tan ( A - B) =

tan A - tan
B

F¥nB



③ Double angle
identities .

Sin ( At A) = sin (2A ) I cos (A) sin(A) t sin (A)what

.: i) sin C 2A)

=
2sin (A) cos CA

) .

WS (At A ) = cos (A) cos CA)
- sin(A) sin

lA )

= cos4A ) - sin
4A)

I cosyA ) - ( I- cos
'CA ) ) I ( I-sink)

- Sina

'

'

' ii ) cos (2A) = costa ) - sipya)
E 2ws4A )

- I = I - 2sih4A)

tan (Ata ) ±

tan CA ) t tan CA
)

-

I- tan (A) tan L A )

Ztan (A )
i. iii ) Ian (2A) = -

I - tan'CA )

Harmonic form
-

as;n× +
bcosx =

Rsin
(x

to
)

y
.

.

.

R=ja2tbT
a sin ×

-
bus X = R

sink
- d )

& = fun
- '( tea )

a cos x t
bsinx = Roos (x - A )

a cosx
-
bsinx =

Rws
(
set
A )

*
1st term sin -7 Sin

*
a,b > O

.. . . cos → cos *
r > o

O L 9 C

sin : t→
+

cos t→
-

- → t -→ t or O Cy s 90'

Consider:

asinxtbcosx-rsincutol-R-sinxws4-cosxsihgasinxtb.ws
× ±

Rwsgsinxt
Rcosksin A

compare coefficient of
sin x :

Roosa = a
-①

compare weff. of us x
:

Rsing .- b . - ②

①
2
t ②
2
⇒ Rhosy + R2sink

-
-
a'x b
'

-

. .

' R =✓a2tb2
-

②
To ⇒ tano -- La .

i. a -- tan
- '( hah) .



Chapter 6:
Differentiation
From Pl : ¥ (xn ) = nxn

- I

¥ c fix ,)n= nffcxsn
- '

ddxfex) # 6 . da, Csec x )

→ fix ) is a polynomial = ¥ (Cwsx)
- '

)

"3 - #2I×(sin×)=ad = - Coos x )
- 2

C- sin ×)

-

=
sin x

dy ⇒ = secxtanx .

tax= o%x
- #zdq×cws×)=-sin#

idwsecxj-secxtanIIY.gg?ogiocx+sM#4ddICtanx)=se
# 7 . da, Cwsecx )

.

.

. Sy = log ,oC×t8×
) - T

= £×(¥ )=fIksinx5 ')
= log ,o( xt Sx)

- log ,#
Is

= - (sin x)
- 2

C cos x )

-
-logo I

"II )
# 5 y -

- e
"

= - ( cos x)
In y

= x = Ing -

Sy = log ,o( it ¥ ) d,
sink

Ty
= T = - cosec x

cot x

;. Sy I

Tx = Tx logo ( It )

Lifo SIT = Limo ¥ log .. C It
) .: ¥, = y = e

".io#cosecxli-cosecxcotxYLetsx=t.ie8x=tx. iddICe" # 8 . da, Coot x)
t → o

as Sx → 0
, = da ( Ctanxs

"

)
i adf.sfifottxlog.ci -'t ' RULES
-

= - (tan x )
-Z seek

= fiyofxlog.li.tf ) , chain
rule : ( composite f )

= -taec× = -÷× .
= txlog.io/li7ollttH I da, fcgcx , ,

= adgtx ¥
sink

-
e
, Euler's constant = - cosec

'

X

I 2.71828182846
eg

' day ( sin
's x ) eg

" ¥(cos 3X )

iddxlog.ox-stlog.co#
= adxffsinx)

'

) = - sin 3×13)

÷ddICwtx)=-ws
= 3§inx)

'

( cos x )
= - 3 sin 3x

IT
, logex!"See = zsinzxwsx eg

' II sin l2x -1¥ )
X

-

"¥1nx eg
' da, In ( x't

I ) = cos ( 2x -1¥ ) C 21

= ×¥ ( 2×1
= 2 cos C2x-1 If )

=
I egb day ( etzx)
XZ +1

= day ( e-H)

Tip : eg3 dat, Incx I = - ze
- 3×

if you
see If,lnCflxD,

try to simplify
= ddxfincltx ) - Incl

-x ))

before you simplify = C D - ¥t' )

further.
=

t
Fx



Product ImplicitDifferentiation.

-

(UV) = a'rt ur
'

' '

implicit
' '

→ relations
bw x hey .

'

*

imp . /difficult
to make y

the

Quotient rule
- subject

.

Excel -- wifi It nsegiiabus !

To find da, ( tan-I x )
Application - at y

-
-
tan

- kx )

① stationary pts
→ ¥ :O

* ten-' Ix ) * (tan × )
"

.

.

. tang = ×

* *
must use a

restricted
domain !

d} Method # I : Method #2 :

so → min -
-

fix ) -- tan
'' lx )

,

-I c x c Iz . ad#ng) = day ) let y
= tan

-'
x

d¥a, co → mat
for the restricted domain , f-

' l× ) exists

seczy day, = ,
:- tan y

-
- ×

^
.

.

. × =
tan y

② cure gradient
-

- DIX E "
' ' -

- i

÷ dd¥= i. day = seay
③ eye of tangent

at """

"""

= ,¥y -

- it tan's
= y
- k = mix

-h)
= ltx
'

m
-

-
Value of date, at .

- - -
-
-

- -

-

E ¥=,+ .: dy

Chie) Tx
= ¥2

.

④ Ega of normal at Chik )
→
y
- k =

-

tmlx-h)

Parametersof
re &dxtan-YH=,,

':# tan - 'HAD =

,
gyx ,

I
x
-

- fct ) t is a parameter
<

↳ t is a
Variable & *

To find the pt on the one11=8'"
so:÷yp%Y+!a"⇒⇒ ↳ to find the value It. )pt on

the curve .

*To find IT,
eg

'

rx=
t
' ✓

•
= 2T .17 day . CEI eg

'

Lacanian)
when t -- I⇒( 1,2) (Eat) = 1-

It x 4
( 2x )

when t= - I t Cl , -2) ↳
in terms of t = I

I -1×4

egs dad -tan-' Ce
" ))

eg
"

da, tan
-' C'x)

eg
' da

,ctancrxts
"

= text2e" I
= ¥⇒ I - x

-2)
= ¥ (Ix

-I)
=

2e
"

Ttx =

I
= #(XII ) (

- IT) zcxtisrx

= -1×2+1



Chapter 6:
Integration

* Imperium
rule not in syllabus

Pl : fan dx = × t Chtt

✓Caxtb)
n

ax =
caxtb + c

a (htt)
T
linear

-

①To INTEGRATE
RATIONAL

FUNCTIONS

17¥
,
ax
, whpoegn.nl?aYs.&5

" are

ff÷dx=
incxstc . no

"

⇒ recall aI×( in [fix,) ) = IT, f 'lx)=f¥×II dx = Inc- x) -1C , xco .

conversely ,
( *

hence /÷d× = lnlxltc .

✓¥1? dx = In

Ifcxiltc
.

* Eitan- ' CED↳ the numerator is the

diaefnomm.tn:!!
the

= ¥¥iaxHa" :¥uane¥n=¥
=

I

Hal
*

da¥Td× i.at#dx=Azincaxybi+c. =÷(⇒ "faa=tatan"CIT=/
a
,÷F¥ dx must be linear .

= a-
Ls

=IIa÷sdx §gang;ed; . . a""

= AT In ( axtb) + C '

linear .

eg
'

if4¥ DX

'

f÷←②eg ,
dx

eg
"

/ ,¥ed× = Ilan- ' (E) t c .

= Fln C 3×-1 )
+ C

= If,?÷d× e5 / ¥2 DX

e5 / ¥2× DX = tzlncltxzltc .

= IT tan- ' (Is ) t c .

= I In (2×+4) t C Eg / III DX eg
's

!¥3,2 DX

eg3 f ,÷×d× ↳ cannot use the result
= ÷×zd×

= zinc , .⇒ + c ( ff¥td×= 'If"t"
i

'
tan
.

y¥, ,) :
>

= 21# dx
=553[tan-' (Bx)) !

= 21am' x t C .
I=3f3[ tan- ' I53 ) - tan-' l o))

= BIT It I
- 3

9
=



if dxtc

gcxl. flx) 2/3 - degree
polynomials .

How to

sd#Es¥te#
Is degree of gcx

) a deg of Hx) ?

\ I
to 'V ax ?

'

fo )¥"
"

iii.:*:c .

I"i Xoftainehz.en.gr#ient t,Ym%Y¥qcxHfF
f No

Useasubstituti
For fix ) = a¥b t B

c exo )
XZT de

⇒

ax¥t!÷d+,
split !

i. fflx ) dx i if !¥bdx + Bzf!÷dzdxtCJ×÷dx
= Azlnlaxtb) t Bzlnfxztd) + Cdt tan-' (I) +

c



② To integrate exponential functions
- .

. - -

d

DI ( em
" ) = memx

d

Xxl ELI ) =

emx.ir/emIedx=emx-
③ To integrate trig functions &

Recall

¥sin
.Ii'f' + c . Ta÷;:;a;;him×d

eg
'

✓cos 2x di, = sinz + C .

(esp 2)

Method : use the identity

eg
-

✓ cos Ix DX = 2 sin tzx + C cos 2A =2ws2A
- I = I - 25in

'
'A

eg
' ✓ cos (2x -1¥) dx = sinC2×z+ + c

i wszA=ws2A ,

sin'A=
'-wsz

.

B ) n is odd ( esp 3)

Method I : use an identity.

↳ ( coscmxt a)) = -msinlmxt
A)

( o, will ask
to prove ) -

.

'

- ✓sin (math ) dx =
- us Cmx-10) method z : use a given

substitution

I + C -

( method 5) .

eg
' ✓ sink dx = -ws + c .

of
"

if sin f x - ¥, ,d× =

-wsF'
t c .

IT, ( tan Cmx) ) = msec
'
Cmx)

.

'

. ✓Sef Cmx ) dx = tank) + c .

eg
' ✓ see' 2x dx = tan e c .



④ Integration by Pats *
This method is used to integrate :

day (ur ) =
ur

'
t Vu

"

(" 'Ingens in x )
, ) Log functions

Integrate both sides
wrtx

2) Product of two functions

⇒

÷ ! " are. none

!::÷::!
aameu

annum.

eg eflnxdx
u= thx IF =L

d" ① Tf there is a log function ,

a. = I v= x / tan
- ' function .

then let
"

u

" be the log function .

= xlnx -/six dx

= xlnx - Xt C

② If there is no log function ,

then let
' '

u
" be the polynomial

function .

⑤ Integration by substitution
.

that is given
.

1) Functions invoking
"

if
"

2) Odd powers of sin
,
cos

3) etc .



Chapter 7:
Differential Equations
↳ an ega involving

→ an indep . ve .

x i ⇒ order of a diff eye

→ a dep. Vcr , y
i = order of highest

derivative .

→ & It derivatives of y
w
re x

( ie If
,

or da¥ )
.

=FM . ⇒ consider dat .- fcxlgcy) .

* For P3 , we only consider

1st order differential egas , in which the Egly ) gig, dat, = fix )

variables one septal :- ✓ g÷y, dat
,

dx -

-Jfcxldx
↳ day can

beexpressed
as fcx)g =J¥ydJ=ffh or fdfyj.ge,d× .

eg
solve the diff ega
-

( x 't 4) did
,

= Gxy .
* general solution
I ↳ satisfies the diff. ega

⇒ / ty dy=/!÷, dx ↳ has I come ant of inter
on RHS .

In

Cy ) + c. = 3h44 4)
+ c

2

* particular solution

⇒ Inly ) = 3h42 -14) tn ↳ additional info
has been given .

arbitrary
constant

such that the
constant of integration

can be found .

=) In ly ) = 3in Cx't 4) t c

Formulating
a simple

statement

ihwhihyrlefdcyadrffenene.ie/e#
eg if

volume is changing ,

then the
rate of S of the

Volume

can
be represented

as dat .

=

dat so if rate > 0
,
IF co if rate

co .

* usually
nee 4 to a certain

quantity
.



Chapter 8:
Numerical Methods

,,
extra knowledge .

Consider a eye
that we cannot solve directly- * this method fails II :

eg xs -13×-2 .

i) repeated root egg
-
- x
'

we can approximate the values of such values 2) fwnisinnuootug§
using graphical methods or iteration .

a & b .

egosymphole .

①hraphicalmethods ② To approximate the
location

of a root by searching
Consider y

-

- fix) . Assume at x -a, the graph

intersects the x-axis ; ie flat= o . for a sign b'
-

⇒ Hence
,
the # of roots ER of the eqa fix) -- o

K
is the # of pts of inte bw the graph

y
-
- fix) & the x axis .

↳ t.IT?.1gtIners.&sinoI
' '

nee . .

However
, if the graph y

-
-fix ) is cumbersome to

sketch
. then we need to rearrange

u y
-
-fix)

flx) = o to the form gcx ) =
hlx) .

↳ ideally , gas
& ha, can

be shewed easily . flat > o , feb) so .

⇒ b a root a a

↳ the # of intsns bw gut & 2K
)

one the # of roots of fat
-
- O '

ya
y
-
- fex)

N i

n
I

ie gu) I

.*.

""

!

hcx)

✓

u

gcx)
-
- hlx) has I wot c- R

jlx) -- kcx) has 2 roots c- R

f(a) co ,
fcb) > O

⇒ a c root a b -



"

Ij!7 *.
④ y

-

-
in:X
"

÷÷. ii
"

"

÷÷÷÷÷¥÷÷÷÷÷÷:x÷÷i
:

" "

""

"""

"

*
. n ;in

" '
""

÷
.

"

"
"

"iE÷③ y
-
-
Kem

×

,

k >no,
m > 0

÷÷÷÷.



③Iteration Suppose a graph × = " × ) .

→ we can eelemine the eye that the

- # the not is the
x word of the

=

^

y=
x
→

pt of into
he
y
-
- × &

J
- F" !

iterative formula was meant to solve
.

provided the sequence
x
, ,xz

.
.= Fix )

i '

it
conveys to the not .

i ' ! Ii÷ xmr. Fun,
⇒ a Fm .

eg anti - ¥nxn
u

Pick some
×
I ' µ3sf ) 9 = I . 85

Then xz=
FCK) .

Xz = F (Xz
) "k

-

>

× .

-
3-
I tlnx

.

'

. It In x - ¥ = O -

* We cannot be sure what will happen
-6 the seq

x , xz . .

→ the terms may
:

1) converge
; → orig .

solution .

2) diverge ;

3) or oscillates .

convergence

⇒ *
see.

Ext using
the iterative F xn+ ,

-

-
2¥,

my
calc not of

xx -- 2 .

I
' ¥ "

÷÷÷÷÷
'

Eee

= I . 5874
s

.: the ee u-44
I

2 3 x

Xz = I- 5475 one a - I wut
:

¥:i::Son IXG = 1.5607 } agree -6 rap
✓

.
: not = 1.56 C Idp) .

See
- Ix
- x = O

bring Xu , = zxn
"-Xn)

,

x
,
= I - 5

.

calc seq of X
, ,xz . .

.

Comment brief}
" fcx) .

- fe
- Tx
- x .

the seq . f( z ) = O -9430 ( > o )

f C 3 ) : - I . 2149 ( so )
X
,
= I . 5

c I - i. 5 )

Xz = 2 ( I . 5 )
i
. 2 c wot c 3 .

= I . 6330 I

Xz = 1.4663
⇒ the sequence
diverges away

Xy = I - 6731 from the root .

Let X ,
= 2 . 5

- tell- s)
,

.

.
the sequence

does

notXg = 1.4144 .
: Xz= See

= 2.2920 Energy
to

the root .

÷

Xz = 2.5431

Xy =
2 . 2-130

Xs = 2 .

.

6062

!



Chapter 9:
Complex Numbers
Any number

of
the form xtiy ⇒ A complex

number consists of
2 Parts :

the real part ( x ) & the imaginary pot Cy ) .

is called a complex
number ,

where x. y
c-R

. &i =f, Cor ik - I )
↳Itif#

eg
'
X =3tf,

* Let z t a complex number .

=3 ± zi ← complex numbers .

Notation - the real pal of Z•

is denoted by Re (z ) .

ie Re ( z) = X .

eg
'

z = -2±V
. the imaginary pore of Z

2

is denoted by
Im ( z ) .

= - I ± Iz i ie Im (z) = Y '

* if x
-

- o → totally imaginary.| ' '

y
-
- o → totally real . )

⇒ consider in ( ne zt)

inch,÷ .II
"

Iii's ckeztuo )
,
n= 4kt 3

, n
= 4K -14

FundedOperationsofEmptyNumbers

y
letY!acted! }

a. bicider

a a,bi c -di

denotes a tf = atbi -
-

-
Ct di cedi

°

c -di

Utv = Cate) t (
btd) i og

=
aGc-a

,
Catlike

eg y!III! utv = 3+4 " - 5th
.

cz + d2 Etd
'

= -2t5i .

= ( act bd ) t( be-
ad) i

~
g .

.

# U- V = catib) - CCti'd )

= 42-2)t (
- 8 - 3) i

= (a -c) t C b -d) i . -
qt 4

egg
z = 7 - i , w

-
- 4-3 i

= 10,- = ¥3 - YJI
* The conjugate of a complex

number
,
2- = xtyi ,

z - w = C 7 - it - C 4- 3i )
denoted by z*

,
is defined by if .

= 3 t Zi .
-

( ie flip sign of y ,

don't b×)

Inspectnerds
uv= ( atbi ) Cctdi )

%µy = Cac- bd ) t (
adtbc) i

eg
'

2- = 3+2
:

① z + z* = C xtiy)
+ Cx - iy

)

Z
*
=3- Zi

= 2X .

↳The sum of a complex #
& its

of
"

Z
I =3 - Zi , Zz=

- 5t4i

egz z=
-p - y ; conjugate is a totally real number.

z* = - 53 + Yi -

② zz* = (xtoylcx- iy )
:
.
Z
, Zz = ( 3 - 2i)C -51-41 ) = x2ty2 .

= C-15- C-81) t ( 12+10) i
↳ The product of a complex

number &

its conjugate is a totally real number .
= - 7+22i

eg
"

2-=D - i w =3-1 253 i

2-w = ( 53 - i ) C3+253
i )

= ( 353 - (
- 253)) t ( 6 - 3) i

= 553 t 3 i .



To represent a complex
number

Emit
) If p represents the complex

x
"

num xtiy ,

geometrically .

-

Then P is the point
A complex # consists of two parts -

age, part , ×
,
& the imaging pet,# recz , Cxiy ) in the diagram

'

let z= xtyi .

.

.

. Retz) -- X , Im (2) =L
'

Asgarddiagram
.

Definitions
Let z = Xtiy .

and z is represented

by the pt Play )
in an Argand diagram .

① The modiolus of a complex number Z
, ② The argument of a complex number

.

denoted *
fan

-ily, is a many
. value function .

denoted by lzl
,
is defined as

by Ig¥.
is defined as

Theprincipal
value of the argument

Izl =Vx2tyT . argczl = tan
- ' (¥)

. of z is defined as

= Z
,
= I -Bi Zz: - I -153

i - IT c argcz ) f
IT

.

-

eg
'

a -- 3t4i
argcz, ,;+an

.if.ers ) agttzl -- tariff) -
= -

60
.

.

.

.

. ful = ✓5¥= 5 . - Goo .

ef
'

v : -24 t Fi ↳ let P, & Pz rep
. z , & z, resp

in an Argand diagram .

-

-

- IVI = 12447T = 25.
.
: cry (

z ,
) = - 600,

er it
.÷

.

i ascanio.
• Interpretation of modules & argument .
geometrically. Special Cases

Im (z I - In(z)

=
y

a

-
. . . . . .

.
. . .

×
. ① Recz) so ,

Intel -- o t org
CZ) -- O

• ③
y I I

,,z,

⑦
Reczico , Tmt)

-
- o t' -84" 'to cq# me,

O
× X ③ Re (z ) = o ,

In Cz) > o H cry
CZ I = 90 . I

Ty

•

-
= Iz I .

④ Re C Z) = o
,

Im (z ) to
H cryCZ )

= - 900
u④

IOPI = ✓xi-y
'

tan f = ¥ → if P lies in ⑤ ↳ answer from
.
.

. = tan
- ' C¥ ) = org ( Z

) .
C x so , y > o ) calculator

f = LPOX

→ if P lies in H answer from

( x > o , y so )
calculator

→ if P lies in
f, zoo + ans

(xco , y > o ) fwm calc

→ if P lies in
f, -1800 -1 ans

(Xco , Yeo ) from calc



The modulus - argument form of a complex
number . egg

'

Thewnpex # u has may
2

,
n let r -10T '

& og II .Express u in the

xp ( x. y
)

= 171 .
r form xtiy , where x. y

EIR

¥#× '?II.yen .
u= sews 's t isin I

=
2 ( Is + its )

✓ = Tz t i

cos a = I Sino = Ir
what is the use of the modulus -argument f

-m ?

i. x = rcoso .

.
. y

=
rsino

⇒ Consider the following example
:

← algebraic form of
a # EE

is denoted by a .

Hence Z = Xtiy The complex # B t i

Find the modulus & argument of
a
"
.

⇒ Z = roost +
irsino

= r ( cos Ot
isino ) c-

modulus - argument form
U= 53 t i = rcws Otis

int )
-

- of a # c- e

T I I c polar form
- Fml )
-

modulus argument r= IcWt Lil
' =L

① = tan
-' (IT) = It .

if
= re ( eio =

cost +
casino .

.

'

. u= 2 ( cos If + isin If )

T
-

o in red )
if I .

= 2e

exponential / Euler
's

form . of a # EE u
"
= (zeit)

"
i. /u4l= 16

. 211
.

-

Ibe
' 3 .

'

-agCu4 )
= If

.

If 2- = rcwsftisino )
'

⇒
Z! rn ( cos no t isinno

)

⇒ lznl = Izl
"

C = rn )

age) = nagcz) C = no )

We can use these
results to

* atib=0 if a
,
b=o

Proof by
contradiction : find theegret.ofEEmp

number .

Suppose
atib =o,

AFO .
b to

-

at its
= 0

a =
-
ib

AZ = - b
-

a2+bZ = O .

But AZ so .

b
2
> O .

'
.
Itb
'
) O for a. be IR !

hence a ,b=o if atib = o .

* at its
= ctid when hw #c-¢ are equal,

we car eagle the real

⇒ a .
- c & b=d - pees & the

ing pls
.

Proof Ca
-c) + c b - d) i

= u

i a
-c
-
- O,

b-d - O

-

-

-
a -_ c

,

bed -



To sole cubic&

girlies 3) Geometrical effects of subtracting
£ I az4+bz3tcztdzte # Ed .

az3+bz2tCZed=0
Let A , B,

C
rep

Z Ii Zz & Zi - Zz MP-

a. b, c ,
d
,
e E IR

⇒ Z
,
- Zz =

Z it (
- Zz) -

Results
'

⇒ off - JB = oft + ( JB ) -

The complex
roots w/

a polynomial

eghr
^

,

with real coefficients
occur

in

'
,

ins::
÷÷÷÷:*

-: Iz
, -2-21 = dist bw A & B .

ifatbiiawot
,

( O BAC is a Agram)
then

a-
bi is

also a
root .

- .

2) OC 11 BA

: arg
C z ,
- Zz) = Abw

AB &

the horizontalGeometrical effects of :

- through B
.

1) conjugating
a # ⇐ a

3) Geometrical effects ofmultiply'T
Let P & Qrepresent Z & Z

*
' MP '

2 # E ¢ .

Iz , I
= r

, , orgcz,)=Q,in an Argand diagram
.

z
,
= r ,

( cos -0
,
+ is in OT ) .

if ,

i z = xtiy ,
2-
*
= X - iy ,

x. y
c- R

= r
,
e

Zz = rzlws Oz
t is in 0-2) ,

1721=7 , cngczz)
-
- Oz.

^ Tm

a is the pt of its

y
.
- - -

ix.
P ') C = rye

' ' reflection of P

,

' '

'
"
i in the real

axis ⇒ Zzz = r
, rzei

' O' +%)
.

ne

, gpa , an µ,
.ae , ,

eye, :\
,
,

.g=
-

IIx
a ie OP -

- OQ
I ) 17,721 = 12-111721

✓
ie Iz I = 17*1

3) argczt ) =
- argcz)

2)
org

CZietz) = argcz ,) -1 orgczz,

EX Z
,
= It i , 72=4-3

i

Specialcase

If aglet
-

- ¥
, :#7214,471¥ = 5k .

then LPOQ = I
argczizz )

= tan-
'( it) + tan-

'(¥)

:
. doPQ is a 4- # = 45 - 36

. ft

= 8. 130 .
=

2) Adding
2 # E ¢

R

ya
-

-ii.
-

-

- r effectPoo
.

-

/
. OPRQ is a

'

parallelogram\ .

! . a. +⇒ = or

Q

#A

O

let P
,
Q rep

z ,
& Zz resp

" R rep
Z
,
t Zz .

We can use of
'

& OOP to

representa
,

& 7
, resp

.

Hence OF +007 → additionof
2 vectors.

⇒ Ngam
law of addition

:

top + Ja
'
=
OTI .



4) Geometrical effels of dividing
# E ¢ .

÷i÷÷:
= I ice , -0-27 .

r
e

2

effects :

1) I#1=1
I
1721

2) arg (E)= argcz,
) - organ .

Locus problems-
-

case I : IZ -7, I = ri , Zi C- Cl , r, ER

→ Cetus aside variable # C- ¢.
Z
, ,r ,

constant .

A represents
Z ,

.

if 2- =xtiy , Iz , z , ,
= Ap

.

Hence AP=r.

then thept PCX, y ) rep z
in a

Hence

Aged diaper is a micelle pt . ↳ p ✓any ,
such that its

dist from

If Z Varies such that it satisfy
A is always q

-at to r .

Visualisation
:

-

The locus of Pcertain conditions
, p

P is a circle ,
then P will trace out a path in the

. .

r with centre Chih)

Argand diagram .

r Itch,k)
P

p & radius r .

↳ this is denied - the 101 of P .

r

p

eg
'
: 171=2

Specialcase

÷÷:i÷÷÷÷÷÷÷÷÷÷÷÷÷.it:73 . If 1kt
= r ⇒ locus touches the

Re

axis .

eg
' Shehu the was Iz- 3t4i 1=5 .

Iz -31-411=5

⇒ Iz - ( 3 - 4i ) I
= 5 .

Im
* circle me pass

through the

×
C 3 , I )

← lousy
P - origin

.

#re

ai xcs.us

x
✓

C3 , -9 )



cage 2 : IZ - Z ,
I = 17 - 721 Ex 3 : Iz -2-3 it = Iz -1 til
- Ext : 12-1=12--21

⇒ Iz - (2+3isf- Iz - co
-till

let z ,
=
atib, Zz= ctid

-

⇒ Iz- Coto ill = Iz - ( 2+0 ill a

⇒ Aca , b)
Bled)

Im n

A & B are fixed ← locos of P

⇒ P moves ,
such that

I:-.III.IF izmais.t.am
* dist

.i. i×. . .

'

.

- -

.: AP = BP .
✓ 3-C -77

* P lies on MAB = - = 5-

2 - O

u

× B the Ex 2 : 12-+11 = Iz - it

✓ perfoliatebirth ⇒ Iz - (. hoist = Iz - (o
till :

. missis
-

- T .

"
- I

×
,
Plies on this of AT - a Im 4.is

y . (
,z) = I(

X - t )
A line .

Re

i" "
*"" "

•
to- y p

.

✓

Catherine eye
:

y
=
- X

case 3 : argcz
- Zi ) =

d
case 4 :

org
C I ) = 9 -

aft
-

agz
=
r

Let A
rep

z
,
in a Aged dig

-

,
0.

.

'

.

org
z =
- 4 .

-:

org
C z - Zi ) =D bwPA&horizontal line through A

p
Pt

x

Px
p
x#AThe lows is a line segment

C half line )

drawn from A & having
a
directed angle

a

if the real axis

m= tano

⇒ y
- k = tano Cx -h ) ,

x >
h

if we
let z ,

= ht ki

Ext : age
= If

an
agcz

- Coton ) = If .

lows

I
.

,↳_ne

-

Ex 2 :

org C Z
- 2- i ) = ¥

m
-

- tan C It)

⇒ agcz
- Czti) ) = It = I .

Tm
a

was
: . ega of 104t
⇒

y
- I = x - 2

< ne

ie

y
-

-
x - I ,

✓



Ing-1inyea#Ee.

i
'÷÷:÷÷÷÷.

"""" "

A P 3 B P

Euler's I exponential form- - -
Z = r C cos E

t is in A
7

= re
it

.

( r= Iz I , D= argcz
) in

radius ) .

• Sept of a complex #
in exponential

form .

(& que
ans

also in age frm
)

Z = I Cxtiy) .

.

. z = xtiy , z =
-x - if.

r is the same

①,-;o is not

r Ito
-

I :. org C - x - iyl
= to - IT .→

} IT

Ey z!I be
-25" i

.

- IT i
: . z =

I 4e

i . 2- = 4e
-IT i

,

z = 4eF" i .



Chapter 10:
Vectors → consists of

Pl vectors +
other stuff.

Recoil :

*To find LA BC→ consider
BT't . BT , find

f .

=

* Position vector of A ⇒ OF
'

If A has words Ca , .az . Az)

Then
JA = a

,
it aint ask

= (I} ) *

if an
. I = o → a Lb

* Displacement rector
AT =

JB - OAT

* Pos vector of midp of AT
= I (JA

-101J )

*

Scala product : q . I = lallbl cos 0

(!}) . ( bby!) -. a ,b , + azbztazbz

Additional They
I

→Tq1ofnighttime
i A straight

line is defined by

1) a pt on the
line

,

& a
vector parallel

to the
line .

Then JB - JA
'

= he

or z) z pts on
the line '

/⇒Jp=oTItXb#]
-

Recall a Cartesian words ↳ notation :

Td
" m oIis used to denote the pos

vector

of any pt on
the line .

•
Chile )

→ y
-k -- mix

- h)

¥oT= this is refined
to as

consider the system /¥I=EtX¥heof the line . )
: tiene. ÷ i

:c::c:b .
•

p

7
a scalar)

A parameter -

•

To find apt one

which consists of a lie ,
which Pam

th"
⇐ find value of d .

+he pt A ,
w/ pos

vector an & is 11 to I .

at p he a good pt
on

the ""e '

egz q=t(¥ )
→ line l passes through

.
: AT is 11 to bn .

ie AT = dib ,

X -- scat origin
& 11 to (tf )

eg
'

re + HE)
This is the vector eye of a straight

lie

through
the pt Cl, 2,3),

and 11 to the

vector ( § ) .
f- I →

I = (Iz ) t (
-

F ) ⇒ C-1.2.87 is a

= ( JL ) pt on e



→ To find a
rector

ega of the line

⇒ To def whether a given Pt
lies ⇒ To show that

a pt does not lie on

through
A & B

on the line :
a
line :

.

Bamum YFg.kz?I7a..,ison+uii. eg
I = (

'

3)+4¥ )

be 3+2")
= 5

Ex , show
that ( 5,8, -11 )

does not
lie

•
on the line -

ie (§, , ) .- (3) th fo! )
A Canarian

Vegas proof by
contradiction :

a
,

bi - al
- Then 5=1 - 3d → D= -4J

rn = ( as ) +X(bz
- a

) eg rn = (} ) t X )
. If C 5,8 , -1

" "es "
the &'

8=2 → contradiction !

as b3 - as × has a definite
Value .

Hence ( 5,8, -11 )
does not

lie on
the line .

↳ A Is (4,2
,
- I) on the

line ?

OTA or
0B→ AT or

BT't ⇒ I - 31=4 .

-

. D= - I

III., .

?.EE , } :* -noms .

Hence C4,2, - I ) is

on the line .

How to determine whether

2 vector eyes
are

identical ?

-
If :

Consider :
i ) ( §

,
)=k(d§) ( his scalar)

e. = (I;) + XC!! ) ⇒ e.Her .

ez = ( Eg ) + q(d§ )
2 ) TL ATH (!; ) or C lies one

,
.

=) I
, Elz-

→ To determine
whether 2 lines in 3-D space

intersect / non - intersecting
(skew

lines )

Consider the 2nd case .

let l
,
It rn = (I} ) t d( by} ) If the 2 lines intersect :

then at the pt of
intent? ,

khaki
,

I -1 glad; ) (a!Itil :D -

- C +ME:L .

Equating components
:

1) If (g) = k (&'d; ) ,

then l , Ills a
,
+ bid

-

- Gt dit

az t
b
,
d = Cztdzfe

as t bz X = Cgt dzµ .

2) If ( bby} ) * k( dad;) , then either : ↳ solve 2 of the 3 eyes
to

→ if they satisfy the eye ,

find d, µ ,

and

check whether these values satisfy
↳ l

,
& l
,
intersect .

i ) l , intersects R2
,

or if they don't
,

the remaining elf
.

↳ they are
stem lines .

ii ) l
,
& l, are

skin lines /

non
- intersecting

lines .

→ To find the
acute 4

bw 2 non
- parallel lines .

( intersecting
or not)

↳ scaler product
.

l , : I
= an -1dL

7 a

-
-

-

a

7-- --
-

-

- - TO
-
-

-
-

D
- - - - d

,

- aI
ez : rn = E -1/1

Acute 4 bw l
,
& l
,
= acute 4 how their

direction vectors .

ie I - I = 111111 cost



To feel the words of the foot y the

perpendicular from a pt to a line &

hence find the perpendicular dist
.

-

x P

\ I = atdb

t
"

Q

let Q H foot of perpendicular -

Since Q lies on l, Jd = rat XI for a

palmate value y
d to he determined .

Pate ⇒ talk .

i. POT . I = O → we car find d -

t
"

nice number
' '

.

The I dist = trial .


