


Chapter |:
What is Probabili

RANDOM EXPERIMENTS (i.1)
-QI: A “rasdom l.krsnmmf is  the proces uf— obinining a
random  obServed result.
gl. Random o.xrl-nmun‘! an be Srh't infe  fwe bru
© Ccnlwlld' expedments ;
¢J ,fﬁrfamj e coin,
@ Observafional  shudies.

and

nlli::j a die

FEATURES OF RANOOMm EXPERIMENTS
:9'-' Note thet ~random expedmants have He  Afallswing

common fnalhns:

© The oufumn/n.:uﬂs cannet ke rmiidd with eq,,-h;,‘bi and

@ Al +the sible  outromes are known #Wl with
cu—luinfj.ros

SAMPLE SPACE (I1-2)

ouTcomt

9’ An  oatcome” is an obterved result of inferest
fom o rondom e:TuiMu\P-
9 fhe number rutled affes rollinj a die.

SAMPLE SPACE

g The "smrk. :rna" of & madem "‘[""""“""f i the
St of ol pusible distinct outomss of said  axpsdmint:

EVENTS

Q:' An eveat” of o rondam exru'ymmf s a jnur or
set of- outfromes of said cxruimmf; it Subsels
. of +he SOMrl?_ srncz-

{3; There are  Hwo "‘\‘”ﬂ\‘ of events:

consist of one  outeeme

0] SimFlo_ evenfs —

@ Comgnd eveals — consist of multiple  outcomes

?3 Nofe thot

® Twe simrl'. evants  will  never oaccer s.'mulh/lo.nuslj,'

@ A umrmm& event oceurs ;E and  onl ;E one af .~|,fs..

simrle. eveals  occrsi  and

@ Two compound eveafs o occer s.'mumuu:b.

Q,_ Note Hhot

OISCRETE PROBABILITY MODELS wy)

-‘92 In discrefe rn\:nl:ili&] models:

ty?

DEFINITIONS OF PROBABILITY (l.3)

g ~‘Pm\‘-lﬁlil\vj" s a measuce  of  how "hlj as
eveat s 4o

IC.LﬁSSICﬂ L DEFINITION

E_P’ Tne classion  dafinition” of  probalilily stukes  that each  dishict ouhome

» in the samrh. spce s q"‘”; m”"_{j T ocenr.

gz In this cose, the F»oLaL.'I.'IJ of an evab E i ¢7W{ s

ea il o 6-sded die once.

q veatitahve

ocLus .

E-= anmber is odd.

#, 'f m’: event can  sccur 5
= E={n3s),

(E) = .
PE * -f outomes in  the s-nfu spce. . S=¢ 123,y 5ef.
o PE): T * %.

RELA TIVE FREQUENCY DEFINITION
Y The Crelofive  frequesy”  defiaition of pobabibly  shes  that  Fhe
(JWL-L.'HI:] nf on  event omn s the grm_rln_n )
in a very {Mj lf l‘vrlh'ﬁm-f °F the

senes UTMm)“ .

4 n\\'mj a  b-sided dic W00 Hmes
= 3 shows v 49 of Fhose 300  Hwes
2 s0 Plaie=3) ¥ L L Y.

300

SUBIECTIVE FPROBAGILITY DEFINITION
@l In the "s..Liuﬁw. r..u.umj" dafiaition  of F»uulil:], the r»\...uh‘{-j of

an eveat s determined
the rwl‘ALih'{'] i )-

e He Y"'"“\‘““j of coviD-1 Lo.a.j emdicaled Lj 2022.
rans a wle n ,fw.ldf ike "&J-sim Shutishes .

Cie what o ruson thinks

LJ an oFim'M

this

Q® The sw«rh— spoce N anisfitS Is1 € INL;

e there ore either o e or  connhbly iR
bosic ewveals; and
® Eack ‘mL.L;l;b P
@ The IMLv—Lilihc: "f wch  basic event sum b 13
e Zpo= 0

nite Aunmber of

sadisfies Osp st and

CLASSTC DISCRETE MODELS ctL.S)

@ Tn classic Aisette  models’

1] <IN Ge # S ,f\l'-ie)i and

Q@ The umrle. space S sehisfies

® Al Losic evenks ore q:‘ﬂ‘l__l_'lfl\'l ="}
yok
e Pa)= - = Plag) TSt



Chapter 2:
Counting Techniques

‘Fuu, FACTORIAL . ' (3.)

Q T fachvial of o daroedas YAl and  dafined
o be
al = als) oo {
s the nrumber of Uyt Jo rut n &isH'jN'ShALlQ

obiects in & vou:
comBINATIONS : CT ok "¢, (33D
§ “n chosse ', danokd g C: o ""Cr", Jﬂfi"‘u* b lLe

ct = n! - Ala-) . Ca=tr-)
n T rln-n! il

s e number of u§ bo saledt * oL)u’s from n Jkﬁufishuf-

olojects -
permuTeTIoNS : P of “p. (23)
R e P, dofined A Le
F: = cn'_‘i): = Ala=) e Ca=Cr-) = c:. c!

s the aumber of vags fo celeck © olpch from 0

o\ishvj\‘kb\-h_ .,Li-.zl»x and ru" 4ham in o vowr
GENERALITATION oF ComBINATIONS (2:4)
g We @n show the namber "’f was ) m'je n elaiu-h

in o vow, whee n oljech cw of {Uro. 1, ny
o\a‘a.d’l are nfv 1:”: C n ol,julg o of Iart.
k, Where ARt Ny = n, s
n! n N
+# oultomes = = C! > 3 1
‘d' nLoe M n C""‘l a-meny T nl.l.‘:'ly_ ::
=1

STARS & BARS WIMOUT “EmPTy’  SECTLoS
?" Given a shars, the # of uays b divide them
ap ineo kosechons  with rods  without

one of the sechions m{-,;.\.'.\J e elements
s
n-t
# =Ck_‘. <& [ (|
QJ =S, bL=&

STARS £ BARS WITK “EmPTY" SECTIoNS

T Civn o stas, He F g e o i dnen
“f’ inb e sechions  with =t vods with one

Cor mere) Sections Contolming 2=~ elemenls S

#cC e w ik ¥
eq nsS w9
AN scbon hes N elarenls -



Chapter 3:
Probability Rules

RELATIONS AMONGST EVENTS
(3.1)

Evity €VENT S § (THE “ceatazn”
EVENT ThIN
? let A be an eveat.

Then  aecessarly
RS S=4d the event ot alwmg oceurst

¢ (THE “ImPOSSIGLE' EVENT)
? We use @ b dedk the event  thet
never oL

UNTON OF E€VEWTS : AU R

?’ Gt A B Le events-
Thea “AUR" ig the event kb af least
one of e  hwo occwss. /
A 8
AUVl

TNTERSECTION OF EVENTS: ANG

Yol A8 events.
Thea, “ang" s the event thot E’ﬂ‘

A% B o N
We ase denote ANBS AB . 8

MUTWALLY EYCLVUSIVE [ DISTOINT

-? let A,B8 be eveants.
Thea, we soy A & B ere '“""'»“J exclasive”

Cor "4 asi.m—") if ANE= P
ZnNcLUsION : P S B

g et AR be events .
Twea, we 5y “ac@’ i} B occus whenever

A ocess; i€
AM:Q)KWS-

ComPLEMENT: A=A
g‘ let B be an event:
Tua, A s e

Ag=AAB

event  Swch  that

) A does nof  ocens

—_

R occus

PARTITION OF §

? kt B,.-, Ba be events.
Then, we  Say By B foem & "rw’ﬁh'm" of S

&
g U-UB=S & Eng=f W

PROBABILITY RULES (3.2)

g [ r"\"""lh function P: P®) > Logd s any f\mf-h"\
ot sabisfies e follosing  for ong A, BEL:
O )= O
@ P =1
® pryzo VACS:
® AR = PAY¢PM),/
® peaug) = oAy« PB) - PAORY, & Cadhtion few of pobobility)

- Hhis  nenwdlitess B mere  vadables

as  well.

® P = (-PeR)

(non=n -ﬁvikl)



Chapter 4:

Conditional Probability and

Event Independence

g Wt A, B b avents.
The.n' Hhe rvo\w\n\d-:] that A k.rrms Sﬂf
B ij ha.nms, dwoted as “PcAIBY

is ulvd o
PANB)
PCAlBY= Ty -

Facte PR)EO  aecessedly.
INOEPENDENCE [oF Two EVENTS] C4-2)
gl @t A B8 be events.
Thea, we soy A % B are "imh.ru.imr" i} oond
onlJ :E
. ftAnB) = P(A) P(B).
Q; Note ot i PCR),PEIFO, then ARB connct be

M-Mg exdusive  Cie PLANG) =0) if -Huj ot
g A & B oue x,ggf..\m Hhan
© A & BS are independent
® K& B are nAcfu\lMI' and
@ a° & B ae independent -
} ad m iadependant
g" Nb'l'l- that Mderudm nses fn #
random  events-
INDEPENDENCE [OF 7 Two EVENTS J C43)
-g; Lt ﬁ|""| An b n events.
( Thea we  Sey A, .., An &ce (muh..uj) I.mhrm* 'f

PR, P, A PA,) - PR Vin, .M € PCb-aD).
Q for +h¢ a3 cate, Puf R Ay o inderl«lﬂn‘)' if
PCAA) = RA PLAL);
P(A,Ag) = FCAD P(A3);
PeA A = PLAY) PLAY:  and
Pea A, Ay) = PLADPCA PA).

®@e o0

Py, An ARE INDEPENDENT =) P(TI'A) Trm (P

(THe MULTIPLICATION FORMULA) cluu)
g Let A, ) Ra b mnfm&m* evenls .

Then nul.ssu'a‘j

PeA, - An) = PCA) PCAL18)) PRI BA,) oo P(A Iy Ay )
Proof-  note that for ey KELufy o we hant
= LAY~ By P

PR AAL) T = PUAy).
v PCB,- A,“\ )

The rmn[— afvllow; Fiviall
Pe.--, An PARTITION S -'; P8) = Zrcmmm)
(ToTAL PROBABILITY Follmul.n) (%4.2)

g" Let A Ay form @ o poctition of S, e we hove that
AiAy = ¢ We, & Uns A

Let B be an eveat. Then ﬂis&n‘U
PB) = PCBY) = 2 P(AB) * 2|movmu;) .
) is

* s olso works P finite aVedions a[‘ events  as well-

ﬂ;.|)

A“.-.'
Pp;IB) =

An

PARTITION © 2
PA;IPIBIAY

JP(BIA:
jis'u Pm“)?c \ J)

(THE BAYES FORMULA) (44.3)

'g’m Ay, . frm o partibion of § g let B be

Such  thot  PCB) FO
Then ecessodly ,  for any ieN, we have th

*

P(AiB)  pap) PCBIAY) pea;) PCBIAY)

?(A‘ls)- — 2 — =

U«x’m,

Ew, Fee) z P PCBIAY) ©

, 21
$his  alse Ju\m\m: to  the ,)G»\'{-z case .



Chapter 5:
Discrete Random Variables and

Probability Models e &y C6)

RANODOM VARIABLES (5.1) BERNOULLT TRIALS
RANpom VARIABLE (rv) 1) BERNOULLT  TRIALS (s-2-1)

? A TBernoull tal”  focuses on o Henlor  random
]

g’ Lt $ be a SMrll Sr"-& -
‘ " .
Then, o random  variable is cla,f-hud b be t.xfc.i\mu\t with  only hoo rus;iug oubromes:
L0 Seme X: 8> & L., success or ,f-ilun..
Q,_ Note 4that we 'ksumllJ dencte random Venables i;)); We call the candem Jorables and the Cex iment
LJ cgflﬂ fethers. (cj X Y, 2, k) obtained o Bacnadle  hials  as  “Bamoulil randow
Voriables”  and o Bemoull urm.m/ﬂ'" rzsrul'iw-(J-

E'P.RNOVLLI RV (5.2.2)

DISCRETE L[rv]
i?l‘ In rwh'mlor, i B s a Bemoulli  rv:

_-‘g.' (at XC—ﬂS’ be a v

Then, we soy X s Cdiserete” if
[rangec)| € (N1 © on  PIB=Swad, o PB), & equl b
pee) = whee = probabili of suc :
PROBABILITY MASS FUNCTION (PmF) " P Cwhan prprobebilily of ucces);
.-g‘: @t xcﬁt9 be o v ® PCB=Rilird, o PEE), s ,_Tm\ to
Thl.t\l e --rnLnLimJ mass {\n\cﬁb'\" (or rmF) . PBS) = |—r-
of R is  defmek to le e funckon ?} Tas, e pef of B s
f:40ut > Lod by 'F‘°7=|'r & 4ay=p,

4: nmsr.()() > [ ] by
or ﬁviv«lu\Hj by

£00) = PLx=x] \'Ixeranﬂa(x),
%)1 Gj conshuckion  of f,  note that $0x) = r"(l_r)l-x \xeso,11.
Z 80 = 1. BERNOULLL SEQUENCE (52.3)
xe X P . ) o hen
CUMULATIVE DISTRIBUTIoN FUNCTION (cOF) L A s
3 ® we ,,f._.{ o Benoulli Ariel - maay +imes;
and

‘Q;' et Xe Rs be o v "
foe  “comulotive  dishibetion  funchion”  Cor “edf”) ® the cesuls ar dep ;
@ +he  Swecess rwhl'.hl? P rh:.\.’s the Some.

2 / X~ Bin(np) (5:2:4)

Thu\,
o Y is  defined o be the funchion i
; RS Co,"] Lf“;’ﬂ BINOMIN. DISTRIGU?IO”‘ X ~ Blm‘.‘ (ﬂ,
. ’ &5 e (X vo e numbar o
Foy = POxex]  WxeR. ?. w X b ke el e f
g' Propecties °f cdf: successes  after fv_ruhj a Bernoulli  fviel
®l’ Flxd & Fly) @ xi$x,  Vame®: and " “.m o indupedety, | with
® tm =0 % )‘\_';m W = 1. rw\nblmﬂj o success P
P 4on ) o
PmE can BE OBTAINED BY ODF, AND VICE Tuen, we say X flews @ binomial diskabation ,
VERSA and  write X~ Binomial (r\,r).
$ )CF
g (ot XER Lo discrete. (gz. Tn His  case, the rmf of X s e.?.,,l o
Lhain X . .
ol s £:90,.,aF > [o,1] Lj NOE C: rk“'f) k Voducen.

Then, a'nlm the rn\f f °f X, we con

cd, F. and Vice  Varse.
f GEOMETRIL DISTRIBUTION: X~ (Cieomehic(p) / X~ Gealp) (5.25)

?l gef,ud' ind()mwlm{' Bernoulli  trials | with  sweeess r"’b“k‘"b p

Poof. Lt xe mage (x). See thet
Sucusc.ful.

)= PCX=x] = PIX¢x3 - P[X&x-el = Fd - Flx-¢),
unfil &  tval IS

fex
whee 70 s Such thet mr\jzlx)n[x_glx] = ¢xt.
(Sine X s diswete, such an £ will exist) F e ~v X Le 0_1.,.\ to  the number °f -fm'lwts
reached -

Lt_fm. the  success  was

fINDING. Pme (E1)
X ,fe(lows o jc,omd'v'\c dis tribution,

Jg’ et X be the number of heads  affer fh'rrio\a 'S

¢ wm o dimes.
Then, we  Say

Gnd  He . OF X-
4 f and wnrte Xﬂﬂtome\’fw-cr)-

Sol?. See ot rn.s..(x)= o, ...,n}_ ?
Then -CJ: I Hni +h m. o X s wl h
vk " . s cnse, )

ot G AT -G » RN

and so ke f"‘"f '& X is ’f:{O,-..,n}aE0.0 Py 'F: N—» Co,13 Lj 'F("')= (‘_r)r keN .

" E o
® P(x7n) = C1-p) Wneli  ank

Splp - o et s Ol P

gy = POxekTs CYBY Viemopn .
Procf- P(X70) = z’\fl-r)

@ P(X7 min| Xzn) = POXZM) \mneN  (the memory-less propecty).
PXgmin N X%n)  POtzewn) (1 p)™*"

. X3 n) = = ~
E."‘Z?f P(X5 men| X>n) PUx2n) P © —(—:;)—,, : (op) = PXom). B




NEGATIVE RINOMIAL DISTRIBUTIDN :

X~N¢5~hve Binomial (k, r)/xvaB(k,p) (5.2.¢)

g{ Repest  indepandent Becnoulli  dials, with success piobolilily p,
M success is  rached-

vahil  the
f +He v X be the aumbec of  failures Le_fnn. the
(™ success-

Thn.nl we SAJ X .fe".us a neJnHve. binomial  dishibution,

» and  write X‘\'ijuﬁv!. Binomial (k, r)
(Ez In +his case, dhe rmf of- X s
FiNoTol by B0l g Ve

|1uA| b

HYPERGEOMETRIC DISTRIBUTION:
X~ Hypergeametvic (N, M, 0) [ XNH:,r(N.M,n) (53)
2Smrrnso_ we have a collection of \s‘uh of one J:]f"'

i
ond N-M of another  (dishnct) fjrc

Rwulnmlj select n o\.iu.h without rv_r\au.mm\', whese

ngminim, N-mt.

Gt e ~ X e the number  of oLiwl's of the fiest

Type n these  n objects:
Toen, e ey X el @ Thpegesnebc et ond
write
X~ eru'jtmzhc (N,m, n).
2o ‘@@
@ ) X=n(®) =2
O:OQ: —_—> :‘ 2:; e d n )
M red bolls select n objecks X is # of
. N-M blue balls Jlo nf-m-u-!— red balls
?;- In +his case, the me of X i 111\1-1 b

+$:40,..,n% 3 Lo, by k)= w Vk=o,..,n.
VANDERMONDE's IDENTITY: z (m)(u-w\) (N)

?l et néM, nN-M.
Then no_u.ssnv\lj

(= Z (0.

PoISSoN DISTRIBUTION :
X~ Poisson(2) / X~ Poi(A) (S.4)

-gl Tn some obsecvetional shidies, evenk hnﬂau\ over time

or space.
We sy such an  event follows o Pojsson rwa.ss
,fol\ouinj conditions ore  satisfied:

non-ov tme  nfarvels  are ind.fmh 'iindefmdme

i the

@© Evenls n

@ PL»2 evaaks in D¢, 4480 = o(Bt),  where ga.‘a;mmj
‘:.I-;'; 'l%tﬂ =0 and At ect; and

(D PLome eveat in Ct, €+AD)] = ADE + octt), 7eR. -ihomor_u.'f]

Note thet we call A7 in @ the
Gt +he v X be the number o{- evealt  n

Vinteasity  pammeler.

X afollou)s a Poisson  distvibution,

and  wite

X~ Poisson (1) .

8 In this case, +the rmf- of X s Jivu\ LJ

-2t x

3
(’M)

N T Ll
PYDOf Fict, divide. (o) b n SMallb intecvals :

A’(’
¥ A "/n Lt
[} . 4
N '* H H 1
t : +

[
Note that A0 at Ao

@t +he avents
Smell intervals each with ene avet; &

B(("") s thee o ¥
s,m 2 31 small infavel exiis  with fuwo or met everts.
Then , See that
P(B,(M() ( )(P(Mt evert ' intewal lanyti %*M)) Cl- f,)

= (Dt + ocg))*(n-né-ai—)).
Notice thot since we wont 4o consider iﬁnih&l emall FMU‘S 06' Fime
f‘"‘ o  PoisSon \/o\/iaUL we con dedus +hot
Px=x) = Jom PCB™) ~r
, |.M o [(R) % + o(2)) (1 2*—0(*)) ]

- Mm[__,-mho( ))(n-l--o(*)) J

x.(n-x)! ;
"= (n-x+!
- ,\‘_L':: | n( I)nx ! (%“. M(_» - ’lt _ D(ﬂ)

([-l: o) ]
: -'.—(l)(u)" ‘iv:;(l-%") «
= ('M)x - (us'mj e idenkiby &= .3'4'2 (un) )

M ay®

x!

L POR=X) =

1

as wneeded: B



Chapter 6:
Expectation and Variance

EXPECTED VALWE /ExPECTATION [ofF A Drsc Rv]
¢6-1)

nM
xeHgp( M) D EX) e g G25)
g‘ @ X be o v, with )= A & pmf [0 e
Toen, the ":xru-hHM" or "e,:rgdd velue” of K,
denoted as  CEQR), is defined b le 9‘1"" P
E(X) = Zxf&). (D))
xeA
8; Note fo caleulafe  expectafions, we need to:
(0] Tdealify e cv X involved;
® find e pof of Xi ond
©} Compute ECX).

%(;'Bcrmulli(f) D Ex)sp (6:21)

Y et X~ Bun\n“i(r)- Then n(:lSSn-r“J E(K)=r-
Proof-  Ex) = Z xRx)
xejo}
= OP(XS) + IPIX)
~p- @

) M
-?’: (0% XNHJr(N,M,n), Then nu(ssnril:j E(x)- "ﬁ'

X~ Binomial(n,p) D E(X)=np 612)

g Cet X~Einnmm(n.r). Then m.r.q.sga.,ilj ECX)="[’~
.

?S"'Po(/ﬂ D EX)= M c6-2-6)

.QE (et )(NPn(/.A). Then nw‘sw:'b E(x) =/4.
Ex) = z kP[K=I¢.J

- (@)™

L] al 3 n-k
: Z‘ k e PP

= L e Y ) ke
= f :,Z, deor [ ¢
sap T Lot kg k!
=P o Kt [ \-p
=p 0 Clig Rim Fornmals)

€0300] = Z 90)£0) (C THE LAw OF THE UNCONSCIOUS
Re|
.'.Ecx\-nr. )

' STATISTICIAN ) (6:3)

X~laomehic(p) D EC) = = NTRE)

?l: ot X'V&Comt.hblr). Then ngussn,;l] Ewx)= '—-rt
Prod.. EX) = hi k- P(X=K)

g Gt g be a funchon on the (dev X, which hes mnge A ond
Pt X

i 0] = 2 ghafe).
Then  necessanly Eyen] 29 fe
) 3
= Z kO-p) P,
k2o
: Z kap™”
= F‘"Pu:, I-p .
Recall the idenkily
(j)* = l+2x*3x"4~~~*l‘-"k—“'" Ixl<1
Since ll-r|<|, thus
L. L 30t : T et
I —(""'f’”l = (+ m-r) 301-p! s P,
ond S0

)
on s pep (P < E

XaNBlk,p) 2 ECX) = "L;'t) 62.4)

.-gﬁ @t Xo NBCk,r). Then '\ECCSsan'!j £cx) = '_‘i_;"ﬂ7

Elogix)+b)= aELyI] * b; E(og,00)+bg,(x)]= ak C9.,(x)]

+ LE9.00] (CLINEAR PROPERTIES OF EXPECTATIOND)

+
€ g9 9a be funckions on te Aeu X, and let @ beR

Then  necessonly
0 ECeqoor sl = aECERI by o

® ECag 000+ bg,00] = 2 EL3,00] + bEL3,0).

P_ngf— Follows  almast JincHﬂ j‘:ﬂm Ltous- @A



VARIANCE (6.4)
oLt X be a
Twen, the “vadance” of X,
“Vaelx)" or o, is defued o be oqe!
+o
Vae(x) = ECCX-EOD) T,

denoted as

"vw'yahih‘lj" of

.?,_ Var(X) is wsed 1o measure the
the dotn

« samrle, e how “oonwvlfm'h#r

Q Tne " stondord  devition”  of % dencted 85 0",
is d-bfﬁnad o be

o= m
Vac(X) = 2 (x- B0 809 = EOC)- (€T

.g Lt X be o drv, with walX):=A & f'“f f

Then necessanly

O VarlX)= Z(n-ax» fo);  and
® Var(x)= EO<) - CEXT

PROPERTIES OF VARIANCE
-g" bt X be & ‘dev-  Note the f‘ollomina:
® Ver(X) > O;
® E0d) % Lo
@ VartX)=0 ¢ PlXzc)=) for tome conste) ¢ and
@ Vor(aX+h) = o> Var(X).
P_rg_af By _,1 1 vaviance,
Vortx) = i(* BN 00 = Elz—ax)) Prx=x],
end as PLXs x], (x-EOO) % 0 YR, @ felows:

Thus
EQR) - (€D 30
Nexk
VertX)zd ¢ E‘Cx-,‘)‘m):o

SRR HExN,  shewrg (C]

o (Y—-}A)":O VieA
& x=p Vxen (le ﬁ=i/‘“

s =ud= wowing @
a D prx=pl=ly  showing U,

Nortay +4) = EL[aX4¥)'] - (Etaxaby)
: .':ecx‘)+ 2E)+ W - (aEO+b)
> ™€) + 20E00+ b - a¥ECX) - 2abECR) -\
= a“e0d)- a¥er)”
= a"VA-r(x)l
S\mu‘wj (O ]

¥~Bunou\l.(f) D Var(x) = r(l-r) .S-1)
g ot XeBumoulkilp):  Then necsssadly Ve (= pO P
Paof-  Vertx) = ECXM) - (ecx)”
z Ex Plx=xl-
:pop”
. Vorl(x) = r(l-r) )
XNBmomm(v\,r) 2 Var(X) = nP("f) (6.5:2)
8 et X~ Binomial Cn, P) Then M_u.ssnn\J \or(X)= c\r(l-f)
Pﬁ"—f' Rirst, see thet

Vor(X) = g0t ) - CEaxN”
2
= E(x(x-D) - (EC) + EX).
The.n,

Eexex-M) = z k- PLX=k]

= ugz. lelhert) T P a—r)
(-2}

i Ala-l) . ——— “

w=2

-\-l )k vk
< r\Ln-()r S —Km P O r)
B p\tn-l')r‘-a)
L ECex-1) = AN

‘"‘us
VorlX) = ECX(X-0) = (ECX)) + ECx)

s n(n-()r - (nr') 4+ np
np [ta- -p - np 1)

7+ Vorlx) = anl—r) ] |-
x~(4¢om-M¢,(r) 2 Vor(X)= —',-'L _PB €6-s-3)

g et X~ GeomehvicCp). Then necessarily VortX) = é.’i;).‘,
. Sea ot . o
Vorcx) = ECXY) - CECXD
= ECX(X=) - (Ec + ECX).

Then -
Eox-d) = & ntn)- PLxsa]
nso

: gzn(n—l)'(l—r)"r

= pQ- r)‘ [oxr + caxidip) + (x4 wpits -]
= 2pl-pl* [l+zu-|.) ceapte -]
= 2p0- l') (fl-u-pﬂ)

. EGxCx-n) = 2

Thus F
Vor(X) = ECKCY-1) - €N+ ECX)

= WP () ()

= (‘E) * CH) B

X~Po|sscm()0 =) VortX) = M (6-S-4)

? (et XNPmscon(/A) Then nms:mb Vor(X) = =

me Ver(X) = €Cxex-n) - (€x)” + Ex).

Then
ECxCx-1) = 'Enm-n PCX=n)

= i Aln-1) Iﬁt‘

HMQ_
Ver(X) = Ecxee-n) - (BO0™ + €Cx)
= -t
'_‘/‘--



Chapter /.

Discrete Multivariate

Distributions

BIVARIATE DISTRIGUTIONS (7.1)

g “Bivenate  dishibutions”  are f"‘*‘"“"j dishnbutions
Hat desl  with 4wo  mandom  varables:

'SOINT PmF: (X.Y) ~,f(g,s)
Q @b XY ke v
Then, e jeint probelilly mass funcior”,
"io;-n f""f of X & Y is the funchon f definash
by

g Ta +his case, we wnte
RY) ~ fixy)-

e the

Foey): raa(X)x malY) => (0] by fx, 3)= PCX=x, Y=y3.

i‘? Pnrvhts n{.‘ |a|n+ fmf
® {-'(xj) 20 ‘l'_'j dof? of £); and
@ Z Z-th) =1

? Ia 3¢nu‘l aful‘ drv X, o Xn, Hae ioinf rnf of
x.,_..lx,, is A!.fww.l

:'ﬁ'mn(x.)-) o) by  fxexd = P, Koy,

'R bex enties 2 red, 3 white £ Y black enes.

Rondomly select 3 bolls wfe rafleacact:

K= # of red balls  selectad; &

Y= & of white balls selected .
Fad  Hha ‘m-\'(' rw\f '& X LY.
Sol®: — R =2 X=2, Y=o
a w 9 X=1, Y=
g - x:, Y=o

B/_Z;*X‘,Yo
2 X=0,y=;

]
@t flry) be fhae W“_ t of‘ Xev,y-o

B‘1 odding  the f»bob.l,hcs ,—fr each  case, yow avurhually get
ot .
fixg)

% Y5
"he A °

3 ° o

MOPRGINAL PMF: Fix(x), £,(x;) (310)
g. Gt § be +he lnml' me of gome dev X Q.
0 q.
Tkln the Moljmtl rMFs 'F X 2 Y denoted
as ;X 2 ';Y rgsru‘hw.\g is d:fy\d + be
val 4o
£00 = PCX=x3
and
‘Fyl_'j\ = PCY=y]

= S PlXsx, Yzyl = 2 fy),
y Y

Z POk Yogd = ZHng).
* we ake dencte

. 'fy"= £ & fyre £ -
?; In Jg,\hll .Fr drv X“.__’Xn' we have +hat

£ 0x) = POX;=x3 = Z ii EP[X,.:,.,X 2 xnd

* Xaxm

= 2 22 T R )

X XXy X

(EL Note hat
(0] ﬂx,g\ determines { W & R4
® we canot guamly fud  fOup o £
g

but
w0 &

coNDITIoNAL PMF f'(xla) (312)

g‘ @t X & Y be dev-
' Then, tHhe " conditional pmt of X given Y=3“, denoted

as R (xlp’, s defined “’F["‘ »
£xy) ; Xz=x, 12y
fixy) = Ty 7 T o
3-"'4\ Hrat f,(j)>o
g Note

0} &‘.mjpo Cas ,C(x,Jb,o, f20pPv0); &
@ Zsoip=!  Vyeraalh.

TNDEPENDENT CRANDom VARIABLES] (3-1-3)

?uxxy b v, with pmf §-

Then, we sa X anda Y are  Vindependent”
. J N
£ r(
Reey = POXex, Yoyd= PEXRIP(Y=g) = £004,4)

., e each xe ran(X), yeraaly),

So, 4o show X &Y ae rlb_f iqurannn", o+ S\LH:[:es +o
find some  xemn(X), yermalY) such ot

fxl ') ¥ F G F, ).

2

a In janunl, e v X, Xpo (with prof £) an ""“f""““*

if

fex,, ..., Xn) = ﬂ ) = £l ¥xpe malX;), 1¢ign.



PISTRIBUTION OF A FunCTIoN OF
VARIABLES (3-2) Ranibom

X~ Polpy)s Y~ Polp,) = X+Y~ Pelptp,) (Es)

g’ T jth,.: e puf pr T=g(xy), we use the following
metihd
@ Evoluate rea(T) = ran(g(X,¥)); ? et X~Po(m) be Jer-dm‘ o YaPol(py)-
® Find the values of  (Oxy) such  that th,v)lx e = € Then we can  Similocly thow  Hhat x+y~|>o(}A,+,u.,).
for eah ceron(T); thea I Proof- (et T= XY
D use ) o v the respective vobalilies of exch See thet +
e L r P f prTee] = 2 PDxex, Yoexd
C“IJ): and 'mu\jz" Hhem M.'"J"J undes  each K=
rema(T) 4o obiun the rM{, fr T : ZFCX'F]FEZ":-:], (83 K.Y ove indepandont)
' A box conbmins 2 ved, 3 white & Y black eones. ) K=o l"f EHT
Rondomly  select 2 Lolls W/° Nf"‘w’" - ‘/‘l'/‘szf‘nl‘:_
@t e PO
KXo $# of rad balls selectad 5 & . PP
Y= # of white balls selected . Y & Sy pryrem 2N e
- B o - - e/"/‘
et T axy-. Fed e pef of T. : Lz(x)/‘l/"z
/‘
= & (pap) thy the Linowal formda)

X ~Binln,p), Y~Binlm,p), X,Y INDEPENDENT >
X+Y ~ Binlnem, p)  (EY)

8‘ et X~Binln, r) be indapendant from ‘/'vkin(m,r).
Xf\/NRin(MM,r\ by a ruf—

We coan  ghow
want
Proof- oF Fobe dh joint i~ f X &Y.
Sine XY oo ndr" +hut ,f(,‘l:’): 4-‘“)",‘1) Vx'\'j-
@t Tax#). See o
PCT:¢] = Zr’(x %) P(Yst-x)
= Z(x)l’ ("r) (t_x)r (l—r\“ @
ntm-x -t ¢x
. g(:)(e'i’x)r Ce-p) :
am-t 2
= o™ 2O
= rt(l_r_)mm'{‘(m-m) Cy Vendermondals i-lth{),

oand so  4lis Suff.azs o chow
. T~ Binlnem P
g‘ Lq_|'s f\nd the cond Hional rmf nF X Juvu T=t also

Go1?. See that P(xex, Te€)
PCXox [ T] = —pireey
= Plx=x, X+Y<t)
P(T=¢)
= P(X=x, Y=t-x)
P(T=t)
L A fyle-x)

PCT=4) met)
<)f tl—r) (.g.,)r (|—r)
(nfm) r“(, “‘""f

(%)

Pix=x| To¢D 2 )
e )

which Suff\‘es f‘u show T~ Pn(/‘l+}‘1 ]

?’ We can simlody find Flxit).
PCX=x ) T2t]
plx=x, T2 at)
plx=x, 1277

PLT=t)
_ Plx=x, X+Y=1t)

: PLT=E)
. Plx=x, Yzt-x)

P(T=¢)
- Pex=x) PCY=E-%)

"F(T_ﬂ o Chy indepaasionss 1 X.¥)
( Il)(cuqd' )

( 'I'l‘l‘: U‘l"l'-ﬂ )

£etxte) =

¢!
+! P ars M *
*ER! | ghP T (uapt
_ (e e N, /‘:.
()‘|+}‘:)



TAINOMIAL OISTRIBUTION :
%X. oxg,x Y~ Tila, PrePar Ps’ (3.3)

a hnnmul distvibution™:

(
@ fthere ore three rnss-l,lg outcomes B, B,C for o el

and
@ n thdls  oeer inhfmdnﬂj.

® 10 PR=p, PEEP b RO, the paprps,
and
® T XA, KoH@) b Ky #CO), than  Xit¥peXyTA-

g Tn FHais  cose, we write
()(”3( X Y~ Tﬁnomiu\(n, p,,f,_,h)_

or

(X%, ¥X3) ~ TAlR Py Pa P)-
JoINT PMF t_op TuNomml. DISTRTBUTIONST:

£0ry %3, X3) = \,,31,'1 P' Pl. Pig (33.)
g"l @t the v X, X0, Xy fore & hinomie)  distvbution,  with
XX, ¢ Kg=n

whare

Fhe ,fwn:(-ln-\ £

Then the i-inf rmf i nuo_ssnn'l..]
FOx, %2 3) e PLX=x, Xy=¥y, x; ";j
= POX =%, Xaz¥aD = PIX:=% %32 %302 PLX3=%,, Xyexy]

n! "n",ri
=;—I@—|h P

? No‘h Hu\'
A n-xy )
=z (r,fhoh)

= Cas pypasPast):

maaamm, paFS  CoF, TRINOMIAL DISTRIBUTIONS] :
£x, (%0 = Z&x,.x,,x,s ,‘324’(:..&.*;) (322)

g Gt %o Xl, Xy form o hinowiel  disbibudion, with jaint pof f-
Denote Yhe m.a'.ul pf of f with X, as fx-
Twen e
{A'(xlj = PLX=xl= IE;F(:,J,,'A;)
and A-Xy
H = PLX=x1= Eﬁ'z:,,x,,wp ,

and ‘sz, -Fx3 ave J..,fi.ud sim.‘lwl:j.

(xcoXsox3)~Tn(ﬂ.|’.,&.P,) D X NB.\(“.P.) (3-3.2)
g @t X, %X, X3 form Aanomial Ji('nl-u on .

Then nu.‘ssar\lj X; ~ Binln, f‘ Vigies.

condITIoNaL PmFS LCFR TRINOMIAL
pISrRIBUTIONS]
(% | Xg=%3) ~ Binln-xy, =) (333)

? Gt %, X, X, form o hinomil Aistnbuhion.
Then  necessanly
Lxllxg'-"‘;) ~ Bin(n—x! ﬂ_'F)
S
e (X;1%3x) o dt.f\'nd

P

and the othar coses

similu—(j.

c‘.l*zoxs) ~Trlan, PiePa f,) D RKeXy~ Bin(n, l"fh\
(33.4)
et %) ~ Tl ppafy) -

Then naass‘anlj X, + %, ~ Binla, r.+f,_).

MULTINOMTIAL DISTRIBUTION:
CXpers X)) ~ Mol i, e P CTH)

Q‘ In a

® Each ot has Kk
oand

@ we rt.ru(' toid  trial inhfnndMKj a  Fmes.

N In Hhis  case,

** s lHinomiel distribution”:

outcomes,  Soy (whare k22):

Ay, Py

we SAJ

(X, ) Xi) v Matbinomtiol G fu)

or
IS Xy) ~ Mualt (n, i ru),
whee gz POA) VIS and Xz HOA senud in the i),

JOINT PmF (of MOI.TINWV’:IAL DISTRIBUTIONS]
', L™
P

PCX,= %y, .., X2x,3 = —-—,‘., % e P
g @t (K X)) ~ Multln, Per 'rl‘
Then the ,om(‘ rw\f of Koy X 35 given Lj 1,
where
n! x X
£, M) = PCX=%y,.ce, Xz T = XL X! P P -
Why? at ', “

.Gbs“...,)q,) z __—,(!,,_ &, ?



Week 8:

Expectation and Variance of

Multiple Variables

E(g(x,,X,))= ?“i‘ats,.&)-ﬂs,,x‘)
&« LAW OF UNCONSczous STATISTICIAN ») (3:)

g @t XXy be dev,  and fet 0K, %)~ £0x0,%y)
Then necessanly
ELj(X,,X,_\) =
ECaX +bY+c) = aBCX) + LECY)+c
g Lt XY Lo dev, and fleb abeel
Thea necessanly
ElaXebyed) = 2ECX

Proof- (ot (X/Y) ™ $txey).
:—)E(AX{—\,‘IH.) < ?? qu-ﬂ_,-h:) ‘F“"j)

E Eﬂ‘*l"a“‘#u“’ﬂ-

8-2)
)+ LECY) +c.

= ‘;g ax foxy) ? § by fonyd ¢ E? foxy

= agx %‘m.y - L%g?ﬂx.ﬁ - cgi’m.:p

: aB(X) + LE(J) tc.

4}
Ry " TSEPENOENT =5 ECouIk)] - ECyRIEThC)]
8 Wt XY e Cindepandent  dev-

Then l\tr.lSSAf‘.l_"

ELgRIweNT = €Cqx)] ECeN].
Proof et  Cxy)~ Frgh
Thea

EGE0T ECwn] = (§3‘*>4x“")(§ hy Fy‘x’)
= %% J(x)hlj) ‘Fx(*)-\‘".!(j)
=Z i Z
) E’;:go‘(’:: h?) —F(X:]) (1‘;:3) XY ae mJnruM, see
o noatdd B T o
COVARIANCE: Cov(X,Y) (8-3)
g Gt XY be drv
Then, the ‘covarioace’ behsen X % Y.
SCor (X y), is defied o be
Coutxy) = ECCX-E) CY=ECYN]
= E(x\/)_ E(X)E(Y).
Proof- (et (xoy) ~ FORY- Then
Covertry) = giﬂ (x-EONCy- EON) Ftmgd  Lhy Lovs)

denoted os

: ;g’ﬂf"'ﬂ’ - ZZERgfiny - E%E‘V)’Fﬁljhggfmety)i&.:)
= Ecxy) - EC)EY) - ECY)ELX) + ECXOECY)LL)
= E(xy)— ECX)ECY). B

Var(x+Y) = Var(X)+ Vary) + 2ov(XY) (8-3)

e Xy b e
Then necessanly
Voe(x+y) = YorcX) ¢ Vacly) + Alov(XY)
Proof- Vo Cx4v) = ECOXYY)- Cetxry)’

= £ + 2ECxy) + EY) - (ECO+ Ecyn’”
= E0x*) + 26Cx)+ YY) - BV 2N -ECV)™
= (E0*) - Ecn®) +(ECY)- Ecy)D+ 2ETxy)- €0O%¥Y
= Ver(K) + VertY) + 2¢evX.Y). @B

.COV(&X) = VarlX)

g (et X be a drv

CovlX,X) = Vor(X).

Plorx) = Vortx) = Vertx) €
3

Then  necessenly
Proof - CovlX,%) =

., He aleve

L:,.,.uh)’ K

= VorlX)- R

XY ARE INDEPENDENT D Cov(X,Y)=0

Gt %Y Lo independent dov
Then necessadly Cov(¥X,¥)=0.
pﬂf_ Covex,y) = ECRY) - EXIELY)
= Gexy) - €xy) Cly 8-2)
=o0. §

2 However, +he converse is nok necessanl Hrue!

Var(aX+bY4c) = a'Var(x) +4Vor(Y) ¢ 2abCovlX,Y)

g Gt XY le drvi and et abcei.

1
Then ncassn\'l_\,
Vor CaXe LY 4e) = @ VarlX) + VVarlY
Procf-. VorlaX+1y#e) = EUaXebVed’) - (Etaxsby+e))™
: GG BT 2aVKY 4 2aKE 2WeY

) + 2abCov(XY).

) - (aECA) +LECY) )’

= vt + VED) £+ 2 GEQKY) + 2e0E0x) +2beECY)
€ _ qak€CXIEEY) - 2:66x) - 2b<€CY)

- Qe - BECy) -4
Ecyy’) + 2eb LECXY) - €ECYD
a

= @ (EC) - B¢ Ve -
atVerlx) + b Veety) 24, Cov Y-



CORRELATION COEFFICIENT : P oR Oy (8:4)

W oer XY e am
Tuaa, +he * corvelodion :olffiu'u"“ denoted oS

“CI" s defined h  be
Covl(¥%Y)

¢ AVar (%) Vorty) 3
“ € [(x-Ecx) (Y- EC)]

lelet; let=! ) YeaXtd; a>o--’)Q='v aco>

e=-I

Tt xy le s, ok et o be e comdofion corfficeat
of X & Y.

o;XRYl

u'.:al +

Then necessadly lelet
Fucthermore,  lel =t ;4 Y= aX+l for  some abef
® IF a0 , +hea e:l,‘
@ 1f a<o, +hen e=-l-
POSITIVE / NECGATIVE CORRELATION
Q‘ Gt XY be drv
pa wy KB e o pesitive. caneltioe”
loae values  of X temd W be associated «f "
logge walues oY ond amel valuee of X
small values of Y-

jo be ascosiated uith

(©) ComluszlJ we Snj X &Y ,f»lloul a :
i loge velues of X fesd o be associated uith
of Y, ond smell of X +end

loﬁ‘ values °F Y.

"mjuﬁvc erelstisn”

small  values values

be associated with

? Gt Koo be drv, and lof

’ Pifa
(2

(xu Xz,xﬁ ~ Tiln, 1(10: % fl) > e"c'x‘l. -p)C-Pa)

? Gt (X, %, %) 'VTn('\:]’. PacPy?-

Then necesson'y

e o[ Pb
exnxz Cepiep)

holds for

od & gimilor cesult

Bxuxy, & Brox, oo

CXysoer ¥u) ¥ Mutt oy, pu) 2D Covl;,X;) = ~npipy

? et Oy Ku) ™ mutt (n, Poo- ’ru_)
, P: P}
(l-r;m-pj)

Then  necessanly Cov (%, X)) = =ik Vishjele.

("u'“o xll.) ~; mﬂ“‘("r?u - ol’h) D cx‘
E lexr (%), X)) ~ Mulkln, ..., Pu)-

Then nuassanlj C“ux'- - '(Fr‘,%:_rh)
(3 d] .

E(: Zc ;) = ‘é.‘cietx;)

@m Faven X

Thea neu;ss:ml:,
EC E C;X;) -
3

ba drv, ond let gy cei.

n
_E:;ECK,:).
LR}

Vo.r(ic,,x )= 'Eq Vor(Xp) + zzc c; Cov (X;. %})

g et X,y %X be drv, and let e ,cnéﬁl

Then nuessunlj
\/u(qu.) = Zc Vor(X;) + 12.:‘: GuCk %)

= ‘g“i Vor (%) + 2(:,c1c.v¢x,,xl) 4o a ¢ o CoulX,, %)
a0 GoveX, Xg) 4o caenCovlX, %)
Tt Caaala Cov (Xa, X4)).

Kyewy X Aue INDEPENDENT =) Vo Ze:X;) = ﬁcgv“m)
C' 'C'\e'z =‘
guﬂ)DSL Koy R ove inderu.lmn‘-
Then nueﬂssa.n'lj
VM(?C‘X‘) =
Proof- This‘:fpllowg Fom ta Gt et
KX ara indepeadant D Lov ¥y X0,

n
Z ¢ VarC K-
(5]

and aﬂabj:,\? thic o #e rn-/iobv thesnm. B



TNDIcATOR FuNCTION TECHNIQUES

usING IFS oN Binln,p)
?'-, (et ﬁ”s'“(“r‘ Bnd EX) § VorlX) usil\J

vansble tednqoes:

indicater

e ith pial is & rwess £ O oieruise,

Sul'—'- let Xi=’ J‘F
e Xz I[te ™ il is a sascess].
(A
Thea
Xi_N Blfww.lliCP)
ard sina Ko, ¥n ae '.nJa'n--l’*" v
ECK) = E(Ew
= _% €ex;)
and H I\F, .
Verlx) = Vet CEXD
= qu“() 4+ 2 ECNCX‘,X)\
o ) - oK
= EVwQ‘D < Q_,‘%"(DJ “"1 'm"fm "I Karwee )
= r(l—r)
JoVe(K) o nru—fz)
USING IFS oN  Hyp(N:M,n)

G suppose e e Mved kalls L biue bl

box.
n a
ZMJ.MIJ select n balle  without r‘_rl.m‘, 'f" -
bok. )
et X be the “# o ad ol selected, that

X v Hyp CN, M, ).
We can ,finl ExX) & VorlX) uﬁnJ IF ‘uﬁﬂi?vﬁc

S, et X =t if He % gelection is o red ball, and O
othewise, o KT TGN bl 5 e suess).
Thea M te te XS &re not
X~ Barmoulli { ~ ), Ll“"' “:A:,,,{-f " o

® i §, vaeas Balt)
SD L
Ex) = E(ZX\.)
= ZER
_am
= 7.
Thv\, )
Var(X) = Vu(ix -
R i\lnr()” . 2“2 Cov (%, 7(
See that
N A
Vi M'o’]"
= 1. PLXg=, XJ'=']
= plx=1] PO | %13 Cly bt ot formuls)
m mt
" N N
and SO
Vel = ZUee0d + 3 Z CovCrey)
= a0 -8y« 9.( )[M'u:l_(M)]
B0 ¢ a2 5]
Nm-N-MN +M
. n-%' 5 neen 5 (TS
- M N
= A N%M-f nta) N u':lu-l))
= a0 Nem [ tad
A B Vi
M N-m oren-n-ae)
"N R [ T :I
= a0 M "—!
n ~ ~N N @

Example 10 Suppose 10 decoration lights are arranged in a row. Each light can be
ON with probability 0.7 or OFF with probability 0.3, independent of each other. Two
adjacent lights are called a SWITCH if they are ON-OFF or OFF-ON.

Denote X = number of SWITCHes. Fori=1,--- ,n, let X; = 1 if light i and i+ 1
form a switch; 0 otherwise. Therefore, X = ZLI Xi. Find E(X) and Var(X).

Sath. 9
( L2 €3 ey LS L6 3 L8 9 o
@ @ ¢ PO D D ¢ ®e &
swl Sun. 5N3 gw-'
See -+t €ex;) e oL

X: v Ber(0-Fx0°3 + 0-3x0'3) = Bar (owy2).
.

€& ) o -own)

.
ECX) = ECle:’
o
= ZE)
(8]

= io"“— = QoY1)

NLFJ, 1
Vertx) = Ver( ZX0
s v + 2 Z’Cnvfx\:x‘})
< 1¢icje
H,W,,. wote  dd . . .
T T i o ¢ b Gt
adlm* to one anothe) do not  lhone eny bvul-f,
Xi¥) o intgedet i LI7
Th 2
TS x) s vt
. -
feie)el c‘
) - E[E(xixiﬂs - ECX;)EO(;..,)I

Vet
T
%_[(o-'-h:o-!xo-?+ o3xo3x03) - 042]

= 8-(02- ow’),
Ver(X) = intx) + 2 Z Covl¥a XN

u-.:Jﬁ
= 9Con)li-on) + 2-8- ot~ Cosrn)’)



Chapter 9:

Continuous Probability

Distributions

CO”TI“UWS RV /CRV
8 Gt X be & cove
We say X i " conkinuous if
lmje(x)l > Nl
e "WUCCX)= R, Corl, ebe

PROBABILITY DENSITY FUN
fo can y FINCTION /PDF:

Wt % b oo cw

Th(_n, He rn,L..L HH lllnsﬂa function of X, ie »f()\)’

desenbes  the “distvikution”  of rm\.aLil.'Hq of X-
In PM‘Hr_ulw:

© $0 20 \/x€ (-00, 00);

® Plae X<b] = j\'-f{-)lx;

® PLx>41= r{tﬂdx

@ PCx<a] - .I_:'F(k)dx/ %
@ Pl-w<Xcn] = J 4(,‘“,‘ -1

CUMULATIVE oxsmxguuon FUNCTION /¢DF:

Flx) (q.1-2)

13,' Gt X be & crv, with rdf £(x).
Tnea the cuwmulaive dishibution  function Yoo X,
danoted by TEGY, i defined B b equl to

Flx) = P(Xex] = J 6.

‘g? Note thet
O o<F £l Wxe R
® Fl):=0 & Fle)=t:
©)] Flx) § Flx,) € X\&Xp 8 %
dF{x)

® 13 5 s cts ab % then T =400

"(“'*M. Y=h0) Is -1 3

¥ = fow'epd | T wley)]  ccenance of

VARIABLES > ¢3.1.3)

? @ X~F0d, and let YehOO) suck thet W hag
o unigee mvaste Ce hoi -

Thea necessadly Ygtyd by

3 = sy |Gl

eg Xwjte s xeCo); v .
Sol?. PLYeyl= Iyl = prxsn3] = FLAY.
> g - _“Brcyssh %rua)
P 4
- F(.J_Tl) ‘.J(Jg,
- f- ,505)
y.r) 2.3
=3 —;_
2 =
& Xfta= 3, welods Y= -legX.
Sel2.  PLyeyl = Pf'“’j(x)&gj
= PCloglo) % -yl
P[xze’]
T 1-P(xce?)
e - pxsed
Henca = 1-Fled).
. d Loy o
340 = HPLyey) < -Fle 9. T’fj
= fe% 157
= 3¢ e
= 3¢9, cjya)

EXPONENTIAL DISTRIBUTION: X~ Exr(a,) 2.2.1)

Q'I We oy the crv X~€xr(7\.) i
‘Fo:)_ M, x>0,
e whee ZA>0-
g’_ In rwﬁmlu,
. Fex) = ‘J—_:'A.g_m.l{' s I-:-z't \Ux30.
Eﬁ: Exponential dishibuhons  om offen used 4o model

ulaim' times .

g‘l Ao note +he "Memnnj—lcss f”]""j
POX>¢€ts | x>5] = PCX>t],

CAMMA DISTRIGUTTON : X~ Gam(,p)
Q We  sey x~c.m(-r,p 3

$y = mx _“r(-_;_) Vx>0,

whee o,

?- Hee, the Nz fraction s g by

T‘(ﬂr)-j“’ %y

3 X, ¥ >0.
Note +that
® Claw) = o) i et
® (3 = ¥
Pgo{- O can be shewn vie '..m)...ﬁn by {:-41
Sy anily.
Nota,  +het

iy [t P -
red: -J:, x e dx.
Wf Xz, =) dreludw:

2
2o J‘:le.u du.

LY 2 2
- lfj:“f:"e""" dudv.
@t yzrn®
e } 3 rg)- "ij !"e"}.;ue
(]
= T.
2 )=t B

(9.2.2)



UNIFoRm DISTRIBUTION: X UnifCa,k) (32:3) PDF/cOF OF MULTIVARIATE CONTINOUS
B ey Jommien DISTRIBUTIONS

s i Yxelad, B b ¥, Xa be er  with ook pAE )
Cihis is  similoc $o the discrete case).

92 In +this case,
X-a
F(x) = =S xeCat], Then, \oj Agﬁnih’on, we hove
b, b,
Pla, ¢ X<k, .., 34a¢Xa<h,) = _L jn,\ Pty ) by e )

Fy IS INcREASING D F(X)~ Unif (0,) ECa(X., .. x)) = [® o
: ' e vy o) AK o A
G et X hee M B, ad s B E 9Ky y ey X J_“ j_.. 9%y oo, XR) FCXyp ooey X)) AR dX,
stickly  mereasing.
wh Y= FlX) . Thea

« LAw of THE UN':.oMSCIOUS STATISTICIAN 5O
9 et Xy oy X,) A2 $C81%0) ke Ve
Thea  necessonly
E(gx,,., %)) = J' j_o: 9%y Xn) £Cxy ko) drcp e AK
G

ej (027 ~ flxg) 2 than
o (]

= Ceey) dy dx .

E(xY) J_nj_“ Ry Fexey) dy dx

Y~ Unafm.\)-

BETA DISTRIGUTION: X~ Beh(a,,%) (4.24)
Lty oy 20 Then, +ke Leta 'ﬁ"""ﬁ""‘ °E o,

\
denched as "BCT.,V‘)", s J!finf.} +o be

Borahme j' W =

or vivaleatly,
L NCAINSA
Bl = e

87_ “Then,  we say X~ Batal%;, ¥2) it

of -1 o< -t
S0 gy G e
= Bn/
= hen
* e po-ticuler, whar Tzl & HELF
-—‘—qul—x)'
£00 = peop)
_ rad

T penreo

1ol
=\,

o).
$o  F(n) = j: Vol = R, Ko Vnif a

STANDARD NormAlL OISTRIBUTION : X~NCO,D)
%.2.5)
g We say 2~NCo,)  ifE
[ -2
L) = 4_51.__?1 > \JEE(—&,'B). °

gz Tn s case, o cf 1 2, deotr Yy P,
vel o
2
L B) = P(Zez] = j_dﬁe
Frota tit Bo)e L by fymeahy o).
2
GENERAL NORMAL DISTRIBUTION: X~N(u,87)
Y owe say XeNGua) i
$(x) = ,\F_\%i} exp (— ‘—:;%)1-) Vxet-n,an),
whare /LeR & oo
9;_ Note fhat in  +his case, we have
Fix+8) = Pex-8).
STANDARDIZATION
Q‘ et X~NCp % @t %= x—;ﬂ
Then see that
F,le) = PC2¢2] = F[x—;ﬁst]

£
>

dx.

ZPIX-p s 2]
= PLX < zo+p]
T Fylpese),

ond  so
4
Fa(;)= LW
d
T x(l“'n)

z flpror) & .
v L (ptoR—p)

e uri-T‘_L}

L LSt

* Wart

Ta other words,

X
X'VN(jA,ﬂ"') > @= _?l'& A~ NCOD.



Chapter 10.1:

Expectation and Variance of
Continuous Random Variables

EXPECTATION (of cRV]: E(x) = f" x§ex) dx x~aamma(v p = Ex)= «B. Var(X) = "P C10-1.2.2)

('o i ') ° et x"'&ﬂmmn(-rr)

? Lt X be = e with (paf  foxl.

Then
g0 = [ xf0d.

ECqon) = j quaI§edke (K LAW OF yNCONSCTOUS
S'm‘l‘l:sucmn» C10-1.1-1)

g et X be o ‘erv, with rdf £0x).
Thea
ECJ(X)'J-J QoOfeIdx.
VARTANCE [oF cav]: Var(X): = Cx-eo:)] $0)dx
Clo-1.1-2)
Yot x ve oo, with paf 0
Then .
Voe(X) j CxoEOxN 0 dx.

X Exp(R) ECN= 5 , Var(X): 33 ,L-.. €10-1.2.1)
Q Lot X~ Eﬁfﬂ-)

“Then m.u_ssm_, ECX) = _i and  Nar(X) = F )

X~NCo,1) 2 E(X)=0,
£ @t x~ N

Then nul.ssa-n\j

Vor(X)= |

Ex)=0 & VerO)=1.

X~ NCu,6%) 9 Ecx) = p, Yor(X) = O

U et xwNOp )
Then necessadly Ex) = p and

Var(x)z 6

Then flf.assorﬂ_’ BN = «p & Vor(X) = q«F

Cto.1.23)



Chapter 10.2:

Moments and Moment

Generating Functions

momENTS Ecx) €10-2.1)

Tt x s o o
Thea, +he U™ moment”

ECxk).
MOMENT asnemum. EuNCTIONS / MaF :

My (€)= Ee™)

9 et X be o TV
Then, +he 'momuﬂ- 3uw.rahn3 fuaction”  of X,

denoted  as M, NCDEE defined to be
= g*%) .

of X i Simrb

m, (&)
provided  this cxru.hﬁon exists  for
finite D).

iF X i
2 eﬁ £0x)
X

all te(-h,h), where

o, h7o (e s

In rnrﬁmlor, discrete, thea

M) = €)=

2
i:}; Ip X is instead continuous, then
) X, e

P MXCE) = E(e )= J‘_ﬂ Cex{;&)gx.

g’ Note +hat a MaF “"iqv‘lj delermines a
PwLaLilﬂj d‘SMLuﬁMI whether discrete
or eontfinuous.

X Binta,p) = M, (¢) = (o.tr + l-f)“,

(!0-1.3.')

Q‘ Gt X~ Sin(n,r\.
Then ncusluﬂj
Proof- M 1) = ECe™)

xz_ Q*X‘F x)

R

- +x

= Te
Xz0

te(-00, 0o)

M, (&) = (cfr + Cl-r))ﬁ, whee tEC-00,m).

“

N la

a

zo(x)(e ]’)x (l-r)n«

Chy binewiat formuda)

“

= Cotp gy
< xn Ve, m)
X~ Gomma (o, P) 2 M, &)=

g lat XNGAMM(-VF)
Then necessanly ™, Lé):(I_T,, Vt(FL'

a P*’q , €< P €10.2.3.2)

ALt -1]
K Po(R) D My ()= e
? Lkt X~ Po(R)- s
Then n(uSSan(J MyLE) =¢ *z
XevNLo)) D My w=e?,
3t (a4 X NCON. o

Then necessanly M (&) =€ Jor EEC-08 ).

46 C-05, #0) (10-2.3.3)

*/-mm. > myce) = e*m (ad), 1y, &) Goa3w)

? (%) be & v, with map  Myle)  VEECWW.
Gt Y=aX+th.
Thea 4he MaF of Y s neces ggn'lj jivu by

Lt
M) = e”m at)  Vee(Th &)
Proof- My 160= ECet]
. E[’_mx»cl.)J
h.)(el.e7

2 € [e
: ECe\'E |
taX

zefere )

= eum cat).
Ia rvhc.b

Mylat) existy for bECRL) D teCTa, 1)

X~ NCu, o) = My 6= cxf(,d:* gy

-"g"r, @t XNN(/‘.W")
m (t) = C)T(/A(’G —-—)

Then M.ussni‘_j
17_20{:. Note x:/u.*o—%, TANC,).
Heace £
M) = M (at)
1.(,1
= (Q -
#‘ . “"—;‘

: e
X~ Gammo.(o, F) ) F ~ &umm(q 1))

? t X~ Gammala, P). Then .F ~ Gammal(e, ).

Proof. et Y= See that
ot +
myie) = e m, (g
! t 1 .
= Sl (e te))
o, ‘7
G- 4
)
-8 -

Note W~ Gommagay) ¢ Myle) = </—£)*"

T 1 ﬁ/\/amm‘(%\)
JOINT maF: m () = E(e”
? @t X and Y L._ cv-

as needed- @

X+ &Y

Then, the ]‘m meg op X & Y, descted as
s dl-l'riu& o e
RN
My, Cets) = E(e ).
provided i exists NEeC-h, k), t2€(hyhy).
?1 Note +ha}
qu:') = E(e-e‘x) = Ecthx*— D'Y) = mxl.,‘t-,,o),
and
M %) = E(e 7y« ECe Sl )=MXNL0,(.-,_).
oel-h,h) & 0 €C-hy, hy).

-Hms is wvalid, as
(B) This  also extends fo more vancbles as well,

4 E€C-,00).

) (-23:5)

MMy (08,



Chapter 1.1

Main Properties of MGF

MOMENTS FRDM MGF

m O, My “eor= ECx®) (1)

g @t X be a rv with MGE M, (), teC-bh).
mkto)=| and

Then v\uv.ssn.MJ
M“co) < B0,
whert
(h!e) L
) =
M)‘
Proof-  Recautl

&
M) s Ece ).

Thus

l=1,2,

4
e,

M (o) = E(. 1) : Ea)=0

Case #1: X 1§ a drvk
W) .3
Thea Mx (¢) = r":MrLH
a4 +x
= =T e £
de* x,
= Z xke me,
* w) > e
M t0) = Sx“ngo = EOXC) by Lous)- ¢
Case #2: X is a erve
d
Thee M0 GEME
- Ak g 4x
AL
0 gk Ex
= = ax
J-m att® {-lx)
oh <x
so = J_‘ xue_ $00 dx,

w o o
M, o) = _j_‘,g e fLadx

= 52

x‘-le) ax

ZEO*). @
JoanT Momﬁal‘l‘s FRom JoINT MGF :

J s B
E(x‘l) sy,

9 @t XY be erv w

Moy ity 20,00 14D

.H. |o|n\- MufF M u—..e,) V¢, eC-h by,

£,60-hy, by)
Then nec.eSSM'lj Sk
J
= N
BOCY ) = ek M,y Eet \
)jﬂ‘ C&,.t,) = 0,0).
M, u.u:-.—-j ¢
F }E’}l-"‘ X 3‘_,“1 _“5-“ ¢ 'I-‘J‘F“‘j-‘d‘.k:]
= \ Hx t
u-.\ j-nj_,. L e e l,-{-‘cn.\-p#d,
3 I:. *l" 29
BU j_»j foxg) dx dy
tx tay
= jn‘f N “, y'e "e > fong) dedy
4 = J—-“\S " " lh ‘Ff"'j) aAx JJ/
apd So
stk
I ol L IR N R XL
y(h.t-.)l . J_J_,*Jj P b dedy

Sti e M

Ct,.€,):(0,0)
= ) &xd
Jon Sl Ky ey dnty

: EdyY) Gy LUS)- B

Ex: tx.,x.,x,w‘r..(.\,r"h,h) D B, =t

Soi".  See Hat
ECRKD = S My g et
where X X
M) = Ele ey (Vhutae®)
5K T e b
2’ n
= xz-u):-: " '!\*‘P' P‘ f! . FyInexeKy Gy Lous)
¥
o oam o
b "1"2"0*"’1 trle ) (rae ) fg , K3sheKt¥
= 3" ( 4bed"® > 5
Tus = (fn?- "Pze Tapy).  Creeall Cadbte) o s0 wimIG)
}_‘_ - . ¥y = nexy=%)
'\
g, Mxnlintd) = s (e ‘e “p
-1 +,
= “.("‘f-e +r;= i - ReY)
w4 -2
~ad 50 T nea-iCpe +pe e o . pae ™,
ECx,) = 2om
) = Lhaty)
dan Flh () =€0,0)
-2 o [
fae P&

n[n-l)(rm“-& pe + h-)"

Aln-NpiPa. #

¥

ab e

*

*3

mx(“)’ m,(&) (42 X

'?u_{- X & Xy

X,¥Y ARE INDEPENDENT <

DM, Ghb)=m oM ()

<« MuF INDEPENDENCE 'rneonm» a3

@ @t XY be ev-
Thea X & ¥ o
M (+‘,+,_) = M M th)

dent  iEE

inde

cn-vw

g @t %Y be v Such that M@= M &) NeeChh).

Then necessonly X=Y.

In other words,

Proof- This olowss frms imjeckiby of X s et

V4,6C-ho b)), +2€C=hy h).

=Y « UNIQUENESS o

X 2 Y have the same Aishibution .

7]

F MGF >

X1 Xy ARE INDEPENDENT =) Mux (&) = M, mm (t)

Q.1.8)
%X has

and

be ;nu.ru\du* v,

Map M.t Vtec-h, h).
(3
Then necessanly

m &) =
Xy +Xy

m x|te) M&Le)



Chapter | 1.2:
Convergence in

CONVERGENCE IN PROBABILITY: X, LAY
?' @t (X3) be a quuu\co. of rvs.

Tnen, we sey ¥a "r.mvu\jes in rnl,;lailil:," 4o o conslont
b it for w\j €20,

lim plixy-biz €]=0 o Vmlixecbicel =t

and in this case we wnte

Xa L Eax’”
lECxi*)| c 0 D PLIXIZC] <——c|—) e, k>0
Z&EMARKOV'S INEQUALITY » (Ii.21)

? et X be a v, and suppose EQxi%) is fnite
for each keN-
Thea necrssanly
E(IXI)
PLixI>c] ¢ Ve, k>o0.

INDEPENDENT & IDPENTIcALLY DISTRIBUTED
RANDOM VARIABLES / IID

-gl We Say +he v Kooy Xa 002
distributed ',

" mdergndu\{- & ldmhull]
“z10°, if
® each randowm vovable has the Same Fm)"""’ l'l'_'j dishibution
Cie b TP Ko ~ le)) i and
B ® e voriables are mutvally .'nd-.lundt"+-
Q,_ In His  case, we may  also wnte that
% 2 209,
Xi ARE no ECx) = s VorO) = 0%, :7'\.5,(

or "usk

(1]
D %, J <K WEAK LAW OF LARGE NUMBERS>>

?' (at the eve X be IID,
Voc (%) =
Denote n
Ko = w2

Then neus;m‘lj Xa L/A

with  each ECX)=pm &

Probability

XaDa, Yulsb 9 X0 nEs arl, Xdn>ab
? (et Xa ond Yo be rv cuch that
X -—>n % \/n')\'
Then necessadly
@ X +Ya ._P.) a+b: ond

® XY 55 ab.



Chapter 12.1:
Convergence in Distribution

CONVERGENCE : x 2 :
(t}f We tay e am {:\l gf"s";f{e ‘::Ir::m"xn_)x v!:)":b Mﬂ“) > M) Ytel-h,h) & KXo X
b X it <& MGF CoNVERGENCE  THEOREM >> 12.1.2)
"l_;': Falx) = F(x) Vx: M’ 9’1 @ XX, be o St’vl.nu of rvs, ond let
wnte M, k), ME), ...  be Fheir res ective MGFs.
Lt X be a v with M&F mce), such thod

and in this  cose
there exists o W>D sudn that

D
X,—> X-
Q,_ In ruﬁ:.ulu‘, y
PLx, ¢ x3 = PLX&X] Np e = me i gutainis).
. for |u\'jt w Cf F is chs ot X)) Then ng::ss“ilj X, —>X- o
gz Note that lim Fo00  saigwt net be o CDF! X,‘wﬁin(n,r); nIod, r-bo D X, X ~ Pol nr)
i
Ex: ¥; ~> Unif(0,8), X% max{ Vi, ¥n); £C PoIsSow APPROXIMATION To THE 8INomIAL
4
sow X2 x DISTRIBUTION
So" . Note that .R" tat X~ gi'\cn.r'). We can vse e MGF +€6bmi1ve t
(9 xte Show  that
PLY.¢%3 = ‘( '%, ::,:e Wizl ®, X, 2 X - r')O)r
s ' ”
’ * were X Polnp).
[°, x€o y - w r
Fal® = ¢ G;_)n, 0<x< ® PLX, &%) s PLmaclhins Yad € ]
[ 1, %20 = PLY$K, -y Yasx]
s (F)e (o), +hus * PEesl- PVMERT Chy 64 oF Ya5)
( [ o, Xx¢o = (5
:‘:“F,\Cx)=< 0, 0¢x¢d
L I, x3@
= J o x<e
Hence (hoxee
X D _Joxco
"X, I Y 5
Ge X is +he hat fokss  volue B witr ?2 Note +that since X is discrele, Fx)= P(X<x] s nok
' ' "~ o el
FwLoLl'mj 1) conbinuous ot x=0,1,2, -
lim \P(ﬂ) b Se, we have 4o pecform & M
=0 Vi (e &y Wqn b f
" > "*“L n n ] e PCX,=x) = PCX,& x+oST - PCX, & x-0-5]
a PCx ¢ x+os] - PCXE x-0-sJ .

(( e LimIt>» (12-1.)
.(é)" 'I_G beR and '}:‘; Y(n) = O, then

lim (14 l-; ) \P_(;_).Jn= e\..

ny
In rwh’cu(u,
tew [is 830 2 &
nHos

EX: % 2 Explt) ; Xa® mox(Y)seey Vo) = In(nY;
sHow X, x

Sol.. See that

R0 = POXexd = F[max(Y.....,Y,J—l"‘n\f)‘]

= PLmox (Vi Yo) € X +1ntal)

= Tﬁ'r[s/; £ xrlnln] )
e thy id-ress of Yis)

= (PLY, ¢ X'Hv\('n)])ﬂ
-Thtl\l as \li }3 Err(l), thes each Y: has rdF f(j):e—:]
and  so Y -y -y ’

{ 5 e dy= l-e
PEY.53'1=¢( = ;97
(] L, y<o
Therefove _
"lfn f(l—g—x'l""‘))" = (- %’)" . xtInla) >0
Fn[x\ = €
[ o , x4In(n) L0 |

See 4t x<-lnln) D X €0 (et as x20), 30

. =X n
Aa (-5

(e
e -2 ) \'I;(e@- (hj e Vimit)

Th
awfww. > e
X2 X, whae X has CDF e WxelR.

i
lim £



Chapter 12.2:
Central Limit Theorem

X; 115, ECX)zp, Vor(x) =0, M, (8 ExISTS

Vtethn)  REL 2, 5 Nco,)

(( CENTRAL LD'IIT‘ THEOREM )
.gs Wt X e o teqeace of iid rvg, with
BOQ s p and Nar(X) = o em.
Fucther  suppose ench  MGE m,q(e) exists  Vtel-hh),
where  h>o0.
Then necessanly
NF Oa_;ﬁ_) P, 2aNG.

-m)
Poof- Gt Zpz A L Then

AT
Mgt = P
£ S (x:-p)
w2
- E[e“riﬂ (-2 ]
H E[e:‘%‘zl\/‘] whee YE =Xia-' (e E[Y;)=°’
"L Vor(Y)= 1)
: MYc(E)’ Coy sid o ¥i)

whidh  exists  for “%é(-rh, ch).

Next, vecall +he Taglor sases of f:
o) 10 ?
2 T a

,

£x) = o) 4 fodx +

and so
(2) £ 3)
£y ' Ly om, (E) Ly
m?’;tﬂ\) - MY;(D)+ M‘/iw)(ﬁ‘*' hoo- + "y G +
2 3 o
[&}) )
_ & ] 2 ¢t | M, co) ¢ "
= 4 B = ¢ geonE e SRS e
Yam 2 R Y v ]

)
(recall  My(0) = ECX)
Yin)

a 2
=1 + Ecy;):,_*: + %_[Vuc‘/;)—CE(‘/ﬂ) Jtr A,

) 3 «0
My, Co) ¢ My, (0) €

Yen) =
WAm e
= t y
I+ o= + -0 & s \P—f\")
, LA Gt Y
c. MYLL‘G‘\ (+3-S+ 5
“Then, nohice
n= +Rd,

W) >0 as

and So as M_)E“) = (Myi(%“ , it Afollews H#hot
n

W = b 1+ L ()

n-lbx M')_((ﬂ nlqn:»( EE )

{7.
- e_;, Chy the @ lmit)
of 20 NCOLL).

which s EKqCH_lJ e Ml
l’j Ha Mal” mmlE:jM

% P
,\r;\%z:) =3, >N g

@ Hneorem,

Hena,



