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Chapter 1:
What is Probability?
RANDOM EXPERIMENTS (1.1)

DEFINITIONS OF PROBABILITY (1-3):
A

"

random experiment
"

is the
process of obtaining a " "

Probability
"

is a quantitative measure of how likely an"

random observed result.

: event is to occur .

z
Random experiments can be split into two types :

CLASSICAL DEFINITION① Controlled experiments ; and

The
' '

classical definition
"

of probability states that each distinct outcome
eg flipping a coin

, rolling a die

in the sample space is eqvaHyy to occur .

② Observational studies .

:

eg # of students taking STAT 240 in f-2021
z
In this case

,
the probability of an event E is equal to

eg roll a 6 -sided die once .

FEATURES OF RANDOM EXPERIMENTS
E = number is odd .

:
Note that random experiments have the following

peg , =
#ofwayseventcanoc#

⇒ E= II. 3,5 }
,

5=11,734,56}
.

common features : # of outcomes in the sample space .
So PCE ) = % = £

.

① The outcomes/results cannot be predicted with certainty ; and
-

RELATIVE FREQUENCY DEFINITION② AI the possible outcomes are known be#nd with
-

'

: The
"

relative frequency
"

definition of probability states that the
certainty .

probability of an event
occurring is the proportion it occurs

SAMPLE SPACE (1.2)
in a very long series of repetitions of the experiment .OUTCOME

!
An

"

outcome
"

is an observed result of interest eg rolling a 6 -sided die 300 times

from a random experiment . ⇒ 3 shows up
49 of those 300 times

eg
the num_ber rolled after rolling a die . ⇒ so p( die =3 ) I ¥0 = Yo .

SAMPLE SPACE SUBJECTIVE PROBABILITY DEFINITION
: The

"

sample space
"

of a random experiment is the In the
"

subjective probability
"

definition of probability , the probability of

set of all possible distinct outcomes of said experiment- an event is determined by an opinion ( ie what a person
thinks

eg when rolling a 6 - sided die : the probability is ) -

S = II. 2.3.45.6 } eg
the probability of COVID-19 being eradicated by 2022 .

EVENTS :

z
Note that this plays a role in fields like

"

Bayesian Statistics
"

.

- !
An

"

event
"

of a random experiment is a

group or
"

DISCRETE PROBABILITY MODELS (1.4)
set of outcomes of said experiment ; ie subsets

of the sample space
- 's

In discrete probability
models :

There are two types of events :
① The sample space

S satisfies lS!
'

ie there are either a finite
or countably infinite number of

① Simple events - consist of one outcome

eg rolling a 1 on a 6 -sided die : basic events ; and

② Each probability pi satisfies Of Pitt ; and

5=51 , . . ; 6 }
E-- It}

② Coinpound events - consist of multiple outcomes
③ The probabilities of each basic event sum to 1 ;

eg rolling an odd number on a 6 -sided die : ie Epi = 1
.

5-- oil , . . . ,6 } E- iii. 35} MODELS (1-5)
DISCRETE

- : CLASSIC
3
Note that

① Two simple events will never occur simultaneously ;
-

.

In classic discrete models :

① The sample space
S satisfies lsd

Lie it is finite ) :
and

eg can never roll a 1 & 3 at the same time with

one die

② All basic events are ,eq÷ly
to occur ;

② A compound event occurs ifandonlyif one of
"

its
"

ie Pla
,
) = - - .

= Plays ,

simple events occurs : and

eg odd # rolled <⇒ I rolled I 3 rolled er 5 rolled

(on a 6 -sided die )

③ Two compound events can occur simultaneously .

eg
3 rolled ⇒ { odd number rolled ( E-- ii.3,5} ) ; and

( multiple of 3 rolled ( E --13,6} ) .



Chapter 2:
Counting Techniques
FULL FACTORIAL : n ! (2-1)

÷
The factorial of n

.
demoted as

"

n !
"

and defined
to be

n ! = ncn-1 ) . .
. I

is the number of ways
to put n distinguishable

objects in a row .

COMBINATIONS : Crn OI ncr (2-2)

: ' '

n choose r
"

,

denoted as
"

Crn
"

or

"

ncr
"

, defined to be

Crn =
I =ncn-il-jfn-cr-inrl.cn

-r) !

is the number of ways
to select r objects from n distinguishable

objects -

n
01

"

Pr (2-3)PERMUTATIONS : Pr
"
-
"

PI
"

or

"
"

Pr
"

, defined to be

Prn = (n÷,: = ncn -1 ) . ..cn -Cr-D) =
C? . r !

is the number of ways
to select r objects from n

distinguishable objects end put them in a row .

GENERALIZATION OF COMBINATIONS (2-4)

: we can show the number of ways
to arrange n objects

in a row, where n
, objects are of type 1

, nz

objects are of type 2
, . . -

, nk objects are of type

K
,

where n
, that - -

- + nu=n , is

^5
# of outcomes = n,?: = cnnic

"

n -n
,

(
n -n

,
-nz

-
. . C^k-1 [

nk

nktnk-1 Me .

eg
Roll a die 4 times . Find Pcthe sum = 10 )

.

Sols . This is equivalent to distributing 10 balls into Y sections
,

where each section has at least I ball .

② 8 8 90 • • • • • •

T T T T T T T T T

9 different spaces for the
"dividers; 4

"

divides
"

⇒ dy ways of
"

positioning
" the dividers.

But
, we exclude the options

where one of the

section has 7 halls
, ie ¥?

.

1171

C'
y -4

Hence Pleat) =

F. ,
since there are

64 out-7

of rolling a 6 sided die twice . ☒

STARS & BARS WITHOUT
"

EMPTY
"

SECTIONS
"
Given n stars

,

the # of ways
to divide them

up into K sections with le -1 rods without

one of the sections containing zero elements

is
n - i * 1*1*818

# = Ck-1 '

eg n=5
,
k=4

STARS & BARS WITH "EMPTY
" SECTIONS

"
Given n stars

,

the # of ways
to divide them

up
into K sections with K - l rods with one

(or more ) sections containing zero elements is

# = C
" * 118*18 *
nth - I

-

eg
n=S, k=4

2nd section
has no elements .



Chapter 3:
Probability Rules
RELATIONS AMONGST EVENTS PROBABILITY RULES (3-2)

"
A probability function P : PCS) → [0,1 ] is any function

(3. 1) that satisfies the following for any AIBES :

① 170/1=0 ;
EVERY EVENT IS (THE

"

CERTAIN
"

② PCS) = 1 ;

EVENT
③ pea, > oyn.es ;

(non - negativity)
:
Let A be an event .

④ AEB ⇒ PCAIEPCB) ;

Then necessarily ⑤ p(AUB) = p(A) + PCB) - PCANB) : & ( addition law of probability )

As 5=4 the event that always occurs }.
- this generalizes

to more variables

¢ ( THE
" IMPOSSIBLE

"

EVENT) as well .

⑥ PCA
' ) = 1- PCA ) .

"
we use

"

0
"

to denote the event that

never occurs .

UNION OF EVENTS : AUB

let A , B be events .

Then
"

AUB
"

is the event that atleast

Ine of the two occurs . ☒
A L B

AUB

INTERSECTION OF EVENTS : AMB

"
- Let A ,B be events .

Then
,

"

ANB
"

is the event that both

A & B occur . A④B
We also denote AAB = AB '

AB=AnB

MUTUALLY EXCLUSIVE / DISJOINT

Let A. B be events .

Then , we say
A & B are

"

mutually exclusive
"

Cor
"

disjoint
"

) if AAB =P.

INCLUSION : AIB
"
let A. B be events .

Then
,
we say

"

AEB
"

if B occurs whenever

A occurs ; ie

A occurs ⇒ B occurs .

COMPLEMENT : A'=Ñ
"
Let A be an event .

Then
,

A- is the event such that

A- occurs <⇒
A doesinot occur .

PARTITION OF S
"
let B

, , . .
-

,
Bn be events .

Then, we say
B
, , .

. .

.
Bn form a

"

partition
"

of s

if
B
,
V - - . UBn= S & Bin Bj=¢ ltitj .



Chapter 4:
Conditional Probability and 
Event Independence
CONDITIONAL PROBABILITY (4. 1) A, , . . . ,An PARTITION S ⇒

PCA;)PCB / Ai)
:
let A. B be events .

Plait B) =
Then

,
the probability

that A happens given ¥,p(Aj)PCBlAj
)

B already happens ,
denoted as

"

PCA / B)
"

,

(THE BAYES FORMULA) ( 4.4.37
is equal to

let A
, , Az , . . . form a partition of S

,
and let B be

PCA / B) = ",p .

Such that PCB ) -1-0 -

*
note P(B) to necessarily . Then necessarily , for any

iEÑ
, we have that

INDEPENDENCE [OF TWO EVENTS] ( 4.2) pea ; / B) = Pf?; = "Ai¥÷Ai'=
'"AiAiL

¥? PCAJIPCBIA;)
'

- : let A
,
B be events .

'

Then
,
we say

A & B are
"

independent
"

if and *

again ,
this also generates to the finite case .

only if
PCANB ) = PCAIPCB) .

Note that if PCA)
,
PCB ) -1-0

,

then A & B

cannotbemutuallyexdusive-ciepcn.nl} ) :o) if they are

independent.

If A & B are independent , then

① A & B
'

are independent ;

② A
'

& B are independent ;
and

③ A
'
& B
'

are independent .

Note that independence arises from independent

random-event.si

INDEPENDENCE [OF 7 TWO EVENTS ] (4.3)
"
: Let A

, ,
. . .

,
An be n events .

"

Then
,

we say Ai . . .. . An are (mutually) independent if

P( An,An, - . . An,<)= Plan
,
) - -- Plank) Yin

, ,
. . . ,nk} c- PCEI, ... ,n} ) .

For the n=3 case
,

Ai , Az & Az are independent if

① PCA
, Az) = PCA

,
) PCAZ) ;

② PCA
, Az) = PCA , ) PLA}) ;

③ PLAZA}) = PLAN PCA
}
) ; and

④ PCA ,AzAz) = PCA
,
)PCAz) PCA }) . n

A
, , . . .,An ARE INDEPENDENT ⇒ P(TIA;) = ITPCAIIA , .. - Ai- , )

i=i i =\

(THE MULTIPLICATION FORMULA) (4.4.1 )

- : Let A
, ,

. . . .
An be independent events .

Then necessarily

PCA
,
. . . An ) = PCA, )PCAzlA , )P( Az /

A
, Az) - - . Plan / A, . . - Am, ) .

Pioof. Note that for any
1<=1 , - - in , we have

PCAKIA, .. - An-, ) = "¥n?n÷¥"
>
= Plan) .

The proof follows trivially . ☒
•

A
, . . . - , An PARTITIONS ⇒ p(B) = IPCA;) PCB / Ai)

i=l

(TOTAL PROBABILITY FORMULA) (4-4.2)
' :

Let A
, , Az . . . . form a partition of f, ie we have that

&

AiAj= 0 tlitj & ¥Ai=S .

Let B be an event . Then necessarily
•

&

PCB) = PCBS ) = ¥
,

PCAIB ) = PCA;) PCB / Ai) .

*
this also works for finite collections of events as well .



Chapter 5:
Discrete Random Variables and 
Probability Models

BERNOULLI TRIALS
& RELATED RV (5.2)

RANDOM VARIABLES (5.1)
RANDOM VARIABLE (RV) (D1 ) BERNOULLI TRIALS

(5-2-1)

A
" Bernoulli trial

"

focuses on a particular random

:
let S be a sample space .

experiment with only two possible outcomes :
"

Then
,

a

"

random variable
"

is defined to be

success or failure.
some ✗ :S → R .

We call the random variables and the experiment
Note that we usually denote random variables

obtained from
Bernoulli trials as

" Bernoulli random

by capital letters
. leg XY, Z ,

etc)
variables

. .

and a

" Bernoulli experiment
"

respectively -

DISCRETE [r-v] BERNOULLI RV ( 5.2.2)
:
let ✗ c- IRS be a r- v .

:
In particular, if B is a Bernoulli rv :

Then
,

we say
✗ is

"

discrete
"

if ,

① then P[B= Success]
,

or PCB)
,

is equal to

/ range(X) / f INI . PCB) =p (where
p
-

- probability of success ) :

PROBABILITY MASS FUNCTION (PMF) and

② PEB= Failure]
,

or PCB
'
)
,

is equal to
"
let ✗ c- Rs be a r.ir .

"

Then
,
the

"

probability mass function
"

(or p.m
-f) PCB

'
) = 1-p

.

"

Thus
,

the pmf of B is

of ✗ is defined to be the function ,

f : ¢0,1 } → [0,1] by f-co)=l - p & f-(1) =p ,

f : rangecx) → [0,1] by

f(×)= p[X=x] V-✗ c- rang
- (X)

.
or equivalently by

f-( x) = p×C1-p)
""

txeio, I } .

By construction of f. note that

BERNOULLI SEQUENCE (5-2.3)
Ifcx) = 1

.

✗c-✗
"
-

A
"

Bernoulli sequence
"

occurs when

CUMULATIVE DISTRIBUTION FUNCTION (CDF) ① we repeat a
Bernoulli trial

many
times :

"
let ✗ c- RS be a r-v ' ② the results are all independent : and

1

Then
,

the
"

cumulative distribution function
"

Cor
"

Cdf
"

) ③ the success probability p stays the same .

of ✗ is defined to be the function
BINOMIAL DISTRIBUTION : ✗~ Binomial (n.pl/X~Bin(nip) (5-2-4)

f- : IR → [0,1] by : at ✗ be the ru equal to the number of

f-(×) = P[ ✗Ex] HER -

'

successes after repeating a Bernoulli trial

Properties of Cdf : n times ind#Hy, with

① f- (xp s Fcxz) (⇒ ✗ifxz ✗
' ' KER : and

probability of success P -

② Iim Fcx) = 0 & Iim 1--1×1=1 .

✗→→
✗→ +0 Then

,
we say ✗ follows a binomial distribution ,

PMF CAN BE OBTAINED BY CDF
,
AND VICE

and write ✗ ~ Binomial cn.pl .
VERSA :

z
In this case

,
the pmf of ✗ is equal to

- : let ✗ c- RS be discrete .

Then
, given the pmf f of ×

,
we can obtain × 's f :ÉQ . . . ,n } → [0,1 ] by f- (K) = Ctnpkc , -pi

- k

foehn .

cdf F , and vice versa . GEOMETRIC DISTRIBUTION : ✗~Geometric(p) / ✗
~ Geolp) (5.2.5)

pref . let ✗ c- range 1×1.
See that

Repeat independent Bernoulli trials
,

with success probability p,

fix)= P[X=x] = P[✗ Ex ] - P[✗ Ex-e] = Flx) - Fcx-e),
until a trial is successful .

where e >0 is such that rangea) A [✗ -E, ✗ ]
= Ex} .

let the ru ✗ be equal
to the number of failures

(since ✗ is discrete
,

such an E will exist . )

FINDING PMF (El) before the success was reached -

:
let ✗ be the number of heads after flipping a

Then
,
we say

✗ follows a geometric
distribution

,

fair win n times .

Find the pmf of ✗ -

and write ✗~ GeometricCp) .

goin .

see that rang
-1×1=0291. . - - in} -

. :

z
In this case

,
the pmf of ✗ is equal to

Then

p[×=k]= C (E)
"

(E)
""

=L!(£1?
f : → [o, , ] by far)= ( 1-pip V-kEÑ .

and so the pmf of ✗ is f :c:O, .. - in}→[0,1] . :

3
Note that

given by
① p(✗ zn) = a

-pi V-nEÑi and

few)=P[X=k]= CIC's)
"

-Vk=0, . . - in .

# pzof.ph/zn)=-z?na-p)kp=Ci-pip&.oC1-pT--C1-pipp-)=c1-Pi- ☒
② PCX > mtnlxzn) = pcxzm)

Um,nEÑ ( the memory
- less property ) .
( 1-pjmtnpw-of.ph/zm-in1xzn)--Pl*m+pIx?nY#-=PYE?fY--,,-p :( i-pi-PCX.vn) . ☒



NEGATIVE BINOMIAL DISTRIBUTION : POISSON DISTRIBUTION :

✗ ~ Negative Binomial CK.pl/X~NBCk,p) (5-2.6) ✗~ Poisson (a) / ✗ ~ Poi (R) (5.4)
:
Repeat independent Bernoulli trials

,
with success probability p, In some observational studies

,
events happen over time

I

until the 6th success is reached - or space .

let the ru ✗ be the number of failures before the we say such an event follows a Poisson process if the

following conditions are satisfied :

wth success -

① Events in non - overlap time intervals are independent ;
} independence

Then
,
we say ✗ follows a negative

binomial distribution,

② P[ 32 events in [t.ttDt) ] = ☐ ( Dt )
,

where } individuality
and write ✗ ~ Negative Binomial Chip ).

lim °¥¥=o and Dtcct ; and

In this case
, the pmf of ✗ is equal to a- → o

③ P[one event in It , 1- + At ) ] = Abt + ocbt)
,
REIR . } homogeneity

ntk - I PKCI -pi knew .

f : → [0,1] by f- (n ) = (
^

Note that we call
"

R
"

in ③ the
"

intensity parameter
"

.

PIOF . see that

p[✗=n] = P[ having n failures before kth success ] -

let the rv ✗ be the number of events in

= PEN failures & K- l successes , followed by h
"

success]
[o, f ] .

= cnn.FI??,:!-ci-picpi
"

.

p Then we say
✗ follows a Poisson distribution

,

: . PEX__n] = c^ Be and writentk-icl-pi.pk .

HYPERGEOMETRIC DISTRIBUTION : ✗ ~ Poisson (R)
.

:

✗~ Hypergeometric (N.M.nl/X~HyplNiMin) (5-3) z
In this case

,
the pmf of ✗ is given by

suppose we have a collection of N objects : M of one type, f :/ → [o , ,] by fcx)=et× .

and N -M of another (distinct ) type '

PIOF . First , divide Lat] into n small intervals :

Randomly select n objects without replacement , where

ne minim ,
N -m } . ☐

. t

let the ru ✗ be the number of objects of the first Note that et → o as n→n .

let the events

type in these n objects .
Bin'×

'
= there are ✗ small intervals each with one event ; &

Then
,

we say
✗ follows a

"

hypergeometric distribution
"

'
and

Bzcn
)

= > 1 small interval exists with two or more events .

write Then
,

see that ✗

p( Bin'×
)
) = (f) ( Pcone event in interval of length ±n=Dt )) ( 1- p)

""

✗ ~ Hypergeometric ( Nim , n) .
( by binomial dist't )

n -✗

( by point ③ of
: I = (E) ( RE + oCE.IT/Ci-rt-n-oltn-D .

ay, ,☒
④ ☒
→ ! ④ ☒

:
→ ✗=n( =3

④ ☒
"
-

' Notice that since we want to consider infinitelysmall periods of time

M red balls
select n objects ✗ is # of

N -M blue balls w/o replacement
red balls for our Poisson variable

,
we can deduce that

PCX=x) = n¥zP( Bin
'× )
)

In this case , the pmf of ✗ is equal to

= II. [ (E) CRE + oct-nDYI-RE-ocE.li
"

]
f :{0, . . - , n } → [on] by f-( K) = (Ñ)§÷F) -Vk=o

,
. . .,n .

= hi;L[
×
.IN?j-iCRt-n+ocE.DYi-RE.-ocE.D

"

]
n

VANDERMONDE'S IDENTITY: ¥o(1) ([F) = ( Nn ) =L;z[×÷ncn-"""(nt+noc±nÑa - ¥ - oc±nÑ -

:
let NEM

,
N-m .

( 1- ¥-o(E
--

Then necessarily

(1) = (1)on:)
.

= .IT#i%C1--n-tiI
= (Rt /

✗

e-
Rt (using

the identity e×= diff (1+5)
"

)

i. Pci-x) = e"Rt× ,
as needed . ☒



Chapter 6:
Expectation and Variance
EXPECTED VALUE /EXPECTATION [OF A DISC Rv] ✗~Hyp(N , M ,n) ⇒ ECX) = ^¥ (6.2-5)

(6.1)
' : let X~Hypcn.M.nl. Then necessarily ECX)=^¥.

:
let ✗ be a dry with rank)= A & pmf f-Cx) .

"

Then
,
the

"

expectation
"

or

"

expected value
"

of ✗
. p-nof.EU/j=-2k.PCX--k)K=o

denoted as
"

Ecx)
"

,
is defined to be equal

to
= §

,k.CI/gfyNny---F)ECX)=Exfcx
) . (D1 ) = ¥4k . ,e:Y.m!n

✗ c- A N !

Note to calculate expectations, we need to :
="IE. m-a.I.im?i=:cn.I:iIm#+n:-

① Identify the ru ✗ involved :

=mn:¥É(T.int?nl② Find the pmf of Xi and

=m"IÉjc%-y(
mm

③ compute ECX) .
n- n - 1)

✗~ Bernoulli (p) ⇒ ECX) =p (6.2.1) = mn?:(YI;) (by vanderwoude's
Ident"7)

"
let ✗~ BernoulliCpl . Then necessarily ECX) =p . =m"" . ,n¥ii

.PW-of.EU/)--IxfCx)
✗c-icon}

= opcx
'
) + 1PM )

.
:-[ (X) = Mtf . ☒

=p . ☒

✗~Po(µ) ⇒ ECX)=µ (6-2.6)

X~Binomialcn.pl ⇒ ECX)=np (6-2.2) -

let ✗ ~Po(v1 . Then necessarily ECX)=µ .

' "

let X~Binomialcn.pl. Then necessarily ECX)=np -

^ Proof. ECX)=Éon.én÷
PW-of.EU/)=EkPEx--k]

1<=0
n =¥.in#.--Ek((I)pkci-pi-k)U=o--unEeIY=E?ku:Yn.-,:pha-p)

""

= npÉ
,

p
"- '

a-pi
"

=µa) = µ . ☒

= np-E.j-i.in?iIp4i-pi
""

E[g.(X)] = Egcx)f(×)
(( THE LAW OF THE UNCONSCIOUS

✗c-A
= npll ) ( by Bin formula

)

STATISTICIAN 7) (6.3)
i. ECX)=np .

" " P "
- Cet g

be a function on the drv ✗
,

which has range
A and

✗~Geometric(p) ⇒
ECX)=p (6.2-3)

pmf ✗ .

"
let ✗~ GeometricCpl . Then necessarily ECX)= ¥ .

Then necessarily EEGCX)] = ¥agl×)fC×) .
•

PIT. . ECX) = ¥0k . PlX=H Pref . let Y=g(×) , and let Dy=ixe✗ : gcx)=y} ,
and let

&

= Eoka-Pip . B-- rant 'll .
&

= pci-pu-Z.kci.pl
""

.

Then

P[Y=y] = PEg.cl/)--y7--IPEX.-x] .
Recall the identity

✗c- Dy
Hence

(¥2 = It 2×+3×2-1 ... -1 kx
"'t. .. 1×1<1

'

Ecy)=y¥y . PEGCX)=y]
Since 11-plcl, thus

¥ =
1-

= it zci-pi-3ci.pl?.----u-Z?kC1-p1h", = ¥,zy . ¥☐yP[X=x]a- (1-p))Z

and so

=¥¥☐ygcx)P[×=x]ECX) = pct - p)
(É) = ¥. g

.

. .EC'll -- Elgcx))=¥n
.

gcxlfcxl. ☒

X~NBCK.pl ⇒ ECX) = 14¥
)
(6.2.4)

E[agCXi- b) = aE[gcx)] + b ; E[ag,(x) + bgzcx)]=aE[g.(
X)]' "

let X~NBCK.pl . Then necessarily ECX)=k?
&

Pref. Ecxi -_ Eon .""" + BE [gzcx)) (( LINEAR PROPERTIES OF EXPECTATION>7

= ¥,n(
""

I
" )P

"
" -Pi - :

let g. g , , g,
be functions on the drv ✗

,
and let albert '

= §
,

n !?Yn? a-pip
"

Then necessarily

① E[ agcx) +
b ] = a EEGCX)] + b ; and

= E. K'¥ . "I!¥:; a-pi-i.ie
"

② E[ ag, (X) + bgzcx) ]
= aE[g. (X)] -1 BE Egzcx) ) .

= kC¥¥
,
(
in-11+1 "">

-

1) up,n
- '

put
'

k" Pioof . Follows almost directly from LOUS - ☒

= k¥Éo(
" I

" - 1) a-pip
""

= U
'
(1)

i. ECX ) = k"¥. ☒



VARIANCE (6.4) ✗~ Bernoulli (p) ⇒ Varcx) = pct-p) (6.5-1)

Let ✗ be a drv . - : let ✗ ~ Bernoulli Cpl . Then necessarily Varcx) =p
" -P ) .

Then
,
the

"

variance
"

of X
,

denoted as

Pref. Varcx) = ECXZ ) - ( ECX))
"

"

Var (X)
"

or

" or
"

,
is defined to be equal

= É×p[x=×] - p
'

to x=o

Varcx) = EUX - EEX] )
"

]
. =p

-

p
'

*
we use

"

µ
"

to denote
"

ECX); so
.

'

. Varcx) = p( 1- p) . ☒

Varix ) = EUX-µ5] . ✗~ Binomial (n,p, ⇒
Var(X) = npll- P) (6.5-2)

; Varcx) is used to measure
the

"

variability
"

of "
let ✗~ Binomial cn.pl . Then necessarily Vorcx)= npltp) -

a sample , ie how
"

concentrated
" the data

puff . First, see that

is - varcx) = ECXZ ) - ( EU ) )
"

The
"

standard deviation
"

of ✗
,
denoted as

"

°
"

'
= E(✗(✗ -1 )) - ( ECXDZ + ECX) .

Then
,

is defined to be
Ecxcx, ,)) =

Ékcu-1) P[✗=k]
U=o

0 = NVARCXT
.

n

= 2-kck-ilw.cn#:phci-pi-kVarCX)=ECx-ECX))2fCx)=E(X2) - [ECX)]Z u=z

✗c-A = n-zncn-n.cn?,:?nY-.,:p4i-pi
"

"
let ✗ be a drv

,
with rank)=A & pmf f- n=z

= ncn-npi.EE?!;-,:pka-pi-2-k
Then necessarily

= ncn- 1)PZCI )
① varcx) = ¥a(✗- Ec×Ñf(×) : and

: Ecxcx-1) ) = ncntlp
'

-

② Varcx)= ECXZ ) - [ECX) ]? Thus

Varcx) = ECXCX-11) - (ECX)P + c- (X)

Pref. By deft ,
= nln -1) p

'
- (np

)
-

+ np
Vcrcx ) = E[ ( x - ECX)))

= np[in -Dp - np -117= ¥a(✗ - ECX))Zfcx) ( by LOUS)
,

showing ① .

! - VWLX) = npcl -p ) . ☒ 2

Then
✗naeometriccp) ⇒ Varcx)="¥ + (6-5-3)

E. (✗ - ECX)5fC✗ ) : ,¥a(5- ZXECX ) -11-7×12) -11×1✗ c- A "
"
let ✗~ GeometricCpl . Then necessarily Varcx)= 4¥

'

+ ¥.

=¥nÑfc×) - ZECX)¥ax + ECXIZ
Ploof . See that

= ¥aÑfCx) - ZECXIECX) -1=4×1-01 Varcx) = E-(X2) - CECXÑ

= ECXZ ) - [ECX)]? = E( ✗ ( ✗ -1 )) - ( ECX))
"

-1 ECX)
.

showing ② . ☒ Then

E-(✗(X-D) = Inch-1) - P[×=n]

PROPERTIES OF VARIANCE no

"
let ✗ be a drv. Note the following :

= ¥znCn-D. ( 1-pip
= pct-pF[( 1×21+12×3111-pl

+ ( 3×4111-pit . .. ]
① Varcx) 30 ;

② ECXZ ) 3 ( ECX) )
-

i = 2pct-pP[ 1+311 -pl + 64-pit
"- ]

③ Varcx)=O (=) PCX--c) =/ for some constant c ; and
= 2pct-pP(ay3)

④ Varcaxtb) = a'Varlx).
.

.

. ECXCX-1 ) ) = 4¥
"
.

p-wof.BY og ' of variance
.

Thus

Varcx ) = ¥a(✗ - ECX)ifC×) = ¥aC×-Ec×ÑPE×=×? Varcx) = E(✗(✗ -1 )) - (ECXD
"

-1 ECX)

and as PEX:X]
,
(x - ECXDZ 30 then

,

① follows - = 24¥12 - (¥5 + ( 1¥)
Thus

= it C'¥1. ☒
ECXZ ) - (Ecxlizo =) ECX)

>

7 (xD? showing
② .

Next ✗ ~ Poisson/µ) ⇒ Varcx)=µ (6-5-4)
Vcrcx)=0 (⇒ ¥a×Zf=° "

:
let ✗~ Poissonqui. Then necessarily Vara)=µ .

(⇒ (x -µ )2=o then p-wof . Vcrcx ) = E- ( ✗( X-D) - (EU))
-

+ ECXI .

(⇒ ✗=µV-✗ c-A lie A=Éµ} ) Then

E- (XCX -1)) = oncn
-1) P[✗=n)

(⇒ p[✗=µ]=l , showing ③ ;
and = zncn

-1) é¥^
Vcrcax +b) = E- [Caxtb)

'

] - ( Elaxtb)i
=i÷:÷÷

= a2E(F) + 2abE(X) -15 - ( AECX) + b)
2

= a-ECXZ ) + 2abEcx) -1 b
'
- AZECX)

"

- 2abEc×) - b
'

=µ2¥o¥Ñ
= a- ECXZ) - AZECXIZ

Hence = v71) = it
?

= a'Varcx! Vcrcx) = ECXCX-111 - ( ECX)f + ECX)
showing ④ . ☒

= µ
'
- Cut -11

=p . ☒



Chapter 7:
Discrete Multivariate 
Distributions
BIVARIATE DISTRIBUTIONS (7.1)

CONDITIONAL PMF : f,(✗ ly) ( 7.1. 2)"

Bivariate distributions
"

are probability distributions

"
let ✗ & Y be drv .

that deal with two random variables .
"

Then
,
the

"

conditional pmf of ✗ given Y=y
"

,
denoted

JOINT PMF : ( ✗ , y ) ~ f-(x,y)
as

"

f. (✗ ly)
"

,

is defined to be
- : let ×

, Y be drv .

1

Then
,

the
"

joint probability mass function
"

,

ie the

f. (✗ ly, = ftp.?Yyf- = P[¥y} ,
"

joint pmf
"

, of ✗ & Y is the function f defined
given that fzcy) > 0 .

by
Note that :

In this case ,
we write

(Xy ) ~ fcxiy) . ① f,(✗ ly ) 30 ( as fcxiy) > 0 , fzcy) > 0 ) : &

f(×,y)
: rancx)×ran( Y) → [0,17 by flxiy)=P[✗=×iY=y ] . ② § f. (✗ ly) = I ltyeran (Y ) .

Properties of joint pmf : pioof . If,c×1y) = §
3

① fix,y, >
☐ cby def's of f) ; and }

similar to properties = ¥,§fc×,y)
for single variable pmf .

② I Ifcx,y) =L .
= fty, fzcy) ( by def? '

y ✗
= 1 . ☒

In general , for drv X
, , . . -,

Xn , the joint pmf of
INDEPENDENT [RANDOM VARIABLES] (7.1.3)

✗
ii. . . ,

✗
n

is defined by
:
let ✗ & Y be rv

,
with pmf f -

f:#rank;) → [0,17 by f(✗ii. . . ,×n)=P[✗iii. . . . ,✗n=×n] .
"

Then
, we say

X and Y are
"

independent
"

in
if

eg
'

A box contains 2 red
,

3 white & 4 black ones .

fcx,y>
= P[X=✗,Y=y]=PEX=×]P[Y=y] = fxcxlfycy)Randomly select 2 balls w/o replacement .

let for each ✗ c- ranch
. yeranl 'D.

✗ = # of red balls selected ; &

y= # of white balls selected . So
,
to show ✗ & Y are not independent, it suffices to

Find the joint pmf of ✗ & Y -

find some ✗
'

c- ranch
, y'c- ran ( Y) such that

501? '
r ? ? ?

'

? fcxiy
') =\ fxcx

'/ fycy
' )
.

W → ✗=L , 4=1

eg ✗ncieocp) ; 4=5 : show ✗ & Y are not independent .

÷÷:::÷:W → ✗ = 0,4=2 → let ✗
'

= 0
, y

'
=\ .

Then fco, 1) =P -111=0 , 4=1] = PEX:O
,
✗2=1 ]

B← R → ✗ =L
, 4=0→ w

→ ✗ =o , y= ,
= 0 ( since this is impossible ).↳ B → ✗=o , y .- o But fxcolfyci) = p[✗=o]PCY=1 )let fcxiy) be the joint pmf off . = P[✗=o]P(✗2=1 )

By adding the probabilities for each case
, you eventually get

= p[✗=o)PlX=1 )
that

✗
= pci-pl.pl -1-0 ) . #

f°%oÑ}o°
☐ In general , the ru Xi , . . ., ✗n ( with pmf f) are independent

y L | '436 436 0 if
3/36 0 °

'

f( ✗ , , . . . , ✗n) = f. (✗ , ) . . . fnlxn) V- ✗it ran /✗it , Kien .

MARGINAL PMF :
f-
✗
(X) , fill;) (7.1.1 )

let f be the joint pmf of some drv ✗ &

Y.

Then
,
the

"

marginal pmfs
"

of ✗ & Y
,

denoted

as
"

f×
"

&
"

fy
" respectively , is defined to be

equal to
f-
✗
(x) = P[✗ =x]

= §P[X=×,Y=y] = Iyfcx,y) ,
and

fycy) = P[Y=y] = §P[X=×,Y=y] = §flx,y) .
*
we also denote

f-✗ := f, & fy :-. fz .

"

:

z
In general , for drv ✗

, , . . .,Xn ,
we have that

fy.lk;) = PIX;
-
- ✗ i ] = §

,

- " ¥
.

,¥+
,

- - - ¥P[Xix, , . . .,Xn=xn]
= ¥ " ' ,¥

,
,¥
,

- " ⇐ fan .. .,×n) .
*
we also denote

fx; := fi .

Note that

① fcx,y)
determines fxcx) & fyly) ; but

② We cannot generally find fcx.gl from fxcx) &

fycyl .



DISTRIBUTION OF A FUNCTION OF RANDOM
VARIABLES (7.2)

✗~Po(µ , ) , Y~Po(µz) ⇒ ✗+Y~Po(µtµz) (Es)
To find the pmf for T=g(KY ), we use the following
method : - :

let ✗ ~po(µ ,
) be independent to Y~Po(Mz) -

① Evaluate ran ( T) = rancgcxiy) ) : ,

Then we can similarly show that ✗ +Y~Po(µ, -1µW .

② Find the values of cx.gl such that 91×14) /
✗=×,y=y

= r

Ploof . let T=X+Y.

for each reran ( T) ; then
see that

③ use fcxy ) to get the respective probabilities of each
p[T=t ] =

Ép[✗=×
,
Y=t-×]

✗=o

(✗g) , and
"

merge
" them accordingly

under each
= §gP[✗=×]p[Y=t-x ] (as x.Y are independent)

recent) to obtain the pmf f- T.

= ÷zeé?;?;
eg

'
A box contains 2 red

,
3 white & 4 black ones .

Randomly select 2 balls w/o replacement . = e-MM,¥o??¥¥
let

✗ = # of red balls selected :& = é¥§o×:I:µiµzt-✗
Y= # of white balls selected .

=e§=o(I)µ×µE×
let -1=2×4-1 . Find the pmf of T. C 3)

= e- (µ,+µz)t ( by the binomial formula)
Sol ? . ✗

T o l 2 which suffices to show T~Po(µ+µz) . ☒

°zT
"

We can similarly find f-✗ 1×11-1 .

y ,

I 3

f×(✗ It ) =
PEX=×lT=t]

3 7
- i

=

From earlier we found the pmf of KY in a tabular

=

"

form : ✗

"×¥°%•s%?÷ = "×;,¥
y :| '436 436 0

= PC×¥¥¥= (by independence of KY )

3/36 O O
'

By
"

comparing
"

the two tables , see that
= "÷÷÷¥÷÷,P[T= - I ] = P(✗=o, 4=0 ) + P(✗ = 0,4=1) + PCX=o,

-1=21

1- p(F- 0,4=1) -1 PLX .-0,4=2)

= 436 + % -1%6+1%6 -1%0=3%0 - = ×:,t .

. %?^µ÷
PE-1=1 ]

,
PE -1=37 & PE-1=77 one calculated similarly .

= (E)÷:;+.

X~Binln.pl , Y~Bincm.pl. ✗, -1 INDEPENDENT ⇒

✗+You Bincntm, p) (E4 )

-

let X~Bincn.pl be independent from Y~Binlm.pl .

we can show ✗+Y~Bincntm.pl by a pmf

argument .

Pyotr . let f
be the joint pmf of ✗ & Y.

Since ✗,Y are indpt , thus f-(x,y)= fxcxlfycy)V-x.y.at/---X+Y
.

See that
t

P[T=t ] = ¥oP(X=x)PCY=t -x )

= ¥2.CI/p7i-pi-x(fI)pt-Y,.p,m-ct-x1--I&lI)(+I)ptci-pi+m-x-t-ix
=pta-pitm-t-E.CI/+m-x)=pt(i-pY+m-t(n++m)CbyVandermonde's identity ),

and so this suffices to show

T~Bincntm.pl . ☒

:

2
Let's find the conditional pmf of ✗ given T=t also :

Sol ? . See that

PE×=xlT=t] = P%;?
= "÷¥
= "×;;;¥=
= f×¥¥f
= "×#÷;;¥¥¥*"

i. P[✗=×lT=t ]
=

.

⇒ see that by construction, this is what a hypergeometric
distribution is

"

finding
"

!



TRINOMIAL DISTRIBUTION :
(✗, ,Xz ,✗3)~ Trilnipiipzipz ) (7-3) CONDITIONAL PMFS [FOR TRINOMIAL
"
: In a

"

trinomial distribution
"

:

DISTRIBUTIONS] :"

① there are three possible outcomes A
,
B
,
C for a trial ;

and (×, / ✗z=×,) ~
13inch-×} , pz ) (73-3)

② n trials occur independently . "
:
let ×

, , Xz , Xz form a trinomial distribution .
: In particular,2 Then necessarily
① If PCA) =p, ,

P( B) =Pz & P(c) =p} , then p, -113+13=1 ,
( X

, 1×3=5)
~ Bin (n-×

} , p¥z) ,
and

② If × ,= #(A) ,
✗z= #

CBI & ✗5- #
cc )

'
then ✗ ' +✗2+×3=^ '

and the other cases ( ie ( ✗ it ✗j=x;)) are defined
similarly .

In this case , we write

pnyof . p[ × ,=× , 1×5×3]=""g¥
( X

, ,Xz ,
✗3) ~ Trinomial (n , p , ,pz , Ps ) .

or
=

isin.xr.in" ""
(X, ,Xz , ✗3) ~ Tricnipiipz, P}

)
.

JOINT PMF [OF TRINOMIAL DISTRIBUTIONS]:
= +×.

fix, , ✗2.x,) = ¥×,:Pi"13×213×3 (7-3-1) = ( " 41,1¥)"(
"

)
"

= (
n - ×}

at the ru ✗
,
,✗z, X, form a trinomial distribution

,
with

n-g. ×,) p
'"( , - pyn

- ✗3- × '
( p' =p,!÷ ) .

✗
, -1×2-1

✗5- n ' which is sufficient to prove
the claim . ☒

Then the joint pmf is necessarily the function f where

CX, /✗2.✗3) ~Tri(n,p, ,pz, pz) =) ✗ ,+Xz~ 13inch, pitpz
)

f(× , , ✗z, ✗g) =P -1×1--41×2=+2
'

✗5- ✗3)
(7.3.4)

= PEX,=x, , ✗z=✗z]
= PIX,=✗,iXz= ✗3) = P[Xz=Xz , Xg=×, ]

- :
let ( X, ,Xz . ✗3) - Trilnipiipzipz) .

= ×,:×?:P? 'Pz×
- 13×3 . Then necessarily X

, + xz~Bincn.pl -1Pa) .

Why? f-(✗i. ✗2.✗g) = ×,:×?: P'
✗
' PÉZB
"

PIF' p[ × ,+✗z=t ] = ÉPCX,=x , ,Xz=t-× , )
-

-
# 4=0
the respective probabilities# of ways to = xi.it?fIn.t:PYPzt-"pit

arrange n things multiplied .
w/ × , type 1

,
✗
a type 2 = µ(^yPÉt¥g×,:¥:Pi"Pz

""

& ×
} type 3

Note that
= (F)(n - cp,+pz) )

"'t

( p, +pit Cby bin formula!
n n-✗ ,

which suffices to prove
the claim . ☒

É
' pcxi-x.it/z=xz.Xz--xp--E=oFg=ox.:x?:x-:pFPEpY3

✗1--0×2--0
MULTINOMIAL DISTRIBUTION := ( pitpz -1ps

)^

= , Casp, -112+13=11 . (X, , .. ., ✗K) ~ Mul (n, p, , . . . , PK) (7-4)
MARGINAL PMFS [OF TRINOMIAL DISTRIBUTIONS ]

: '

:
In a

"

multinomial distribution
"

:

^-✗I
^"" l

① Each trial has K outcomes , say Ali . . - , AK ( where K > 2) "

f×
,
(×,) = Iflx, ,xz, ✗3) =

Iflx
, , Xz, Xz) (7.3. 2)

✗2--0
✗3=0

and

② we repeat said trial independently n times .
"
: let X

, , Xz, X, form a trinomial distribution
,
with joint pmf f.

-

In this case , we say
Denote the marginal pmf of f with ×

, as fx
,
.

( X
, , . .

.

,

✗
K
) ~ Multinomial ( nip , , . . . , pu )

Then
n- ✗ ,

or

f×,(× ,) = PEX,=× , ] = Iflxiixz, ✗3) (✗ , , . . . ,

✗
u
) ~ Mutt ( nip , , . . - , Pn ) ,

✗2--0

and
n- × , where pi = PCA;) tht ien and ✗e-

= # ( Ai occurred in the trials ) .

f×,(× ,) = PIX,=× , ]
= ¥of(✗11×21×3) , JOINT PMF [OF MULTINOMIAL DISTRIBUTIONS] :

and fxz , fxz are defined similarly .
"" PEX,=x, , . . .,Xk=xu3=×,:?:P,

"
-- - Pik

PN-of.fi,( xp = ×¥of,,z(✗ i. Xz
) ( where f, ,zC× , ,✗z1= PEX,=✗, ,Xz=✗z]

)

=

"
let ( ✗ ii. . -, ✗a) ~ Multln, p, , . . . , put .

5=0
xixi.cn#.xIPFpi2p,n-x.-xz

Then the joint pmf of X, , . . . , Xu is given by f,
=

"

×,:×^z:P,"pÉp? Cas ×, -1×2-1×3 __n ) where
✗2=0

=

"

fcxiixai 's ) . f- (× , , . . . ,×n) = PEX,=× , , . . . ,Xu=×u]=✗,:?:P?" - " Pu" -

✗2=0

and the other sum is pwned similarly. ☒ Why?
f- (✗ ii. . . , ✗a) = ×,:.? p,

"
-
. . pure

(✗i.✗2.✗3) -Tricn.p.ipz.pl ⇒ ✗i~Bincn.fi) (7-3.2) ÉÉnm¥É-he probabilities
: let ×

, ,
✗
z ,
✗
z form a trinomial distribution .

of combinations out

Then necessarily ✗i~Bincn.pe. ) _VKiE3 .

Pw_of . We prove
it for it ; the other cases are similar .

See that

PEX , = ×,
] = f×,C✗, )

n -✗ ,

= ¥0 x,:×?:,P,"pz%p,
's

= "
"

en.¥ÉÉ pispi
""""

=p ,"( f
,
) ( peps)

""
( by bin formula)

=p,"(F.) ( 1- p, )
"

?
which suffices to show that

✗
,
~ 13inch,p, )

as needed . ☒



Week 8:
Expectation and Variance of 
Multiple Variables
ECGCX, ,Xz)) = ¥¥gcx , ,xz)f(× , ,✗z)

✗, Y ARE INDEPENDENT ⇒ Covcx,-11=0
(( LAW OF UNCONSCIOUS STATISTICIAN >) ( 8.1)

let X,Y be independent drv .

- : let ✗
, , Xz be drv

,
and let CX

, ,Xz)~f(× , ,✗z) .
Then necessarily Covcx, -11=0 .

Then necessarily
Pioof . Covcx, -1 ) = ECXY ) - ECXIECY)

ECGCX , , Xz))
= ¥ ¥94s, ✗zlfcx, ,×z) .

= ECXY) - ECXY) (by 8-2)

Ecax + by + c) = AECX) + BECY)
-1C (8-2)

=o . ☒
"
:

:
let ✗ , -1 be drv

,
and let a. bictlth '

z
However

,
the converse is nÉ

!

Then necessarily var (ax+ by+c) = a2Var(×) +bZVarCY) + 2abC°V(
✗
'
× )

Ecaxtbytc) =
AECX) -1 BECY) + c.

" "

,
let X

, -1 be drv, and let a
,
b. CEIR .

Pzof . let IX. Y ) ~ flxiy) .

⇒ Ecaxtbytc) = § } Caxtby + c) flxiy
) Then necessarily

Var(aX+bY+c ) = a' Varlx)
+ b' Varcy) + Zabcovcx, y ) .

= § } axfcxiy)
-1 § } byfcx.yi-EEycfcx.gl

Puff. Varlaxtbytc
) = Elcaxtby -144 - ( Ecaxtbytc

))
"

=

aÉ×§
,

+ b } 's + ' ¥}""" :-[(azxybzyyi-zabxy-zacx-2.be'll
- Catch -1b€"'t"

"

~

PEY=y]
T

= an_ec×y + 5:(( y
' )+¢+2abE(XY) -124×-1×1 -12b¥)

= AECX) + bECy) + c. ☒ - aycxjr-bz-cyi-fz-zab-ecxi.cc'D -2*4×7
-2b€")

✗ & Y ARE INDEPENDENT ⇒ E[gC✗)h(Y)] = E[g(X)]É[h(Y)] =ay=u×z, - ⇐xp, + b-(Eai)
- Ecy)7+2ablEc×Y) - """YD

(8-2) = azvwcx ) + b-Vcrcy) + Zabcovcx' "- ☒

:
let ✗ . -1 be independent drv.

Then necessarily

E[gcxlhcy)]
= E- [gcx) ] ECHCY

)]
.

PWIF . let cx.yj~fcx.gl
.

Then

EEGCX)] EEHCY)]
= (-2×91×141×1) / Ehcylfycy ))

y

= ⇐ Eygcxlhcy) f-✗a) fycy
)

= §} gcxlhcylflxiy)
(since ×,Y are independent, see
7.1.3)

= EEGCXIHCY) ] ( by Lous )
,

as needed . ☒

COVARIANCE : Covcx, Y) (8.3)
:
let ×, -1 be drv.

Then
,
the

"

covariance
"

between ✗ & Y
,

denoted as

"

Cov ( X,Y)
"

,
is defined

to be

cocky) = EICX- ECX) )
( Y - ECY )))

= ECXY) - ECXIECY) .

PIOF . let cx.yj~fcx.gl . Then

Covcxiy) = §§(✗ - ECX))(y
- ECY)) fcxiy) ( by cows )

= § Eyxyfcxiy)
- §} Ecxlyfcxiy) - § } ECY)×fC✗iy) -1¥} ECXK-cyjfcx.gs

= ECXY) - ECX)ECY) - ECYIECX) + ECXIECYKI)

= ECXY) - ECXIECY) . ☒

Var(✗+y) = Varlx) + Varcy) +
Zcov (KY) (8.3)

"
let ×

, -1 be drv.

Then necessarily

Var( ✗ +y ) =
Varcx) -1 Varly ) + 2Cov(×, -11.

PIOF . Varcxty) = Eccxty)2) - ( Ecxty
))
'

= ECXZ) + ZECXY) + ECYZ) - ( ECX) -1 Ecy))
"

= ECXZ) -1 ZECXY) -1 ECYZ) - ECX)Z- ZECXIECY) - E-(4)
2

= ( Eci ) - Ecx)2) + (ECYZ) - ECY)) -1 ZCECXY)
- ECXIECYD

= Vcrcx) -1 Vcrcy) + 2CovlXiY ) .
☒

COVCX,X) = Var(X)
"

let ✗ be a drv .

Then necessarily Covlx,✗ ) = Varcx
).

Ptoof - Covcx,✗ ) = ÑarCX)-Vqr×
) ( by rearranging

the above

equality )

= Varcx) . ☒



CORRELATION COEFFICIENT : P OR p×,y (8.4) (✗ i. ✗2.✗g) ~ Trilnip, , pz,pz) ⇒ px, ,×z=
-✓P→

"
- let × . -1 be drv . Tippi
Then

,

the
"

correlation coefficient
"

of ✗ & Y, denoted as "
"
let CX, , ✗2.

✗3) ~ Triln , p, , pzip, ) .

"

p
"

,

is defined to be equal to
Then necessarily

Pipz
← 4.x: -1 .

ie -

and a similar result holds for PX
,/Xz & pxz,×,

too .

e-. . Pret . recall -mat

CX , / xz.XD~Tricnipiipz.fi ⇒ ✗ in Bincn, pi ) .

IPIEI ; Ipl -_ I <⇒ y=aX+b ; a >O⇒p=l, a<0⇒ Hence

E-(✗ it = npi , Vorcxi > = npicl-pit .

p = - 1 Then
, see that

ECX,Xz) =
ÉÉ ✗ 1×2 . ✗,:×?:p,"pz"p,?"

-

let ×, -1 be drv
,

and let p
be the correlation coefficient ×,=o×,=o

On the other hand
,of ✗ & Y .

✗
, -1×2 ~

Bin ( n
, p , -1Pa ) ,

Then necessarily IPIE " so

Furthermore
, Ipl =L iff Y=aX+b for some a' be# Varix, -1×2) = ncp,+pz) ( 1- Cp, -1Pa)) .

Thus
① If a > 0 ,

then e.
=L ; covcx

, ,✗z)
= lzcvarcx, -1×2) - Varun - Vcrlxzl )

② If aco
,
then P=

- I -
= 'z( ncpi-pzlll-cprpzll-np.CI -pi - npzll -pz))

Pioof . let S= ✗ + TY.
Hence

= -

npipz .

Then

☐ ← vans)=Varc×+tY) ex,.xz= = r¥pz
= Varcx) + Ivar (4) + Ztcovcx

,Y )
,

which is a

quadratic function
in t -

= ;i*
Since OEVCRCS)

,

it follows that this quadratic has

utmost one real root
.

=
-✓¥p÷ . ix.

let's evaluate the discriminant :
(✗ , , . . ., ✗a) ~ Mutt (nip, , . . . . Put ⇒ covcxi,Xj) = -npipj

D= (Zcovcx,y ))
"

- 4CVcrCX))(Vary)) ( so )

let CX , , . . ., ✗a)
~ Mutt ( nip , , . . ; put .

⇒ 4CovC✗,yF - 4Vw(XIVCRCY ) to Then necessarily Covcxi ,Xj ) =
- npipj

' "
'Jfk .

Pioof. Similar to trinomial case .⇒ "

(×, , . . -, xulrrmultlmp , . . . .. Put ⇒ {✗i.g.
= -✓ap?i,,⇒ Ipl £1

( as needed ) . "
let CX

, , .
. .,✗u) ~ Multlnip, , - . - , Pul .

In particular , 1=0 iff Varcs)=O , ie
Then necessarily pxi,xj=

-✓a¥¥p
.

4Cov(Xiy)~- Yvorcx)VcrCY)
= 0,

PIG . Similar to trinomial case
. ☒

ie Ipl =L . n

In particular, 7-tek 2 Vcrcxtty) = O
,
ie ECÉC:X;) = ¥,ciEl×i)

that ✗ + tY=c for some CER , ie that
i= ,

✗ = a.✗ + b for
some 9b€ /R -

- "
Cet X, , . . . ,Xn be drv

,
and let c , , .

.

; CNEIR .

Then Then necessarilye=÷÷→¥E¥¥¥¥¥¥¥¥- .

ECFÉCIX;) = ¥,ciEc×i ) .=eu*¥¥¥É?¥= Pref . This can be proved via induction pretty easily . ☒
n n

= Var ( Ecixi)= civarcxi) + 2. Icicjcovcxiij )i= , icj
=

.
' "

let X
, ,
. . ,Xn be drv

,
and let c

, ,
. . . ,cn€1R -

= :-,
. Then necessarily

so p= / <⇒ a> o & p=
-1 c.) aco . ☒

vari-z.ci/i)=i=&ciZVarcxi)+2FgcicjCovCXiiXj )
POSITIVE /NEGATIVE CORRELATION n

= ¥.cc?VarCXi)-2(c,czCovCX,.Xz1--..-c,cnCovCX,.Xn)"
let X, -1 be drv .

Then ,
+ czczcovcxz,✗3) + . . . + czcncovcxz.tn)

① We say
✗ & Y follow a

"

positive correlation
"

if
+ . ' ' Cn -Icn Cov ( ✗n-i. ✗n )) .

large values of ✗ tend to be associated with

large values of Y ,
and small values of ✗ +"d

Pioof . Var iÉciXi ) = ECiÉci✗ii] - EE ,ÉiiXi ]
'

to be associated with small values of × . = ÉIÉ, .ge?,cicjXiXj)-i=&ciEcxiD
② conversely , we say ✗ & Y follow

a

"

negative correlation
"

= FÉÉ,cicjEC✗i×j) - FÉJÉ, cig.EU/i1Ecxj)
if large values of ✗ tend to be associated with

small values of y , and small values of ✗ tend to

=¥j'i5 ""i%' - """"5-" + ¥, "'i + '

ig-EL.iq?.-y.--Y-ie-xjDbe associated with large values of Y . IF
n

( = covlxjii))= ¥.ci?VorCXil+2i-ZjcicjCovCXi.Xj) - ☒

n n

✗
, , . . ;Xn ARE INDEPENDENT ⇒ Var (¥,ciXi ) = Ec?Varcxi)

1-=\"
:
let ✗ , , .

.
-

,
✗n be drv

, and let c
, .
. . .,cne1R .

Suppose X, , . . ,Xn are independent .

Then necessarily n

Varc ,ÉciXi ) = ¥.cc?Varcxi1P-wofThis follows from the fact that

✗i. Xj are independent ⇒ Cov (✗ i. Xj )=0,

and applying this to the previous theorem . ☒



INDICATOR FUNCTION TECHNIQUES

USING IFS ON Bincn.pl
"
let X~Bincn.pl . Find ECX) & Varcx) using indicator

variable techniques .

goin . let Xi =/ if
the ith trial is a success & 0 otherwise ,

ie

Xi=I[the ith trial is a success] .
5011 . eg

Then L , cz ↳ c.4 LS LG LF 28 L9 LIO

Xin Bernoulli (p) , ④ o ④④ ⑤ 0o ④ ④ ④

SW}
~

and since X
, , . . . ,Xn one independent , -1hm Twi ¥

~

swy

see that
E- (X) = Eli Xi )

×,
~ Ber ( 0.7×0.3 + ) = Bercow) .

→
⇐"" = " " "

-= ¥2
,

Ecxi ) ith light on , ith light off. \ ECX, -1=0.4211-0-427.
= np , ( ith

"

light off Citnth light on
and Then

9

Vcrcx ) = Vari?É✗;) ECX) = ECE,Xi)
= Évcrcx;) + 2 I Cov( ✗ i. Xj ) g

i. , 4-4 = IECX;)
( by independence of

✗
ii. . - in) i= ,

=

,

Varix;) + 2 -2101
ieicjcn

9

= ¥
,

O' 42 = 910.421
.

= FÉPCI-pl Next
,

9

i. Vcrlx ) = npctp) . Vcrcx ) = Val¥
,

✗ i )

USING IFS ON Hyp (NiMin) = tzvarcx;) + 2 -2
leicjeg

↳✓ ( Xi , Xj )
in

' :

suppose
there are M red balls & N -M blue balls

However
,
note that

in a
↳× .

→ since any lights that cannot form a switch lie not directly
Randomly select n balls without replacement from the

adjacent to one another ) do not have any
"

overlap
"

,

box.

let ✗ be the # of red balls selected
,

so that
✗ i. ✗j are independent if lj - it > 1-

X~HypCN.M.nl . Thus

I cov(✗i. Xj )
=

ÉCOVCXI
.
✗ it, )

we can find ECXI & Vwlx) using
IF techniques. i= ,

iei<je9
so, ? . let ✗i = , if

the ith selection is a red ball
,
and °

=

i
[ E(✗iXi+ , ) - Ecxi )ECXi+, )]

otherwise ; ie ✗ i= IC ith trial is a success ) .

= É[(oii-xiiixoi.I-o.ixoi.iiiij-o.ci]Then
5=1 OFF ON OFF ON OFF ON

✗in Bernoulli ( In ) , but note the Xi 's are net

independent ! and so
= 8. (0-21-0.422)

,

⇒ Ecxil = Fu
,
Vara;) = Full- %-) . Vorlx ) = ÉVWLX;) + 2 -2 Couch:X;)

So
5=1 ieig.iq

= 9 (0.72111-0.42) + 2.8 . ( 0-21-(0-425).
ECXI = ECFÉX;)

= FÉECXI)
= NIN .

Then
,

n

Varcx) = Varc Xi )

= ¥2
,

Varcxil + 2 I Covcxi .Xj
)
.

lsiejen

See that

Ecxixj)
= ÉÉ ✗i×jP[✗i=xi . 5- = ;-]

✗ i=o×j=o
= 1. i. PEX

,
- =L

, Xj=1 ]
=

P[✗i=l ] PEX,
- =L I ✗i=l ] ( by total pwb formula)

= I. m÷,
and so

Vcrcx) = ¥2,Vw(Xi ) -12 Ecovcxiixj )teigen

= n.M-n.ci - In ) + 2(2) [Fu .M¥ -1%5]
=

n.M-n.CI/+ncn-n-lI-3-lII-i-m-n3--n.Fu.N--M-incn-nm-~(
NI-I.int#)--n.Fu.N-I+ncn-nFu(~7n-?-,)--n-Fu-

NIE - %]
= n.my . n['N]
= n.M-n.N-n-M.LI . ☒



Chapter 9:
Continuous Probability 
Distributions
CONTINUOUS RV / CRV EXPONENTIAL DISTRIBUTION : ✗~E×p(R) (9-2-1)
:
let ✗ be a crv .

we say
the crv ✗ ~ Expert iff

We say ✗ is
"

continuous
"

if
fcx) = Re

-"×

,

✗20,

lrangecx)l > INI . where R>0 .

eg rangecx) =
IR

,

[0' '] , etc -
In particular,

PROBABILITY DENSITY FUNCTION /PDF: Fcx) =/
✗

re
-"tdt = 1- e-

"t
th> 0 .

- a

f-(x) (9.1.1 )
Exponential distributions are often used to model

"
let ✗ be a crv .

wage.

Then
,

the probability density function of X
,
ie fcx)

,

eg Say R is the intensity parameter for
a Poisson

describes the
"distribution

"

of probabilities of ✗ -

process .
In particular : at ✗ := waiting time for next

event

① f(×) 30 V-✗ C- C- • ' ° ) :
Then range

CX) = ["
°) &

② p[ae ✗ Eb] = fabfcx)d×i 1--1×7=1 - PEX>× ]

= I - PE no events in [0.x) ]

③ PEX >b) = fg°fc×)d× :
= I - e"° (using

Poisson dist:)

④ P[✗ < a] = f?•f(× ) dxi &
= I - e-

Rx

,⑤ P[→ < ✗ < a ] =/
•

fcxldx = 1 .

- &
so

✗~E✗pCN. ☒

CUMULATIVE DISTRIBUTION FUNCTION /CDF : Also note the
"

memory -less property
"

:

F-(X) (9.1.2)

let ✗ be a Crv
,
with pdf f(× ) -

PEX > tts / × > s ] = p[✗ > t ]
.

GAMMA DISTRIBUTION : ✗~Gam(4,13) (9.2.
2)

Then the
' '

cumulative distribution function
"

of X
,

denoted by
"

Flxii is defined to be equal to We say X~aamco.pl iff

F(× ) = P[✗ ex ] =/
✗

fcx) . fcx)=p÷ ✗

" "

e×p(¥) 7×20 ,

- a

:
where a. p > o

.

z

Note that :

z
Here

,
the gamma function r is given by

① Of Fcx) E 1 HER :

② FC-a) =O & Flat =L : / (9) =)? ✗ d- 'e- ✗ d× , a > o .
:

③ FCX,) E Fcxz) (⇒
✗ f- ✗z : &

z
Note that

④ If f is cts at ×
,

then dFd = fcx) . ① f(q+i) = ✗Tca) ; and

② r( E) = VTT
.✗~f(x)

,
Y=h(X) IS l - l ⇒

Pw_0f- ① can be shown via integration by parts
g. (y) = f-( h-

'
(y)) / d- h

-'
(y)) ((CHANGE OF

fairly easily .dy
VARIABLES 77 (9. 1.3)

Note that

real -- fix e-
✗

dx
.

let ✗ ~fcx) , and let Y=h(X) such that h has
let ✗ =u2

.
=) d✗= 2nd

" -

a unique inverse ( ie h is 1- 1) .

Then necessarily Y~gCy) by ⇒ ((E) =/ooze
- Ida

.

gcy) = fch
-'

Cy )) / ddyh
- '

(g) I . ⇒ it;) = 4%-1%+0e-"
""
dudu .

eg
'
✗~f(✗1=3×2, ✗c- [Oil ] i Y=×? let u=rwso

✓ =rsino } ⇒ HE)= 415% e-
"
drdo

Solt . P[Yey] = p[Fey
] = P[ ✗srry]

= Flory) .

= IT
.

⇒ gcy)=¥yP[Yey] = %yFWy
)

⇒ riz)=Fu .

= f-
'

Cry) - ddycrryl
= ferry) . ddycrry )
= 3cg)

? 'zy
-É

=¥yÉ.

eg
"

✗~-541=3×2
,

✗ c- [0,1] ; Y= - log ✗ .

Sol ? . PEYEY] = PE- log G) ey]
= P[ logcx) ?

-y]

=P [ ✗ > e-T ]

= I - P[✗< e-
Y ]

= I - p[✗Ee
-T]

= I - F(e-9)
.

Hence

gcy)=¥yPEYey] = - 5-
'

(e-7- Eye-1
= f-(e-

Y
) . / ddye-11

= 36-34-9

=3e-
' T

. Cy>
0)



UNIFORM DISTRIBUTION : ✗~ Unifca, b) (9-2-3) PDF/CDF OF MULTIVARIATE CONTZNOUS
"
we say

X~unifca.be) iff
I

^ DISTRIBUTIONS
fix)=b÷a V-xc-ta.to]

. -
"
. Let ✗

, , . . . ,

✗
n

be crv,
with joint pdf f- (✗ 11 - " ' ✗n) -

In this case
, a;, ( this is similar to the discrete case ) '

✗-a
Fcx) = Ia ✗ c- [a. b]

. Then
, by definition , we have

*
in particular , if a=o & b=1

, then
P(a ,< X,cb, , . . .

. an<Xn< bn) = Jab
,

"
. . . )b^f(× , , . . .,✗n) dxn . . . dxi .

Flx) = ✗ . an

Fx IS INCREASING ⇒ F×(X) ~ Unit 10,1) E(g(✗ , , . .. ,Xn)) =/
°

. . . )&
-g
91×1, . . . ,Xn) f-(×, , . . . ,×n) dxn- .

- DX
,

"
let ✗ have cdf Fxcx) , and suppose Fx is - a

strictly increasing . I
let y=F×c×) .

Then Y- Unit"' " '
⇐ LAW OF THE UNCONSCIOUS STATISTICIAN >>
"
let CX , , . . . , ✗n) ~ f- ( x, , . . . ,xn) be crv.

PIof.PE/ey7.-PEFxCx1ty7--p-FjYFxlx)-Fx-'Cy' ] Then necessarily

= p[ ✗ { F×
"
(y
)) E(g(✗ , , . . .,Xn)) = % . . . f) gcx, , . . ,✗n)fCx, , . . .in) dxn . - . DX , .

= F×( Filly" T
= y eg (KY ) ~ flay ) : then
= Y , E(✗ y ) = %)]xyfcx.yldydx.su

Y~unifco.lt ☒

BETA DISTRIBUTION: ✗~ Beta(9,42) (9.2.4)

let a
, .az > o .

Then
,
the beta function of 9,9 ,

denoted as
"

BG, .az)
"

,
is defined to be

B(9,02) = f) ✗9-
'

( 1- ×)%
- '

dx
,

or equivalently ,

Ben .ñ= .

Then
,
we say ✗~ Betacam 921 iff

fcx) = B(¥z, ✗
""
( 1-×)%

"

,

✗ C- [0,1] .

*
in particular,

when 91=1 & 9=1 , then

f- ( X) = B¥×°Ctx)°
=

Mcnicol

= ÷T
= 1

,

so FCX) = Jj , dx = ✗
,

so ✗~ Uniform. ☒

STANDARD NORMAL DISTRIBUTION : ✗INCO, 1)
(9.2.5)
-

We say
Z~NCO.it iff

fcz) = ¥- e-
€ V-ZEC-o.tn)

.

.gg In µ, cage
,

yn, gag y z ,
gang,µgy|oy-

equal
to

☒ ( z) = P[ 2- ez ] =)?j¥e¥dx .

*
note that Ico)='z by symmetry of fcx) .

GENERAL NORMAL DISTRIBUTION : ✗~N(µ, 82)
we say ✗~NCµo4 iff

f-Cx) = ✓z¥- expf "zI) V-xec-n.sn)
,

where µeR & 0>0 .

Note that in this case, we have

f(✗+ 8) = fix -8) .

STANDARDIZATION
"
let X~NCa.it. let 2- = .

Then see that

Fzcz) = P[Zfz] =P [ ez ]

=p [ ✗ yes zo]

=p[✗ Ezo-19]

= F×(µ -107 ) ,and so

fzlz) = Fzcz )

= ÷zF×(µ-1oz)
= f×(µ-1oz ) 0

= vzf-oz-expi.im?-o-I}
= e-

7%
.

In other words ,

✗~N(µ , 02 ) ⇒ 2- = ~ NCO, 1) .



Chapter 10.1:
Expectation and Variance of 
Continuous Random Variables
EXPECTATION [OF CRV] : ECX) =P ✗fix)d× ✗~Gamma(o

, p) ⇒ ECX)= 913 , Var(X) = 4132 (10.1.2.2)
-a

(10.1-1)
' "

let X~aammaco.pl.
"
let ✗ be a crv ,

with pdf fcxl .
Then necessarily Ecx)= op & Varcx) = 4132 .

Then Pioof . Recall X~aammaca.pl ⇒ fix)=p¥
"

e-¥
,

✗30,913>0
ECX) = ✗ f-(x) . Thus

ECX) =)
-10

*
g(×)fC×)d×

CLAW OF UNCONSCIOUS
o

× .,÷×t
-'e-Éd✗

Ecgcx)) =/
•

=¥vi%e÷STATISTICIAN>) (10.1.1.1) dx .

- :

let ✗ be a crv ,
with Pdf f'" -

let u=¥ ⇒ du= f- dx
Then so

Ecx) =p¥,fu=+oEEGCX)] = /
•

gcx> fix)d× - Cpu )
"

( pdu)
-a 6=0

VARIANCE [OF CRV] : Varcx)=%[✗ -EcxÑfC×)dx = p

⇒five"du
(10.1.1.2)

= ,÷,( rcrti)) ( recall to)=fo+°×'
-'

e-
✗
dx )"

let ✗ be a crv
,
with pdf fcx).

Then
= 9. p .

Similarly ,
Varcx) =)?g( ✗- ECX))

>

fix)d✗ .

ex"=p⇒
"

,

✗

4+1 e-¥ dx.
PIOF' Follows from Lows as VWCX) :=E(CX -1=1×15) . ☒

Using u=pI again .
✗~ Exp(R) ⇒ ECX)=

1-
Var(X) = ¥2 ( 10.1.2.1)I 1

( put
"

e-
"

( pdu)
⇒ Eai)=p⇒i°Let ✗ ~ Expert .

Then necessarily ECX) = and Varcx)=¥z .

= II
no,
/Title- " du

Pw-of . ✗~ Expert =) fix) = Re
-"✗

.

Thus =

Cro-121 ) = place-11) .
ECX) =)? ✗ . Re

- "✗
DX

Thus

=Rfo+° ✗e-"✗ dx .

Vcrcx ) = ECXZI - CENT
let Y~aammaca.pl, so

that
= 13240+1 ) - ( TP)

"

gey)=p¥,yt
- '

expf;) . yzo, a>o, p >0 :- Vcrcx) = rp? ☒

Then
✗~NCO, 1) ⇒ E(✗1=0, Varcx)

=L ( 10.1.2.3)
I = fo+°gcy)dy

let X~NCO.tl .
= ftp.#y&-'exp(-p1)dy .

Then necessarily ECX)=0 & Var =L '

PIof . Recall X~NCO.tl ⇒ fcx)=¥,exp(
-¥1, ✗EIR .⇒ porch = jonny- ' expc -F) dy .

Then

let p= ,
4=2 . The eye above becomes Ecx)=f ✗ expc

-¥1 dx

✓
to

oyexptay)dy= (Eira) =v¥I×;;;fI¥??
= ⇐5cL ! )

= 0 .

and so

= ¥2 , Next

i. v¥e×p(
-E) dx

ECX) = R - fottnxexpc -R✗7d✗ = I - Éz= . ec-it-S-%eF.iolet
p= ,

9=3 . The eq
? above becomes

= 2)9×2 expl
-¥ )d×dotty

>

expc -Ry)dy= ⇐Prc}) =
±

23 ,

let u=x2 ( ×>o, ⇒ du=z×d✗ ⇒ dx= d÷= I du

and so

+so

ECI) = Rf
,
✗~e×p( -2×7 dx = R -

2- ⇒ ⇐(E) = zf
"=+•

is
= ¥2 .

a=o
uy¥exp(- E) Eu du

Thus

Vwcx)= ECX
'

) - CECXIP
= n¥fo+°uÉe×p(-E) du

= ÷ - (¥5 note U~Gamma( E. 2) ⇒ fjtngcu, = , ⇒ fo+°z}¥⇒u
? - "

expc _÷1du=
'

=

,

⇒ fo+°utze×p(-E) du = 2%(3-2)
.

as required . ☒
i. EC✗7=r¥(Ér(%))

=¥.cz?c-;.rED Crais 's - rip -
- Era)

= 2-
?
. ¥

,

.

2¥ . NT
=L . ☒

✗~N(µ , 02) ⇒ Ecx)=µ ,
Var(✗1=02

'

'

let ✗ ~NCµo4.

Then necessarily ECX)=µ and Varcx)=o
?

Pioof . Note 2- =×¥ , where Z~NCO.tl .

Thus ✗ = µ -107 ,
so

ECX) = µ
-10 Ect) = µ .

&

Varcx) = otvarcz) = 0? ☒



Chapter 10.2:
Moments and Moment 
Generating Functions R[et - I ]
MOMENTS : ECXK) (10.2-1) ✗~Po(A) ⇒ Mxlt) = e
'

'

let ✗ be a "
let ✗~ Pooh -

Then
,
the

" teth moment
"

of ✗ is simply
Then necessarily Mxct) =e"[

et " ]

€2
Ecxkl . I

,

TEC-N, N) (10.2.3.3)
MOMENT GENERATING FUNCTIONS /MAF :

✗~N(0,1) ⇒ M×(t)
= e

mxct)=ECet×) : at x~NCO.it .

Then necessarily Mxct) = e ,
for tec-o.tn) .

"
let ✗ be a rv .

'

Then
,
the

"

moment generating function
"

of ×
. y=a✗+b ⇒ my(f) = ebtm✗(at) , 1- c- ( -÷, , ¥, ) (10-2.3-4)

denoted as

"

mxcti; is defined to be
"
let ✗ be a rv

, with map Mxct) V-tec-h.nl .

Mxct) : -_ ECet× )
,

let Y=aX+b .

provided this expectation exists for all tc-C-h.tn)
,
where

Then the MAF of Y is necessarily given by
h>0 ( ie is finite ) .

In particular, if ✗ is discrete , then Myct) = ebtmxcat) Vtec
-¥, , ¥, ) .

P-wof.my It)=E[et" ]
Mxct) = E(et× ) = §et×fC×) .

= c- [etcaxtb
)
]

If ✗ is instead continuous , then
= ⇐ [etaxtbt ]

Mxct) = E(et×)=f+Jet×f(×,d× .

= [ [ ebtet
"
]

=etb[ [etax ,
Note that a MAF uniquely determines a

= ebtm
✗
( at ) .

probability distribution
,

whether discrete In patiala ,
or continuous . m×(at) exists for at c- c-hih ) ⇒ tE( That

.
¥1 ) . Be

✗~NCµ, 02) ⇒ m
✗
(E) = expert +

042
X~Bincn.pl ⇒ M×(f) = (etp -11-pi, TEC-N

,
N) 2- )

( 10.2.3.1) "
let X~NCM.ci) -

÷ let X~Bincn.pl .
Then necessarily Mxlt ) = exploit -1 )

,

tc-C-N.su).

Then necessarily Mdt) = (etp + ( 1-p))
"

,
where tc-C-N.sn ) .

PIOF. Note ✗ =µ+oZ , Z~NCO.tl .

PIOF . Mxlt) = E(et× )
Hence

= §=oet×fcx) Mxctl = etltmzcot )
021-2

= §⇒et× . (E) p×a -pi
"

= eat (e -2 )
= II.(f) Cetpici -pi

"

= ert -1¥
. ☒

= ( etp + ( 1-p))
"

( by binomial formula)

X~aammacd.pl ⇒ F- ~ Gamma(0,1)< too V-tc-C-o.sn)

✗~Gamma(o, p) ⇒ mxct)
=

-1
t<§ (10-23.2)

"

let x~aammala.pl . Then ¥~ aammaco.is.
(1-131-141"

let X~aammaco.pl . Pref . let Y=¥ .

See that

Then necessarily Mxlt)=ci-¥ t<¥ .

My (f) = e°tM×(¥ )
Ploof . Mxct ) = E(et× )

=CI-p.pt#ipt-p'-cietci)=jo+Netx.p'--,x4-'

e dx

= )-

= p¥)o+°×o- ' exptxp- t )) dx Note W~aammac.gl) (⇒ Multi = ¥o .

Therefore ✗
= p¥)o+%-'

expc - ,;,_, ) dx p-naammaco.it , as needed . ☒

JOINT MGF : mx.ycti.tn = E(et'
✗ + +2"

) ( 10.2.3.5 )=¥,
- ( F-tired if §-t > o casing the

"

gamma
distr

trick
"

)
' "

let ✗ and Y be rv -

I
= ¥(

'-p#)
"

Then
,
the

"

joint Maf
' '

of ✗ & Y
,

denoted as
"

mx.ylti.tw
"

,

is defined to be
= ¥ .

C-ptt m×,y(t, ,tz)
= Ele

"×+t"
)
.

= ¥-14 .
1- <§ . provided it exists V-tic-C-hi.hn , tzc-C-hz.kz) .

"É"what if tzpt ?
z

Note that
Then

Mxct ) = p¥ , / 0+0×0- 'exptxp-t )) DX Mxct , ) = E(et'× ) = Ece
"×+°"

) = mx.ylti.co),

n and

Myctz) = E(et" ) = Ece
" ✗ + to"

)=M×,y(0,tz) .31

3,3%1+0×9- ' dx *
this is valid , as OEC-h , ,h , ) & OC-C-hz.bz) .

This also extends to more variables as well
.

= ,É[ ¥] :
= too

. ☒



Chapter 11.1:
Main Properties of MGF
MOMENTS FROM MGF :

×,y ARE INDEPENDENT (⇒ m ltntz)=M×c+1)My(+2)
M×(01=1 , M

"
CO)= ECXK) ( II. 1. 1) X. -1

<< MGF INDEPENDENCE THEOREM >> (11.1-3)- "

Cet ✗ be a rv with MGF Mxct), TEC-h ,h) .

Then necessarily Mxcol =\ and
"
let ✗ , -1 be rv .

Then ✗ & Y are independent iffMchlco) = ECXK)
,

6=1,2 , . . -

where
×

My,y (+, ,+z
) = Mxct,) Myltz)

V-tic-C-hi.hn/tzE(-hzihzl .

( k) dk
met> = Jtumx't ' '

mxct, , my (f) (⇒
✗ =Y << UNIQUENESS OF MGF >>

✗

PIof . Recall

Mxct) = E- (ett ) . (11-1.4)
Thus

mxcu) = E(e°
-✗

1) = Ec ' )= ' -
' "

- let X, -1 be rv such thatmxctl-myltlV-tc-C-hihl.ae#y: ✗ is a drv. Then necessarily ✗=Y .

Then ME"lt)=d÷uMx't ' In other words
,
✗ & y have the same distribution -

= dd÷§et×fcx) pngof . This follows from infectivity of et✗ & et? ☒
(t )

= Exke+×fc×) . ✗ , , ✗z ARE INDEPENDENT =) M (t) = Mx
,

't) Mxz
so X,-1×2
mxlhlco) = E××k( 1) fcx) = ECXK) ( by ↳us ) . # (11.1.5 )

ca_se#2 : ✗ is a crv .
-

:
let ×

,
& Xz be independent rv , and Xi has

Then Mi"ctl= dd÷M× 't ' map Mxict ) V-tc-c-h.tn ) .

= dd¥)%et×fc×)d× Then necessarily

=).TL?-uetxfcx)dx Mx
,
+ ✗zct)

= mx.lt) Mxzlt) -

= ↳ ✗ket×f(×) DX,
so

MIMO) =)?g×ke
">

flxldx

=)
"

flxldx

= Ecxk) . ☒

JOINT MOMENTS FROM JOINT MGF :

E(✗jyk) = d (11-1.2)zt.jgtzkmx.ycti.TN/ct,.tz)--co,o)
'

let ×,y be crv with joint mat mx.yctiitzl-vt.EC
-h

, ,h ,),

tzc-C-hz.bz) .

Then necessarily
yjtk

ECXJY" )=¥tñM×,y 't. .tl/Ct,.tz7-- ( 0,01 .
pw-of.ge?.?JF-znMx.yCti.tz1 = ¥jzu /%)! et' +"

fcxyidxd]

= }÷ )))] 3¥ et'×et"f(✗g) dxdy
= }÷)%j% yket'×et" fcxiy) dxdy

=J.LI?g#p-.yket''etZYfcx.y)dxdy=J?gJ?gxiyket''et2Yfcx.y) dxdy ,

and so

nmx.ycti.tn/ =)?nJ%×Jyket'
'"etd°

>

flx.yidxdycti.tv:( 0,0)

= ✓%)] ✗Jykfcxiy) dxdy

= Ecxiyk) ( by LOUS ) - Da

EX:(✗i.✗2.✗g)~Tri(n,p, ,pz,pz) ⇒ ECX, ✗2) = ?

Sol ?
.

See that
yz

Ec ✗i. ✗2) =

¥5 Mx, ,✗zltlitz
)

where

M×
, ,✗z(t , ,tz

) = E( et'"e%%) CV-ti.tzc.IR )

= §
,
gt

'"et2%×,:?×:p?'pz×-13×3 , ✗5- n -×,
-xz Chylous )

n n -×, n !
= ¥.co?g=oxF:g:Cpiet'F'cpzet-FZpz?xz=n-x, -✗z

n n-×,

= ( piet 't pzet- + pp? cnecall catbtc)^=¥=o¥=o×ja"b"c×?
Thus

✗z=n- Xi
-✗2)

¥tzMx, ,×z( tntz) = (Piet't pzet- + B)
^

= ¥(ncp.ett-pzetZ-pzi-t.pe/-2)--ncn-i1Cp,e+i-pze+2+p,i-?pzet2.p,et1
,

and so

Ecxixzl =
I

ztptzmxiixzlti.tt/c+,,tzi=co,o7=nCn-1)Cp,e0+pze0+pz7n-Zpze0p,e0=nCn-
1) pipa . #



Chapter 11.2:
Convergence in Probability
CONVERGENCE IN PROBABILITY : Xn b ✗nP→a

,
YnP→b ⇒ ✗n+YnP→a+b

,
Xnyn ab

' "

let (Xn) be a sequence of rvs .
' "

let ✗n and Yn be rv such that

Then
, we say Xn

"

converges in probability
"

to a constant ✗nP→a & YnP→b .

Then necessarilyb if for any
E> 0

,

① Xn + Yn
P→ a + b : and

limp -11in - bl > e) =D I di→%[Nn- bl < E) =L ' ② xnyn P→ ab .
n→n

and in this case we write

✗nP→b .

IECIXIK ) / < a ⇒ P[1×1 > c) E V-c.ie>0

<< MARKOV'S INEQUALITY >> ( 11.2.1 )
' "

let ✗ be a rv
,
and suppose ECIXIKI is finite

for each KEN .

Then necessarily

P[ 1×1 > c) E V-c.ie > 0 .

Prdof . we just consider the cts case ; discrete case is

similar .

See that

E[?] = [ ) lxlkfcx)dx + flxlkfcxldx ]
✗ :/✗Kc

× :/✗13C

= ✓ I Élkfcxldx
+ f / ¥ / kfcx)d×

✗ :/ ¥14 × :/¥131

7 0 + ) / ¥1k fcxldx
✗ :| 171

3 0 + flkfcx)d✗
× :/¥171

= p( 11-131 )

= P( 1×1 > c),
as needed

. ☒

INDEPENDENT & IDENTICALLY DISTRIBUTED

RANDOM VARIABLES / IID
'

We say the ru X
, .
. . .

,
Xn are

"

independent & identically

distributed
"

,
or just

"

IID
"

,
if

① each random variable has the same probability distribution

( ie ✗ , ,
. . .

,
✗
n
~ fcx ) ) i and

② the variables are mutually independent .

In this case
,
we may also write that

✗ i d f-(x)
.

✗i ARE IID
,
ECX;) =µ , Varcxi)

= 02
, In = d- É ✗i

i=i

⇒ In µ << WEAK LAW OF LARGE NUMBERS >>

"

let the rvs Xi be IID
,
with each Ecxi)=µ &

Varcxil = 02 .

Denote

In :=n÷É×i .
Then necessarily In P→µ .

Pw_of . First, see that

ECI ) = tn ,ÉEC✗i)=^I=µ : &

vcrcx-t-nz-jgva.mil -_÷cno4=
let E>0 . We wish to show

limp [ II-µl > e) = 0 .
n→n

By Markov's Inequality .

PEII -µl > ET E E[Ñ#] yh> o .

In particular, when k=2
,

PEII-ul > e) e E[1¥
= E[¥-
= Var¥
=÷.
→ 0 as n→N .

By a

squeeze theorem argument, the proof follows . ☒



Chapter 12.1:
Convergence in Distribution D

CONVERGENCE IN DISTRIBUTION : Xn☐→✗ Iim Mnct) → Mct) V-tc-C-h.tn) ⇒ ✗n→X
n→x

We
say

the rvs Xn
"

converge in distribution
"

<< map CONVERGENCE THEOREM >> (12-1-2)

to ✗ if :

at ×
, ,✗z , . . .

be a sequence of rvs
,

and let

him Fncx ) = FCX) × :

met, , Mdt) , . . . be their respective MGFS .

n→n

let ✗ be a rv with MAF mctl
,
such that

and in this case
write

there exists a h > 0 such that

✗n☐→x .

Iim Mnct ) = Mct
) V-tec-h.tn) .

In particular, n→n

p[ Xnex] I
P[✗ ← ×]

Then necessarily
✗
n

✗ -

D

for large n Cif F is cts at ×)
. ✗n~Bin(n,p) ; n→N, p

-30 =) ✗n→✗~P0( np)

Note that hi;gFncx) might It
be a CDF !

(( Poisson APPROXIMATION TO THE BINOMIAL

Ex : Yi dUnif(0,0) , ✗n=ma×(Yi , .. . ,Yn) : DISTRIBUTION >>
' "

let xi~Bincn.pl . We can use the MGF technique to
SHOW ✗n☐→X

I

show that
5011 . Note that

0
,

✗so ✗ i
✗ (as p

-50 )
,

P[Yi Ex] =
d ¥

,

ocxco
( 1

,
✗ go

ti=l , . . .,n
,

where ✗ ~ Pocnp) .
"

goin . Mnct) = E. [et
-✗
n

]
,

xn~Binln.pl
I 0, ✗ £0

p[✗nex] = P[ma×(Yi . .. .,✗n)E×
]

Fncx) =
{ (IoT, o< ✗ <

of
"

= [etp + a-pit? TER .
= PEYEX, . . . , YnE×]

1
,

✗ 30
.

= p[y,±×] .. . P[YnE×]
(by iid of Yu's ) let R=np . Then

As (F) c- ( 0,11
,
thus

= (g)
n

. hi;zMn(f)
= hi;z[etpt "

-

P"
"

f 0 ,
✗to

= lim[i+Ce÷R]nIim Fncx) =L 0
,
ocxco n→n

nooo ( 1
, ✗ 30

= ethlet -1 ) ( by the e limit)
,

=D
°
'
✗ < °

which is exactly the mat of Poisson distr w/ intensity
( 1
,
✗30 .

Hence parameter D. ☒
I 0, ✗CO

✗n☐→X
,

where 1=1×1--11 , × > o
'

Note that since ✗ is discrete
,

1=1×1--1> [✗←× ] is It

Cie ✗ is the ru that takes value 0 with continuous at ✗=o, 1,2 , . . .

So
,
we have to perform a continuity:

probability 1)
. #

limvcn)=O ⇒ Iim [I -1¥ -114¥]n= eb p[✗n=×] = PEXNE ✗+0.5] - PE✗ne× -0.5 ]

new n→n

I PEXE ✗ +0.5 ] - PEXEX-0.5 ] .
(( e LIMIT >> (12-1.1)

"

If b. c- R and limucn)=O, then
n→n

Iim [ It 1- + 4¥]^=eb.
n→N

In particular,
tim [ 1+1-3

"

= eb
.

n→n

EX : Yi
'

Expel) ; Xn=max(
Y
, , . . . ,Yn) -

lnln) :

SHOW Xn☐→✗
Sol? . See that

Fncx) = PEXNEX]
= P[max(Y, , . . . ,Yn) - lncnl

Ex ]

=P [ Maxcy, , . . .,Yn ) I ✗ + lncnl ]

= ftp.yiex-lncnl]
in

= ( PEY
,
e ✗ + men,] )n } ' by iid-ness of Yi's )

-

Then
,
as Yi d Expect , thus each Yi has pdf fly )=éT

,

and so f f? e-Tdy = 1- e- T
,
y
> 0

PEY, Ey]=
a

( o , Yeo .

Therefore
en ,×, =

( ( 1- e-
✗" " '"' i = ( 1- ¥5 ,

✗ + lncn) > o

( 0 ,
✗ + Inch)f0 .

See that ✗ E- lncn) ⇒ ✗ < 0 Cwnt? as ✗70 )
,
so

limfncx) = di;g( 1- e i
n→o

= el - e-
✗
) V-xc.IR . ( by e limit )

Therefore
D their .

✗n→✗ ,

where ✗ has CDF e-
e
"

#



Chapter 12.2:
Central Limit Theorem
✗ i IID, Ecxi)=µ , Varcxi) = 02, Mxictl EXISTS
V-tc-c-h.tn) ⇒ rnÑ¥☐→ z~NCO.it
(( CENTRAL LIMIT THEOREM ))

"
let Xi be a sequence of iidrvs

,
with

ECX;) =µ and Varcxi ) = 02<00 .

Further suppose
each Mae my.lt)

exists V-tc-C-h.nl
,

where h > 0 .

Then necessarily

rn CI-flt-D-z~NCO.tl .
PIOF. let Zn=JnÑ¥ .

Then

mx-ctl-E-et.MX#y==-e¥"i¥ ,
= E[e¥É=Yi ] where Yi -_✗ (so EcYi1=0 .

Varcyi )= 1)
n

=

My:(¥) , ( by iid of Yi )

which exists for ¥nE C- oh , oh ) .
Next , recall the Taylor series of f- :

f-(x) = fco) + f'( o ) ✗ + f"¥ + f"§,+ . . .

,

and so

co)( I.12
my:(¥1 = my:o) -1mi.in#rn1+mYi-.+mY-.?E+...--i+EcYi1-trn-'-z--cYi7

+ ÷[m!Ém÷÷°+ . . . ]
( recall Mitch = Ecxn) )

= I + ECY;) + { [Varcy;) - CECY;D
'

] + 4¥?

m=m÷!m÷÷+ . . .

= It 0 - In + {(1-02) + 4¥)

i. my:(¥1 = I -1£ . + 4¥ .

Then
,
notice

4cm) → 0 as n→+x
,

and so as MICH = (My:(¥1T, it follows that

tim Mgct)
= Iim ( It + 4Th )^

n→n n→x

t2
2- ( by the e

limit )
=

e
,

which is exactly the Maf of
Z~NCO.lt .

Hence
, by the Maf convergence

theorem,

rn = 7n-tz~NCO.tl . ☒


