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Chapter I:
Introduction to

? StahishHeal  scieace s the sdene of
~ empinical shudies”.

EMPIRICAL sTupY Ccisay)

—(Bl An "amriw'ca\ sl-wlj' is one whee we

. learn by obsewbion ocd for axpedmantetion.

87_ Note +these involve uncachainky _M_
G.)Tu'\muﬁs 3¢n¢mh plifﬁ:a\' resulks.

%)3 Gut we model these ancartoinkies using leua‘-il-"_';

models .

UNIT CCiS2S)

Q A uait’ is en individual  which we can
=zl mgASmremn.an),

POPULATION CCiS26)
-g.'A "fprulo\l’ion“ s o colleckion of units.

PROCESS (CCIS23)

?; A “rvou.ss" is a stﬂm LJ which unds are rw&uce&.

'S rm:esses ave coVlechons

-Q: Note "Jﬂﬂ*' n('H/lmj"\ rorulaﬁnn!

ol‘: anits:

® Populahions are Vgtahic”  Cdefined at one peint in Yime)
P < f )
but

@ Processes tASu.nJ.lJ occur over tme .

C#S#

) N
ter slide
Aumbec Aumbec

Statistical Science

WRIA TeS <c1S32)

chosaclesdstics of  the units.

‘., .
* \adates” are

_CoNTINVOUS VARIATES (CIS33)

74 “io.\:;.‘.;...sf v::ms". are  those that can be measeced
a‘c‘“:;s- e_orehca.llj) fo an .M dejnga of
Ej hdjhi-, wl'(jh.(, lifehime of @ fuse,

DISCRETE VARIATES €c1833)

8. ‘‘Discrete” varates’ are these that  con ij folee
{'—,_m’k:lj of ‘fi"ﬁ"’l“! mang walues.

eq # of cor accdents on a cerhin shelech of

e

highuoy / 37, et
ﬁz Note that dzrodinj on ‘how we measure @
confiamous  verate, o moy become  discrete .
ep if we meatere weignt w| o scile thef
o"[j Jo:.s to 1Ar| +he ms“‘ij Jayieke i€
disertel
Q} UIF\W’("-(J 4he  dishnchon aﬂfo_ck
© our assumr'lions of the data; ond
@ the rwhobili)j models we use

CATECORICAL VARTATES (c1s35)
8 I‘Cak\jov;&d vanotes” e Hhose whew e

units Gall info  non-numeric cn-kj
ol"du‘.

ovies, ithout
W

o.r\j iMrlu‘Ed

| hair eolor, un'\vmn"j r"’&f’"‘
ORDINAL VARIATES Cc1535)

'.?': “Ordino! vanates' ore these where  an °"‘A°-’.\"j
'S imr\;ul, Lut no¥ nec.essa.rilj from o
numedc measure.
Ej s""”‘j(j A;sntjr!l, s sf—venﬂ\_-’ nJrLeI-
emall, medium, (oT5¢)
ele

ComPpLEX VARIATES CC1S3%)

g| "Comrlu vanates’ ~ore those that  are

Mmore  unusual, and dont neaHJ inbo
Yhe other voriate +jr¢ s.
4 °r¢.f\ -ended rcsrmses b a Suvey T“HM

gz We usaa”j nead Pwasﬂiﬁ_y b convert these inte

one of the other .fjrgs.
b fext processing f convert a

inko "rosil—iw_"' ”'\“j&HW-" o ngutml”

fwaets content



e-mngres CoF A POPULATION/PROCESS] (CISVE)

Q' “Atibates” of & rurulo’ﬁon/rwctss are

“:“'_""H,"_"_s °f- a vadate which is lz{—io\ul »fnf
all oaits: i eaid rgrulﬁﬁﬂ"/r'oclss.

49 (STRT 221 asmbs) — mean # of mru(—el
asmts
- rwr of asmts subbad

in last 24 WS
Cuw Hamang Scdﬂ.l:]) - pep of 4.3; that arvive

in good health
- mean § of ownes of e(an

in their care

TIP€S oF EmpIRIcAL STUDIES (C1SSO)
SHM?LQ SURVEY (C1SS2)
g" A "so.mrle Surwj" is  where information i
obtained about a  finite rg‘wlﬂh-oﬁ Lj
0] selecking @ “regreseatative somrle of
units {nm the rorulahﬂ\; and
@ A‘-WM'M\"J the vadates of interest  for
each unit in the so.mrh.
eg - ro\( +o rvedid who  will win an eleckion
- survey of otential consumass +o comrwd.
products & state theic rvt?w““

Ceq Coke vs P si )
oBSepvATIONAL STupY (CI1S53)
-i?; An "observabionat SMJ" s where ;,\fpmﬁon

obout o population/ process is wllected without
ony  change o the so.mrlul units'  variates.
eq o shudy of blosd aleohal \evels for

ctudeats aF o &:%aem Mon tacteure

-g,'_ USUJ-"J, the ,fn([nw?nj are +rue:

Surv

Observahional S urve
@ Poph of intesest is Fa’,,'_l_".s e [ ceal
inﬁnih/ conceptusl
@ Dota cwllected muﬁnelj Dol eollected
over Yme once
@ More rassivz (sit and More "nﬂ cessive” CS?Q{A(‘-"L
see) 1V£SHMS asked)

EXPERIMENTAL STUDY cc1Ssy)

? An "cxru‘my\ful sh“l\j" s one whee +the enrzw'mmfzr
ntervenes  and Maolif\‘es some of +he vadates for
Me waiks in o shudg.

8§  Semt  efam ¢ a5 abow, but Some sfudents ana
womed  beforchand ,  whereas  some owe aot,



DATA SUMMARIES (c1856)

-((:Y’ These afe used for
@ the estimation of akhibutes; and
@ lellcunj Fit for @ model.

MEASURES OF CENTRAL TENDENCY /
LoCcATION (c(SS8)

"8 We uSu-All rc_fnsu\l- our data us\r\j the

no\n‘hon :.‘\ju---,jn-f, whece each g el and
e " s called the
82, We alse use lower-case Afor consl'm"s‘l

ond upper-case for  random variables.
ORDERED SAmPLE [ ORDER STATISTIS (C)S59)

or ‘ocder shkahshes”

"Sa.mrlt. size”

? We call the
of +he datn o be

“ordered Som F\t.

j(l)’ ] '..j‘-'\)'
where ey £ € Yem - Yoy = Min {390l &
e = max 4y, 4,1
SAMPLE meaN/AVERAGE : y (CISG8)
% The Samrle mean , densted L] "5", is
21uul o
—_ Yyt +JA i < .

SAMPLE MEDTIAN: m LC(SSQ)

-9 The sam le  median , denoted as m, s

Av.%mnd j
™ = JBC"—:—') ' n s ead
{
e l_i(ﬂ(%)f 5(%*_')3 , n s even
Q Note thot
2 —_— ~
@ TIa s;mmdﬁc.\ Aishrbutiens, Y X m o
but
@ I skeowed dishilukions, Ef}f m  (there

Mj e a sl\‘]mafamrd’ I behscen them). (Cises)

SAMM mopE  (CcCis61)

The sa-mrla. mode’ s Ius" the  most common

value(s) in a set of data-
-(Erj)z T Hhis case, the
j«our/cla;s with  the hUkcsf 'fﬂ-tlvmc\j.

{

“somple  modal clags” s the

o by q0¥8),

6) The

MEASURES OF VARIABILLITY/

DISPERSION (ciSed)

? ‘Measures of vaviALcl'.kJ“
the date s

RoBusT [meAswre] (c1389)

g We Say & measure s i+ s aet
Csnjn.f.gm+b\ affected by extreme
eg TeR is robust,

convey how “srn.ai out”

¢ ol u\S"'

valugs,

-FN‘\ja is not

SAMPLE VARIANCE & STANDARD DEVIATION:

s*, 8 (aseq)

? We define  +he "samrle voriance,  denoted “s""—
of +he datm «j. ,jn’g 4o be
2(3 .'1) =,\,[ij. '".‘J]
@ The San\rl'. Stunderd lemhan, densted "S‘.,

'S just  the
(3] l
68-95" RULE For. GAVSSTIAN ESTIMATION
(cts?o)

Seuoee oot of the sa.mrla vadance .

g Surrc:e 4he data ‘;uj;} is .fwm a Gaussian dishhbuhon

6lg.s). * Glpe) = NGe™)

Then nv_u.ssari‘u

© 68 of the sample lies in tg-s, 5+l
and

@ ‘HS/ o{: the Snw\r\! lies in Cj‘—zs‘ 5'\'7.5]

*—H«Is can be \/u\‘&{d i R wsing the code

> Fnorm(l) - (”“’"""(“)

> rv\orn\C'Z)— rnorﬁ‘(—’-)

RANGE (as??.)
8 The ramJe is 4¢,f,nd as

r‘”'j‘ = Yeny " Iy

GUANTILES % PERCENTILES ccasqq)

? The “ Tmrhlt , also called +he cwor)
s ‘H\g such  thet o ,ﬁ-n:hnn 3 of the
dota .g.',n ot or value .

ru;u&- e >

value
Lelow said

he r“"‘ qu«-ﬁle of o Aishbuhor

g,_ Tn other words,
such thed

s the velue q,

v
= £ Ay 2
r j_w J 3 033>/]
7,
o33
vorhle
(E-_P We can calcalate :r.,wh(“ in R asing the

code
> ¢1uu\{—v\¢(c(3,, 2 Ya), f)
QUARTILES : q¢0-25), =, geos) ¢C157)

E The denoted
\
loJ qloas), s Fre 25

" lowes Tm:-hlt R or {.rsl- 1var‘hl¢ )

th ra{uﬂ‘HIQ q

Q;_ The 'u-rru Tvu»hle. . oc Tthird ¢1uu+il¢", denoted

is the ?S* F‘b“cw\‘h“

A
3 The ‘“‘second T/arhh s Ius+ +the median M-

INTERQUARTILE ?-Mae / Io.R (ciS80)
‘m(wuro-—hl!. rm\j is  dofined s
Ter = qo ) ~ q(0. .25).

the m(—e_rrvq\-ahon of TO.Rs con

Q cnnsuln.nrj discrete deota,
from cha.u) to

Vﬂf’j de, zmlmj whether we  cengider Hnli-lu\{—arva\
Loy

fo be orU\, s‘eml—nren or closed.



MEASURES OF SHAPE (cCiS8y4)

SAMPLE SKEWNESS (CiS¢8)
'9‘ Samr\'. skewness”  measures  the as:!mmel'rj of
the data, and is zalunl +o

L %_(3‘ 5')3
(25T

Saw\P\e skewness =

Q,_ In-h.rrn.h\l-inn of camrlt shewness's  volue:

® Ip ss=0 =  dishibubion i %mmzh’c;

\ /\ 2g  Gaussian, uniform

t
@I? ss >0 =S  distibubion s rosi-hvzlj shewed/

skhewed 4o the ri;hf,'

The datn has a (onj

/ n'j nt il

® I ssco O dishibution is ne;wh'vel:_j sla.a.wd\/

skewed to the loft.

The deta has o lOAj

loft ail-

\
KURTOSIS (c1896)
whether data s concentrated

SAMPLE

g{ '.Sa_mrle wurtosis’  measures
in 4he ceatmal "ruk" or in the tails | and s

calculated by

| < _\1
T?___:(JL‘J)

sa_mr\e lwrtoSis =

LS B
[%2-5)
Q?_ In-hrrve'h*ﬁﬂ" OG s‘amr\e luctosis’  value:
@ sk=2

= = dishibution loolks
- “ sk=3
Gaussian CLell—sho.Ped),'

uni{-nrm

@ sk¢3l > dighbukon has
shorter tails Cmofe concentrated Aistt)
in “he rlah) Sk=12

® sk>3 = distibution has

M (QSS concentrated in =42
the rn.a.lt)

ASsuMmING A ™MoDEL IS GAUSSIAN (CiS102)

8 To assume datn can le reasonably modelled Lj a

Qaussian  distibution, we must have the ffollowiﬂj'-
Q@ The sample mean & medion Sheald  be qrrmximn{-v.ly
z-(ual

@ The sample skewness shoud be clse to O
should LQ cdose +o 3: and

@ Twe sample kurtosis
© ~A5/ of the obsevakens shoeuld lie in Fhe interval
Cy-2s, y+2sT.
IN STATISTICS, WE DoN'T PRovE THINGS!
(cis103)
Q In shahishics, we don't prove assumphions  are frue,

bat  instead ,f\l\d evidence !;'Ms* o nSSVAMr‘H‘""

® I¢ +hece g subﬁ'q‘u\{ ;ast  the RSSU-M’;HO"‘I thea

evidence tjq

we saj the datn s “nof consisfuﬁ‘l' with said
&SSquh"\
@ Di'herw..ce we :a] the daln s consisteal with H

asSSum;

FIVE Numsek SuMmmARy ccistof)
8: The ,F\v& number summarj for @ seb of data is
(

©® The minimum value Yy i

® qco025);
® qo:5);
® qeos)i &
. @ The moKimem value Yemy'
'??_ In R, we can find the five aumber  summary

+he ende

wia

> summnrj (@]



GRAPHICAL SummARIES

cc1Sn)

(t? when A.sr(njlﬂj \jr-.rhg note that
isplagyed ot an
® A Jrnr\ns shouwld  be J.sr J
“rrwrvia-h site;
® &mrhics chould have clear HHes which ar

f”‘ "(j SQlF- EKr(M\Aer

@ Axes should be lobelled & units J.\/u\ where

arrrvri)o\*’e;
@ Choice  of scales  should be made with care;
and "
#«® (Amrhics should not  Le used without HnWJ m
especially if thee ace better ways af  displeyig

the | r\formo‘ﬁb"\

HISTOGRAMS CCISHE) e
€ ate @ qraphical summary o
1 sStnhnl( ishograms ~ cre. I )
(t?‘ owr JA{'- +ha:!ij we can use to unra.n_ with
rd{- .for crvS, or a rmf ‘fm’ a drve
(ot our datn b Yy Yoo o
? Parfifion the (ronge of the ys into ke
ov‘rln’:rmj intervals
s [n —s !l. s _j=l'
Let ‘FJ # of va\uts from {yue, 9l in ‘_\'.j.

are called +he Vol served ;:,.q_,‘q'_nr..es .
3 the

non -

.

The 'fj‘s

-gl Trea, drow o ru.hnjlz above each o

: the
intervals with huJH- rnrorhem:l o

observed /r'-ln'HV! frtj.,u\tj X

1

observed fv«quu\z\j

EMPIRICAL COF (CISI24)

g An “empirical cd§”  lets us compacre the
°F a dataset with o cdf

l‘a’hﬂ\uuhbﬂ
of o Fandom  variable.
?- Ma{-kamahcaﬂa, the ¢mr'|r"|cu( cdf s dn.{-im.&
2
A % of values in {3‘,...,5"3 which ofe <Y
FC:}\ = —

1225 1250 1250 1300 1340
1405 1460 1490 1495 1500

Rent ecdf

1200 1250 1300 1350 1400 1450 1500

Monthly rent ($)

VJ&[?\.

@ox-PLOT (ciS139)
TF OX - lots” ve o raphical summary of the
gl 2x: of Jn d-hul—qx rolisMLul"\m in o Similos
h  the ,f,vt aumber Summary.

- outliers
I ®

w ﬂ-j
qlo-35) + L5 IoR
e q}o 5)

eeem qL025)
l 1'(5.15) -1.56-I0R

®
. %
Box-plaks can also  show the skewness of
dishibuhon ;
Y ® y y

HL

X
x

5y mmetvic Fnsiﬁve_ skew v\eanﬁve clew

RUN CHPART CcI1SI1SW)
8 A ‘run— charf \T“s o srnrhm.l summary
fme .

of daf=

which are vnrjmj over

Daily maximum temperature in Waterloo, 2014

‘1«'\[‘»“\”‘” m

!
J‘ “ ’HL‘ UU‘” M( | ﬂ‘ “\




SCATTERPLOTS CCISISH)

BIVARTATE VS UNIVARIATE DATA (QUS\STE)

Q “Biyariate deta” & of the form
E(K,,S, y e {xp, 5,{)1

where % Y €® Vi
“Univariate  daba’ S of

g,_ In conshast,
he  form
3,_5‘,..., ya3
{nr
sm-mn P(.oT Cci18158)

g A "scate- rlo\' for bivarote dafa is Simf‘j
a l—,lo\- of the (v\,wj;)s.

wn

e (c\ste)

j'-ves us

SAMPLE CORRELGTION“
@ The denvted ‘e
a aumencal summeny of &

? for dafe (0¥ - xnydt

Samr\e wmlahon,
bwarnote dataset.

Sxy Zm-?)t,;-g)

= AE;—SJ—:’\ =

20" 23
v is1

So -
83 " rarh:,u(o.r, cel-L17, and measures the linear
W-(ahonshif behveen x % g

® 1If emcl, we sy there is o
's\wr\j neqobive  linear rglqﬁonshir"
between hwo varates-
@ 1 ra+, we Soy there iS5 @
" shon PoCiHVC linear relnﬁonsh'-r"
bethoeea +he two varates.

*
o cousal

Il 21 does qob imply
relationship  Ccoarelation does ack imply
causation ! )

® If rRO, we 3%y there is e
\inear N.\nl"!onsh'\rh between the

two variates-

RESPONSE % CXPLANﬂ‘I’oRY VARIATES CCISI1H)
g In an f.'srl.nmeni» the urlawnhnj vanale” s the

vaviate that attemets o ex lain / detemine the

Aishibution of the "NSrnnSL vaviate” .

RIVARIATE CATELO RICAL DATA
CCISIF)

Q We use the fotlowing  survey os  motivation:
@ Hometown in Conada, like ho:hzn
@ Homelown not in Conada, ke hxkzj

dictie hockey
Rig\ike hncll.e:.’

@ Hometown in  Caonada,
@ Hometown nof in Canada,

87_ Samrle cesully  fon that Servey:

Canoda V' Ganada X k2

H”"“'fj v 23 q Ga

Hor_kl_j X 22 43 6S
z 5% 52 0}

RELATIVE RISK (CISIF6)

3 Lot AEX % BSY be eveats in Livariate dota X xY"

Then the | relabive Ask”  of A with B s ej"'l

o

PCagl\B)

relabive nel =
PCA~B|18)

eq in ¥he Suevey above,
whe

of Conoda homehawn

relakive Tisk o liking hockey prop-
hockey

(ive

Arvwr\g thote wf & Canadion =
hometown |’~‘T of non-Cansse ometoan  who
dislike hockey
_ (Bls)
T n)
= 341



DATA ANALYSIS & STATISTI¢AL INFERENCE

CCISiIg)
DESCRIPTIVE STATISTIES (CISIB3)

.g’: Dtscnrf\“ stakisties” al  of data  Cor

pocke o #) in @
STATISTICAL INFERENCE (CISISY)

g “Shatishicol .nfuv\u. (s the pwocess of drawing
for o roru(ahon/fﬂcess

is the rnrth
amencal & jr.ry, ical ways.

J”-""J'"'-l conclusions
based ©off of Jobn oblained n o Shudy
about said ‘)ol)ula'hov\ / rw cess.
ej LnSeJ oﬁ' my nmrlt I zrred' '7"/ of asmis +his
foem o be  submitted witha the finsl 24 b
of the deadtine "
INDUCTIVE VS oeoucr.tve REASONING (CISIBS)
'Ql * Tnduchive ransmun occurs when we feasen from

+he Srl_u{nt_ Cobserved datn about @ Samrlc) o

the jenml C4he +-rj-.+ rorul‘lﬁ"ﬂ / F""eﬁs).

g T contrast, "deduckive ruxcun'w:j" occurs when we

use Je.v\o_m.l resulls 4o rwvg +heorems$.

ESTIMATION PROBLEMS (cisie?)

g Ia eshmakon rwblems we are concemed abouf
eShmahng one or mone athilates of o
r°ru~(ﬁﬁnn /rwctss.

e - eStimate fthe pwp. STAT 23\ students
Pt

who (ke outine
-“{—iﬂ-inj" a priabiliy dishibution for @
rwctSSA
HYPOTHESTIS TESTINC. PROBLEMS (ciSI8¢)
i? In & "I\jroHusis kanj rro]—llm"’ we use the
date fo  assess the fauth of Some :7.;:.;-}-;0"/
l’\jroﬂnesis.
Ej is if twe < (/\(Crw rmr owtion  of
cors  thaa CS Ma[ ors  lilkee rnuhﬂe
PREPICTION PRoBLEMS (C1S181)

? In a rvv.al.t.hon rﬁHw ', we wuse the data

math

fo pedict o fue wlue of a vadate fr

&  upit v be selected {wm He To]:u.la{iu/rwcess.

g givn the post rvfbm\ﬂnce of @ Stk [fothe detc,
rvedllcl' e value of He shck ab some rn.n(’ in
the  futuee.




Chapter 2:
Statistical Models and Maximum
Likelihood Estimation

STATISTICAL MODELS CcC25141)
R A “stabishcal modet” is & mathematical model
- that im.orromhs eraLi(-‘l-:’_

@2 These are useful since -Hnej con desaibe
man Aiffereat processes.
ey - the daily closing value of CAD

- when cotashwphic eveats ocur
(ej andemics)
— +the effect of Aﬁ"'\"-i'j

, :]gu.r health

?3 We wuse condom vonables fo represent «
vanate / chowactedskic  of & rowcdemly  selected

J
unit  pom the populatien [process .
Ej let \/= how lblj T aeed bt wail {Dr

the  next jama on an oaline

aleohol on

video J,ME .

?‘f Shatistical models con also be wsed *to T»nﬁfj
M‘j M oblnined when olmw;aJ conclusionS
&A’M data -

e'j how the observed mzom/vmrinnca
diffess &WM the  achual mun/van'o-n;e of

in ho:ke\-] )

of datn
deata

(-Cj jom\s Sewored

85 In rwﬁculu, we con formulate elucsh‘w\s of iaterest
as rmmmanrs of the stutishcal model.

‘3

In the lost Examr(e, say

X = “:n{’ hockey jon\s n
and Su.rrosc

Yo Pol®).
We can then eshmate e (C

'Y rul’lm\é-f j"‘"‘z

@ e mean % of jO-IS

Scored ),

(E?g We con  Hien  maledecisions
and  use com,u(-us o

bosed on fhe desalts

of our models, simu late

the rm&sas.



L§Hoosma A PROSABILITY MoDEL

i:? When choosinj o PwLo-Lilf"j model, we usSe some
or oll of the ,f.;\(owinj :
® Backgrownd (L’Inwle*jt. / assumr‘ﬁonf about +he

r'T*l“H"'\/rwr.ess thot lead to  cectain
dishibubions;

@ Past expedence with dafs sets
r°ru~l&ﬁﬂw/rwce€$ which show ceshrin  dishibutions

from +he

are  suitable;
@ Mathemahcal convenience
between Gcmrluxil-j £ accuracy);  °F
@ A curreat which the

ass essed -

(1)

ALL MODELS ARE WRoNG, BuT SomE

ARE usEFuL” (C€2$199)

g Note  that Wﬁeﬁ
but  that lecrn
anj-{—hiruj 'fW"’\ .‘Mrufq_cl— ones.

( Quote fwm John [?u)()

FAMILIES of PROBABILITY PISTRIBUTIONS

(€2S200)
?l Recall +he
® Poissont®)
® Exrnncnﬁa\te)

vq" = Mmean
* © —_—

(e +he trudeoff

datn  set model can be

does not mean we conrnot

foilowing eraLi\”ﬁ dishbutions:

of the dishibubier

\
(not meon ).

® Binomiat (n,0)
® CaussianC8) =
® Mulkinomial (n, 8, -, Ba)
® Geomebic(6)
Y IS PARAMETERIZED BY O : £(y:0)
(c25205)
?. In porticalar, for each "-Fm'-lj" of  dishabuhions,
we gqet o difperent  model for each value of
<ty e
81_ Thus,  we  Soy the random varable S "rv-rn-me{'uiw"

Caunssion (/‘-, )

‘aj o-
I‘? the rv is \// we wite the ?{'—/]’"‘F of
v oas

‘F(J-, &)  for G A= (‘W\jg(‘/)

4o zmrhusi%e_ the dependence of  Fhe model on &

ESTIMATION OF uNkNOwN PARAMETERS

€¢25206)
-gl To determine how well the  model fits the
data, we need a value of ® obkained

Ao the data.

A n
8,_ We uSumth denote  this value 8.

* ~\

don't con(&s‘( e & 6
. 9 = +rhe u«\chrl‘."'uj “tm_e value
. g = our own eshimate

" . .
93 This l:vor_esc s fefered Yo as 'asHmaHv\j

the volue of &

(c2 5198)
STeps IN CHOOSING A MODEL
‘gc'zszo?)

@:‘ Surrns'e we heve
ca\lt.r.ﬁnj dodn 4o

on v_y.ruimeﬂ\' which  iavolves

incease UWnow(edge about a

cecfuin rho_nomem or 1to anSwee Twes\‘ions about

& [:\nv.nomu\a +hat has been c“—e,‘;,u.] ,legijmo\-

WL,

gl To choose o~ modll ,fpr Ahis lfrui"'\q-nh we
use +he -fo!(auuiﬂj Ehrs :
O Collect /a.xam'me the datbn; * mose alowt
® Pwrese a  model; his  ja
Chap 3.

Fx #ae MOJQ\-I

Cheele +he model;
revised model and

® @O @

Tp ru]uivul_ ruerosz a

ceturn b @ ;

LasHul drow  conclusions us'\'\j +he chosen
model . % +he observed date-



MmpaxiImum LIELIHOOD ESTIMﬂTIoN (c2S210)

POINT ESTIMATE [OF A PARAMETER] : o
(c.lszls)
g

s the

rom\- r.shmah. of o rWV\E+er,

fﬁAI\LHM

data y and e other known :1uqnﬁh'¢s

Se\j 9,

yalue of @& of the obsesved

\

(lj the samrlc sizte n),
?z We denote +his

A
estimate ALJ "0, where
A A
3 A
* jote B is o ,f—’uncﬂo-n on and So ©
dependS on  +he value of Y CHe observer
data),
?3 For anmr\z: . ln
1 eshmate b —
® G.(_/-‘l.o‘) eshma » y /L "Ej‘
Ctne sa.mrlz mean)
N
@ Binln, 0): estimate O l’_'j 0=+

Cthe sumr(e rwrorhﬂﬂ-)
PARAMETER SPACE : SL

of a Fo.mmefv &

‘g The fo-rume.-h.r s‘ro.cc n

is the sek
fole .
LIKELIHo0p FuNCTIoN CFOR DRV

Lee) (e28124)

of all rossflple volues O Can

‘ﬁ“ ot Y be roh.nhnl dota Haat will be used
o eshimate e, and. et y ve the achual

observed dotn.
gurrosg \/ S a ﬂ

Then +Hhe ‘.lil/.dikooek {\mcﬁaf\ for & s

defined to be

LCe) = L(Q;j) = FC\/=379) for pe SL,

where ) is  the ?c-rmd—u sracr. of O-

* L is +a.=|r\r\ica.ll1 a ,Funr_ﬁan of © & Y - but for

LV‘QVih] '\\Ast' wrnite L(o)-
MAXTIMum LIWELTHOOD ESTIMATE / ma.
ESTIMATE: 6 (C€252125)

g. The Vlcelinood ~ Cie m:1) estimate” for
J\vm Ada 4 (s the which
maximizes  L(O),

83_ In FO-(‘H(_LLIM'

we  usueal lul

umaximum
value of ©

~
denote F L‘j 6.
sotisfies

look like \-{LLLS)

Single “max’ rw“
desvahive
which

(M\J". — most  disMileubions
with o
— So the pr\l.1 r\uce t+he
will be O is of the peck.

we waal.

%ng HDW ever,

RELATIVE LIUELIHOOD FUNCTION: RcO)

(C?.Szgq,)
? bt B Lo +he MLE of LLO).
Then,  He “ alative  likelihood ,fw\ch'on' S
Leo) \
LK(S) = . for Be L.
L(e)

& Note +hat
®© osR@OLI;

A
@ wd) is & constant; and

A
@ RCS)-I and so R IS ma X Mk at 6=0.
RELATIVE LInelivooD For RINomIAL PATA:
9 1- -y
R(O) = 2_(9;6_  $:2 ccasae)
. 8%¢-8)"
E? For Linomial dafw, nu—_q_ssnr-ulj
-y
RLO) = _’____eﬂu-e) — 6= %
gdc-8)y Y

whet > Led): (5ot -9
) ney whan compuhin
6 (w-0) relative lilkealihoads,
Tran LCS) gjcl_e)“'j We can  Gnork any
Ay consfants  wrt O as they
e=-= .
¢ n P esrlie) Will concal out n ¥
Y Y
2 ) 0 Cr- jom
> Qi) = l_c: _ -0 conmpatat o R_(8Y

(&) glaer™ -
LoG LIWELIHoop FuNCTION:
Cc2s523%)
Q{ The Tlog likeliheed fonchion”

200)

' o(e.,fingd\ o be

\YOe 1L

2(8) = fog L(e) *(n3=ln for Hhis

Y Course
?2 Nofe that R(8) is moximited for the Same
velue of © as e rtju.lo.r likeli hood. func.ﬁtm .

* ' .
e () mo & ,Q(@):o.

?3 dap (s also T&fef&& over L(8) because it S

deAvabives  of 2 (which

ovesr L (which -I'jricnllj

“-s‘“"“j easier o tale
Fypi
3rw~klj

nvolres  eums)

I'\VO\VQS [’VOA'ACI'S )

note 2®) has o

AEFFWU\"
"Tvadro.h'c.” ).

..Shqre..
than LC®) (it

eg Lee) = 9‘”0_6\!5

N 02.00)
|

lools

Mmove




LIWELTHOOD FUNCTIoN FoR INDEPENDENT
EXPERIMENTS (C2S244)

gl Sqﬂwsz we obsuve  dab Y:(\/“,__I ‘/,\) Hat  ace 1*
each  with e

Pc\/;=j; 7 8).
Then the Ceombined)  llelhood fanchon  for

o X:aSeL
on the datm (j“"'l \‘jny

(S

n

[a)
Lee) = 11 L8 = _TI—P(YFSL"Q) Joen .
. ¢ izl

(S

RELATIVE CLIKELIHoOD FoR POISSON DATA
eng -n®
RCO) =

~
A

A -
573, - &=y (cas25%)
~§I' for Poissen  datm,

Aer_e_ssan'\j

Lee)
RO ©

L(S)

?fgj; F\'{'S*‘, See that

4; -¢
6 e
PCYL':J;', s‘) =
gt
Therofurz ~ 4; -6
" — 0 e
Loy = TTeCt=ys &) = V| "o
=l s\ ¢
" n 9 ~
= Ty e Te
R (Sl
= Eﬂl -n0 (we Aikch the
© e c‘mshr\ﬂ
_ A -n0 __2 .
and.  So - Bae . C 3’4‘23‘)

208) = (°j Lee) = ng (oj(s) - nb.
Taus

d@=3_ a4 (=0
©

_ A
ond o L2 (and “+hus L) is maximiged whana 9=j (=0 )
Tl/w.ro_,f;,a. g a8

Les) © e " —
RO= @y T gre-ns , 97y %

gaNDom SAMPLE : Yi,-, Tn (c28256)
Y suppose Yo Ya ere Hdk wih pp PCy=g; ) = #gre)
we coll ‘/(,..."/,\

“ .
a fandom gom 2.

LIKECTHooD FUNCTION For A RANDom SAMPLE
(C2525%)
.g':, Gt Yoyr¥n be a rondom samrh,

with T.g. Pc\/:J-,e) =42(j 5 0).
(R ¢

i, Ya  be @ cealization °f Cie the obsarved datn from)
the condom S“mr\e :
Then the

||ll.0.l|koo& ﬁv\chw\ ‘ebl' e laaS&d‘ oN +b\e o‘oSUV&A
SN“rle ¢

Leeys ] P(Ye=yi> &) Veen.F
=1
Proof

O = Plobtaning *he det 4 ., Yn

jivu\ e)
= P(\{I_'nu b Vlk:jn;e)
= P(\/|-.‘j',-93 v PCYA =Yas OO (L\j :nAq‘:u\Jmcﬂ_)
=T P(\/Fj;', e) .

=1

: 1|



LIeELIHoOD FoR CoNTINUOUS
(c23258)

LILECIHOOD FuNCTION FOR (RV

€C25262)

Q @t Y=Y, Ya) be a random sa-mrle fom &
conhinuous  distibubion  with Pd[—' {!cj-,e) for

e fL.

realization  °f Y-

o bosed

s dg&;nl& Yo

wt j=(3“...,3") be a
Then, +he * likelihood Junchon for
on the obterved dotm
be

j= cju e :j'\)

Lee) = Loy = E-F(j;;s) YQe SL.

MLE FoOR erce) S=g (CZSZGG)

g let Yo Err(e)’ and (et C\jl""'ﬂ"‘ be the
observed  dotn from o gumrle of size N
Then +he maximum \ilkelihood esBmate s nec_esun'lj
=j.

LIKELIHooD FyNCTION FOR a( /,a-)
Leo) = Cam)

@l @t j""" Yn be observations fmm \/"’c‘(/‘:f)
“Then

neces CGI;lJ

_n, -n
Le): (am s expl Z,IZ 3.

~ A
/A: Y 5 =
P_‘;'L_Df' Rrd, See et
9(8) = [ojLL(b)) = —r\‘ojtr ZSLi 3\‘/‘“)
Then ~
U _ Y ST G
gl::;n::(j O T - 63\-2-—\ 57
Thv
3L A
— 0 =5 =
YOl B
L
'Bk /\ B _\_ n A 2
So 70 f j Tn (.?lcji’j)
g

RANDOM VARIABLES
TNUARZANCE PROPERTY OF mMLESs

(Cc2s272)
gl‘ Lot 3 be the MLE of o ruaml.h.r
e..
Then JCS\ .S neussm'\'lj e MCE
°f 3(9)-
’\—
eq Suppose Y~ Poite), ©33:
Then a ol e *in RI we
-\~ v e aleaslale +hi
Pryr3)= I-PeYeR) =) Eo T e
But +his is & pfu.ncﬁon s B8, “l_rroistl,z)

So ta mMLE '3‘ PCY23) S

A Ay —B
- Z2
Y%o :]l' .
g We should always  cladfy when [where  we  use

{he  avaronce

rnruij

n
5 “r[ ;o-zica - ] Ccas26%)



CHECWING mMODEL FIT (C25236)

ComPARING OBRSERVED VS ¢ExpeECTED
FREQUENCIES CFor PRV] (e252%3)

g lo check .,nheHnn.l @ model f\*s 3 ven set
re +he oLSUVEJ-

Tl
of daoha, we con comp g

»fvequuw;v.s % the zxrun& {-‘H-quuu.\cs
o +toble.

-2 We mnj also rloi’ +he exru{—u(/ol-su-vzd fvn-ﬁuv.ndes

wo. o bar r‘o+~

Expected
+ Observed

15

Number of games
10

I‘III;;

Total goals

0
-

COMPARING OBSERVED VS ¢€xpecTeDd
FREQUENCIES CFoR CRV] (c28300)

rMJom

9 wWe can do SomgH\mJ similar  for  confimous
|

venables.

3

Consider +he daloset

We have
5:1(%.};/
s2= 36736,
$= 6.03.

G@fr Y be the
dato .

How reasonable is
it 4o wodal the
deln  vie «
Coussian  dishibuben?

Surrosa ik isy e va&(ji,fl
We eShmate

/u.',\: the Sam(sla mean cwmee); &

TR the Somple od Coot the MCE)
s Y~ G(LE977], 6-03),
we +hen can eshmate the  exp. whabilities 7 falls
i one  of the intevels of  the  hishgoew ccdlined
alove; 24

(60 - (59-77 N 62-15717
PClo s Ys 162) = PC o < —

= 0-129

and H\us Cer_u(o\('Q the Q)(r, Ed of values +o l".',,‘[‘
within  4pe jNU\ intecvel ; &g
. o= I ¢ tha g ind=rval
CJ = 301 FJ <y, where N s J 5

i 0 ed  values,
ond COMrM +his  with  rhe obsasv



Q8. / @UANTITY - QUANTITY PLOTS (c2S3N)
(& A eg rl,,f" plots  the observed values /llu‘,\ngs

,fm'\ the sa.n\rle dabn  on  Hhe j-axfs over

the theoretical values obimined l°j .{—‘\'anJ a  model
) o caid dotn on Hhe  x-axis.
?z In pae Heular,  we may standardize the theoretical

values and rlof that on +he x-axis inStead -

@
-]
K]
g
3
3
g
2
[e]

Theoretical quantiles

v
each dot r_ormcrano\s after shandosdization -

4o a 1dnnh'|e)
e +he ot quorhle.

® The gwa\ua corusl?w*s h
Hie wvolue u cuch thed
Ve of the dabn i £y -

@ The x-wvalue correg onds o
e votwe x swen et

if we &t the v vy +te
and  standocdize

o model ,
2. ~“hen

said model to be

P(zgx) = 4

Y~ G(/*,O‘), +then +he OO0 -

([3; If we  model

rlo\' of Hae ")o}v\{-s

Sy ,o1gisn,
L—Q ('H'l): ‘Jci)‘ ‘qo '
. ved dat
where Yoy = Jeny s +he obser a,
ghould \a orrwv&}maﬂ(j o S‘k"";\’]]"* line i

Aisbuhien

e normal

said datn-

s a J"Od ’S'H' {"”'

VSING @8.-PLOTS To ZINFER SHAPE OF
DISTRIBUTION (ca2s3ul)

Q.- l:lo'('s b infer He
of & dishnbuton:
obs

(F?' We can use

uv\du‘[jinj s\r\nre.

O It the peints o along

a shraignt line, then +his
indicates t+he datn S

normal.
g-s\mﬁu\ ,

@ I5 +4he dabe S

His  indicates s\j"'\"‘e(”j Cie

low chewness ).

= +then the relabive abundance
of paints " tne canter ys. il
imrl.‘&s the majnH'qu of the
lewstosis -
e

low lurtosis, SJMMEML

EKF
hiJh kusdosis, Sdmmeb‘\c

s — : ir\c_cta.s(nj neor the

a‘as x
- +oils”
/‘( > daln co/\c;u\\'ra{'lﬂ\
:‘ more. in “the *ails
= e higw Wertesis
- 'y
® Ip e dakn is  Ysheped,
+his  indicates asjmmeh'j.

relative oabundance

—  then, +he
in  #he left Vs

DF rn'm’('s
righl— +ails iMl:\iﬂ-S +he magnih&c

and si;v\ of e skewness.

YOS\IH"Q Sll.O.th ggjmmgh(c

obs T N > more dats fouerds +he
“z. ﬂjl«f Cie [a/\j n'j""('
& +ail)
gfé = dato. is shewed v the
rght

7ex': D e ?osich skew

nojuﬁae shew, astmahic_
3> more Aale Yoweoeds +he

obs -
PO i left Cie long left il
//‘(1" D Aot s  skewed Yo the

(5t
= e Aeja.-\—ivt Skew)

xR r

NORMALTTY CHECKIvG SymmARY (C2S344)

2,

? T, ossame dal is a Jp..L pt for o GEssion

model, we need o check:

g) The Sample mean & medin ore o.ﬂwoxf"‘“"e(j equals
The sample suewness (s close +o O

@ T gmr'a kurfesis (s close to 3.

©) Arrwxima-tv_(j 957, o} the observetions (& n
Cg-2s, g+2s];

® Histogmms & ecdfs should  show
the dofa 9 tmeorthical dishibulion ;

® Tue @Q-plot should ugnly be &

aaqceement between

s ‘f'rn\.'jhl line.



UNBIASED ESTIMATOR: SZ (c2%152)
g Tre unbiased eshimehr  for dotm s

™ POPULATION momeNT: Mg €€25353)
g Twe  © (L“‘ Dr.,.lghon Momga" of g s "’F""““

(E?;_ In ro-rﬁwlof,
0) = eyl
® P = VorlY) + EC\’]L

M cample MomMENT: M, (C28355)

-?” (et Y Ya be @ Smrlt
Tuen, the " famr(z momeat 1S defined

METHOD OF MOMENTS FoR ESTIMATION
(c23358)

8 The “method of mommeats  allews us o esbmate
F“MEM »fof o model, based ff +he datm we are
using  4+he model for-

?2 S‘h.rs:

0] Comruﬂ the ;F;rﬂ’ P S'\M{"Q moments, where
p= # of Fa-mmahrs‘.

@ Relate +he r.,r,lcd—ion moments +to e +rue
r""“""ehf values.

@ Use +the gu,.rle moments +o  soelve  the ruulﬁnj
System of u1.,ah'ons fo  estimate the rn.ra.mefw_

CXAMPLE (1 G, o) €C25356)
g‘ Problem -

* Surrase \/"’G(/-‘."')- Use -the s"“""rlg Y, Yeny to

eShmate M and @

Sol". Since VY~ G freT), and
M= EY) =
2 kS
0‘7': EC\/")— ecy) = /*1_"141 -

we can eshmate 4he velues of  m 32

by
" =m s 2
/u I c = my—mg -
Hence .
A
Aoz 2y
2 iy
AT
o = m, -m
:(*Z;ﬂi )-

‘I.T(E-C'JE'E)’L).
.?2 Note: we wuse +he ~A" potbien for both
MLE  and  method of  moments !

EXAMPLE 2: Unifla,b) (c2s361)
?l Problem:

Suﬂ;n:e Yu-eYa ore ;'\Agl}q,n‘gnfﬂj sam])\ﬂ.d ,fnm
& conBauous q."fol'm dishibubHen on Ca b).
Whot are  the method of moments eshmates

on Ca,)?"

Self. We need {0 eskimate 2 pomneles, so we

.Lij?- * e mamber m L wm,
P :
ot both numbess

Thea, "-Si"j LoTus, Gsince theq are based
by ; off the SMP(ZI,)
)‘l o b-a ﬂj = vy [E‘gli
= S(Eo)y -t
& = LCte),
- (b
R - M e

we +hen eshmate MM, [ JakMa, S0 that
ez S@EA) S = 2,\,.'_"\,,
m, = L 31+11+:E] =) CT"”\.)'L= 3Cm.,_-m?')
‘*‘"‘j the zperwah cubsts.
Seluing for a & 1 J.a.lnls Yhe eStimates

A
L

'S
?:"M'W’

and L.' eVn«(ﬂl‘{"Mj m, & My we ould  then wmru\h. Iy
g2 T
Moreove, note  *hat

a i
m,-m, = i

and so we cauld olse write, te above as
__———
a: m -JB("—:—Z)S"‘ ) b= —r,JS["‘

EXAMPLE 3: conTesT & PRITES (c:.sa:n)
Q Problem:

—

"A contest awards Iwius as  follows:

- P(win 1) = L}
- plwin &)= b
— P(losed = 1-a-b

You buy  five Heuets and  win three Himes, including
one 40 win-

Use mmMm to eshmate & % b

Sot?- Hjain, we have Hwo rqmmehrs, so we nesd

MEEY), s eey®)

and use +he s‘aurle_ momeats

'
= w2y, My = ERCATE

Sine Y is a drv, we use
o) = T yhfly
Ecy™) o oy,

and 4F|r +hig E\(QMP(A

A:r{o,(,uﬂ;l forz1-a-b, fld=a, foor=b -

HMIJ_

¢ M = EY) = oCl-a-b) + tla) ¥ toCL) s axiok;

M= EeyY) = oCl-a-b) 4 1ty + 10 ®) = atiwoob.
Then, we eshimate M wikh m; 40 30.(-

~ A A
™M, = INETIN m, = axlool |

so\q.c] fe X & T gieds that
/L\ - m,-m, ~ _ _M’_-ml
® . T MTTe

ﬁr\q(l.,, for owr :amrll we obseved 20,0,,110% and so

m = 2.4, m, = 20-Y4

and SO0

A
2:0-‘{, Lb=01. @



Chapter 3:
Planning and Conducting

Empirical %Eudles

+hose

| Recall emrmco.\ shadies afre
collected con be wsed ‘o feorn cabout o
ro‘»laﬁm / rwucg.
tue wse s P v Medens” sty £

O.Xo-urlzs:
wuw.nejm.org/doi/full/10.1056/NEJMoa2115463
have  the  study open

so it MIJH- be ho_lrful +o
whilst rzad-inj +his Chaf-l"f-

PPOAC (C3S384) ..
PPPAC .

g' We can desiqn  an  em rmu-\ Sh«Jj us(nj
| J

? Tn porhicalac, 4his  stands ‘f" '
f of the shadys

© Poblem — o dess statement
o\»\t.:h“?/
® Flaa — +the rwwhm.s in the shudy, how te
Aala s collected
rhjs"u\ collackion of  the datn

® Dab -
@ Rnalgsis — ou\aljsis of said daha
said At\ob;l's,

i dArawn fﬂ"‘

@ Conclusion — Cconclusions
- .
ond  their [imitaHons



PROBLEM (C35393)
?" The "f’"”-ltm‘. addresses
O what g of ‘Hﬂi':jS/reofl:
the conclusions 4o nrr\J'!

. .7
@ whet varates con we d'—f"‘"
@ what are the 1«.s+‘nﬂs we ar 4ying L

do we want

answes’ ,
what conclusions  afe we Hying jo dmw’

TARGET PoPULATION/ PROCESS (€3539%)

-Ql The “+~j¢+ r.r.,lnHMIrwuss" is +he oollechen o}
units to  which the <)<rerimm+¢rs conducking  the

zmrir.'cal s}—udj wish +he conclusions o “rflj'

8 TIn  the fnbhm, the wnits & 'h:-rjd rorula&ion/rm.zss

must  Le defined
wn Ahe voccine study, rossiblz +N'j‘-‘"

e
j poras /rvoces.\zs:
O reorla in VA health-core sjsk.n now and
n )S-“‘M
® wavaccinated Fr.orh in the VA heolth e
in Hhe fuhre

Sjsi'am now
+» the

QD OB bt ('lmi'('inj
Auradion of the covIp-1a [’:t-\nAemic.

VARIATES CIn EmPIRIAL $TupIes] (c3$398)

-gll A " variote” H I choractedstic  of & wait -

the Hime ruinl

what 1§ meeusured

e

91 To determine +he variates, look at

each wait-

e varates include

of cecorded onN
e for the veccine study ,
which vaccine each rarﬁd[aw\* toole;

Gie Pfizer /Moderna)
such &S

covID-14  infaction,

- outcome indicators
and deoth

Sjmrhwls, hosrifuliv.o‘hfm,
- “JQI x, ro<e, residence , jgnjrmrh}c location;

etc

_QTTRIBu

“Attibates’ ace functions

rorulah'm.

Q,_ In the rwlu\em 5+‘fr the qushons o} nterest are

Srcm’f;:&. in terms  of the athibutes  of e -fuje\‘

' of verates oves &

P°r"-|ﬁ\'ion.
Ej in 4he vaccine Sl—udj, Foss'\\u\e atbrbutes  indude

@© the pwportion ol eople  in  Hhe h(j‘*
P pecp
r°r1 who would  contract covip-1 after

"ecﬂ-'lv(nj the Phizes  vaccine within 2%

weels -
@ the rwrorﬁan of PeoPlz in e +afj¢*
r°f'l who would  contract covId-1 apter
vaccing within 24

I'E-’-ﬂ-‘lvinj the Moderna

weels ;

@ the  diffeence in the I:vecr.&inj two nambers.

TeS [In EMPIRICAL STuples] (c3suor)

g' Tﬂres of Fw\olms an zmrirfml sfudj can

TYPES oF PROBLEMS (C3s40S)

solve:

(D“Descri hve' — detwmiie a pacticuloc  athribute
P paches o
the Foruluﬁon.

Ej - $he nafional l‘ﬂﬁmrh‘(,"‘“\" rate
of the twe

- eshimoting the relakive efficacy
K3 ot +the

voctineS  amon all  +hose who  received
time of the :l-w:\J

® “Causative — determine the  existeace Cor lacke of)

oF a causal re.loh'onshir befween dwo vanates.

Ej - does o new hocluj helmet reduce the

risk of concu ssion

tomeone  the Moderma  vaceine

- whether giving
instead of the Pfizer voceing  reduces  their

. risk of covID-\9q
® "Predichve” — predict the respoase for a given wnit.

ej - Fyedid' c—Cij wu_l.clj sales if  sales tax eon

tnem s dovbled

- ESHmaHr\j celative  efficacy of Phiver 4% Moderna

e
gz Note st we wsually connot  answer causafive

rwblems from obsecrvational  studies:
Causofive &  descrptive rml—,lms are  alss hard fo
o\isﬁnjuis\n-



PLAN (CC3S4II)

{:} Ta the rlan we
©® deude what  units
sFuAJ ;
@ what wnits  wil
@ what variates wil be
STUDY PoPULATION / PROCESS (c3sen)

g?l The s\-uA_., ruru\ahon /rwu.ss is +he collechon
4he

are available  for

be examined ; &

collected and how-

Of vnits  available 4o be incladed i

" Shﬂlj.
Q,_ Note the shmhj ra-ru\uﬁon e a shict sobset
Os' the +0ij+ f)oru.lal-hm—
ej - veterans of ajc 2 (8 :jurs: no r.,a.v{aus
CovIO infeckon, ete Cin vactine  study)
STudY ERROR cc3su23)

%’,’ “Shulj arme  occwrs when M otmbutes in

the sl—u.AJ rorulahon Aiffec  from said
athibutes n  the hgg\- refu.\ahbn
eg Say Yy~ Binln, 8;)  represents the 4 of

r“r‘e in o random camrle of Size N from

the -\'ar;z{- faT: who Eurr.,r-\- Reexif.

Say Y ~ Bin n,8) rep esents the H of
r¢°]>|€ in o random samrlz of site N §rom
“+he S""LI}J fDT: who ;“rrar{- Beexit-

We  miga be concermed O %5s- (c3S8%22)

Q Note +hot |-As+ +he s+ulj /Wje* Tu(ahons

Bemj Aiffeent s not s{-uAJ erC —

<, the diffeence mush be in  their athibutes.

3 Moreoves, note study  arre concerns roFda‘hMS;

we do not care about +he shdj(+u3g+ sumf\(}-

Q.* Hence, we must be coreful when %:nhlfj about
the athibutes aF interest 0 & SMJ_

VAL,

g In r-rhr.u(bf as the values  of  the +o-rj¢+ or
Sl-u.chj roru-la:hms athibutes ore  waknown,

the s\-qu ervws cannot be Tugnh ﬁl&

gg Tastead, we jo.no_rall] rv_kj on exro.r-{-ise from
other sources to defermine whether  conclusions
dedved fum the study populefn 23 apply te
+he ﬁurje-f roruln{—'\on.
ej whether  studies on  Mice n.Fr\j 4o humans
Cstudy) Cfocget)
3 3
SAMPLING PROTocoL € C35430)
? The Ecmr\mj rn+°=g\ is  +the Pﬁcdﬂm
used +o seleck o sample of uaits from
g the S‘hkij roru-ln\-iw\-
2 In r“‘“’-’-. °‘o+¢liv\'|r\3 o C-(-m(j) candom
Snmrle is  difficatt/ imrossihlg /exru\siw.,
so  less riqorous g.,.,,rh-,,j methods o v.sua.“j
used.
23 *mnkhiv\j" w  the vocane s‘{-uAJ

SAMPLE SIRE (C3S430)
? Tae  “sample size’ is the number of unils

somrld )j'wm +he So-mr\inﬂ rw'th

SAMPLE ERROR (CISU3S)
g(‘ SﬂMrlz ecror ocenrs  uwhen  the athibutes in
e gample diffar  fom the athibutes in the
ij potulo&ioﬂ-
* ajum *  must be o Haru\m in  the nH'v;Lul-(sl
not luS'(' Lecause +the Hweo Jf"“fi "‘sz
Qz Note 9amrle ecvor  Joes nok  care about fhe
'tq;'ﬂ' rorulahon & samr\e(-
MEASUREMENT ERROR (C3S4H2)

L e
g Measurement ecror  occess if  the measwred

and  true velues of o vadate are oof
identical.
eq - measuing  blood rress.ma

! .
- Fa‘h’o_n-{'s more.  Skressed in doctors  office

- So Mmlinj s highe(
- white coat JFZI'hl\Slan“

STEPS IN THE PLAN Cc3suy4s)

Q Flowchort : eq STAT 231 example (c23443)

Tarqet foruloﬁw\l 5 Curvant & future Jw  math
‘f"-”‘“‘\‘j undquu(un-(’e studants

Study
error

Shdj rorulaHon [ Y Studeats envalled  in STAT 23\ in
the F201§ semester
Sﬂmrl(_
ervor
neir

re—m(sshp\ {.gr ru.srnnsls to be

measurement used.
ecrov

‘mu;weal voriate vnlues\ 5 Easror\SES 4o swey of  whethes

hjlur‘\d. feacning  wos egfechive




DATA (C3S454)

‘g“ The “data” step concerns w\\u:Hnj dato.

o.cwrdiv:j 4o the r\an.

(9.3

. s
Q:L To do this, “the
must  be clEorlj AQ,P;nuJ; &

@ vodates
them

©) Sohisfactory methods  of
must be used:

RECORDING. PATA C3S4sy)

mcasuriv\j

rf.r.nn*inj data  into
ja+'bns i+

e
Q Note mistakes con octs in

[
a P8, and so for mofe mrlex investi
\S msc;«ul +to Fud— checles avoid ‘hese

mistakes & Aetect those 4haot

in rlna 4o
are made .

9:. Moceoves, whea lots  of dobs s
design  and manojemcn\' is imrnr-hm'\'-
YA’d

?' Also, ;‘: date is recorded \ol\ji\—wlirm\lj Cie
Invio.{ of time), dal;ad-uus from e plen
4hese must be Cecorded .

eq pessons mijh+ o\m‘: out  of & \b»j%uw\ padicol

S*Udj Lecause of advese reachions T2
“eakment .
gq Such Agru(h;.reg will  afpect the A nul1§|'5 &

Conclugion s-h_rs.

auA LYSIS (C3S456)

: Tn the o.'\aljS\s sh.r we a'\dlj'tz the date

collected -
?1 Tnis  includes
©® numedcal & jmfhim( sammares  of ‘the dala;
modet 5 &

® sduhnj an n.rrvorﬂ"-ﬁ

model

TR jood £y,

B ® c\nu_ij it Said
terms

83 We uSu.al(j }s‘ormula{—z 4hese

model rumei'e.rs-

1v¢s+|’onc n

zj " if Y~Bin(n,8)

what is 87
tat affect  the anolysis

(FJ) Dlroﬂ-un.s fom the plan
must also  be woted.

concLusIoN (¢ 35458)

the a(ut.s-hens Feud

(' Tn 4he  conclusion = s+¢f>,
n the rn\,\gm ore aasweed 1o the extent
. pemitied by the dafa .
: the  conclusion 15 directed by

N Tn other words,

‘e rm\-\em-
ﬁ?, The conclusion must alse
O o Aiscussion and for qvw\-h{r\eahun of

roh.nﬁo( study So-nr\e g measwement

‘Ftuh»-fe.

ervwes ;
©) AcrHMzs fom  the Flan
‘e ana\ysis,'
@ the limitations

+hat aH;Cf-\'

of +he S(—udj.

used, datobase

o

m}jhf occwrs

of the

' 0= P( new pkruj ewrtS Q@ o\:'sgnﬂ_)_



Chapter 4:
Estimation

STATISTICAL moDELS & ESTIMATION (C4S4E3)

8; In chmin] a model for the ”aljg;s
S{tr of PPDAC we need 4o consider:

® Modet A: a model for vaciation in

roru\aﬁm / process l:c'mj shudied  which

indudes  the  abhi butes

“‘he

which are tobe

estimated; ond

@ Model B: & model  which Yakes nto
accomt how +he date.  were collected &
which s cot\s-('rud'td in a,,\i.md—ion with
model A

for more details)
chosen sn-mln(a ,‘—‘yom
nod  covEP-\4 .

eg (See CUSH66
Y= &% of R m o ru.ndom(j

“ne -h;rad’ ror'_‘ who  Wawe
For model A, we may assume
e
Y ~ BinCa, 07);
whee 05 = rmPoer\ of {%__fl rarﬂ who hove hed
CovID-1q
Cr_\;;. "“Fpal:kLi““‘j passen has  covID” 4D
for model B’ we faka into o.cwv\'d' -hxt[d L
(PSP
S-\'udj laal,..o.Hans oe  not the some.
We assume
N~ ginCa, 8)
whe © F P,,\,(,u..h'g.- of St_,‘f-_dj F.r'l who hawe had
CovID-1.

* ¢ 6,.%6. “his rerv!stnh shm\j arrl.
?‘1 for this  Course, we assumeé
® daln adses from @ random g,.mr|¢ fom the
s"‘dj ror wlabion; &
® voriates ore measurek  without eeof:

93 This °"‘_‘] mesns we are able  Fo esbmate

athibutes of interest about e
"_‘i‘_’ the +£35-f rcrulnﬁoﬂ-

siu_d_j P° ru\aﬁon'

*:S;' we  male any infoences about  the +o-r:'e+ pops
we hove 4o stete our nssumrHMS-



ESTIMATORS & SAMPLING DISTRIRUTIONS

CCHSUTYH)

?' Note -hat samr\inj is an 'mhwi-‘_’
random rvoeASS-

RANDOM VARIABLE ASSOCIATED wITH
Y (cusyan)

1ih.  Thea we define

(¥4}

-g'; Gt \’n---l\f'\ be

-gi In Ym‘“cl&\“, ;F 7(l'. ~ C‘(/'" b’) ’ thea

ESTIMATOR CCc4s49®)

g An  ostimator” is o rule  that tells us

how 4o r;ouss the dalr  +  cbtin on

eshmate of o0 unlknown ram.m:h,— 9.

POINT esrmmov.s © (cusyae)

g et Yo, be roh.t\h-\ observations in
o roadom smf‘c
Consider the ra;n&- eshmate

= 3(3‘,..., Yad-

~
associate 9 wtth o candom

Then, we can
Jonak\e

Q[do= .
eﬂ He @ndom vordde asecatad vl OFYT A
s §=Yr¢ (XZ Y.

*
6 = estimate (single volue) 3 &

S = random vandle !

SAMPLING D1sTAIBUTION CofF AN

EsTIMATOR] (C4SS00)
Q The stl,v.rhnj d|shn|=u‘h°n Dr— on estimator 9 s

fhe distibubon of 6.

Q:. Porticulor exa mrlos :

GAUSSIAN SAMPLING DISTRIBUTION

(CHSS\\)

Yot Vdamague), s I~ el F)
(s is  the Sampling dishibution of the Semple
e pling M £ P

? \Ia.r nrmd'us, ond.  how does
S“"‘fl"‘j distribution:

it nFFcr.\- 4he

T So.mrh- site, T std dev, & T mean, }"
location does nof does not moves 4o the
r,hAnJC change ""j"‘"
Sr""“a' decreases increases does not
chnnjo_
Shape. does ot does not does not
c_hm\je chnr\jl chnnJe

ga Thus, the rn\m\,ili(-j we drow & mmrle that
jitlﬁls an  eStimate /A, close + M
n

@® inceeases as increases;

® deccases as O inceases;

@  does not z,ho.Ue with M.

Tia FM‘“l"": be couse
PCl?i-/ul ¢ e) = Pc)u e</7 £/L+E)
~¢Jn I ¥ry
P $T€ &

&

A
— o
?q Moreover, see +hot sACY) ® = and so

@ sd(7) decreates oS A increases, and So

more af our samrlz estimates will be closer

+o y

@ — ~
sd(Y) increases as O inerases, oand co less
OF our Snmrle esfimates  will be closes o M

@ sd(?) Aoes not chaﬂje with ;I. (CLISSWD)

NORMAL APPROXIMATIONS (C4S525)
.Q‘ I Yiie ,yf\ are iid with mean /JL & voaence
&, +then hj the CLT  fir laxje zne‘jh som rltS

we lheve

(%)

5 -
sl 2, = Glo).

® Binomial — IF Y~ Bin(n,0), then

\/,:NE;(P(O), +then ,ﬁ,r [olaﬂ- 'S

® P_m_s&g: — Ip 9zS then iF ‘/—«?o;(s) +hen

If YENPnite), fnea ’f"r lo.rjv. n

~ GCo,).

Ces }"MQC/A,:',:;)) i



COMPARING ESTIMATORS CC4SSS\)

g81As CoF AN ESTIMATOR]:

Bias (®)  (cusss3)

?| The “biag” of on esti mator 6 s J.'w.n hj
Rias (S) s E(S) -9

?1 It the bies is Yo, we Sy the estimater IS

uul\Hase&,”. V

’”~
ExAMPLE: Y~ Binln,9), e 5 (Cysss4)
‘9“ Problem:

“S“rr'“ § ~Binln®). Show 8°

unbiased - "

Sol? Bias®) = ecs) - 8
= E%) -©
= Leay)-©
= “'(-\3) -6 = o,

CrAMPLE: T IN G(p,P) (cqssss)
'E? Problemn:

* Consider My, ., Yo ik Glme.
Whot s  4ne bies of the ML estimator

= JX? 75'_7—’)1 7

s,m. Note Bies (3% = E(F) - o~
Thaa - .
g5l = E(:‘_i__(‘/;—y) )
T LECZ V- 2avT )
Swe Jo L1y, s ZYo=av. S
EEE”'] = %‘E [Z(YLL) _ 2"':/;7 + n—\—/—?.]
- 1 n —_—2
= Le(Zod) - Y]

= —,'\(Z €cys) - nELT/‘))
Then, note VoY) < ) - BN
®r Yadlpel, thus
= €Y - 47, & so Ec\;"):/fnl.
v~ ﬂ(/u, j_ we can she
CU/*J L

Since

_n'\us "
€[5 = H(ZECKT - n€CV™)

34

S —';[_2(5’ *j‘) —r\(—_fj, )J

]
NEYal n/."— o'-"—zy;")

n-l 1

So the bjas s
2 s
Bias(&>) = paP L S

which is not zem!

* .
the MLE & Mem  estmofer g e Mneace $h\7u+lj
andergshmates  the +true Vo rance .

¥ nofe Hus  bias  decreoses a§ N increoses.

MEAN SOUARED ERROA-/msc ([OF AN ESTIMATORT)

€CYysS562)

? The “mean s-1uMJ~ et of an eshmator
is
€[@-o"3.
9 We  prefes estimators with & smaller  MSE.

ECE-0)]= Var(8) + Bias (8)

¢¢ BIAS -VARIANCE DECOMPOSITION oF THE

MSE >> (c4s$s70)
Q Notes:
0] Lﬁtjl- vanane & small  bias  are both
undesirable -
@ TIp the estimabr S wnbiasad, thea the mMSE s
‘usi- the vanance.
Proof. ECCS-0) ¢ EC (5-€d7 «€®) -0)"
B = (o~ €GN+ 2C8- _ESNCES)-0)) + (6@®)- 9))
s Var(8) + Biast8)+ 260 (8- E@NE®) -0))
Tven
E(CE-6@)ced)-®)) = (EB-EF)CE® -0)

: Ox(E®)-9)
= 0.

Prog follows: 1@



EFFICIENCY CcuS515)

Score [OF A PARAMETER): ULO;Y)
(C4s5M)
‘9”] The “Scove” oE an  unlnown rde‘, 0 is
‘i.m dm\imf of +he \S-Iikgl'nhooal (unetion ;
uees V) = %me;l)_
?;_ Notes:
G) uee;y) is e rondom vadable ;

0
O;
® Uesy) = 2 log LOY) = o) 38 7’

® ECuce;v): 8] =
ExamPLE = ECUIB) OF Expl®) (cussgo)
?I Proklem:

h Su.rl;osr_ \/,,...'7,‘ a  tid E:r(e) r.v.

Show ew:ruhd value of the Score is

o-"
So(n. Firsh) see Ahet -
AN I 1 -n _.il“
- = =e.
LLG;J)=__H_9 e®-08¢e '
(S}
T"\us "
2¢0) = ~nlog(0)- éij-
Hence
2 N
vee; Yl = 'g‘[“"'njﬁs)' e,-?-,yc—)
s
So SRR
Eie): ECTE g2 i)
" I='
7% +@—'=‘_§‘Ecy )
= -0 L Se
ot 9'1;-?'
= ‘%1."_91 = 0o,

as epputed. @
FISHER InrRMATION (OF A PARAMETER]:
o) (c4Ss8y)
@ The " Fisher In{uquon" of an rmme'l'u e

s the vadance of ifs  Scorel e
by 2
To) = E([)_ol"j LLe;Y)] \ 9) .

?z. We can alse wnite

@: - E[;Ttlnj Leosy) | 9]}

Pref - Note +hat

>t
56 loj L(_O;y) )e
Lo Y)

3?.
Losy)

of boHh sides, yids  tha
’.I.’CG)=—€(:+;luche;y)leJ
as  headed.

?; Hence, the <infscmation tells us  ohout the sﬁﬁ

y of the \oj—lihelihood_

@.( In 4wn, the Shape of R(8) nesr the maximum
likelihood Fells us  how  many values of ©
lezd 4o similar velues of the log-likelihood

L self-

.85 I we have id v Y, e, Ya, then if

PACE —CL; 3 log LS Y)Y | ©]

thea

o) = AT, c8). ~

? It Vac(®) =

- (% log Lc*/,-s)>1

Th ll . - , £ tH
en € ()S" LS, Y) /L(.O; 7) ) =0, and SO ‘habu:j Y‘ru L%

EXAMPLE : (@) oF €xp(E) (cussed)
Q' Problems

i @t Y., Ya be iid Exr[&) eve
Bnd +he [isher Iﬂ,formaﬁu/\.“

Se12.  Eorbir we cuomed that

2 log LcO;y)= ~—
P | 2Y) =
Thus

S 2 =
}_O—" (oj L(@,-y): él'z. - —_?\/l._

Since ECY.] =0, *thy

ze) = - E(s - 9—32'\“\9]
: - El5 - 55
T®e) = ei"’
Vor(8) 2 ZCS)
<CCRAMER-RAD LowER BOUND 23
Ccussyt)

.g’ et 6 be on wnbiased estimator-  Thea

ﬂuessmilif
Var(8) > % .
MINIMuM - VARTANCE vNBIASED ESTIMATOR

/ mvug (cussqy)

%? A minimuam - Variance wnbiased estimator s @ sach
fhat

[
‘\/ar(ﬁ) < i_g)ﬁ

EFFIcIENcY [oF AN UNBIASED
ESTImATOR] : e(C6) €C4s600)

- ~
| The eﬁHmrﬂ DF an unbiosed estimalor ® of

& rmlhr e is
|
T o) Vorto) -

@

) =

eC

Ito): then  e(8) =1, and in  this

case  we Snj the estimodor (S “Q-FF\'dv.ﬂ*d.



INTERVAL ESTIMATION

LIkECIHOOD INTERVAL (cysély)
Q( A T10op. fiketibood interval”  for e porameter

8 is the set

‘ c9 | RO 2pt.
/\ > ‘OOrI uap\{-hlmr_g
intacus| s
/ \ C&ul
! ;

CGie C Li-]), Ut\.j)] 9.
2 78

@1 Intepratehons : i the dofw s in e
@ Sof. \helinood interwl —> Very plausible
@ 0 likelieod interat qus:ue
® 5/ likelhood interval - imr(aus'-'-le.

G170 Glelihood inkervel > Very implausible

-93 In porhicler, increasing the sample site n
decrenses the  width of the likelthood intervals.

- dist)  becomes novous

LoG RELATINE LIKELIHOOD FuNCTION:

n(of A

as n T

o) (cusert)
‘8 The log relative lilelinood function”  of & is
( A~
o) = log Regy = O - ace).
intenvel,  We

E,_ To obln @& \oor~/. likelinood

e line

flol’ c®) and daw at

r(e) = log¢ P

(C4S602)



CONFIDENCE INTERVALS & PIVOTAL

QUANTITIES (CuS632)

COVERAGE PROBABILITIES ([OF
INTERVAL ESTIMATORS ] (c4s633)

?(' let Yz (Yyn Ya) be the rﬂwﬂ"\a\ dale to
be collected. -
g; Lt CLY), U3 be on diwhrvnl eshmator  which

can be used Ho wonstruct  the ros;‘.\;la volues

8 con tuke.
ﬁ; Then, -the "cnver'je rn\-a.Li\ﬂU" ,f,,.— e  inteval
eshwabe  CLey), V)] i e1ve! +o

Uce e TLey), ver)]) = PCLon & B¢ vw)j

?q We choose LCY), ULY) Ssuch that

® The UNer!UQ rmbﬁ\;f“ﬁ is (”ﬂﬁ
- 0.90, o4s, 01
@ The  inteeval i3S
%?5 Usuall X we d:x the U’V'-f'ﬁ'- r“’"’“‘"‘lﬁ:’
'\'rj fo find the nacrowest  intecval.
CONFIDENCE INTERVAL & COEFFICIENT
(c45640)
8; A \'loor-/. {_an{-idenu. interval for o rc.m:w.fer

2
Lat these

Con.]'—lid’f
as narow as rossiLle.

and

o S an
“hat

Ploe CLey), ueny]) = P(Lc\muu\w\

gﬁ_ F iS called the “CUNF{JQI\CE coefffq'mt" QF He

cnterval esBnate [L(J), [V} (_’7)] Such

infernl.
Note ‘het
® 6 is an uaknown conttant  of the PorulaHun,

3

'ﬂ' o random vanable.
K @ So we conoh say e pobeliity O lies in
L) & uce) is ph

M
Qq But, we can Say we ore ‘IOOE-/_ cﬁ‘deq'l-"

dhat +he inteval  confeins  the  tue  Cand  unknown)

Ll+w£2n

. value of &
85 Nete jrea-h( confidence mfftsrm\b‘ fo o widesr
confidence intarval
PIVOTAL QVANTITY CCcys6sL)
Q: B gkl quebhy & QYO B e
&,‘Hm of The dala Y &% the unlnown

fmmehr 0 such that the  distvibudien of
R L known.
the  random vorable Q is CQMFIe.hJ
| YA o aen)
——
the PQ
?1 To use o rivuhl 1‘,”\4-'1{-5 o  construct o
confidence  interval:
n&' * not necessnl

Symmetnc
B_'A" '['n, ‘o +m&
narrowest indecval.

® Determine aumbers @b such +hat
PCa ¢ @CY;0) € b)=P: ]
® Re-express at@LY;0)<h
form  LLY)E O € ueYY s

in  +the

@ Then
p=PLLLY)€O € UY)) = Plag QCY;0)€b).

@ For obsered dat j' 4he  intervel [Ltj), U(J)]
is a \°0rl confidence interval  for &

cavss3an DATA (cuse?d)
9 b R~ GO). Thea, a ‘°°I"I' confidence  inkarvel

‘F"" a SAmrlc site of n 'S

e .. .=
(§-o@, yro&m’/,

whese

in R:
N
e E) v
T}:JO-SIDED, EQUAL-TATLED CIS FR A (cysery)
R A ©opl confidena inervel e i of e
Jorm
‘in'mf eshimate *  distabukion -1VMH|¢ %  sdleshmotr) }

¥ ofe not all CIs o UMMLML in JU\Qrﬂll.

ASYMPTOTIC / APPROXIMATE PIVOTAL QUANTITY
(eyses2)
?' fn uasjmrbhc/urrnlimoﬂ Fivohl 11unn+'1+\-]" s a set
&n.: Q,\(‘I,,..., Tn? 9) Sach +hat

as  NAD®, the distrbution of Q, ceases P Jefud
on O or ofther walown ,‘y\,f,,rma’fiﬂ"-
91 These can be used +o  construct arrmxmah CIs fr

of rondom vorables

o ~_ Y
ExamPLE: Bin(n,0), © =74
g Problem :

CCYSe6se)

- Y
Lot Y~Bin(n®), ® =,
Rnd  an uﬂ:nx'lmn‘l'v. 9s/. CL dor 9.

Sol?. Pj LT,
6-0

n

Moreove,

~ Glo,) aFrwxiMah(J.

-6

&'\:,\f;_t._‘_l_—_?_j‘

Ther Sina
oag = P(-1A6 € T € 196)
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SAMPLE SIZE CALLVLATION

Ccys695) LILELIHOOD RATIO STATISTIC : A(S)
8[ Su’;rosa. we want fo eshmate O, he l(C"‘S?‘b)
voportion wnits in e | wouledion  who g The “likelinood rako shobstie’ is  defined o
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0AUSSIAN DATA: UNKNOWN m & oo (CHSHH)

Q| @t Yooy Ta~w GOue),  whee M 3

T e uaknown-
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?’_ We can use He  MLE estimater for pt
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* “ “
Hie command ?f”’) A" patens € SE

PCTSE) =q, where va*f'

How PARAMETERS AFFECT WIDTH of
CT  (cqs?88)

9‘ The width  of the CI is 2.;.’{;, where
P(Tea) = S Tk,
(3-1 Note Hrat
is  wider

® Ly Confidence fevel =) npew CT

® Tsumr\ﬂ- site =D naew CL s narowdl

cas k7T, e
ot peale

becomes  less Lonaantated

RY wider

@ * Snmrlc. std dev D new cT
® e sumrlr. mean D New CT's width is .m—i_u%g-

SAMPLE SIE CALcuLATION Ccus389)

?I Tn Hrese, we assume & % lnown-

- since ‘s’  olepends on N

H‘? /1 *we asSsume
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— [ +p
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9' wt Y Yn~q()‘-,a') be iid, whuv.jA & o o
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2 k2
W = n-0S ~ xn-(

g':'
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or in other words
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kS 2
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.
?1 Thus, a (oopl €T for 6T s
=
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Chapter 5:

Tests of Hypothesis

STeps oF A HYPOTHESIS TEST (cS3844)

NuLL HYPOTHESIS: H, Ccssgas)

9, The Aall h_‘]r"”‘“"‘“ i a gl,':’k " defoutt”
hjro\'huis-
eq “the J.gfq_,\JM+ is ianocent

81_ erufhesis -l'csh'vj is  based on u:“e.r.ﬁn_’ dota, ank

said dak how rlau.siLle. Ho

Lased on determining

is-
ALTERNATIVE HYPOTHESIS: Hp/H, CCSS826)
9; The " alemative l:jfo\‘hesis" is the altemative
| the
¥, ofen,
&y Tthe defendant s geity”
TEST STATISTIc / DISCREPANCY MEASURE
(c55833)
9. n Ctest sibshe s o Juachon f e dah
D=j‘~‘/) ot is  constructed  do  measuw® the
daln Y & Ho

null.

Hy is '{nsl' the. A:J-‘Han F Ho.

‘e 'jrumu\{-" between the

91 Noke.:
© D is « random varable.
® Ip we observe Y=j. we  use A:j(\t’)
4o  denote the observed value ofF D.

d=0

93 We “-5‘*9‘”3 Aafine D so
Y & H,.

between

ros;il.l._
Qf, Note

between Y & H,-
p-VALVE (csS8YS)

test
He-

03 reement

" lch,' volues  of

use the sholistic D=DLY)

8; SuP Fust wt

test  the hypothesis
o observed volue o D.

Let o= 3(33 ve e
= i iS
Tnen He "r-va‘ue o Ho using D ¢
P(Dzd; Hol

qz The F"'“l“’ is the rn\,ﬁ\:fl“’j of obsemy
a volue of the test stakishic jr‘.k("!‘ then
or ¢l1ukl to ‘the observed value  of +he
tost  stokistic  assuming Hp s rve.

-Q; In Far-ﬁculul o  small velue  talls us that 8
Hy were true, iF would be walibely o Meve
obsecved datn ot least aS Sufrﬁsinj os the data
we oc.hm.llj observed .

rv_rr!;su\fs the Lestk

d  indicate poor ajrumud-

?" S'h.rs :

O speafy Ho 4 be fested wusing datu Y.

® Define o 4est  stafistic DY), where Ioch velues
of D imrlj +he data is less . a,,\s-lsh,\\-" with
Ho - .

® let d=Dly: e ‘e bsecveh  volue’ oF D

@ Cal culate +he ];-\/oJuZ P(D> 4. Ho)

@ Drow & conclusion based on the F-vnluv_.

INTERPRETING THE p-VALVE (cSS8S2)

G o1 az DG o terge,

Small, then either
® H, is trwe, bub by chance we
ot s very walikely whea Ho

@ Ho s folse.
2

?z What does o Small” r-val-u_ mean’

and  thusg the

is

P

+rue’

_value  P(D3d: Ho) s

obgerved an eveat

or

p-volue Taere S eviden  ogoinst Ho bosed on Fthe
datw .
0-t<p no
0-0§ <p £0°) weak
001 <ps o-o8 Some
0-001 < r £ o-o! stvong
p € 0-001 very shvong
+
+Hese are :mlj juik\inas !
state we ‘re'le.d—‘ R

? Depending on the p-value, we M
3 epentny P !
foil o Tejest  the aul hgpothesis

1"‘we_ never oc—cﬁgf
T™VPe 1T & I ERRORS :

Ho (Cor Hl)!

-Q; A .'Mr" is  the rnha\:ilﬂj we
n.iv.d- Ho when iF s c.gh..l(j frue -

. e ,Fa\sa rosi'ﬁve)
-Qz A “+:]F.' T emor s +he rnlquﬂifj we
-fﬂ.-l +a !‘L'I'.ﬂ'
(ie false Mja.Hve)
POWER [or A TesT] (cs8et)
9: The "row.r" of o I—F.
p is  4he mrrtsrmdinj +j’g 2 et

(E?,_ A more rawufh( test s more desirable.

Ho, whea & is

test is where

.83 In rarhcu-lb-l‘,

power = p( ceject Ho | Ho is false)

STEPS ON COMPUTIN

® Ideanj +he “ro.iq.cHon rcjian"',
lead ws o reject Ho-

® ke o srcci,f.‘ul volue of
a sample  would jie_l& a test

l’ﬂ\-jion.

0%6,,
statisHC

in

a;holb fulse.

the

o« p €css861)

¢. THe POowe€R OF A TeSt

+Hiot  would

Ccssat)
G Stepp o feaing o FeskS pouts o Hp @0, oyt en
olfemahve  of 06, at sijni{iwmu level &°F
e the +est statistics

u:mru&-& +he ["""“L‘-‘;‘-j

rg“'t:‘l’im



p-HAING (eSS838)
'8‘ “prhacking” is  repesting “‘]"“""‘"+s o

lﬂ.‘mj selechve  with one's resulls o
a s;jniﬁwr result

—i-lsel-:| enginear

ONE-$IDED TEST (cSSEB)
(v s a hjroms-'s fest  where

-gl A one-sided test’
Ho: ©°7 o'

H, : s o' Cor G(B.)_

4est  shohshc

Q-"_ We MA-J use +he
e may{ Y- e o ‘§ *Sva-a-M: ,fu- cose
’ where  ©¢B".
Our r—v-\-«. is  thas PCD24) !  where

d= 3-9'~




HYPOTHESIS TESTING FoR G(m,0) PARAMETERS

TESTING H.: M=Me, & UN
_(6588‘15) oS UNBNOWN POWERING A STuDY (c5$411)

8: Let Yy Yn o~ GOp0) be o condem sample,

@| Usaally,  we fix ¥ b a cectoin  volue ond oSk

what scmr\z Site  we ru\virg 4o otHain o

where @ is  ualknown o et of
eci e eve o owes -
Recall s Sf % r ]
g,_ For o= 005, “he powe s
—"‘\/—'}A‘ ~ % PCY <}A°—I-‘\G%)+ P(Y 7}4,,1-1.%:—:)_
S/ - . 5
S we Shouwd (f—md A Sk _ s )
o 2 A6 =)
Q,_ To +est Ho: pzMo,  wo use Hie dest sh¥ishic I_F s Pey < fo- (.%f;) . P(y>/4°+| =

.?3 More 3:ntra“\aj, 1o olbtnin rOWU ('F we Seek ~ 84

— -
F(‘/</4,—2’,/Fn) = 1-8,
2
why?  Nohece E[J] Mo if Ho is 4rue.
- 4 whee T - " snd
Our Tuuﬁuﬁ s “ie Dad  swprhisivly loge’? . Tellp 2, P & o 0: owr, )
e owr - volug 1€ _ y/1 is Such  that P(%<“)= z Jor 2~ aco, V).
(D2d i Ho) = oty P 8 Twis is  equiveleat o
P(D2d i Mo Siam 4 quiv e
= p(1TU= &), T~ l,(rt___‘/—}‘L < Mo~ R, M )= -
o/Ala /i
- (- P(-42TEd).
which can  be recrranged to

83 Our p-value i thus -
o'(?:q/z + %‘_F) )

- - Ky n 2
pe 1- PC-dsT )’ ( R

P(Rea) = =P

hese T b, O B
Qq In R, we may  use ol s lnsn 2
D WV ‘2“,/2+%|_F
'
Mo~ p
Tests OF HYPOTHESIS R ¢IS (CSSilv) D, ZLF—<**/1+1(-;)]1
G, The prvalse for deshg Hot 026, is P W Note e msut ks for ep or o rerm
i the wvalue €39, s iaside o tooc1-pdh 2 2
g 1ty TESTING Ho: 05=20,", pu UNKNOWN
€T Cusing the some vl GUTEIT CcSsq32)
ej Ho: }‘:}1, ,for C-('/-,a') date. -~
Thea -velue 20:05 (D P(MI > lg_}‘°‘)>o-u; ¥ Reat
f S{An Y - (n-ns* % 2
=D f’( ‘Tl 5 lg')‘ul) _G'T ~ a-t
? 5. ~t, y _
S s/nﬂ\‘ 2005, T~ g We con use the r.‘voh.\ t1wm+1+3
(& (G- Mo
POTI € 471 y ¢ ose * (a-NS
Ml V= 2
15 - Mol s,
e \3r . e
o ¢ a, ©0%¥=PUTIS) A 4hen it Aotews
& - KT
poely- g, 3% ow) O~
whidh is ¢« asy. ¢z .
+ g -83 Note lorae_ g.ﬂe_l amoll  values of V) ryovide

evidence a\jm'nsl' Ho-

.'l' . l
g; The r- value is ‘then a.ngmmnh. Y
( 2P CUE W) pCUgw) € OS5

=<
P2 aruaw,  fLUm0€es.
where
2 n-Ns?
v~ xﬂ-l 4 w= °_1.



LIKELIHOOD RATIO TeEST

? Recall +he likelihood fatio  stahstic
I Lo Y)

A= -1\°3(Lc8:7)
where 6 = mLE of ©- .
82_ For lorje n, we showed /\"”/(,‘_| .

TESTING Hp: 020, VUSING A (c5s4s®)

‘L? T test Hot 020, wusing A:

©® Find L) % ReO)= 5;—; fom  the
sumr\e..
©) Compute
AL6,) = - 200g(RLE,)) = -7.\oJ(T—_%’:) .

e the obserwed volue of A.

® Rnd +he r—value

pe P(W 2 2O = 2[ - PC(2¢ :J-’J.loj(aca,)) )|

where TGO & w~’x|‘.

STATISTIC



Chapter 6:
‘Gaussian Res

'?I Tdea: we weat do  shdy e celationships

belween  voriates Lin  bivarate dafa).

?z One rossiblc. method* samr\e cocvelabon |

S‘,j

S =Ai-f-—" -3
R A
9 q’,peix.‘-j]

=

LEAST SQUARES ESTIMATES

?. How can we £t o Sh-uijhl' tne o bivadate

ResiovALS (c6S118)
? The residuals” are +he  distances behveen
the ftted line  and  the datn. .

(:‘rlam'hafu)

LEAST SOWARES €STIMATE (cos9TY)
Y Us-nllj, we find +the fitted line 3=°r+px
that minimizes +he sum of  squares of the

fesiduals-
'92 Eshmates of o & g e @7 & "F are
called +he  “least squares eskimate'’
93 We want b find 3 & ? Hhat  minimizes

gl p = Z(Jf -#—Fx;)l

whidh  are jivm "_‘j

~

o=y Bx, 1;:

Syx
Fyvof Shelh. We can g ? 3 }’;“ LJ selving

the  simukaneous ec].'l!

V.3 . 2
o o Ele-opx) < ‘.§7(J‘--1’—F7\-)(-I)—.u

( k-] _ _}- n -

% .-?.‘3"'*'?":) T 22 pedxd = o
= a

which resolves o Ty-px & 2ly-y-pr)x =o.

S we F=IF\' Alsabra \j‘-ves us  the  Jdesired

(see slides Jor it dtedeils.) bZ]

q' In Parhmlu‘,
S
= —L . {S*_\, ’st
( d s = r —_
SXxng Sx; Sxx .

s"jﬂ OF 'P\ s s;J'\ DF r and

.

resul
,

Thus, the

L Foond oo timesry cetaren,

.QS In R, we ¢on do +his using

of we can create a  model o'oic.d—"

> mod & ""(3"")
> summmv (mod)

onse Models

SIMPLE LINEAR REGRESSION (c6$998)

.gln, - *x_ -
® o — the td of the «x's  C(unknown) = @xplanaiony
- Vaviate
® )A(,q -9+ ﬁ" —  4he mean n-vnlue m the ys= N_Sronse
\ sh‘\dj roruh'Hor\ with  %-value X, Vardate
g;_ In rar‘ch\Af.
- o= /A(o) = mean J-leut moani' data s+ x=0
_( not re '“j use ful)
~ B represents  the Uincrease’ in  #he  mean  y-velwe

in the S‘('\Ad-:] rorula’Hon ava & one ‘unit’ increase in
the  x-volue.
Cthis is the Same rejo-ruless of x.)

.33 We assume Y.~ Ct(o(fo(‘ &) for iThi,n, and so

5 r‘r"“""‘ +he ““"“WH'J n the response verate Y

in the SMJ rorulch'on for each velue of the ¢xrlmahr’
Varate x.
LIKELIHOOD FyUNCTION FoR & & P (ceSiooy)

X*J like Gihood i ;
?u Our elhood  function for o & B s

Llqp) = exp (- z'—,z E‘jmf—pmf)

(sine  we atsume Yo Llwrpx;, o))

2 So, b Maximize L), we minimize

. but  Hiis s iusi' the  (east g:ruares ,»ouml.
%)3 Thzre»fore, +the MLEs of o & B ore

REGRESSION PARAMETERS: ¥, B
-?' We call +he values of @ and ? above

the "vejressim\ rammeh:s".



DISTRIVTION OF P (c6SIoN) HYPOTHESIS OF No CLINEAR) RELATIONSHIP
? A arrtsrondmj estimator  for B is (c‘s|°13)
?’| A disaﬂ.fmj measSule -Fur kanJ Hu"F’F,

ey
gl IF each Yo GUX+RX &) ind;‘;tndu\H\L then it
Sollows  that

o
kPha(F'ﬁ;)" which s lnrJu' if  the deln are surpdsing if

Proof  suelcln . TB' s o \inear combination of  Gaussion cv- . Ho @5 true.
-~ . 'ﬁ' Si x)= YEpX, a test of Ha‘F=°
2 g s also o CGaussian V- g , Sine  p
4ne  hypothesis  Fhet o) doed
o JF /

s a

PIVOTAL QUANTITY OF p IF & Is Fest

KNOWN (C6$|°|3) not Ae.ru\A on X-

G Thus, iF €IS known, piversl  quantthy for CI PR )‘(x)g of ¢+ PX C(C6S\034)
o G oA point wshmafe for p0d s

*xog lue we
= * (x x) X s & AV
(foo= 3+F -3 F ) “Plug " b g

and  ss the wrresrondmj esHmotor IS

ESTIMATING o2 IN SIMPLE LINEAR oo = 4+ FGeR).
REGRESSION & a
THE MEAN SQUARED ERROR: Sg

Ccesioiw)

? If 6% is unnown, we eskmate it vie

Ye ~ GCo+pxe &) for wech O

2 ) n Nhuz ¢
Se = 3 ‘:1:—:7’—?»)1 s 2=(s.- Bs 3 o
— i___‘_ =277y P xy? - 93 This  has Aishibation

He “mean
Sn]vare_i ervor He sum of STJAMJ.

tﬁvrS

PIVOTAL QuANTITY OF p IF o IS
UNKNOWN (C6S1020)

where }Z(x): $+Fx 2 /At:)=°(+FX-

Y Fol )
9‘ We coan  show thet QH E¢1U|dnlzn\'lj
~
- (x) - pix)
s x* Toote a2 AT L Geo.
o = ! (x-;)"'
— o]+ ——
n
Q' Hence, ceeall +hat Swx
, cal . .
: Since 5 anlnown, we ute the pivelsl quantily

Tz —~t, U~'X:, EYTALY))

_L"LL—
_L (x-x)
n

100p-[. €3I Xy = o+ px S
C1 PR B (C6SI021) P P p P

8 s iF PlragTeasp for Tve, o < 'Fx I O Sl
IOOF ‘. confidence intferval for F is Sxx
S, whee  P(T<a) = li & T~
P(g-a2% N Se
P <P b o) CT RR 4 (coSi038)
X

? Since /,,(o)- ¥+ peo), & loor/. CL fr ¥ is given

Cor PLT20 = P _ by
? For teshing  Ho: FF° the p-value i3
A -2
¥ a5 Lo
| o eV n
ps 2[|—P(T< P ol )] Sxx

where Tt .



C1 foR AN INDIVIDUAL RESPONSE

g" Rueshon:

“What i the CT  for Y such that
such the?

x?

PREDICTION INTERVAL CFOR A FUTURE
RESPONSE Y] (c6SI049)

-gl- A loor[ rnd:chnn ntecval T for a fvhl‘e .-gsr--\se

Yy ois
* noke the =+l
A A -2
o+ pr 2 “Sle oyt tx-%) Cwhich is abset
B
X

in CTg).
whee  P(Tga)= '-:J; Tt
How do we get this?
Gt .

Y= Fohnﬁa\ obsavation  for given volue of X.
We +hea have

Y= pla) + R, R~Gl0, o)

i We established
w+ T " x-x)*
Y~ Claepr, & F(x)~&(q‘+px,r :4_3;_ ).
Then
\/_/'}'(ﬂ = Y-pld /‘l*\ -)7“"
= R4 [pe) - 5007,
Nole R ;s inhfulud- of /’,‘.‘(x\ since iF s aot
waracledk o the v-xiSI—inJ :amrlt.
Thus  the votiea 5 o lineor combination
of ind, normelly st rv, ask So is else

"""Mnl‘j dist-

ECy- fita) = E(R+ Lpta - Fea3)
= ECR) + E(ux)) - E(/T(x))

= o+,.4()<)-/u(x) =0.

Var( Y-ft)) = Verty) + vu(,’;'zxu_ .
(x-x)

1
=o' 4 6‘1ER +
Sxx

J
e[+ 4 (x-;T}"j
Taws Sxx .

y_)’m): ¢Co, o ‘|+:‘l+(x—7J‘_

Sxx

Thus
Y- ; (x)

~ G(o,1)
( I
g |+,"—+_cx x)

Skx

and since o is unknows we Wit
‘/—;(x)
~ t

p— n-a .

XX
The “msr""’h"J CT is +he one above.
'g,_ In R, wWe con use

> rndid' ( data, data. frome (x= 35), intevel= 'rMuHm‘)

AT



GAUSSIAN RESPONSE mMODELS

{J| The j'-"m‘ Aorm  of @ Coussian rv.s],.msg

model is

Y ~ O(/A(K;)’ o),

1

iﬂdc.rr.anJ where  X; are  assumed o be
Wnown  constants (rossiL\J vectors).
81 We con alsoc wnte this as
Y: = }A(Ki) + R;.
where R; ~ G (o, o) indn.fu\dulﬂ\-].
.gz In rarh'culﬂ-r.

O ,.A(K.‘) [ o “determinishe” mrontﬂ+:

@ Ry & a Crasdom” componeat-
LINEAR REGRESSION MODELS ((¢6S10F6)
?, Tn ..linw rej.essiun models”, the  determinishc

wmronu-f tokes the  form

k
ECY) = MR = B+ ZFJ"('J'

So that ECY;) is a4 lineoar Aunchion of a vechr
of mr(o.nu-lu.-j variotes  for uait (xi= %), ooes L IR))

& unknown rammz‘hrs Fol o Bu:

?7_ Ta rarh'culnr,
©® The B o colled  +he "rejrcssiem coefficients”; &
® The % ace called  +he “covariates’

MULTIPE CINEAR REGRESSION (C6S1088)

‘?‘* If we with + fit the model

k
ECY) = pl) = Pot Z‘ B; <ij
5

Hen we  seel rwweus F"""le that  minimize

— _ -
%(ji‘Pﬂ'j” ijij)—)

-92 In R, we use

> mod & |""(j ~ K,+X1>

2 Summnrj (mod)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) -1.01375 5.01527 -0.202 0.84133

x1 0.73142 0.07664 9.544 3.83e-10 ***
x2 0.28225 0.09850 2.866 0.00797 *x*
e fo = -10N3RS
A
B o-FINhM2

B = 0-20228

INTERPRETING ’p‘j (C6S1060)
g 'F\J can be iﬂurrth.& as +he amount of

. incases
increase  in rtsr.mu Y whea X inere

ickers
hj one  uait when  +he MA—‘L
Xy, %2, xj—ll "Jh' S

ore  held  fixed.
HYPOTHESIS TeST OF Ho: B;=0 €c6S1061)
%l To test Ho* FJ'_"O' H,: FJ"-\-O, we use the test
staksHe

eshmate

std. evor

where k=# of rnmmr.'hn.

Sum OF SOUARED ERRORS [ SSE
(c6S1063)

?" The " Sum of !Tuuui ecrors 1S
{

k
where = By v T fixg.

gz The gsmaller +ais s He less

2 ‘ervor’ i our
model  fit.
R* STATISTIC (C6S$I1064)
g, Te "R shokshc” s

SSE

R* = |- —
533

Qz In rnrHr.ulc.r,
2 Vonahon explained. LJ re:]ﬂ.ssiw\
R® =

fotal  varation

ADIUSTED R2-STATISTIC (co5106S)
9. The  Tadjusted R s

SSE / (n-k-1)
533 / tn-1)

udl' . R =

where k= # of txr(ambrj variokes .

-@2 This  tvies o “;_o,ﬂr'_,‘;nh!" +hat nddinj mofre

& more VvonableS will (ro&n‘h'nllj nc-h'f\‘r-inll_-,)

. 2
ncrnse R™-

ASSUMPTIONS  (C6S106%)
'?,‘ Assamphons  we malie for  Goussian linear  cesponte
models: |
O ¥ (ji“ﬂ covanates x;) has @ Coussian  distibuhion
with sth dev &  which does not oln.rzmi on the
ovanates; &
@ E‘Y;)'—/A(x;) is & linear combination of lnown covariates
RS OXg o, %) aad the  unknown rc.ﬁmssiu\ coefficients
1ot T
Bo: -4 Bi-

gz We must checle these are suitoblel

GRAPHIcAL METAOD To CHEck mMODEL
(C651069)
we can  use jmfh{cal methods 4o do  this: in ru—Hw\u,

inst X3
@® Make o scattecplot of 1y agxn

@ Do the roink seem +h Rt uasena'ulj °l°"3 o
5+"’"'jh+ line?
- je is it lineoc
@ Are +he roin-k jenam\l‘-j "Srvend o’ +o the some

2
extent eq acdless o X°

7
- e s O Aa,ruukud' on X

(jﬂ's more s»‘r"ﬂ-f*«li out
as x1)



USING RESTIDUALS To CHECk moDEL
(cesS1030)

Q We let owr F“H'!-& response”  do  be
I A ~ -~ rcﬂf\
L/‘i = Po* Byt Bt

- for s‘imrltz LR, J’)(:;’\*EW

97_ The “residuals” ace

this rtrresm{-s what  has
the  model has  been fithd o the dala.

-QS We  assume \/;"'C\(/A(Xi), 5), oand in rm—Hw\mr,

where R~ GLO, ).
RESIDUAL PLOTS (c6$1033)
gl A residuol r\o+" s a r\o+ of the f,o-,mt,
v Cxi, ?i),
?2'. If +he model as;x.\mr\-ians hold, +he peints
® showd tie more or less within & herizont

. A
band oavpund Hhe line T =0

been P legt over” affer

® Wwith no  obvious )ao.Hnm.

Residuals
Residuals

STANDARDIZED RESIOUALS : £F ((6S103%)

1 We define the stamdantized cesidusls’ to be

A

Q,_ If we plot  (xi, £5)  instead of (x; ®):
O The r\ni' looks e Seme, but be “secaled”;
%

@ The ?‘-* values

£ 3
&% con.

ResipuaL PLOT TYPE 2 (c6S1080)

@ If we have a  more ja.ne.ro\ linear model
\

lie ia the range (-3,3) since

EcY;:) - /A; = P° + F'X‘_‘ PR, ka(k
we  can rlof (/’:;, Il:i*) s where
A
),;i= ﬁ’ * Fl"u + o+ Prto
?2 We can use +this to  check the ass«\mr;‘Hon
about t+he fgrm of /‘(x‘-);

we check if the ru'm+s oppesr randomly

scatfered  around o horizontel lne at 0.

Q0.-PLOT OF RESIDUALS (Cé6Sio82)

9‘ Since ?i"“" Gtop) a &@.—rld should jive

Grrroxima-h.lj a  stroight  line i the model

aiSumr'Hoﬂs hold .

MULTICOLLINEARTITY (CoeSI1094%)

?u " "\u\Hnoll;nzaﬁb" describes a  Silushion  when

fwo (or more) of our urlana'\'vg variates ar

Wj\ﬂlj worrelated -
_8,_ This con Ocenr  whan we have collected datn

on sevewnl vonates on the same Sutht+~

?3 This can make ws  deduce incorrect  condusions.

PREDICTING BEYoND THE RANCE OF
COVARIATES (c6$\09%)
(QI( We may be 'h.mr'('zd o rredid’ an oulcome

for a covariate value OW

.. OF these  in our dahaset:
Qz However,
® Our model oSSwnrHov\S moy no (ov\jc.r
hold, ond we hove no way of
ChECHMJ Yhem.
@ Our rndich’ons MijM’ alse not  malke sense.



BINARY oUTCOMES (c6S1019)

ODDS RATIO COF AN EVENT]: odds(E)

(c6S\105)
g. The “odds” of an eveat E s
odds(E) = —P(E’) .
1- PCE)

?1 I  odds(E) = % ("4he odds of E o a L),
+hen

LI
PCE) = at+b -

GENERALIED LINEAR mMODELS /Gims
(cesuog)

8: 'ALNS- have +he {;\Inwin_’ Fmr.,ﬁes;
® A rmhnlsflihj distibubion for the oubcome vanable:

@ A tinear model vl=P°+ BiX, + o Prxr; 'S

@ A link &ncﬁon" rv.lanJ +the  linear model o
e pemmeters of the oubome distrbution:
LoG1sTIc REGRESSION Cceswol)
Kt oulrome

?( “Logishc regression” i & GLM  for binary
.. et
Qz Assumphions:

® Outcome con be modetled Lj a binomisl v

&
@ We want h moadel P the Fvo'aa\:i\}‘\‘j of
e Success -
93 A common link funcHen s "lojﬂ-":

9 = |°j‘“r) = l°j(#), F‘Eﬂ

R which mars .fwm Co,1] = [-e0, +oa],
Qq This is the IOJ odds of  Success.
vSING |oaif IN LOGISTIC REGRESSTON

(Cest110)
QI Assume  we hed a Sinjle txrluna'\'brj vanate X,
ond et p; be the rmbobmj unik i exl)e/\'u\ces

., the  outcome.
g,_ We can wuse \OjH' 4o relate this rn\aa\:iiﬂj 4o a

) = Po-\—P‘X; j

linar mode\l of ouf data:

j(F‘-) = loji"(r() = h’j(-lf;’;

i?‘3 This con be rewntten as

|
PE= s axple CRurpixod)

?.* In R, we wuse
l< moal & gim( offer ~ grade family = “binomial' ) J

< Sum mary (mod ()

+o 31\' +he  estimates .{ur the lineor model.

95 We wuse

< Frcdid-(madl, newdata = data. frame(grade = 80), +jfl=‘f25f°ﬂh') ]

o get the odds dil‘u.HJ.

OoDPS RATIO & LOG oppPS RATIO
(cesS\i21)

Q; Lot ©, lbe he odds of E,. & Oy be the

.. oads of Ea.
_82 The ~odds cokio” Df— €, relahive + El is

odds rmho = 9_'_

0,

Qg The \."’j odds rotio” of €, relative o E, is

(oj odds rodio = loj(.oo_';)_
-E?q I ‘Y}; = Bo * B X0 +hen ?, is our estimate of the

loj odds ratioc of & one unit increase in K-

ASSUMPTIONS FOR LOGISTIC REGRESSION
cesnag)
Q\ Assumphions  foc logishie regression’

® Eveats are ;,\Ag_’,u&ud'; 2
® A lineor relationship exists between rrv.A-'dvs and  +he

|°j 0dds-

Q;_ One option: sph¥ +he data inte techles /ﬁunw)-‘.lg; ak -



CompaRING MEANS OF TwO

POPVLATIONS
TWOo -SAMPLE GAUSSIAN PROBLEM
e6sh29)

9‘ A "-\wo-smnflc Caussion rnlnlcm" involves

Y~ Clpao), izl n, ;nAo.ruAnnHJ; ES
E;"'OU‘;.B‘), i1 Ay independently. J
91 This is & sreda! case of +4ha Gaussian
rzsronsu. model .
HYPOTHESIS TEST AT Two MmEANS ARE
THE SAME (C6SW4O)
(E?. To check i pepy, we use
Ho® pi7 M
or ¢r1vivalc_n¥l:l

H, M- pa=0r

POINT ESTImMATORS MR u, & M, (CeSn)
?': F‘“"l note the — ¢9‘|’|'ma+ors ‘f‘" /" 4 )‘z are

and s a rp'.n-i- estimedor _f...- M

Fofas T-9,

Si A
?z nce /.' = \/I ~ C‘(/‘“\%)'
iv\defuotuﬂ:]. it Aforlows  +hat

‘/‘\1 is

n - o
Far T G

(Pfa s 99, ~ G, oL >J

and 5o

POINT ESTIMATOR FOR o, THE POOLED
ESTIMATOR FOR VARIANCE: Srz (cesuwl)

Y Ak, degine

3
which are  +he rp'm+ estimalors of O based on only

+he YI.'. . % un\:’ Hhe b/ ), msr;cﬁvgl\"

2

?'L Our point eshmator of &7 s +thea

(n-0 ST + Cay-DS,)”

2

Sf=

NNy -2

| S . ">
i n\*"z_l[z(\/ﬂ'_ ylj + Z(\/:..‘gz)]

-?"' which is +he “rooled estimator ﬂf \Mdau.-'
Not, %
3 ¢ E(S[’ )=, eskmator s
CIt s NOT +he ML eskmabor. )

-Qq Our pivotul 1va,\+i+:| for Sri is

So  the un biased.

PIVoTAL GQUANTITY For PPy (CoSN46)

.@I Fom  +he rvtviaus results, thus

YI _y:_ - (/‘I’/‘z)
* L2
Gine 24 G0, Un?,  indepandenty = T-mwk)
CTRR p-pu, (CoSNUT)
Q A 100p) CT for p-pyp s thas
€T x 505, ¢ ey
2
PCTeay= 22 & Tt

NN,y

_Iesr STATISTIC FR H,- Jaepy =0 (cos14q)
?I The 4est  shatishc for HD’)‘.-/A o s

~
'\,+n2_2

where

with observed value

l5,-4, -0l

L,
Sr "l+":.

?;_ In rnrh‘culmr,
it Ho s
p-VALVE FoR

lee volues  of & would be  Surprising
“rue .
Ho» py-p, =0 (cosuso)

?' The r -value is +hus

& 21 - F(Ts&)]\

where Tt

4Ny -2 .

COMPARISON OF 2 MEANS WITH UNEQVAL
VARIANCES (C6S\156) '

APPROXIMATE PIVOTAL GQVANTITY FoR M- - pho
(c6s1S3)
?’; Surrosg instead  that

\/li ~ Cu(}a,.o‘l), izl 0, ;nlgrgnd.q_,\ua
\/zi ~ C‘(}‘x.‘;), =), 0y indofzndenHJ

. where e A_?—n_}

assume 6,=0, .

91 If a,n, are large (230), we can use +he

fonxi Mmate

riva Fa\

ﬁvm\-H}j

?; Thus, an Arrwx'""\ﬂﬁ cI ’f°r /Ai"j‘z is

CI:}‘l‘_/A-‘_ * RJ%".-# S:-

3
N

where Prea)= 22 3. aom.



PAIRED DATA
scenanos whese

?, " Paired datn”  considers
1 L}
the V.5 are celated 4o the \/7.; s.

B ) \/” = movies , ‘/z; = 4heir sztjut‘s
9,: Suppose  once  again +hot
\/u ~ G(p0),  i=l,a, independently
\/,_; ~Glpy,s), sl ey independently

but  the  set of yh"yz; I3 1;,_{- ;ndoftnduﬂ'
with each  other.

93 Thea

- - o ? 2
lﬁr(‘/,-\/l) = T|"" :L - 2(""/(\/”'\/:.'8

which s  smoller +han .For an unrairei exruimm%
s .
@q O molke mfmv\uas about )‘l'}‘z- we onalj'tc Ahe

within - raif differences

l’J ass umin

Y = \/u- 7’2; ~ C\(/A,-}Al, a’)VT—--:)

l"\d&f@.ﬁd&l\ﬂﬂ .
.gs To test W, : Vs P 0, we use the test shakishe

1¥-o]
s/4w

D=

and  ouwr F-\lalu}_ S
P 20-P(T¢d)

where  Taodt,



Chapter 7:
Multinomial Models & Goodness
of Fit Tests

MULTINOMIAL LIKELIHOOD FONCTION cCcFsugy)
9. We consider “P’-VN.UC foR Hy,: ©26, (c3s143)

(S /P V) ~ Muttinomiar (n, B, .., 8.). %h The observed wvalue of A8 s

e X 9
?,_ The likelinood  function based on y,..y, i (8, = 7—%53“3(?‘;)

L(Q.,_..’BK\ s P(\/|=9|--". V=B i Oy -u 9")

kK where .= &
nl oY 93" ) ok
glog T R 91 or a suf-ﬁdzn“J “"je somrle, we ctan  use

e Hh -val
D.h\m\j the constant jo.+s us  +hat e rvaue

‘ —velue < 3 A(6,)) ~a l
@ekh 0. e:,‘. prvelue = P(W 2 b)) W %k_l_r

Where p= ¥ of parameters  estimated in forming

TESTING H,: 0,220, (casusy) H,.-
g. Surruse we wish 4o test .
Hp: 8,2 =8, ¢ Ho: O= eo’(Ln. e, ). dzj"e“ of fraedom = l‘-l-r because ‘these are e

porameters  that are “free bo move .

Q° We note  tHhat H mLE  : “ -
?2 ¢ of & s (Whea we estimate parameters, they ace “locked ).

n Y; s, ) )
6~ = ', Guideline:  subficienty large” oughly implies g2 S for el .
LI&GLI“ODD RATLIO TEST STATISTIC FoR — if this Qs not saHsfied,  we can "w\la.rse" +wo or  mure
H°: 6= eo (CQ.S"Q}) au)iucul' cA'l'njorits with  the  gmallest e-/\rec-lmL r,‘,LALil'.-h'es.
QI The tGikelihood rokio tast slahstic for Ho is  thea
L(6)
Neo,) = - 2105( L7,

where

where EJ i the "v.xrer.n& (_‘«T.QMJ" of

=<



PEARSON'S X% GOODNESS OF FIT
(C3S1201)

G Tae  TPewrson’s A test shdishic” s

K 2
Y- €) 2

D= J 3
Z I~

J k-1-p

?1 For |arJe n, D & A are asj.qrhhmuj g1 vivaleat
. & have ihe same as:jnr‘h)*h'c X" Aishibuhon .
—gg Note we need +to account Sfor any ro.rame'fm

we eshmated -
ey If we assume  Poil0), we need Yo acwount
for

- Smmfle cite, n so D\Z\Tﬂs of freadom,
ve k-1-t = k2.

@)

- MmEe of B,
gq Our r—valun. i Hhas

STATISTIC

TWo-WAY TABLES % INDEPENDENCE TESTS

(CFhg)

Ql “2-\4;\\1 tobles”  hove  Hhe Following  foem:

B | E \ Hotal
A Ya \ SIle =90t
_Pi- 3. ‘ EPEY \ n-¢,

+otol &= Y+, \,\_c‘ \ "
-(E‘?z We are (onceraed whether there is o rﬁlchnshir
bebween A & R, and  in rarh'cular, whether

they ace  independent-
independent
MODEL ForR TEST OF TINDEPENDENCE (C?‘S\!ll})

? We define +he candom variables

1
ANB outrcomes

AAR  outcomes

ANR  outcomes

AN _B_ outcomes.

?2 Then  our model is

(yu. y\a, 7':4. \’n) ~ Mulkinomial Cn, Snlglz 9;\ 8..)
BTN

where

6, = P(AN®) 6, = P(ANE)
6, = P(ANB) o, - PANE)
HYPOTHESIS OF INDEPENDENCE (C3ISV2Y)

?, To 4est whether A & B8 are ;ndermhnh we use the

i\ \,\Jr,,-Hnesis

WB) = P P(B))
o

CEP;_ This s eviva\en\- bo

H°: e”= YF, o= P(A), F:P(g)

LIKELIHOOD FUNCTION FOoR H,: 9“= rp
€38 1229)

%)l The  likekhood  function (ijv\winj wnstants) s

‘JII "7 Hll kS
L(8,.8,, 6,,.8;,) = 9u 9:. 6., ez:: : '

?.)_ The ML esfimates are

with wrresrondinj eshmators

PARAMETER ESTIMATION UNDER
Ho' 9..=°!F (CF$1230)
?l Tf How O,=%p is tue, then the likelihood  funchion s

wy ¥
Loy - 8, e, g g I

Yu = Y, 2
> L("f;P] = U’VF) [ﬂ(tl-p]s“ [(l--()P'_] l[[\.q)(\_r\]!

Su*Ya )‘3:.|+ Y2 JutY,y, Y+ 9,5,

(-« p Q-p)

?2 e ML estimates  wnder Hy ore

(Q;&u Y ﬁ - Yu *Ya,
n ' n

wika Corres ponding ML eskimalors

t Yt¥e . v,,wuj
°( = n . P: - .




LIKELIHOOD RATIO TEST STATISTIC ToR LARGER Two-wAY TABLES “““5:*)&
9; Let Yi' = number of individuals  in cah_joﬂ_’ R
HO‘ e“ = Q’P (C?S '133) cuhjor:; B: in a gomrlt site of n-

Y, e  luelihood rokio shokiskic s ¢ L

LY. B o = rea e
= -2\ A =~ i H |
Ay = - ey (| 5 5 5.5 \ i ” }
= 5 Yot o ‘/“4-‘/“_ Y“+Y“ y|1*711 Then our model s
Tty (X a-= ] %) ot (o
3 ( 5™ "upg .8 7{? ) . Yy Y, o V) ~ Multicomial (6,8, .., 6,
2 u ” 21 P LY
~
% HYPOTHESIS FOR INDEPENDENCE (C3IS1256)
?| Let
where —
dajf‘us of freedom = b-t-2 = 1. « = PCAD.  Bj (BJ)
Ve ) . sinee we o estimaking '@1 To test if A & B are 'mo\err.nduﬁ Vavistes, we +test
K Sample site, iy
n

.?2 This is  also ngiVA(QM' o

2 2\ \,21.
N = 2y log (F5) ¢+ T leg( 22) Taleg(22) + Yaaloy (2]

wherse

I

- ~ ~
€= "QF’ By = naQi-p),

Euz nC-HF, By no-Do,

where Tobal o vow i

* . _ [ ¥
u.S(v\j AOY = 2 <z \/J \uj(g-) .
5=

A;
.Qg Our r—vulue is  +hus Arrmx;ma.hlj

. = # of oubcomes under

# of outcomes wnder BJ-.

p: PCws2) = 20t-P(r< 4], o B'{ w(umn:)-
R S LILELIHOOD RATIZO TesT STATISTIC (casnsy)
where A is  our okseved value of A ?| e st

roHO  desk  shotskic  is then

with  observed  yalue

.?1' In raer‘ar. if Hp, i 4w and e.=26 V‘J +hea

2
A x(a-\)(\,-l) :

Proof - Ae.jrus of fraedom, »
Vs kelop e 4"""_”/

= ab - | - Ca-1) - Cb-D)
2 (a-Cb-D). %

Biveees F\,—\

* o

Since. °(l=|—or'_.__°(*h
B9 we dont eskmate v, !
?3 Our r—va\u.e is  tHus Soilor with P
p = Plw32),

n x
where W Ca-nCb1)’



Chapter 8:

Causality or Relationship?

CAvusAL EFFECT (cgsn3t)

g‘ We say x has @ Tcausal effect” on Y
:'f, when oll  other .fudvfs +hot uff“"

Y ore held constunt, o chanjg nox
induces  a d;u.'\jt A rrorul:j of the
dishabubion  of Y.

?‘l'h(s S '\Mrl'b.tﬁtﬂ\ Siace we caanol hod  all -ﬁ“‘h"s
affect Y Yo be constant’.

$hat

gz We showld J.as'\ja studies o Hhab altecnotive
“["""‘“HMS of whot causes chonses in  the
disha bution  of Y ean Le ruled oot

leavin x as e cousal “j'-"‘i"

REASONS 2 VARIATES CAN BE RELATED

EXPLANATORY VARIATE 3IS THE DIRECT
CAUSE oF THE RESPONSE VARIATE (c8S1281)

g' Reasen (: ;hu\Jg wm the ur\énd'bg venate
du‘ecﬂ; canses a cl«-njc in  the reSrMSE

vorate.
5 Av]nl«.'mJ 4ea % Hairst
'?2 Note +hat even in  this case, we MaJ not  see
a S'('VMJ assouahidn-
23 flnj:nj the  loftery & winning 4he  fottery
RESPONSE VARIATE IS THE DIRECT
CAUSE OF THE EXPLANATORY VARIATE (c8S1283)
? Reason 2:  Similer +o Reason |, tut now +he causal
mlahons\n,r is ".F{-'rrd" ;  the response vorate  directy
Causes  +he txrhmh':’ vorate .

THE EXPLANATORY VARIATE IS A CONTRIBUTING,
BUT NOT ONLY, cAUSE OF THE RESPONSE VARTATE

(c8s1285)
f}l Reasesn 3  The “r‘“"‘h':] veviate s @ wnM\mﬁﬂj
of the rcsronse vanate.

couse, but

not e sole cause,

e it & fype of concer

think  we have fownd @ sole cause,

87_ In rorl—iculor, we  may
when  in ad’ua\H‘j we have found @ necessary
b the outtome.

2 HIV & AIpS
IV H 3¢+ RIS (so it s

conbnbutor

- we needk a  necessary

conhibutor)
- but HIV s not I\O.cl.SSa\riJ the sole cause of AIDS

(there MJH be other {N-hfs)
B0TM VARIATES ARE CHANGING. OVER TIME

(cesned)
? Reason 4: Non-Sensical associotions an  cesult  from correloting

fwo  yonates that  ar  both chav:jinj over fime.

2y jln\,nl avy tamp- & # of pirates

- -Hnoj Loth decrease as
- but are not related in any  uny

Hime increases

THE ASSOCTATION MAY BE NOTHING
MORE THAN COINCIDENCE (¢ 8S1289)

9 Reuson 5: The association may be "H"'"J Mol

than coincidence.
BOTH{ VARIATES mMAY RESULT FROM
A commoN CAUSE —

CONFOUNDING / LURKING VARIATES
€c881292)

i?‘ Reason 6: An association  between 2 2

Vanates me be oksecved because
J VAR

both  yonates are rasrond'mg o c'ﬂa’\Jes X Y
in some wnobserved vadate or varates.
E-Pz These  verates are  called U,“_fw...ﬁnj"
vanates.
SIMPSON'S PARADOX  (C8sN2AY)
9 " Simpsons poradox’  descibes  the phenomenon
where  +he  assodation  Letween 2 cahjo'iol

vanables  is  different than  +he assodolion  after

Coan\inj ‘F" one  or more Verobles-

€3

e Colke Pepsi - for each
333 I i indivdusl oW,
° 3L @)g) &%) (23v/290) Cokie S Lijjer
23 P -
° L0000 | e Cssige) T ‘_;"Ll L b e
o S
. Pepsi is

Totel | /. cm/;sm bigger

- ﬂjt is & Ennfuum‘li':j vanate.



THE IMPORTANCE OF RANDOMIATION
(cgsi3on)

? Randomizotion is imrorkm{- since it ensures
e other vanates will be nfrm!’lm*!lj Qe]ug\(,

distributed acwss the Cateqonts -

ESTABLISHING CAUSATION IN OB SERVATIONAL

STuDIES (c8SizoY)

-« 3%
‘t? To estoblish  cousafion i
we need ab  least  the f\:\ladiry Y4

feahures:

Q The assaciotion
be obseved in mony
among diffesent groups:
- Hwis  ceduces the chancz  an

iS due Yo a d(.fu\' in one "JF"

- or fom o rt.mliwﬂj i one  grup of

® The assodation must conkinue fo  hold whea the
effects  of rlausihlc Confounding  variates ar token

obsesvahions)  studies,

Letween the 2 variates must
shudies  of diffuu+ +3st

obseved associedion
of shudy

Su\a-lﬂ-’-‘ﬂ

inbo  account
Q Thee wmast be @ plousible sdentific

direct :n{luv\dl- of one vonate on the other vandate.
- 50 a cousol \ink does ot de_rzmi on the
u.\av\l’..
@ Twere wmust be a consisteat cesponse ;
yonate  increases  (or decreases) oS the  ofver

e one

varate  increases-

exrlm\uﬁon for  the

observed

association



CAUSAL INFERENCE (C8S51308)
TUVERSE PROBPBILITY WEIGHTING

-9‘ " Causal infuem“ 1S concerned with ;éuﬁhiﬁj
causal , mmlj +han ']\AS|’ assodotive, m\a\—ionsh]r& (C8s‘3%)

9.‘ We are interested  in  causol affecks, ond 1“‘““%;“3 _fllo?énsrl"l Score: T(x) (C8S1323)
the effect of a chu\jc in Some verate on Ssome Q, Let o= Ecyo) & /.,=Ec~/u))_

pukesme The "rnrmsﬁy score” 1S

COUNTERFACTUALS  (C8SI13D)
' of o Mx)= PCA=I \X=*),S
A is drue jiven covoriate

9, We wrte YCI) fr the  result
N.sronst. vanate jiv&n one  volue of which  is  the I-no\»a)nili'\]
value x.

the E%rlanﬂi’bﬁ vanate, and  similarly
Yeod for eomsthermmiues of the urlanahwj 87_ We wite  Frex) for our  estimate o TK)  for o given

Voviate . X.
ESTImATING po & p, (C8S133Y)

(E? We coan then wnte the causal effect as
2

' Ya) - Yeo). ’ ?l We can eshimete ,QD LA by
(E?; I owe e oy & Y0) Le the wm.:rondi-:j oy 15 u
thea it follows - . -

rand om voriables ‘f"r wnit  §,

thet e "avaroje causol e(lfo.d"' is N“J\"\j

the  indicator function  for e  Statement P.

T = E(YQ) - YO).
Z;?‘ . 10y s
. Note each i owe N \ bserve (one . Fe g N
9 for 2o un o only o serve o of Yeo) 97_ M‘: we jive more we.iJM o more  unuswal  deta
or Y1) ; in A s o avound N
e other S coled o " ounter fochus " or "rﬂftnﬁo.\ 8 /‘u an e other ~y g
3 Note  the above }/}0 % F‘ sre  unbiased.

outcome .
COVARIATE DEPENDENT  TREATMENT ESTIMATING TME cAusAL EFFECT (C3S1336)
8|’ We can estimate e  causal z{-ft.d'

ccgsing)
-?.‘ Consider e fotlowing 3 scenavios:

#| #2

A c—-.a.sSijne.&" A\ /B ?7_ This is alse unbiased .
©? response vaviate c 7 Simce f/“\u ;‘(\o are  unbiased:
No relahonswip betweea W #C Palakonsip betwasn A RC ASSMPTIO»S Ifw (ctsnw)
We measure how R dmnjzs with We measure how B “"""‘J"’ . Asswnr\’iw\s needed 4o P ecform  TPW:
; )
with C 9—2_ Consistenc,
B Yy — & ooun'hrfﬂdud oukcome s g?\;nl
fo #hat  which would  have  been obseved  had
P\\ / B “B" bean different -
- we set
Y]
C
C i et &: Yilo) (1-A) 4 ‘/;COAJ]
RU&HM\S\A'\r evgts  betwean A & C g; Stable Vnit  Treatment Vduzm (SuTvA) —
We measure how B changes with C *
) (] Here 1S no -I,,,.h,.‘;,n,\gg wm the volue of

.82 For  scenaros #1 g #2, we an rufurn a  standord 2
s

ana\js'\s:
e - offen  ceasonolle,  but  neb nlw-jf'-

® Let Yo.Y, be the cv. denchng
value of C Jivm B or =R re.sfuhw.tj; -

@ Suppose Yo v Glp,, o) & Yo~ Gl o).
@ CarrJ ot o test of Ho"/‘fj‘. usinj nathods
.fvom earlier  in  this  course.

?3 However, this  may not nu.ess«dlj workk in  scenario - we  write

#3- '
influences B, Bs affects ore

- since A
(RS MH] — thee s a  non-zero rwha\pﬂ'\-\-j of assijwmen\' b a

o.mggu-n&uk .

Ej vacunes
Qq No Unmeasured Confownders (Nuc) —
the assijnmu\l' of e Bs s 'mde‘nnduﬂ of the

potential  outcomes | given covoviates.

Cﬂ'h.jorj OE R ‘)Qr all gu\'lgr.*s'_ e

{04 Pl =1 | x=x) <1 Vx\




DIRCCTED ApcYCLIC GRAPHS (C8SI350)

i? We can  use  dicected acjchr. Jrcfhs o model

(hjroﬂasi.m)
Causal rv.\d'\ansh.rs
4
screen Hme — 3 oLLSﬁJ
B His  Shows  we h\jlao‘\kes'nu senten +HMQ  causes oloa.sﬂy_
MEDIATOR (c8SIdGN)
8 Congider

Screen fime —7-—) obesity

“physical ahviby” s a4 mediator.
CONFOUNDER  (c8s13%2)
? Consider

arentol

Pebuaation _\

screen Hime fhng'.“\ N 0\325'\"3
" achv
Pacental

educahon”  ja o umfg.mder-
Coltmoer  (cse1353)
g Consider
ocente\

rgdumﬁ"v\
NI

Screen tme — r\mjs'\ca\ —_— o\.,es-.;:j

achin L\J

SClF'b\a:m.‘ is a between

o\oesﬂﬁ.
DIRECTED PATHS (C8S1356)
g o

Same

collider Scvazn bme &

"directed raHn ' all  arvows rv'm{ n  the

direchon.

ej seraen time

5 - rh\js{cr.\ a:‘h'va"j S aLesH‘y
?1 A"J associations m.rreso.ﬂ a cousal  peleHenshi r .
BﬁCKDOOR PATHS (c8S135%)

, In a " backdoor ra""\ . two voriables share 4,

Same  cause.

imﬂ.n‘kh\
education

screen Hime — fjg\n\ s o‘o“‘\_n

'E-? Ta iy
¢ associaton s path i
CLOSED / BLockeD PATMS (C6S1358)
Y In o Cclesed pa o affest

Vanoble .

Non-cousal.

varables oncther

orente\
educahion

S0

Screen fime r\mjs'\:n\ —_— o\-:es'dy

n.r.Hv;"\]

CHANGING PATHS  (c€s1359)
? We can

\ char\Jt He status of a rﬂ"h l':‘) wnhol\iﬂj for

vaiable for our

menh\
. ocation %

screen fime P :jg.u\ - o‘azsﬂ'\J
uhv\

or condiﬁoninj on a

- Famnhl educabion ¢

analysis.

6 confosnder for screen time &
obesity
- ﬁu'ndudin\:]" Forﬂ.ﬂ"'ﬂ‘ educabon in our and\jsis “closes”  +he
backdoor raHm
Ql Note:
(0] Con-}m“inj for mﬁundus is good-,
= removes the  wnfounder  fam ana\jsis
— So eshHmoate is were  aceurate.
©] Cun-}w\linj ,f,f mediators s bad.
T Causes incorrect estimates of the oveeall
assocation betwean e  yariohles
Seren Hime 5 phlsigh fachiily  —> obesity
8 Cond.‘Hw‘.m \_/
2 Y en . collider ;\,\W\ju the FaH\ from  closed
Orﬂ-ﬂ-
aceatal
gdutuH“"‘ "_ﬁ
Sceeea time Prysicd  —— o\oesi)y

achn L’J
i

nov-~ causal
——

Ty is +"'“HSMI+§ a

aSsocabron «
SELECTIoN Rng Cc8sSI13ed)

?, Selection bias

! Can be visualized n DAGs.
? Twis often takes +he fcrm of  colliders.
acente\
ngumﬁ“" /_’_j
Screen time I:\njsi:nl —_— abesi)y
R adin'l"J .-

- IF selected adolesconts for  the H’uulj because n‘ @ prer
"\\S‘l‘ur] of cElF-"lam' we can view this as “nd.iﬁur\'lﬂj/
Oon\uv& Hat  collide,.

LIMTTATIONS (CES1369)
g Limitations of DAGs:
® Tney are CIM, they do not indicate the

form, site or  direction of a Nla‘HmSh'lr-

) Th‘-j are  (imited Lj e informotion available  to  fbrm
them; b nust L tomplete +o jave & propes causal
mi'urm.'h‘hon

® Thcj cannot defnd Candom ecror ; Coanndan Con  occur  even

when treatments e

in  DAGs.

randomﬁed, which is  net

shown



