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Chapter 2.1:
Introduction
-

Review for
"

- probability models;

- random variables .

PROBABILITY MODELS

,

"

A
"

probability model
"

is used to describe a

random experiment .

It consists of 3 components :

①
"

ampiespae
"

- the collection of a" ④ From the above 3 properties, we can derive the following :

possible outcomes of a random experiment . ① /PCO)=-
- we denote the sample space by

"

§
"

.

P_wof . Let A ,=S, and Az ,Az , .. .
= ∅

.

eg tossing a coin twice :

A
, , Az . . . . are pairwise mutually exclusive, so we know

5=411-1,1-17
,
CH
,
-11
,
( TH)

.

CIT)}
PC ;ÉA;) = ERA;) = PCA

,
) + £PcA;)

②
"

Event
"

- a subset of the sample space,
s '

i= ,

-

pj's, .
= Pcs) -1 ÉP(∅ )

- we usually use capitals Ceg A. B. c) to denote events .

eg A : 1st toss is a tail . (with S as earlier) Thus •

PCS) = PCS) + EPC∅)
,

1- = 2

⇒ A = & (T.tl)
,
CIT)}

and ◦ ≤ PCO) ≤ 1 by def? .

③
"

piyfÉ
"

- a function of P which
It follows that we must have that P(∅ )

= °
,

as needed -

satisfies the following :
② Let A- be the

"

complementary
"

event of Ai ie

① 0 ≤ PCA ) ≤ 1 for any event Ai

pyo a- = g & An a- = ∅ .

* convention: we use Ñ

forcomplementaryevents.DZ
PCS ) = 1 ;

Then PCA)+PCA③ P satisfies
"

countable additivity
"

;

ie if Ai . A;É mutually exclusive events
,
ie if

prgof . Let A ,=A , & Az=Ñ, and Ai = ∅ Hi ≥} _

By deft . Ai are pairwise & mutually exclusive events .

Ain Aj -1-0 . i≠j ,
then this always

holds :

Thus ,

PC A;) = {PCA;)|Pi,Ai)=¥yPcA i= ,

"

= PCA) + PCÑ ) + 0+0-1
- - -

- PCAUÑ)
If A

, , . .
.
. An are pairwise mutually exclusive events

.
then

=p( s ) =p(A) + PIAT .

necessarily =L

Hoof follows . ☒

p(Ai)=iÉPCA
*
"

finite additivity
"

.

③ If A. & A
,
are mutually exclusive , then necessarily

P(N,UNz)=PCA,)-PCAz
Proof. If PC 7=0, then consider

proof . Similar to ② .

Al
,
. . -

,
An ,

and Ai=∅ Vi >n .

④ In general .
Then

PC A ;) = PITA;) =
ÉPCA;)

i.
÷ .t.IE?::.::::::::-:O--;---O..--..=&PCAi1+ ÉPCA;)

i=nei
Bz : Az)

(Ain A2) .
= ÉZPCAI ) . Then B

, , Bz & Ain Az are ¥ ↓
Bz

mutually exclusive pairwise events .

-

Note that A
,
VA
,
= AZUB, , Az & B, are mutually

exclusive; thus

PCA ,UAz) = PCAZVB,)
= PCAZ) -1 PCB ,) .

Then
, since A

,
= B

,
UCA, n Az) , & these two events are

mutually exclusive , thus

PCA
,
) = PCB ,)

+ PCA ,nAz) .

Therefore PCB , ) = PCA ,
) - PCA,nAz) ,

and so

PLA ,
U Az) = PLAN

+ PCB
,
) = PCA ,

) +PLAN - PCA ,
n Az) . pg

⑤ If A. C- Az
,

then PCA,)≤PCA
¥ '

A
,

let B
,
= ANA, . By def? PCB,

) ≥0 .

A
,
& 13 , are mutually exclusive ; thus

PCA
,
) = PCA, UB, )

= PCA
,
) +PCB,) ≥ PLA, )

as needed . ☒



CONDITIONAL PROBABILITY
: PCA / B)

' "
let A

,
B be two events

,

where PCB) > 0 .

Then
,
the

"

conditional probability
"

of A given
B

is

PCAlB)=¥↑⑤
INDEPENDENCE OF TWO EVENTS

"

,
Let A & B be two events .

We say
A & B are

"

independent
"

iff

/PCAnB)=PCA)PCB
-

eg Tossing a coin twice . Let

A = 1ˢᵗ toss is H = ICH ,-1) , (1-1.1-1)}

B = 2ⁿᵈ toss is H - = ICT.lt). 11-1,1-11}.

Then PCA) = I = 'z & PCB)=É , &

PLANB) = ÷, = É - É =P(A)PCB) .

Thus A & B are independent -

When A & B are independent,
then necessarily

|PCA1B)=Pcn-
Proof . PCAI B) = =P¥ = PCA) .

RANDOM VARIABLE / r.ir .

A
"

random variable
"

is a function from the

sample space
to IR ; ie

✗:S→
'"z We usually denote these via ×

.
Y
,
etc .

j For ✗ c- IR , we write

✗≤x:=&w:✗cw)≤x}@
which is an event .

eg
Toss a coin twice .

Denote ✗ := # of heads in these 2 tosses .

Then

I ✗ =o} = :(IT
)}

& ✗=/} = ICH, -1) , ( T.tl) }

I ✗ =3 } = ICH, HI }

Then ✗ < o ⇒ ∅

/ ◦ ≤ ✗ < I ⇒ &X=o}

i. ✗≤ ×} =

{
I ≤ ✗ < 2 ⇒ i.✗=o} vi. ✗= , }
2. ≤ × ⇒ S

CUMULATIVE DISTRIBUTION
FUNCTION /

CDF

The c.d.f. of a random variable ✗
,

denoted as 1=1×1 , is defined to be

FCx)=P(X≤×)VxER#-
'z Some properties of Fcx) :

① Fcx) is a non- decreasing function ;

ie ifxicxz.thenfcx.IE/=cxz#Pro-of.6tn-
= ✗ ≤× , , B. = ✗ ≤ xz . Then AEB ,

so PC ✗ ≤ × , ) ≤
PCX≤xp. ☐q

② n•F(x)=1,×lim•F(✗)=OI-+
③ Fcx) is a

"

right
- continuous

"

function; ie

%+FC✗)=F
④P(a<\≤b)=FCb)-FCa#
Pioof . let A=i, ✗≤ b} .

& B=iX≤ a) ,
and

let C=iac✗≤
b}

.

Then BUC=A & Bnc= ∅ .

Thus

P( ✗ ≤ b)
= P( ✗≤ a)

+ p(ac✗≤
b)

,

and rearranging gives
the desired result . ☒

⑤ PC✗=a)-FCa)-¥?F-_a
↳ if F is continuous at a

,

P(✗ =a) = 0 .

if F is discontinuous
at a lie if it

is not

left- cts / , P(X=a
) -1-0 -



Chapter 2.2:
Discrete Random Variables

-

we say
✗ is a

"

discrete random variable
"

if
COMMONLY USED DRV

it can only take a finite or countable number _

Bernoulli r.ir : ✗ ~ Berncp) .

- ✗ can only take 0,1 as possible values

of values.

- S = Ew, .ws } , and we assign
✗Cw, )=0,

✗ (we)=l

CDF OF A DRV
- p=P(✗=D, I - p=P(11=0)

-

| •
→ - A --40,1 }

o_0
- f(×) =

{ P ' ✗ = '

/ 1 - p . ✗ =o

o_0
0
,
otherwise -

É - we can verify fix) ≥0 & ¥afM=l .
-

'

where there are

"

jumps
"

'

is where ✗ "^

eg
Toss a coin , ✗ = # of heads you get .

✗ ~ Bercpl , p= probability we get a head .

take values .

For a
d-v.v . its cdf is a right continuous '

Binomial r.v. : X~Bincn.pl .

step function .
- toss a coin n times

PROBABILITY FUNCTION : f-(×)
- let × :-. # of

heads

'

The
"

probability function
"

of a d" ✗ is
- assumptions

:

① different tosses
are independent

defined to be

② P(head) is fixedf,×,=p,×=×g=|>°"iᵗ✗""ᵗʰ°°ᵈ" - support of ✗ = I 0,1 . . . . . n}

1=0 ,

otherwise

- Probability function:

SUPPORT [OF A
DRV] fix)=Pc×=× ) = (1) pit-pi

"

Geometric r.v. : ✗ naeoepl .
The

"

support
"

of ✗ is

- ✗ := # of failures before the 1st success

A=i,x:fcxl> - A = 40,1 , . . . }

-fcxt-PLX-xl-CI-pip.ieall the possible
values ✗ can take .

( we can prove f
is a probability function) .

PROPERTIES OF f-(x )
:

4 Negative binomial iv. : X~Negbinlv.pl ." fCx)≥oV-×E
- ✗ := # of failures before the rth success

;¥afc - A = 40.1.2 , . . . }
'

p≈of . let Aj=i✗=×j
} .

Then

,
Poisson r .v .

: ✗ ~ Poilu ) -
IAI

- ✗ = # of events in a certain time period .
I = PCS) =P

( ¥, Ai
)

IAI

= [PCA;) - A = I 0.1.2
,
. . . }

F- I

= P( ✗ =✗ ;)
- fix)=e¥

i. I

= flxi ) . ☒
i =L



Chapter 2.3:
Continuous Random Variables
"

If the collection of the possible values of ✗ is "^

EXAMPLE 2

interval or R
,
then we say

✗ is a

Suppose the pdf is

"

continuous random variable
"

'

f ,×, =
/ ¥+1 , × ≥ /

'

Note : if ✗ is a c. r.ir,
its cdf Fcx) is a continuous

function , and Fcx) is differentiable almost everywhere _ ( ◦
,

×, ,
.

Find

- it is not differentiable for at most ◦ finite /•""table #

;) for what values of 0 is f a Pdf

of points .
ii ) Flx),,,,,,,,,

is The pdf is defined to be

i ) fix) ≥o V-✗ ⇒ 0≥o .

FÉX)
,
if Fcx) is diff at ×

flxldx =J.jfcxtdx-fffcxldxflxl-IO.co/-herwi#O
'

-Jixtidx
SUPPORT = [ - ×-07? ( =D .

-

The
"

support
"

of a "V
✗ is

This is true when 0>0 -

A=i,✗:fCx)>?⃝ ⇒ 0>0 .

ii ) 0>0, Fix/ =) fit)dt .

PROPERTIES OF fix)
if ✗≤ I ⇒ Fail :[ Odt = 0

"

, f(x)≥O-V×E?⃝ if ×> I ⇒ Fix)=f%flHdᵗ
=/ fctldt + fifltldt-

f%fñd
= Jifltldt

PIL. J.%fcxtdx-ji.mn Fix)
- 7*1=1×1

= f.
✗¥.

dt = . . . = 1- ×
-
°
.

= I - 0

Iii) Plz <✗< 3) =
5-(3) - FCZ )

jF×gtdt
= I

_
☒

= (1.3-0) - ( I - 2-
° )

= 2
- O

- 3-
°
.

Pcx=× PC-22×63) = FC}) - FC
-2)

= I - 3-
°
- O

*
For crv

,
fcx)≠P(X=✗) .

= I - 3-
°
.

gP(a<✗≤b)=Jabfh
↳Plac ✗ ≤ b) = Pla ≤ ✗<b)

=P/ acxcb )=Pla≤✗ ≤ b)

fc×)=1i;gM×<×#
EXAMPLE I
"

suppose
/ 0 , ✗ ≤ a

1--1×1=4 ˢa ,

acxcb

1
,

× ≥b ,

ie , , µ , , , , , , ✗ n.unigc-a.gg, ,
'^•"",µµeµ,,,

⇒ fix ) = !
F' 4) = Éa

,

a ≤ ✗
≤ b

( 0
,

otherwise .



NORMAL DISTRIBUTION
GAMMA FUNCTION : rca)

,
✗ >O

'

The gamma function
is defined to be

,
The

"

normal distribution
"

has pdf
"

r)=Ñx•"e→dx fW=¥e'"Y#,µeR,ot÷; Properties :

① r(d)=co-i)ro-'@ 'z Steps to verify f is a pdf:

② f(n)=(n-i)!,nEI
① Check fix)d× =L if µ=0 ,

02=1
③rc÷)=

② Check J%fC✗)d× = / when µ c-R
,

F> ° -

GAMMA DISTRIBUTION: ✗~ Gamma(Kp)
; The

"

Gamma distribution
"

is defined by the Pdf ① : )%fc×)d✗ = % e-¥ d×

f,×, =
/ ,

× > ◦
= 2)◦%¥e"Éd× ( function is symmetrical about the y-axis)yo,,µem÷ ↳,

y
, ¥ ⇒ ×, ,,y ,

a,y
.

;ay
,

men

fcxldx = 2){¥2T e-
Y
Ey

- ±
dy"

z Verify
,

this is a pdf .
= _Je→y÷ _ '

dyPloof . i) fix) ≥O V- ✗e- IR .

ii ) ) xldx =)?•f(×)d×+/{fix)d✗ = ¥,f(¥ )

=j? dx = '⇔⇔= ' .
#

=⇒jn×%e ax .

② : let z=
.

= ✗ =µ -12-0, d×=odt
- 2-2

let p±=y ⇒ ✗ =py, d✗= pdy .
-"Y÷d× =/%N¥oe 2-

odz⇒ %Ée
Then LHS =÷, /{cPY¥ pdy = j% e-¥ dz

= ⇒↑ yd
-'

e-Tdy = I Cby ① ) . #

= ÷.ro = i.

WEIBULL DISTI : ✗~ Weibull 10,13)
-

The
"

Weibull distribution
" is defined by the pdf

,

× >0x*=;×"e"÷",⇔
Verify f is a pdf .

PLY . Clearly fix) ≥o VXER .

Then

VI. fix)dx=%°1¥×
" - '

e-
(F)
"

d× .

let
y :(%)? ⇒ ✗ = Oy

"B
,

d-✗=y¥ '

dy .

Then LHS becomes
B- I

[[ fix)d×=)↑¥p(OGYP ) e-
9
. EpyÉ

' '

dy

= .fi ,
' - ¥ .y÷ " • e-Tdy

= fie
-9

= [ - e-
Y
] ?

= 1 ,



Chapter 2.3:
Expectation and Variance

EXAMPLE 2
DRV DEFINITION OF ECX)

"

, suppose ✗ is a drv
,

with support A & p
- f- fix) -

'

suppose ✗ has pdf

Then the
"

expectation
"

of ✗ is given by
f,× ,
=/ ¥+1 .

× ≥ I

* this needs to be

EC✗)=¥✗fC✗)ifElxIfC✗)<÷_ satisfied for the ( o
,

× , ,
,

✗ c- A expectation
to exist !

- where 0>0.,,µ,,aµ,,,,,⇔,?⃝CRV DEFINITION OF E-(x)

-

suppose
✗ is a err

,

with support A & Pdf f"' ' and find ECX) ?

'

Then the

"

expectation
"

of ✗ is given BY 5011 . we want to find 0 sit .

if this is not satisfied , •

ECX7-J.nl/flx)dxif-f-.%fdy7 we say Ecx) does [
a

/ ✗ lfcx) DX < • .

not exist ! See that

CAUCHY DISTRIBUTION 1×11-1×1 dx =)? ✗ fix) d-×

"

The
"

Cauchy distribution
"

is defined by the pdf
= [ × . ,¥d×

f(✗-)-_ = IT ,%d×
.

z
Find ECX)

.

This is co iff 0>1.
Then

-

First , see that

ECX) =]? dx =f↑Oi°dx
1%1×1 fix)d✗ =)? ,

DX

= [8+7×-0+1]
-

= 2)% ,,+,,d×
' even function)

,

= innit "] ? =

0 - ÷
= N .

=
.

In particular , the expectation of ✗ doesnoteit'

EXPECTATION OF FUNCTIONS OF RV

DRV EXAMPLE I

Suppose ✗ is a rv .

What is E- Egcx) ] for a real

Suppose fix) = ×¥,) .

✗4,2 , . . .

function g
?

See that A=i, 1,2 , . . . } .

Note f- is a pdf .

① DRV :

Find ECX) .
° E[gc✗)]=IgC×)f(×)if§lgl✗Hfcx)<N÷ECX) = I lxlfcx) = I ✗

' ¥×,
✗ C- A ✗= ,

= ¥=
,

= 0
, ② CRV :

so the expectationdoesnotexisti EEgcxD=%gc✗)flx)dxifJ%lgNlfN<o÷ÉECXI OF COMMON DISTIS

Bernoulli :

= ,¥nxPlX=×1= 0PM -01+17^1=1) =p . ;
"

Linearity
"

property :

Binomial: Let

✗ i. y ; ;
it" outcome is ""e" ⇒ Xi - Berncp) . EEagcy-b.hu/))--aEEglXD-bE-LhlXi#otherwise .

Then
n

✗ = E. ✗ i
n

n

⇒ ECXI = Ei%X ;) =
Ecxi )

= TÉP
= np .



VARIANCE : Varcx)
'

The
"

variance
"

of ✗ is defined to be

Varcx) = E. [ (X-µi] , µ=ElX) .=E(x3-EE÷
MOMENTS
KTH MOMENT ABOUT 0

The
" wth moment about 0

"

is ELX
" ) .

KT" MOMENT ABOUT MEAN / CENTRAL MOMENT

The
"

ut" moment about mean

"

is ECCX_µ1
"

)
,

where
µ=

ECX) .

EXAMPLE 1 : ✗~Poi(µ/

Let ✗ ~ Poifu) :
ie fix)=1EM. × -0.1. . . . _

Find Varcx) .

Varcx) = ECXZ ) - [ ECX)]
≥

.

Ecx ) :
'

× - tÉé ,

✗ =on . . . .

✗=D

= . .
. =

µ
.

N

ECXY = I ×
? M¥e 'M

✗ =D

to

= Erin-11¥:eM+É⇒×¥:eM
✗=u

=
. . . =

µ
"

-1M '

i. Varun -_
µ:-/ - IN

= µ
?

EXAMPLE 2 : GAMMA DZSTI
"

If ✗ ~ Gamma Crips) , then
"

ec×4=P"j
Prey. Note

fix,=f%% ,

× > o

0
,

otherwise .

Thus

" ×" ×

"

.

ex

= .si ax

= : :::;÷ʳ::%a.
=ʳ; six::÷;¥÷

pd-fofF~aammactth.pl
=

'
" '

=
.

☒

Varcx)=✗?⃝
Prof . Varix)

= Eli ) - ECX)
'

= :::c÷÷i
= (4+1)%2 - 2

= 432



Chapter 2.4:
Moment Generating Functions
"

Let ✗ be a rv . Then the

1
EXAMPLE 2

"

moment generating function
"

d- ✗ is
'

If ✗ ~ Puiful , find Mlt ) .

defined to be
Mlt ) = E(eᵗ✗ )

Mlt)=E( = ¥
.

ᵗ✗ µ
"

•

e .

EM

if it exists for TEC-hih) where h > ° '
= e-µ { (µ .eᵗ)×

✗ =o
#

EXAMPLE I
= e-Men

- et

' letx~aammact.pt/=indmct#=eMCet- 1)
-

Mitt = Ece
"
) a -1

This is finiteV-tc-R-s.net" .I⇔;d×
EXAMPLE 3

=T×T%¥ ax irina :

① Let Z~NCO.tl
.

Find Mzlt) .

Approach ① :

② let ✗~N(µ ,
021 . Find MXCH.

#y=(¥ -tix ⇒ ✗ = ;¥y , d×=¥tdy
Then

• (¥714
- '

yo
-'

e-
Y ① Z~NCO.tl .

Then

⇒
E(eᵗᵗ)=%eᵗᵗnÉe dzMitt -_ I - ;_ᵈY

=).IE e-" dt

= Gp÷i ay =p;;⇒e
-

"

dz

= (;÷p , ,

=> gamma function = eÉjj¥e_" dz
Is pdf of Nct, /)

= eᵗ% ( l)mlt)=(,!
[we need tap for

.

Mlt ) > 0 ) .
= e'-42

. #

Approach ② :
② ✗ ~NCµ,o} . ⇒ 2- = ¥ ~ Nco, 11.

⇒ ✗ = µ -107 .

•×
⇒ Mxct/ = eMᵗM×(of) [ by below )

P
let f- ¥-t , ⇒ f-= É = # . = elite 0¥
Then

= e
ut -102¥

Gamma ( &, ¥) .
m'ᵗt=↑a×→

this is the pdf of

/

,

MUF OF LINEAR COMBINATIONS OF ✗
CET

= ↑ .

dx
-

'

Let mgf of ✗ be Mxltl -

Let Y=aX+b .
Then

=Jp-%•×%d×- myw=e"m×
FINDING MOMENTS FROM MGF

=

(i-§ ( ¥+5 .

( where tp) . ; suppose ✗ has mgf
MIH .

Then

=

=ux4=m'%o)=!÷maY
EXAMPLE 1 : Gamma (4,13)
'

Gamma Cops) has mgf Mit)=C1 -131-5
"

( 1- < ¥) .

Find ECX) & Varix) .

pwy. Eat __ dF It:O -4-1

/
+⇒

= C- a) C -p)
( 1-pt)

= op
E(x2) = ᵈ%/

+⇒
2

= (-011-9-111-13) a -131-5
" "

/
to

= Kati )p?
⇒ Varix) : ELXZ) - ELX)

"

= ooh)p
'
- ( rp )

≥

= 0132 .



EXAMPLE 2 : Poisson /µ)
"

let ✗~Poi(v1 . find ECX) & Varcx).

PIL .
Mlt ) = emet

- 1)

⇒ m
'

/f) = met . @
Met_ 1)

⇒ ECX) = n' 10)=µ( 1) e
""

=µ .

⇒ m
'"ct) = µe+eMleᵗ- "+ yet)2eµle+

- 1)

⇒ E( ✗2) = m
' "
co) -_µ+µ

?

i. Varcx) = ECXZ) - ELX )2

= µ .

UNIQUENESS OF MGF

'

✗ & Y have the same mgf if ✗ & Y

have the same distribution;

ie they have the aF.

EXAMPLE I
'

✗ has mgf Met)=e¥ .

① Find mgf of 2×-1 .

② Find ECY ) & Varcy) .③whatisthedist1o÷
Prey . ① Myct) = e- ᵗM×C2t )

= e-te 41-42 = e-
1-+21-2

② Ely) : n'yco> = (
t -1) eÑ-ᵗ

"

/ + = ,

= - I

ECYY' = my
"

co) = 4¥" - (t.net?t1+=o
= 5 .

i. Vcrcy) = Ely
'

) - Ely)
"

= 5
. -1=4.

③ mgf of y is elite

⇒ you NC -1,41
.



Chapter 3:
Joint Distributions

JOINT DRV (3.2)
JOINT CDF (3.1) If both ✗ & Y are discrete r - v , then

JOINT CDF they are joint discrete r.ir
.

I suppose ✗ &Y are 2 "s - JOINT PF
'

'

The
"

joint pf
"

of ✗ & Y is given by
The

"

joint cdf
"

of ✗ & Y is

"

fix.y-PLX-x.Y-y.x.ge/R#FC✗iy)=PCX≤✗,Y≤y),×,yER# "

z
The support set is given by

This definition can be extended to n rvs

n=&l✗iy):fcx.y)>o}#✗
I . . .

-

,
Xn ;

F(✗,,...,✗n)=Pc×,≤×n...,✗n≤×n)_÷ PROPERTIES OF JOINT PF
'

'

fi×y
↳ for this course we focus on joint cdf

for 2 rvs . I ,¥yeafc×y?⃝PROPERTIES OF JOINT CDF
"

,
If y is fixed, Flxiy) is a non - decreasing function ¥¥,fcxy)=P(C✗iof × .

If × is fixed , Fcxiy) is a non - decreasing function
MARGINAL pf FROM JOINT PF

Of y .

'

Let fcx.gl be the joint pdf of ✗ & Y.

Then the
"

marginal probability function
"

of ✗"

zjjm.oFCx.y7-y1j7oFcx.yI-0@isId_ea.i
,
✗ ≤ × } n &Y≤ y } ≤ & ✗ ≤ × } . f. [× , = pc✗=× ) = P(X=✗ ,

4<0)

=Ifcx÷' yi.mat-cx.yl-y.li?aFcx.y)--# yer

The
"

marginal probability function
"

of Y is

Idea. If
A-
✗
= i. ✗ ≤ × } & By_-&Y≤ y

}
,

then

¥,mnPlA×)=1 &
y
"→%P(By) = 1- fzly) = PCY=y) = P( ✗<a , Y=y)

we note =¥gfh÷
A×TBy = ÑXU Big lby Demorgan's law )

• . . EXAMPLE I

"
Let ✗ & Y be drv with joint pf

y Fix) = PCX≤ ×) = y.li?a,Fcx.y)flx.y)=kq2p'+Y,x,y-- 0,1 , . . . , Ocpcl . 9=1 - p .Fz(y)=PCY≤y)=gFC÷
① Find h ;

② Find marginal pf of ✗ & Y ; &

③ Find PC ✗ ≤ Y ) .

5011 .

① Note fcx.gl > 0 ⇒
K≥o .

Then o o

✗=o ¥ kq2p✗+y= ,¥yTeAf(✗'g) = [

⇒ kq2(É◦p×)(Ép ' ) =\
y=o

⇒ hq2

2
= 1<=1 .

o N

② f
,
( ✗ I = PlX=x) = E.fcxiy) = ¥◦Ñp×PY

= cipx-E.PT
= qp✗ ,

✗ = 0,1, . . _

fzcx) =qpY by symmetry
③ at C=&C✗,y) / ✗ ≤ y } .

Then

PlX≤ Y) = pccx.gs c- c) = ÉÉq2p×+Y
✗=oy=x
N

= Eq2p×Ép9
✗=o y=x
in p✗

= Eqzp
" ( Fp )

✗=D

= q¥%p4
"

= q(¥ )

= ¥p -



JOINT CRU (3-3)
If the joint cdf of (XY) can be written as

FCx,y)=J%fct,s)÷
then ✗ & Y are

"

joint continuous random variables
"

with joint pdf fcxcy) by

if it exists

fi×.y)=Y%◦
,

otherwise

; The support set of f is given by

A=&Cx,y):fC✗iy)>o}÷
PROPERTIES OF f-(Ky)

I fC✗iy

f.jo?wfcx.y)dxdy--#-
For any region C

,
we have that

PCCX.Y1EG-yH.aflx.yIdxd@I.y
eg P( ✗≤y )

: take c=&Cx.y) / ✗ ≤y }

#c¥¥f""Y)d✗dy
MARGINAL PDF FROM JOINT PDF

"

The
"

marginal pdf for
×
"

is given by

f,(x)=)gfCxiy)d
& the

"

marginal pdf for
Y
"

is given by

fzly-)-f%fCx,y



EXAMPLE I ③ marginal pdf of
× :

"

✗ & Y are joint cru
with pdf

f. (x) =% fix,y ) dy ,

0< ✗< 1

Jtf =/jcxtyidy
otherwise .

=¢xy-1¥)] !
① Show f is a joint pdfi
② Find = ✗ + {

,

☐ < ✗ < I

a) P( ✗≤ §, Y≤ É) (for other ✗
, fix/ =0 ) .

b) PC ✗ ≤ Y )
fly)=y -11-2 , ocycl by symmetry .

c) P( ✗ + ✗ ≤E)

d) P( ✗Yet)

③ Find marginal pdfs of ✗ & Y .

501-1 . ① We note fcxiy) ≥o V-xiy.GR .

✓

Does % / they)dxdy = 1 ?

This equals
'

dyfjjjcx-yldxdy-%CE-yxif.no
= Jj(É+y)dy
= [ Ey + ¥] !
= I ✓

So f- is a

joint pdf.
②
a) P( ✗ < § , yet ) = p((✗g) c- C)

? ?
- - - -

I
,

- -

=/%)? xtydxdy iÉ¥÷
.

= fjʰ[É+yx]! dy
C

= Jj
"

Yg -1 } dy

= [% -1%3} = E. +É, = ¥2 .

b) p(✗4) = fjfixtydxdy '

=fj[×y+É]; dx

= Jj ( ✗ +{ ) - 1×2-1 ¥ ) DX

= Jo
'

1×+1-2 _ 3-2×2)dx

= [ + E- ¥ ];
= 1-21-12 _ 1-2 = 1-2

.

c) P( ✗+ Y≤ E) .

"

I

= J÷d×f§
"

i

extras
'

0 ,

I

= Jo"§xy+y2
5- E-✗

I])y=o dx

=p
"

✗ ( { - × ) + {( £ - xjdx

= . - .

= Éy .

" "*⇔ "
i

First , we find
1

( ✗+g) dy 'Iz 'PCLX
,
-17 c- A) =/ × )

#
Is this is the

1 pdf -
= I,z¢✗y -1¥ ) ]

" '

y='z×

= ]:'(✗ +
'

-2 )
- ({+ ¥, ) dx

= ( x -¥2) dx

=L + ¥ ];
= 's -1¥ - G- ÷, = ? .

Hence P( ✗ ✗ ≤ { ) = I - PCCX.ME A) = ¥ .



EXAMPLE 2
-

Let

ocxcycxofl✗Y)=|kÉ×→',µg÷to
.

be the joint pdf of IX. Y) .

① Find K .

② Find

a) PCX≤
'

-3 , Y≤ E)

b) PC✗ ≤ Y )

c) PCX -1431 )

④ Find the distribution of T -

- ✗ + Y.

Sign . ① fcx.gs?0V-X.yc-R ⇒ K≥ ° - from [✗ ' d) . ③ marginal pdf of ✗ is

③ Find the Mars
"" "" "

✗ &

"%' '
'" "%

*×, .gg#.y,a, , × > ° ""• Me
" * ✗ " """Then

f- ix.g) dxdy
= /( fix,y)dy ( since given ×

,
fix,y) >

0 <⇒ y > × )

=/{ dx / ué
""

dy a

✗ = /
×
ze
- ✗ - Y

dyin

= Joke
- ✗

[ - e- Y ]? dx
= Ze

- ✗ [ - e-930
✗

= ]? he-✗ e-✗ DX fix) = zé
"

,

-

marginal pdf of Y is

= [ - Kae-2×3? fzly) = fix,y) DX , y > 0

= ¥ ( =L ) ⇒ k, = % fix,y)d× ( since given y , flay) > 0 c⇒0< ✗≤ y )

range from [
× , 'z]②

a) P /✗ ≤
'

-3 , ✗ ≤ £)
^

,

_
-

✗=) =]? 2. e-
× -Ydx

="""

""

= 2e_Y[ e- ×] ?
✗

Ze

-× -Y
dy

0
= ze-711 - e- Y ).

= Jo"3[ze-✗ ( -e- Y ) ] dx ④ T=x+y.

3 support of T is (0/0) .

= )j↳ 2.e-
✗

( e-
✗
' ÷
) dx The CDF of T is

- e

Fyct) = P(T≤ t) = 0 if 1- ≤ o .

= Jo"3( zé
"

-

2e%e- × ) dx For +>o :
" ×

Fylt) = P(T≤t)

= [ -e-2×-1 2.e-Ée-× ]
"3

= p(✗+y≤t ) y×+Y=ᵗ ×
'

o
ye Exit

- ×] .

=r"

"" as,⇔.

=P/IX. 4) c- C)
= ( - e- } + 25% ) - ( -1+25} ×ge= I - e-} - 25%+2e-%

.

0

-
✗- from [0,1-12] .

b) P( ✗≤ y) ?⃝¥ =J◦ᵗʰd× /
+"

ze
"-

Ydy *thisisave✗= ]/ fcxiy) dxdy =\ / useful technique != . - .

✗≤ y
Cby construction ) .

i = i - e

- t
- te

- +

.

Thus
c) Pcxty ≥ 1)

First . consider
A

⇒

Faith
/ ° ,

+ ≤ °

P(✗ + yet ) = PICKY)EA) ( 1- e- ᵗ- te-t
,

t > o

pdf of T is

= )jʰdx ) 2-
✗→

dy
f- It ) =/

°
,

1- ≤ o

= fjʰ2e- ✗ E- e- Y ]
"

oh, / tét
,

t > 0

= Jj
"
ze
- ✗

(e-
×

- e

" "

) DX

=)!> zé" _ zé
'
DX

= [ - e- 2×-2e-
'
× ] !≥

= I - e-
'

- e-
'

= I - 2é !

i. PCXTY ≥ 1) = I - P( ✗+4<1 )

= zé !



INDEPENDENCE (3. 4)
'

For any
2 ru

,
we say ✗ & Y are

"

independent
"

FACTORIZATION THEOREM FOR INDEPENDENCE

iff ① We can express

IPCXEA.ie/3--PCXEA)PCYc-B# |f(×,y)=gCx)h# .

- -

② Let A denote the support of (KY)
.

let A , denote
for any

A. BER .

the support of ✗ & let Az denote the support of Y.
EQUIVALENT DEFINITIONS OF INDEPENDENCE

Then
"

Let A- = C -N,
× )

.

B= C- a. y ) , ✗

iyc-R-fA-A.xn-z-cicx.gl/xc-A,.yc-Azt#
Then our definition becomes

(⇒ A isarectan#
F=tFy)

.

[⇒ the range of ✗ does not depend on the value

equiv-
statements

and this is true iff
-

× & Y are independent . of y for

; guppy, ×
,
, na, g. in, pg , ,,,µ, age, ,, pay

a.⇒ µ, range µ
y µ , , no, depend on µ, ya ,, , } ② .

of ✗

(continuous case) fcxiy) , & marginal pf /pdfs fix )
Both conditions are true if ✗ & Y are independent .

& fzly) .
_

I let fix) & fzly) be the marginal pts /pdfs of ✗ &

Then ✗ & Y are independentiffy
,

and say they are independent .

ffcxiyl-f.li/)fzCy)V-X.yc-R-# Then there exist constants c. DER such that

→

ff,C✗)=cgPaul. . Take g¥y of both sides
.

fzly) = dhly) .

PROPERTIES OF INDEPENDENCE
-

'

If ✗ & Y are independent , then gcx) & hey)

EXAMPLE I
are independent for any g. h .

suppose
the joint support is ◦ ≤ ✗ ≤ yen .

eg if ✗ & Y are independent. then ×
≥

& YZ are independent. This is not a rectangle : thus ✗ & Y cannot be

However the converse is not necessarily true ! independent by the above.

^eg if ✗
2
& YZ are independent. ✗ &Y may

not be

independent !

eg consider a- , ie P(E-a) =L , Plata)=0 . EXAMPLE 2 : DRV

9- is independent of any rv .

g

Let Let flay)= § ,

×,y
-

-0,1 , . . .

,

with prob .
' 12

✗=/
'

① Are ✗ & Y independent ?( -1
.

with pwb . %
,

Y=X . f.gynam.mwgnapggy.gg#
Then ✗ & Y are not independent . but ✗

2

& YZ are

independent ① fcxiy> = M×e?÷Ñy .

( since P(✗2=1 ) = PLY?_ 1) = 1) .

EXAMPLE I [DISCRETE)
let 91×1 =

,
hey)=Ñ,

so f- ix.g) = glxlhlyl.
"

Let ✗ & Y have joint pdf . [ so condition ① is satisfied) -

Then
, note the range of ✗ does not depend on the

value of Y ,
and so the second condition holds _

i. ✗ & Y are independent .
f. (x) = qp× , ✗ = 0,1 , . . .

an

!!÷!,÷ ② "" = 'S'" '" "means"
" ' *
"""' "

the theorem !

fzly) = qp
]
, y

--0,1 . . - - -

=
,
µ

Thus × !
-

we know f. ( x) ≥o Vx ⇒ c≥0 .

f- IX. g) = f. (x ) fzly)
× , YER ,

Then
,

If,c× ) = [ c. Ñ?- =\
✗ c- A

,
✗=o

EXAMPLE 2 (CONTINUOUS) ⇔ c¥
.

= ,
Let ✗ & Y have joint pdf

⇔ c. (1) = ,
.

_ Pf of Poisson rv .

|fC✗,y)=¢Y,0≤×,y≤# Thus i. c=I .

otherwise . f. (x) =
.

Weshowe# Using a similar proof ,

f. ( x) = ✗ + ±
,

I ≥ × ≥ 0 fzly) = dhly) = e÷Ñ .

fzly) =

y + £ ,

I ≥ y ≥ 0 .

Thus

f- (Ky) =\ f. (x) fzly ) if 0< ✗ < 1
, OCYLI ,

and so ✗ & Y are not independent .



EXAMPLE 3 : CRV

'

✗ & Y have joint pdf

ITfix,y) = 3zyCl - x2) , -1 ≤ ✗ ≤ 1
, 0≤y≤ 1

.

① Are ✗ & Y independent ?

② Find the marginal pdf of ✗ & Y.

-
① let gcx) = 1- ✗

2 & hey)=3zy .

⇒ f- ix. g) = gcx) hly
) (so condition ① is true ) .

The range of ✗ does not depend on the value

of y (so condition ② is true ) .

② ficx) = c ,g(× ) , support of ✗ = E- 1,1 ]
.

f. 1×770 V-× =) C
,
70 .

Then

fix)d✗ = C
, ]!

,

( 1- ✗2) dx

= e. Ex - % ] ! ,
= 13C , 1=1) .

:-C
,
= 3/4 .

i. f , (x) = &,( 1- ✗2) .

fzly) = Czhly) , support of Y is [ 0,1]
.

Then

fzly) dy = ↳ Jj Zzydy
= . . . ( = 1)

.

-

. Cz = ¥ .

i. fzcy ) = ¥ - Zay = 2g .

EXAMPLE 4
'

Suppose flay) is constant over ÷*÷the region
A , say

fix,y)
= Co .

⇒ f) fix,y) dxdy = 1 .

A

⇒ coff ldxdy = 1
.

^÷ÉA
⇒ Co ( Iz) =\ : co __ ¥ .

Thus fcxiy) = ¥ .

|①Are✗&Yindependent?#② Find f, ( x) & fzly) .

①f=÷.6tg=É×< I

0
, otherwise ,

&

hey) =
{ ¥ . lykl

( ° "
""°"""

|But see that the range of ✗

depends on the value of Y .

" %¥,,.y,-
✗ & Y are not independent.

✗ is to,Ñy2]
.②

f. (×) = /% f-IX. g) dy ' °≤~
support of ✗

Given ✗ c- [ 0,1] , we know the

possible values y can take is [WIE, wir ]
. ^

'>◦ here

⇒ f.m=É÷dy=¥NÑ .

Similarly ,

"" = %"""" " " " " " →
"""" "

"

Y_IGiven yet-1,1 ] , the possible values × can

take is ✗ c- [ 0
. Ni-y2 ] .

⇒ fzly)=%fcx,y)d✗ = /
"€

◦

f-(Ky) dx

= E-VII.



JOINT EXPECTATION ( 3.5)
-

Let hcxiy ) be a bivariate function . EXAMPLE 2

""" " """ "°
"

"°"" ""
"""

"

" ✗ & "

|ˢ"""✗&"""+"""ᵗ|Y to be

fix,y)
=
/ ✗+9 . ◦≤ ✗≤ 1

, o≤y≤ I

|e(h(✗,y))=|¥%ʰ""Y)""Y)(✗&""ʳI°"ᵗᵈiˢᵗt I ° '

"her""" ',×&yµp;n+•nµnw÷ and war,µy, ,
-

Met±
: First , note that

PROPERTIES ◦ ≤ ✗ ≤ i

f' "" &
%

.

'

otherwise
& fzcy)=¢Y+% , ◦ ≤ y≤ I⇔*%⇔!¥÷÷÷÷⇔⇔'

ineaty: 0
,

otherwise .

Then

ECX)=)j×( ✗+ E) DX = . _
. = ¥2

.

|E(ÉzaiXi)=iÉai=) Eli )=fj×2(✗+E) dx = . . . = ¥ .

-
By symmetry , Ely) = É & Ely)=É .

Then

Covcx ,Y ) = EIXY ) - ECX ) ECY) .

|¥¥¥ÉYg¥,⇔n -
we need to tna this .

I 1
"""""""""

moregenwally.it#..Xnare independent, then

= Jj [ ×¥+×¥ ] ! dy

= Jo
'

} -1¥ dy
-

COVARIANCE : COVCX,Y) = [¥ -1¥ ] !
The

"

covariance
"

of ✗ & Y is defined to be
= % _

Thus Var ( ✗ +Y ) = Varcx) + VARY) + 2Cov(X, Y )

I"""::i÷¥¥:¥ I _ . -

-
= ?÷y .

; If ✗ & Y are independent , then Cov CKY)=O .

Me_t#2 Let T=X+Y ⇒ variety)=VarCT) .

Also note Covcx,✗)= Varcx)
.

Support of T is [ 0,2 ] .

VARIANCE FORMULAS consider Fit)=Pl✗+Y≤
t ) .

|Var(a✗+bY)=a2Varc✗)+b2Va2abC◦vC✗i# CORRELATION COEFFICIENT : PCX,Y)
"

"

The
"

correlation coefficient
"

of ✗ & Y is

|e⇔n;¥⇒¥÷;¥÷::÷:÷÷::i¥::i⇔""- -
PROPERTIES OF P

fvart-z.am/i)=?&ai2Var#I "

Note /1pc×iI
EXAMPLE I Ptoof. Suppose ✗ -1×11 . . . .in?y--Cy.....,yn7.

Recall the inner product is"

fˢ""°"ᵗ"""ᵗ"ᵗ"✗& ^

cxiy> = ¥
,

✗ iyi .

f-ix.g) = M×+,% ,

×,y=0i1 , . . . . & we know ix. y> / ≤ NÑVcy
(Cauchy's inequality ) .

FindVarC2Xt3# We can write p in the form
" "

,

so by

so,y . ✓are 2×+34 ) = 4VarlX)+9VarcY)
-112"" " "" the inequality , .

.

. Ip(×,y) / ≤ 1
.

Take ×, -1 ~ Pixie) , so that
-

Note :

pf of × , glx)=M×^ ,

✗ = 0,1 , . . .

ʰ①Ifpc✗,y)=l⇒Y=a✗+b,a#÷pf of Y, hly) = Ñye
,

y
--0,1 , . . . _ / ② If pcx, -11=-1 ⇒ Y=aX+b ,

Note f( i. g) = glxlhly) , and the support of
(KY )

is independent of the range of ✗
,
and so by

EXAMPLE 1
the factorization theorem ✗ & Y are independent .

:
let 4=2-2

,
✗= Z , where 2-~ Non) .

i. COVCX
, y ) = 0 , and so

Then ply, 7) = 0 .
Var (2×+34) = 4VarCX) -1 9VarCY)

= 4M -19M
= 13M .



EXAMPLE 2

FTfix , g)
=/ ✗+Y .

◦ ≤ ×,y≤ 1

( 0
,

otherwise .

FindpC1
Varix) : ,÷y=Var(Y ) , Covcxiy) - ¥, .

- I/144
⇒ play)=

,

= ÷.



CONDITIONAL DISTRIBUTION (3.G)
JOINT DISCRETE CASE

EXAMPLE 2
I let ×

,
-1 be joint dries with joint pf flay) . -

Let
Then the

"

conditional pf of ✗ given Y=y
"

is

fix,y)
=
{ ✗+9 .

◦ ≤ ×,y≤ I

ff.li/ly)--f!YyI.fziy#f I 0 .

otherwise .

- ,µ,µy,,,,
The

"

conditional pf of Y given ✗ =✗
"

is

5011 . We found f. (x) = ✗+ £ , ✗ c-[ 0,1] & fzly)=y+É ,

yc-EO.it/fzlylx)--fgY?)-.f,cx#)⇒ f. (✗ ly) =

fzly) ,
YE [0,1 ]

-
= y×+ ,

☒ c- [ 0,13 .
We can prove f. ( ✗ ly ) & fzlylx) are pfs .

Similarly ,Pref. ① First, we need to show f. ( ✗ ly) ≥o V-✗ER .

fzcylx) =
f(✗② Then

, we need to show { f. City ) :L .

f. ( ×,
,

✗ c- [ ° ' ' ]

(Proof for fzcylx) is symmetric . )
= ×

✗ +1-2 , y c- [ 0 , )] .
JOINT CONTINUOUS CASE

EXAMPLE 3
Let ✗ & Y be joint errs with joint pdf '

"

let f-ix.g) = q2p×+Y , × ,y=0, I , . . . . 9--1 - p .
f- (Ky

) .

Then the
"

conditional pdf of ✗ given Y=y
"

is Findf.li/ly1&fzlyl-f
5011 . We foundff.ci/ly)=ffY,Yy)-.fzly)#ff,cx1--qpX.X-- 0,1, . . .

fzty-qpY.y-0.li - . - .The"ifÉᵈ=× "

is
Then

ficxly)=fh
fzly)

'
1=0/1, . . . .ffs.ly/xt=ffY#.f.cx1If

&
= qp× = f) (x ) , ✗ =u, / , .

.at#wthesearepdfs?that is
We can fzcylx ) = f¥ ,

✗ =u, ! . . .

= qp
Y
, fzly) , y - Oil . . . . .

|①£(×\Y)≥°"✗€☒'£(Y\×)≥°¥ᵗ☒÷ USING CONDITIONAL ☐Iggy To FIND INDEPENDENCE

ZOJI.f.ci/y)dx--%fdylx)dy-f '

✗ & Y are independent iff

|f,Cxly)=f,C×)orfz(yl×)=fzF÷EXAMPLE I

"

suppose use CONDITIONAL DIS-11 TO FIND JOINT DIST≈

+ ( ×,y ,
= ¢8 Y '

" Y"
" "

'

Note by definition ,

,
otherwise . ffcx.yj-f.cn/ly)-fzly)=fzyf#f

EXAMPLE 1 : DISCRETE,µ,,yµ,
flety~poilulncxly-y7~Bincy.pt/Sol1.f,cx1--I%fCx,y)dy= /§ 8 xydy .

Findf,#
= 4×3 , ✗ ← o

,
,

Motivation: let Y := # of students going
to Tim's in one day .

let ✗ i. = # of female students among y
visitors.

fzcy)=[%f(✗g) dx = ]
"

8xydy
y

= 4g - 4y3 , yeco ,
we could speculate X~PoiCµp) ?

Note

Then
, fix,y ) = f. City ) fzly)

,
9=0111 - - '

i

f. lily)= f¥,Y÷ .

yecoi ) . = ( )p×( , -pis
- ×

. y, ✗ = Oil , _ _ . . Y -

= ÷y} , y< ✗
< 1-

= ×,?y,p×Cl -pi
-×

. é?y ,

this is the support of this

conditional dist? .

(since otherwise
, fzly)=O . ) = ,×,,p×( 1-pP→e%?

Similarly ,
*

remember
y is fixed .

Then

fsly / ✗I =

,

✗ c- coil )

f
,
,×, = zyf , , ,y,

Given a particular ×
'

flxiy) > 0
<⇒ ✗ ≤ yea .

= ˢ .

◦ < y< × .

→ since otherwise

f. (x) = 0 .

= yÉ¥⇒ :{a-pi
-✗

e-this

= e-"p×É×:a-pP"µ
'

I
let l=y -× .

Then this becomes

e etx

=
e-Mp " • ÷a-p> µT.EE

=é¥É":
-

taylor expansion of e

"

= é^[er" -P' ] = e_Y .

(so ✗~PoilµpD .



EXAMPLE 2: CONTINUOUS
'

let Y have pdf

fzly) = Ye ,
y> O

ie Y~Gamma( 9. 1) .

let the conditional pdf of ✗ given Y=y be

f. ( ✗ ly) = ye
- ✗Y

.

× > 0
, y > o

.µµmaym,µ
5017 . f-(Ky)

= f, ( ✗ ly) fzly)
-

= ye
- ✗Y

. y%, ,
× > 0 , y

> °

= y te
-1×+1 )

¥
The support of ✗ is 10,0), given × > 0 .

Thus for × > 0 :

f, (x ) = % f- ix. g) dy

=siie as

Recall for aammacq.pl . the pdf is
.

at p=¥, , ✗

*

= 4+1 . Then
gamma

• y- ' e-¥ trick !

f. *, , g. p,a ,
. ,

*

"°" ""

pd¥É:p)
=

i. p
" '

= apt
"

fill ) = (,Ñ
,

× > 0 .



CONDITIONAL EXPECTATION (3.7)
"

,
Note fzcylx) is a pf if ✗ & Y are joint discrete

. EXAMPLE I

& a pdf if ✗ & Y are joint continuous . -

let

z So
, we can define its expectation

wrt HY/ × ) .

guy, =
{ Sexy ,

0<9'" '

( 0 ,

otherwise .

The
"

conditional expectation
"

of gcy) given
✗ =×

, µµ, ,,
,µ,,,,,,,,a,,×,,÷
5017 . we found that f. cxly) = +2¥ ,

0<yet , y<✗< 1 .

|E[gcy)1✗=×]=d%ˢ"ʰ↳""""ᵈ"ˢ÷ Thus

( [[ g. (g) fzlylx)dy ,
Y is continuous

E( ✗ 14=9) = f. (✗ ly ) ✗ DX

# =/
y

'

✗ dx

we need to check the respective expectations exist first

= [ 3×33'y . ¥
before calculating

them -

( ie using the absolute values ) = }(I) ,

◦ < yet .

Then
'

¢
We are interested in :

ECXZ / Y=y) = [{ f. ( ✗ly)✗2d× ,
Ocy

- I

① ECY / ✗ =x) :

② Varcy / ✗=×) = ECYZI ✗ =× ) - [Ely / ✗ =×)]
≥

;
= )j¥yx2dx

③ E(eᵗY / ✗ =D .

= [5×4] 'y -¥
COND . EXPECTATION UNDER INDEPENDENCE = 's .

= '-÷
.

'

If ✗ & Y are independent , then
Hence

/EEg.li/)lX=xT=EEgCY)#. Varcx / Y=y) = EIXZ / Y=y) - [ECX / y=y )]
≥

E[hcx)lY=y7=EEhn =
'II _ (2-31%7,3-2))?

z In particular , this implies EXAMPLE 2
'

supposeY~Poiyil.dk/Y=y)~BinCy.pt-¥I¥==É¥?⃝ rinaecxi-t-yievarcxlt.si .

Sold . We know ECXlY=y)=yp & Varcx / y=y ) = ypcl
-

p) .

SUBSTITUTION RULE EEGCY) /×]
"

Note that We define the randomvariable
"

EÉ=×=×I wne,¥[9MlX]=h✓ this becomes

eg
' E -1×+41 ✗=✗]

univariate :

= E[✗ + YIX=x]
it is only a function |hC×)=EEg=#
of Y .

= E. [✗ 1X=x] -1 EEY /
✗ =✗ ]

( it is a rv since it is a function of ×
,
denoted

= ✗ + E- [Y / ✗=D . by hlx) ) .

eg2 ECXY / ✗=×) z To find h(×)
,

we do

① Find EEGCY) / ✗=x]
= hlx) .

= E( ✗Y / ✗=x)

= ✗ ELY / ✗=×) . ② Replace
"

×

"

with
"

X
"

.

; see that conditional expectation enjoys all
eg y~p◦i(µ) , (✗ IX.g) ~ Bincy.pl .

properties of normal expectation . Then to find EEXIY ] :

① Note E- [✗ lY=y] = yp .

② Thus EEXIY] = Yp .

DOUBLE EXPECTATION THEOREM

Note that
"

|EEgcy)]=E[E(gcy)
iis

a function of × .

eg ELY) -- ECECYIX))
.

-

Note also

|EEglX,Y)]=EEE(gCX,Y)lY)]=EEECglkY÷



EXAMPLE 1 EXAMPLE 2

f6tY~Poifu)&(✗lY=y)~BinlYycetx~vnif-o.13.it/X--x~BinChIfFindE#FindEEY]&Varl#

sign. . ( first method
: calculate ✗

"

s dist? )
SOI. Ely / = ECECY / X) ) .

We instead use the double exp
theorem -

Apply the 2-step method to find ECY / × ) :

ECX) = EEECXIY) ] . ① e. ( y / ✗ =×) = tox ,
so ② ECY / X) = 10X .

Then
,
note ECXlY=y)=yp,

so ECXIY ) = YP . Then

ECY) = ECIOX) = IOECX) = 10 . ¥ = 5 .

Thus

E. [ ECXIY)] = EEPY] similarly ,
= PETY] ✓arcy) = Var [ ECYIX) ]

+ EEVARIY / × )] .

= Mp
- = Varclox) + EEVARCYIX

) ]
.

Note Varcy / ✗ = ✗ 1=10×11 -×) , so Varcy / ✗7=10×(1-11) .

DOUBLE EXPECTATION THEOREM FOR
THIS

VARIANCE ✓any) = varciox)
+ E[ 10×11

- ×) ]

Note that

= 102 Var (X) + IOEEX
- X2 ]

|VarCY)=EEVarCY1X)]+Var[ECY#|
= 102 Varlx) + IOEEX]

- IOEEX}

#
= 102 Varcx) + IOEEX]

- to [ Varcx) + ECX)
'

]
this is a rv , as it is a fence of ✗

*
we apply a similar

"

two-step
"

method to find
= too . ÷, + to ( t) - 1042 _ (É)) -

VARCYIXI .
¥2. we could also calculate Mylt)= Ele

"
) first -

ie ① Calculate VarCYIX=×) , & ② Replace × with ✗ .

Then

E. ( et
"
) = E- [ Ece

"
/ X) ] .

EXAMPLE 1
First, note ECeᵗ" / ✗ =x) = ÉgeᵗY . (g) p' a-pi

-Y

'

f6tY~PoiCµ),(✗lY=y)~Bin(y,p#FindVar = [ pet-1cL-pl ]?
✗

soy. Varcx)= EEVARCXIY)] + Var(E( ✗ 1.Y)) . Thus Ele
"

/ X) = [ pet + ( Ip) ] .

Note Var( ✗ lY=y) = ypll -P) ,
& so

Finally
✗

varcxiy) = 4pct
- P) -

m×( f) = E- [ ( pet -1 ( 1- p ) ) ]
We also know ECXIY ) = Yp -

= Écpeᵗ+a -psi . ? e-

Therefore × -0

Varix) = EEYPCI- p)] + Varcyp)
= e- ,EÉcMpeᵗ;y-p

= pit-PIETY] + p2VarCY)

= pll - p )(µ) + p4µ)
= e- . ea

,

a=µ[ pet-111 - PD
= pm .

=

e
_M+µEpeᵗ -111 -pl ]

*

Note : we showed earlier that ✗~Poi(µp), so we

would expect Varlx)=µp .

= eMPleᵗ - 1)
,

so that Xnpoiljup)

by uniqueness of mats .

We can then use this to calculate ECX) & Varcx) .



JOINT MGFS (3.8)
If ✗ & Y are two ivs

,

then the
"

joint mgf
"

EXAMPLE 2 : ADDITIVITY OF POISSON

of ✗ & Y is

µ
Let ✗ ~ Poilu , ) , Y~Poi(µz) .⇔¥?ei••.tt/Mlti.tz)--E(etX+tz#-ThenshowX-Y~Poi(Mi-MzifMlti.tz

) exists for It , / ch , & 11-21<42 for

50-17 . let 2- = ✗+Y .

Then

some huh
,
> 0

. Mzlt) =
E (ett)

MARGINAL MGF = E- ( eH✗+Y) )
:
Given Mlt, ,tz) is well - defined for Itil < hi , ltzlchz . = E( e.

1-✗ + 1- Y
) .

then the
"

marginal mgf
"

for ✗ is
= m×(t ) my ( t ) ,

since
✗ & Y are independent

=

e.

Mile -11 diet_ 1)|m×lt,)=Mlt,,0)=Eleᵗ'×),lti<h . e

= ECM-192
)( et - 1)

The"marginalmgf"for# ,

so by uniqueness of mgfs thus 2- = (✗+ Y)~Poi(µ ,+µz),

⇔
!:¥:i¥;" " ne.ae.

.

"
✗ & Y are independent

ifffmlti.tzl-mxctdm.it#pwvidedM,Mx&M-yexist
.

EXAMPLE I

letflx.ys-e-Y.oc.my#
(a) Find the joint mgf of ✗ & Y

. )
b) Are they independent ?
-

soil. a) met, ,tz)= Ele
# + +2"

)
.

|_Y⇒= f) e.

+
'
✗ + +→

fix,y) dxdy

= If e.

+✗ ++2? e- y away

A

IX.g) C- A

= %°d× / et
✗ + ( +2- 1)

yay

= /{ et'×d✗ /Feltz
-" Y

dy
-_

this is only finite
if 1-2-1<0 i

suppose 1-2<1 . Then
ie if 1-2<1 .
In

mctntz) = /{ et" [ e

""" '

] ? dx

=)? e' ""
"
ax

= /{ ecti -11-2
- 1) ✗

d×

←→
this is only finite
if t , -11-2-1<0 .

we also need 1-1-2>0 ⇒ tzgn, for this to be-ʰ

Suppose tittz-1<0 . Then positive .

Mantz) = [++ e' + '+1-2 _
" ×

]?

= • ,¥tz , 4,1-2<1 , 1-1+1-2<1 .

b) Then
,
see that

Mxlt , ) =
Mlt, / 0 ) = ,

l - t
,
>0 =) t ,

< I

Myltz) = MCO
, tz) = ,z,

I - tz>0 ⇒ 1-2<1 .

Then since Mct
, ,tz) ≠ mxct,> myltzl , it follows that

✗ & Y

are not independent .

( This can also be seen via the factorization theorem
,

since the joint support is not a rectangle. )



MUCTINOMIAL DISTRIBUTION (3.9)

onishas inulinonicaisuseitin JOINT MOMENTS

where fits,"onexiste year-roun
We can do

var(xi + X;) = Var(xi) + Var(x;) +2c001Xi, Xj).
o

n)- Mult(n, p1....P2. Cor(XiXi) = 2[Var(XitX;) -Vari1i)
- Var(X;))

T I "G
"o" If u22, then if ~ Bin(d, pitP;) wBin(n, pil ~ Bin(n,pj)

#of successan
-

Encpitpi) (1-pi-pj)-np;(l-pi)-mpj(1-pj))
--

=- upipj
then (X, x2) follows a multinomial distribution with P "is Note cor(Xi, Xi) co, so p(Xi, Xi) <0.

being the success probability. why? Note xi = n.
JOINT MUF So when X; increases, necessarily x; decreases

·8 suppose (X,. . . . , X2) - Mult (n,p,.....Pn). to keep the sum = n.)

Then the joint mat is

x;1xi+X; =t
&

"Let (X, . . .X2) - Mult (n, p,. ... P2).#Seethemoni The

-Birst,w
MARGINAL DISTRIBUTION

why? -we have to independent trials of "Xitxjit".
j" suppose (X,, . . ., Xn) - MultIn,P.. . . .fh). Then success probability is tensof six,

Then
xi ( xj = xjTn,p.). I "8"let (X, . . . . Xu) - MultIn, P., ..., Pu). Then

for i =1, .. .. h.

why? Suppose we aggregate the outcomes to *Binc-x)
be

"success": ith outcome Why? If xjzxj, then conside

"failure": anything else. success: ith outcome

This would give a "binomial" dist? failure: everything
else but the 5th outcome.

SUMMATION OF X; Then we have n-x; independent trials with "outcomes"

"Let T = xitXj, where (X,. . . ..Xn) - MultLn, p1.... P2).
1, . . .

, je1, jH1, . . . . .

Then success:wersofathibetx= f
#PitP;).

Why? We can
use a similar proof to the above

success:: ith or ith outcomes

failure: = anything else.

Alternatively, we can find the mat of T

myst) = Ece[xitX;'
= Ece*xi+tX; (

W20G, set it 1& j=2.

In particular, see that

MC+, +, 0, . . .
,
0) = Eletexi tteXc +O+... to

mgTog <X......Xu) :ECe
*x1 ++2X2)

Then

metit, O, ..., 0) = (p.et+42et+Of... O +CTOs
= Scp,+P23e* +(-p.-p27",

Ph:1-p.....Pre-I
which is the Mar of Bin(n, p,tP2).
Thus, by uniqueness, the conclusion follows.



BIVARIATE NORMAL DISTRIBUTION (3.10)
·8. Cet X1, X2 be joint continuous rus with

Cr1Xi,X2)

TFirielicziciesinsis ot2
= foie

determinant of z Prof. Note

ECX.X2)=EIES1X1] (by
double expectation thereis

To find ECX.X2X.), we use the 2-step method.

&ECX.X2(x1 = x1) = E1x,x21x,2x1) (by the substitution rule)
& (p11.

=

x, ECX2X, = x1)*

1E1 = 11-040,02

Then x = (Y) follows a "bivariate normal distribution",

= x, [Mct,he

and we write XvBUN(1, 2).
· XMc+M,!I

"
② Replace x, -X, to get

O. We call
ExiX21X)=MeXi+@riXI

-

M = (i) the "mean vector"; & Thus

I the "covariance matrix" E(xx2) = ECMXI-MY(
JOINT MGF

8" Note

*iceif itis
:ezEcYc-forETFTis
·M.Mz+beo
= MiMz + po,02.

where + = (() Hence

MARGINAL DISTRIBUTIONS
Cr1X1, x2) = E(xix2)

- ECX,7ECXz)

itc =0) = expirit + fitis,
= M.Mz+p0,02-MMz

= Po,02

"O so

servecorresofmanis *i = o
so X2w N/M2,022). jo" so

CONDITIONAL DISTRIBUTION
- the diagonal elements of 2 are variances of X, & Xz:

② Note
- the non-diagonal elements of E is COr(xi,X2); &

#NCz+@TiM wihph),
- O is P(X1x2).

INDEPENDENCE OF X, & X2

·intermon orwrGETheset
*

It is not true that if X,& X2 are normally distributed,

then X. & Xc are independent iff p1x1.x2)=0.

We need the stronger condition that (1)-BuN(m,z):
in the joint pat of X.&X2 is normal.

We cannot make this conclusion if we only know the

marginal pafs are normal.

TxC
o let c= (c), where a C are constants.

Then if x=((1) vBUNC, 2),
then

#-NIcIn, "Ec

*

Again, this does not hold if we only know

X,vNC,, 0p), X22NCM2, 024, but we don't know if

(Y)_BUNC, 2).



AXTbwBUNCANTO,uEENis
#BUNCAM+. AZAT
if XNBUNCM, z).

vieentre o
o If 2NCM.04, then

I
<x-e"["(x-)-zz

ireceive
Proof. To show this, we need to show

<x-)"["(x-)=Ez
where z,zz-NC0.1) are ind

Sheth: We can write

where
ETEat

as follows:

If A is positive definite, then define

Al = xexixpt, xj=egenvalues of A

xj
= corresponding eigenvectors.

Then we show [*(xM)-BUNCO, F2x23



Chapter 4:
Functions of Random Variables
Given the crusX, .... In with known joint distribution,

we are interested to find the distribution of

Y= h(X,. . . . , Xn7.
"'

82 Three methods:

① cdf technique

② 1-1 bivariate transformation

&myf technique.

CDF TECHNIQUE (4.1)
"o" method:

EXAMPLE 3 LY IS A FUNC OF 31RV

orenatitwas oooofie7xyast
② Get the pdf of 4:

*TSVEEWARENES
solr thesupportoft is 50sets1, PCTit)=1.
If 0It11, then

PCTIt) = PCXY 1t).
SON. If y20, 4241y) =0.

Consider P1xxE('). shIf y30, P1zy): P1xey) Given a particular y, X can

= Pl-N5 = x = w5) range from [Ey].
= FxCN5)-Fx1-w5 y can range from to

Then

·loEedxLEEEero,a PCCX41EC=/'dyfe by dxTherefore, the pat of y NE
T

for yo, it is x iY

·If T3yxTx= I de

fyly): dle: They weigh "N'sy" -st dy
Mt

"TheEy = Ty"-3ty],Ne
= (1-37)-17"-3+*(

In particular, also notice that[Gammas". 2) :1+2232-37.

EXAMPLE 2 LY IS UNIVARIATE) ↓PLIXIEC): 1- PLIXIEC

PCxYet). : 1-(1+2+-35)
= 3t-Itoooo so the pdf of
T is

3/2

filt) = fx 13t-29)=3-349, oct21
So. Support of X is 30,0)

If y 20. Fyly) = PhYzy)
= 0. The support of S is [1, 8)

x
3
=34

when SCI, PCSIS) = 0. -> y
= x

Fyly) = 241y)
= 4Clog X 1 y) ↑(S=s)=P(fis)

If y>0,

=PCX1eY)

When Sx, 1,

=P(Y=sX). :file
=fe" oo, dx since support of X is

/dy/"
12 x <0) by

dx

1-xOye" =

=/' byly-f) dy
= 1- -738 ·f'sy? "dy

Thus, the pdf of X is

: Eg3.333: 1-5.
fyly) = 0,18, for you. Thus

paf:=fs) = J,spl, do otherwise



setiapinion
amain

① Xcn): support of X is [0,0].

i) When X10, P2X(> (x) =0.

ii) When x,0,41Xn*x)=1.
iii) when OxXCO,

Pexcns*x) = 4(xi <x)
· ToPXi=x) ↓since x; are id)

·The t

-pdf of Xcns is

firstof
the O 1 x 1 &

② Support of Xc) is

i) If x10, P2Xc,((x) = 0

ii) If x 3,0, PCxc,)2x) = 1.

iii) If OCXCO,

PCX,2x) = 1-$1Xc(*)
=1 - p(e(x2x))
=1- Tip(xxx) since x; are did)

=1- Tll-f
=1-11-E)

"

=1- 188*"

"part of Xil) is factx" ozxo



1-1 BIVARIATE TRANSFORMATION (4.2)
"8" given the joint pet flxy) of X.4, we want

EXAMPLE 2
to find the joint pdf of

=v = 22x.x). option;The biranatetransformation
is

S012. Let VIX. Then

Theseare
1 if there exist another I functionin

ju=x+y= sincex.so,thejoin
the

&v= x
OCVCU<8.

Iffyenii:--W= vnluill. I
JACOBIAN Thus the joint pat of Ud V is

is the"Jacobian"
of sun, where nullsand

gcus) = 151f1xy): 1-11e
*

= e-ir-Ca-v -" ocvauc8

Hence the marginal part of f iS↳I gicu)=/"guvidr, ocus

= e

·8" If we can write x = W,lu) d y=vzluv, /"e" dv
- U

then we define
·gldl= ne, ocuco

↳letwil iileosports·"Then, the pat of (U.v) is

Since 0xx1y <I,

S01E. ju = x :0<usE< 1.*sslovis,alil (r=xy
=>pae

osuce & Ex
=Ou<
-

EXAMPLE I

ofonedependentine
joint part of

heienewportCU,v),

sol SOY Gra
Jacobian is

5 = VtE= 1ii)== So, I.

inffive
M

:The joint pdf of U & V is
Then 0xx,y21 => octnicl, OcdEcl

glus) = fixy)(5) "U, VC0, &

Ural & EC1.
:f E).FEl just a vac

· wexpie("s "the joint support of Cuv) is occult.

expit(ET"3. 1E)
1

-x4 exp"-f[Cutv"+ Cu-v]}

·Trexpa-butrt3, -8cu,vca.



MGE TECHNIQUE4he
"-DISTRIBUTION

① Find the mat of a wr

② By the uniqueness property of mats, we can "O Recall IP=[N10,17".

identify its distribution & the pdf of
this

Then if X-N1,04, thus (MseX,"
"'

OV 8 Additivity of X2:
2 -

"O Suppose X,. . . . In are independent. Then the
If Yinx, 11In, & Y, ... In are independent,
then

stemi WY"dzhi
Proof MiCtI-ECeTEis Proof. We know

x= Gamma(E, 2).

We can then show

=Este*i( X2 = Gamma (E, 2),

Then it follows YrGamma(2), and so

- K;· TYECe* (since X; are independent)
My. (t) =(1-2+) [.

Then
= t1M..Ct). LetTExifulmyink, Cas Y are independent

Eofarein
the

=
ciutif, a =Tki

NORMAL DISTRIBUTION This is exactly the mat of Gammal.2) =4

8 If X-NC0.04, then axtbrNCanth, 90% so it follows TeX by uniqueness.
Prof. Let Y= ax+6. Then

my (t) = c

*

"mcat)

:can+b)to orinvitesnowtiducoscan men
S

so y = N(qu+b, aY

is so if XuN(r.04, then E = M-N10,11. W"-xProf. This follows from the previous
result

8 If i N(Mi,0,?, i11. . . .are independent.

then fPISTRIBUTEOare independent,
-w

then we say

*Vcami Faios *i
Prof Let T = zaixi. Ther

The support of this 1-8.1.

MT1) = TMax.It (since X, . . . . In are FDISTRIBUTION
independent) 8 If X-X, Yr 4m" are independent,

· I1Msatat the

-m

· The
SaitIMit Ecaite #Fre

·expit.Thani Etaar3 him are the two degrees of freedom parameters.

so that TuNCzani, Raio). # The support of Form is (0,0).

8 If X, . . . .In Ncuion, then
EXAMPLE I

#ecunnis ofnowhereindependen
We callEx: the "sample mean".

solvNo,because t&XtY
are not independeran

corSX, x+y)= ECXIX+Y)) - ECX) [CX+Y)

> O



EXAMPLE21x"

⑧Let X, . . . . In an NCM,04
Then we know irealms the

Elms-X
when

he is unknown, we replace a by

Wx:
Prof. Mewcoll a certa are independent.

Therefore
Then we can show

**-x ↓filf - I th
Prof. First, we show - is independent of

3= w2(xi-XC? by definition of t-distribution.

To do this, we observe that if is independent EXAMPLE 4 (F)
of (4.2), then X is independent of g14,2).

14.x,-X, . . .,
Xn-F).
-

Then, consider

Y

= wt,E. ESX;)E(xi) + ECX?
iiiaraweeraaimWe claim COrCF, xi-1) = 0. To do this, see that

corsExj, xi) = ECExixi - ECEEXLENi

- E1X;)E(Xi)-EXi Rof. We know CSi_X2 a ls-X, and these

=Var(Xi).
are independent.

Thus X is independent of 82
Thus, by deft of F dist?,

We then show (SX. see that

El-ul_x: Eirsiesat Funan

Then

Exires"Esf.-F+F.oup =>sw -Fuelmy, as neededt

-2E1xi-x(F2)
-

So D

EstielExi-XII?e
mge: zzE mIt)

sinceforce ofani
·evil" x2

·Gammalt, 2)

:MaF= 11-2+,"E
Taking mats of both sides, we see that

11-2+E = MIt) (1-27
- E

and so

mct) = (1-2+
"

which is the mat ofX. Thus

Eis" - X2 = Gammale. Th

o Let

-Exi-II
Then

Wx



Chapter 5:
Limiting Distributions
" The main problem to be solved:

we are interested in the distribution of (K-M).
where X, . . . In are id. &E(Xi) =M, Var(X:)= 0
& F = =EXi

"

O We don'tknow the distribution of Xi;
2

thus, it is impossible to know the exact distribution

of v(K-M).

"o" Instead, we find an approximate distribution for

wi (x-m).
LIMITING / ASYMPTOTIC DISTRIBUTION

o Let Fulx) be the true adf of Un(X-M).

By definition,

*SK-N) (x).
Consider him Fulx= F1x), where F is a known

caf-
Then we can use Fix) to approximate Fu(x).

CONVERGENCE IN DISTRIBUTION: Xn9X (5.1)
" Let X, . . ... In be a sequence of has such that

↑ has cofFuCx).

Then, let be another or with caf F(X).

#F*Twasintest union

then we say in "converges in distribution" to X,

and write XnX.
"
D
2
Note:

① FCX) is called the "limiting distribution" or

"asymptotic distribution" of In

⑦

The fatof
X converges, rather thanisit

↳ we don't actually know that the actual on Yo

converges to X! We only know the ef

converges.
③ Iim Fu(x)=F(X) only holds for the continuous pointo

of F(X).

④This definition applies to both discrete & ctsrrs.

EXAMPLE I

"o" If

o⑪I T
a

-S

We note F is not its at X=a.

If you
want to show XnX, we are not interested

of Im Fn(a).

o We only need to show

W4":



EXAMPLE 2

ofmini-
b) X.17 & x

(n)

sole. a) nxc): support is [r.n].

Then the adf of nXc) is bxc.): support is 30, 13.

I
⑧ x10 When x20.P2xc(x)=0, & when xc1,4CXc,(x): 1.

when 0cXcl,

PnXc.2x): P(X, 24), oxcn. x(xc.) (x) = 1-4(Xc)4x)

I =1-P(X,x, . . ., Xr>x)
For ocXcn, 1, x3 n

=1 - #14(X1.x) (by ind of Xis(

P2X..124) = 1- PCXc7>In)
=1- P(x,st, . . .

.

XE)
=1- (1-41x.2x)
:1- (l-x)"

:1 - FCXK In) <by independence of
Thus

x; ( g XL O
I

=1-11-1)" In(x) = 0/-C1XC"
Therefore, I

#

0<x</

⑧*CuNc Ix): gOCIER,on Ther

I x > (

XSU S
X 1 g

S

Hence OCX1

dimpuXcex):get
X1O detexs=d I

X 3 I.
3 it XX O.

0 <x <M
S

I
S

x , M
This is not a calf since this is not right continuous

This is the edf of Exp(I). at X=0'

n (1-xcn1): support is 50, 1. Instead, the limiting caf is

when x20P(n31-Xcn)(2x(=0, & when X n, P(nll-Xnd(x)=1.
F(x) = S0,xc0

Then, when oxan, 11, x2,0.

PCnC1-X,nx) = P31-4cn)
E)

This is right continuous, but is not continuous at X=0.

=P(Xc41-1 *cn): Support is [0.1). Then

:1-PCXcm[1-4) ↑(Xcm) (x) = 0 if x10, PCXcn)(X)=) i5 x3,1

:1- +(X,31-F, . . .,Xn 21-4)
For 0CXCI,

4) (xcn> (x) = 4(X,<x, . . .

,
xn2x)

= 1 - PCX,11-1 <since X; are id)
-TX.2x) <by and of Xi)

=1-(1-4)"
=x"

Thus

/ o X1 O

:Fnlx=< 1-/1-ER'x10 Fucxs=dor OCX <I

OCX Cr

I
S

x 3,I

S X(n Hence
X I O

Hence
im Fulx) = /8 O (X(/

X <g S

F1x1= mFulx)=j
O

S

11. x >, I

11-e XDO
Thus, the limiting edf is

XC I

In particular, FIX) is the edf of ExpII).
Fix: 90

S

x >, I



CONVERGENCE IN PROBABILITY: XnEX (5.2)
j"let X,..... In be a sequence of rus

such that X has caf Fn(x).

Let X be another or with cdf F(x).

"T-x(ca) =0
We showed

or equivalently if EvEYEaniInternin-x1(3) =1

for any given 950,

then we say in "converges in probability" to X

and write XnEX.
Thus by the theorem, X.,0 & X,n1.

:"

⑦ Note that here, it is the convergence/limit for a EXAMPLE 2
2

pability rather than a caf (like in convergence
in distribution).

In particular, as near, In cannot be "a" away from X.orareridwith
in

the
coThat is to say. In gets pretty "close" to X as n+N.

"So, we expect that En(x) becomes very close to F(x).

4
Proof we could show this by deft of convergence

*

If XnEX, then XnEX: in probability.

ie convergence
in probability implies convergence in Alternatively, we show X,0, as that implies

distribution. X,,, E0

CONVERGENCE IN PROBABILITY TO A CONSTANT In other words, we want to show

ij"let X,..... In be a sequence of rus &

nimaPCX1=H=do.Itlet a be a constant

If

Hc-1)=0 Faso,
So, itx =0.P(X(y x) =0.

If XCO,

P(X,y x)
=1 - P(X(- x)

then we
say In converges in probability to c.

= 1 - P(X,(X,...,Xn>x)
P

and write Xn -> c -1 - FU(X,x) <by iid of Xis)

#"Let X,..... In be a sequence of rus with cdf Fn(x).
=1 - ((- (+

- 0)a+ 7-
Then, if

=1 - je- (x
- 0)yn

=1 - e
- n(x - 0)

*dO.Tro *note: we don't wet

Thus P(X() (x) + 1 as n+ N

to consider when X=c. when x50, x-0.0, s0(im-n(x-0 =0.

Hence

or in other words if the limiting distribution of Xn

im P(X(y X) =
↳ 0, xcO

is

as required. (S0 X(*0, 5X( 0)W
L 1, x3 0,

ie if Xnc,
then necessarily XnEc.

ii. In other words, Xn'c Xnc, where a

is a constant.

↑roof. We need to show for any as0,

P((Xn - c(z) =0.

Then, note P(IXn-cKa)<,0.

Next, for any 920, note

P((Xn-c + x) =P(iXn- x23ViXn- xx - 2])
=

P(Xn -ca) + P(Xn-cc - a) (since events are

mutually exclusive (
-

P(Xn>c + a) + P(Xncc -a)

-1 - P(Xn(c +a) + P(Xncc -a)

= I - Fn(c+ a) + Fn(c-z).

Intuitively, see that

↓Fn(c+ 2) =
F(c+ 2) =1

&

↓iFn(c - a) =F(c-2) =0.

So

↓yP((Xn-ca) =1 - 1 + 0
=0,

which suffices to prove
the claim. I



MARIOUS INEQUALITY EXAMPLE S
let X be a ro. Then, for K,K0,

we have
*

this bounds probability

Mars of x

oftacois,sixby a moment

SO11. We need to show the conditions for

WLIN is satisfied; after that the

Prof. Faeavfixa rotitrain
conclusion follows.

we note ECFnl:M & Varc[n) = In, which

are both finite. The conclusion thus follows

Ofor will theatre
and

eve
where
u

=E(X).
*

This is known as Chebysher's inequality.
WEAK LAW OF LARGE NUMBERS (WLLN)
:"
8 lt X,..... In be independent with a common

mean
be

a common variance of

Then

Exm
Prof. By definition, for any aso, we want to show

P(Itz,xi -u(cs) +0
as n> N

:) we know PLIE,Xi-M1 >a) <, 0

ii) So, if we can show

P(ItE,xi -x) -) = an

& Into as nta, by squeeze theorem

we would be done.

So, by chebysher's inequality,

~PCIEXi-MkaLEEEXi-MYEINR
P((X -(a) = 0 = t(E)

or
This

converges to 0 as to since it is fixed.
so we are done. 1

EXAMPLE

Pataiinter
So. Note E(Xi) =E(ZY) =

Var(z) + E(z) =1,

where zwNCO,1).

We can also show

Var(Xi) = VarCX,"
=Var(Gamma(1,21]

=(2) =2.

WLIN.Since E(Xi), Var(xil<N, we can apply

Thus In EE(Xi) = 1.
EXAMPLE 2

ouryi.
e

e

SHE.NoteYerEXiE.: YuryOnl
follows from the previous example.



SOME USEFUL LIMIT THEOREMS (5.3)

O letx,..... In be a sequence of rus

such that in has myMult

let X be a or with myf MCt).

CONVERGENCE OF MAFS

attiaFrenIf there exists an his such that

t) =m(t) Fte(-h,h),

then Xn*X.

CENTRAL LIMIT THEOREM (CLT) Previously, we showed E(Xi) =E(X1 =1 & Var(xi) = 2.

itetXi.....Yube idwith
common menand Then

*

note they need to be did!
Le+ kn = tExi
Then the limiting distribution of all

.FREEEx=EEEEEEis NCO,1); ie

Iwork ·OnidGridAYrFERREProf. We will use the above theoremto prove

CLT.

⑬ First we findmgfofUCM
meth

directly apply CLT to solve this.

Note

&snow inMult=e
+"2

for Itich,
where 40

#

CHF.

wEEEEEEEEEstEranMeNEEEEEEEE
cowwhichtobe
e

MAPPING THEOREM
Let Yi = EM. Then E(Yi) = 0 & Var(Yi)=1. it let go be a continuous function.

·v
i =v. tEYi Then

Assume Y: has myf Mst), & m"(t) exists for any "If irLX, ther gsYnc totheir
k

The mat of Exi = E is SLUTSKY'S THEOREM

Mn(t) = TMEc Cas Y; are independent)
#Let XnEX, Yn'Ea (or ynal.
-
-

where "" is a constant

-myc Then

8 xn+ n-X+a;&

= (m(E)) &XnYnaX
Then we know ③ Ea (if a F0).

m(0) = (by definition of MCt

m'(0) =E(Y) =0
*If Yny, we annot say

XutnEx+y!

m(0) =E(Yi= eg Take X, =... = xn =... =z -N(0.1), & Yn = Xn.

=Var(yi) + E(y)- Take x= z,y= - z.
d d

= 1 + 0 =
1. Then Xn -> X & Yn->Y

we want to snow an IMCrE"= e But xty =0 & Xn-YnwN(0, 2). So Xn-nPx+Y.

consider the Taylor expansion

marES=MtOSEFEmiConMorris
So

MimiEn T1 + E + 0(t)T"
= nt1 +CEY + O(t))"

=t2. (bydef of
a"

e

Since the most of the converges to that of NCU,1) for any

+EIR,

it follows that it No, I



EXAMPLE 4 EXAMPLE G

·RidPoiCulFind thelimitingdistributor
is

EFFEx:S7. We showed

an= wok
④(Un+1)

"

[nCl-Un)]
.

By wLIN, InM
Thus, by its mapping theorem, it follows that O

we knowwell(fromearliertieontothe~In UM
So, by Slutshy's theorem, &Since UnE1, so by its mapping the

-OurEFENCE-IEEEIntern
sinCl-Un)Esinc-1) =0.

⑤ We have shown

nC1-Un)-X, X wExp(II.
as nwi So, by its mapping thm,

Thus, by slutshy's theorem,

un =0a
l wso,1) e-n(t-Un)dj

-

Y, X-Exp()
- X

Let Y=e. The support of y is 20.1), as X(0,0).
Next, consider

So, when y50, D(Y=y1 =0, & y31, P(Y(y)
=1.

u =wn(In-1) =

e when ocyal,

x(Y(y) =P(e
-

zy)
En

Then EnENC0,1). So, by Slutshy's theorem, =P(X- - (n(y))

= a
v

=. vn =v.zn.viz. - Inly,e-Ydx
= [ - e-xjx

Then zvNc0,1)trzwv(0,u).
-e-inly) JulyEXAMPLE 5

Note = y

g(y) =d I

ocy=)

1 o -otherwise;*EEEEEEEEEEEEEEE
Thus the part of Y is

ie y-Unif[0,1].
⑨ Since UnEI, thus by its mapping tha

xn +Yn-x + brN(b,1) (Un +1)-2(1+ 1) =4.

XnYnbX wN(0,67 Thus (Un+1)"24 as well.

Then n (1-Un)GX, where X wExpill.

IE-vco,j)
So, by Slutshy's theorem,

(Un + 1)- [n(1 -wn))24X
Let Y: 4X. The support of Y is To, 0).

So when y50, P(Y(y)
=0.

when you,

P(Y(y) =P(4Xzy)
=P(X=1)

- 13/eYdx
- i - e-xy?y

-vittete.e30Thus the pot of Y

In
particular, yrExpC4).



DELTA METHOD
EXAMPLE 2

O, we use this to find the limiting distribution

ofg(X),vx(gcX) - g(u)).
·OleX,..... Xn An Explmean = 0 . *paf=tetre

Find the limiting distribution of

it suppose that wi(x -n)(X-N(0,0%, and g

is differentiable at x
=

M, g'(M) = 0.

Then %E⑭Iwerco,cg'all"or
④ Vn =wx(log In - log0).

How to understand this result?

E(Xi) = 0, Var(Xi)=0"< N.
using first-order Taylor expansion,

g(x) =g(u) + g'(u)(X -) + high order

.v(g(X) - g())=w(y'(n)(x-)) + ighod OFFEEorit
SO

P

↳ N10, 17 -> I <by below)
wn(g(x) - g(u)] = M).su by 2LT

d constant.

Thus, by "its mapping that,N10,
or Ifyoutane g(x)=Ex. by its mappingelse

j(u)N(0,04 =N(0,[gu))-oY,
So, by Slutsky's thm,

which shows the result.
d

otor,approximately ⑥... t.1F7
,

Idea.SiNEvECI-MLALUNCOUL approximate res 1N(0,1)
by CLT.

Thus, by its mapping theorem, if we take g(x) =0x.

What is the approximate distribution of Un107-N(0,04, where Erd10,1).

g(X)? #u=Nn(log In -log 8).
&Delta Method tells us that

w(g(x) - g(u))(N(0,(g(n))-or)
we

andin-a 10c0,021
In other words,

Take g(x) = log x . E g'(01 = .
g(x) =N(g(), or So, by Delta method,

vClog In-logo) INCO, CgO11"or
= Nco, or·EquindPoicus.Find

the limiting distributein

= NCO, 1).

soil. From poor
results, wi((n-n)(N(0,n).

Take g(x) = UX. By Delta method,

wh(vFn -vy) NS0, [g(ul>"of
where g(m)

=[x
-(x

==
Since ofit, thus Eg'ulT?.0"=.
ivInn -v)N(0,t)



Chapter 6:
Point Estimation
O suppose X,..... In are id or from f(xi0).

neither a pt for discrete us, or pot for continuous

rus).

"O Here O is unknown & consists of a finite number

of unknown parameters, ie 0 = 10,..., On) *

& could be a scalar (h=1) or vector (h>1).

egX,...., Xn NCMK),
then Oz, a scalar.

eg-X,..... In Ncu. s4, then 0=(m, 54, a rector.

-

we use column vector

in statistics (convention).

PARAMETER SPACE: O
*I is the parameter space; it contains all possible

values of 0.

eg' if X,...., Xn frm1): a =q: aqucx)

egif X,...., Xn EN(mir': (
=aM,nT - acuco, rcob

DATA & OBSERVATION
it IfX,..... Xn' f(xi0),

these are the data.

·

Let x,..... In be the observed values ofx,..... An

these are not random.

STATISTIC

A statistic" is a function of data & does

not depend on
0

if we denote it by TF TCX,..... Xn)

egX,..... An hour,
1

=>In = tExi is a statistic.

But

wn(In-r) is not a statistic.

ESTIMATOR & ESTIMATE

If a statistic TFTCX,...., Xn)
is used to

estimate an unknown parameter O,
then

↑ is called an
"estimator" of 0.

: "

&An "estimate" is the observed value of Ti

iet= T(X,
.

. .. Xn) is an estimate of 0.

egX,..... Xn N(M,1) & observed data cx..... Xn)

Then

In =hExi Can estimator)

in =tExi Can estimate; an observed

value of Fn).

Owe use o: E(X,...., Xn) to denote an emator
3

for 0.

eg In = tEx; & E(X,) are estimators

of M.

·o we may also write ⑧= 0(x, .... Xn) to be an enimate

for 0.



METHOD OF MOMENTS (6.2)

Oat XYu
be iid with of fix,on

LE,EorCZK CASErE, on,the
we want to estimate o =c0,..... Onl

f. This will be a "method of moments" (mm)

estimator 5.M, =E(X)
=M

Mz
=E(XiY) =m+ 52 EFEETRET

Oman.j= 1
. .
. . .
. be the ith population The mm estimator of ad or satisfies

moment. u,(i,5z) =i, i =hExi
Then Mj

is a function of otc....Onl Mc(i, oz) =Mz
=>

(i)+ Ez =tEX

outxi.jil.... n
Thus

i =x,d

This is the "th sample moment." v = tE(xi - x)-

-note i is an
unbiased estimator of Mj

- o is an unbiased
estimator of 8 if

F(5) =0.

③ Then, we want to choose estimators of 0

such that

Hooo....OnT = i.e
I will be the mm estimator of 0.

EXAMPLE 1 CI-D CASE

OLt X,..... In be id from

·ocolortoanno,5 for each of them

asr.= ECXiC...M
= IEsties

Then,

I

u,(5) =

itzxi .o=EXi=
I

b) Xi-Unifto, 0J.

Then M,
=E(Xi) =E &i = tExi

Hence, the mm estimator of 0. E, satisfies

u,() =π,
r

8 "Ex
Thus 8 = xi = 2.

c) The pat of Xi is oxon OCX21.

Then

n
=E(xi) =1x.ox-ax

- 'ox*ax
= ToxOty
=
E
0+1y

&i = tEx:
Hence, the mm estimator of 0. E, satisfies

u,(x) =π,
In other words,

a = i,zxi. =0 =x=



MAXIMUM LIKELIHOOD METHOD (6.3)

"This is the most commonly used method for

estimating the unknown parameter o

LIKELIHOOD FUNCTION

'O let X...... In be id with pt or pat f(xi0).

at (x,...., Xn) be the observed values of

(X,...., Xn).

we calculate the joint of or pdf of (X,.. ... Xn)

at observed value (x,..... Xn)

Opcretecasejoint part of (X,...., Xn) ax,....,x

t.Xn=xn) = 1.P(x=xii0
<since X, are iid)

onuouscase joint part of(X,...., Xl x.....4a

*+x,xxi) =

f(xi0)y
since Xis are

iid

if we use ((0,x, .... Xn), or simply L(0), to denote

the likelihood function.

That is,

(= f(x,0).
- the derivation is different in discrete vs cts

- but result is the same.

L is called the "likelihood function of 0"

Remark:
① "Likelihood" measures the possibility we get

the observed value for a given
o

②smaller (CO) indicates O is less likely to

generate the observed data;

③ Larger
(CO) indicates O is more likely to

generate
the observed data.

·METHOD Pich O to maximize LCO, ie pick of such

that it is most likely to generate the

observed data.

MAXIMum LIKELIHOOD (ML) ESTIMATORI

ESTIMATE

The ML estimate maximizes (CO) i

ofOFOCI:Yuto devote
the estates

indestinaor
LOG LIKELIHOOD FUNCTION

The log-likelihood function" is

No- log((0).

on= argwr(a) =0(ca1

INVARIANCE PRINCIPLE OF MLESTIMATOR

·Oat t=gIO). Then the ML estimator of T is

Ts,
where 8 is the ML estimator of 0



EXAMPLE.... In be in from

↑to an

Find the ML estimator of 0.

S1.a) d) Likelihood function is

(0,X,....,xn) = f(xiiM,5

<10.x......

Factorto Iwenttothe
Thus, the log likelihood function is Then, the log-likelihood function is

e(0) =cExi)logo-Elog(xi)) - no x(0) =log ((0; X,...., xn)

Then =- log(nT) - Elogco' exifull
e() =czx - n

Then

Set

e() =+Exi - n =0
-Eco =cxin? Otco. -o-EFFprote

Thus

8 = tEx
we want to find id of st

Then, note ↓ iten, or on Fies = 0

e(a) -zco; I for thena= an"ina 0.which shows 1 is concave, and so

This evaluates to

8 = hExi
is the ML estimator (MLE) of 0. MEETArt

b) X: A Unif50,0]. i =1, ..., n.

The likelihood function is So, the MCE of , or is

(10:x,...,

xn)=Elfiliottoexico
i = hEXi, o =Exific

& 0 otherwise

=(0<x;0).
= (X,130)(X,n)0)

u

Draw a figure. x(1) =,Yanxi x =mnxi
LI0)

since of is Thus, LCO) is

maximized atI ·deceasingerecte E =x(n)
:The ML estimator of O

oThe
O

*this is different
X(n) is

would be 0 in
o = X(n) =,maxi from the ma

this case estimator of O

x Xi idf(xid = oxo, 0CXC1.

Thus, the likelihood function is

cc0,x,....,

xnlTlfixthis
0-1

= oY(πxi)
The log-likelihood function is

e(0) =nlogO + 10 -1)log(xi).
Ther

id =E + Elog(X)
Find E that satisfies

e() =z + Elog(Xi) =0.
ie

o =
- log(xi)

Then e"(0) =- oco, so I is concave.

Thus o = - log, is the MLE of O



PROPERTIES OF ML ESTIMATOR (6.4

'O Here, UNBIASED ESTIMATOR

① We consider O to be a scalar (h=1) An estimator T is said to be an "unbiased" estimator

② We consider the mL estimator (a r.v.) of T =g(O) if

8

The supportofxdoes dependofre Foe.
X,. . . . , Xn

UniftO,0]. If EctItthenTis a "biased" estimatorofthe

SCORE FUNCTION: SLO

DECT)-T.
orefunctionona co CRAMER-RAO CCR) LOWER BOUND

"O If T is an unbiased estimator of T,

then necessarily
If the support of X does not depend on a

then

Bo. Hi,T = T(X,.....X
where is the ML estimate. MEAN SQUARED ERROR

INFORMATION FUNCTION: ICO) " The "mean squared error" of is

informationfunctionast &EEcordor varies.
ASYMPTOTIC NORMALITY OF MLE

*

I depends on x...... An i under some regularity conditions (one of these conditions

is the support of X; does not depend on OS :

FISHER INFORMATION: JIO) if O is the MLE of 0, then

theinformationsheiss on+8.] consistency

↳this shows is close to 0 when

n is sufficiently large.

inNutidfoxiosthe
en

oakErrco.Foreacand so

&wheretigCON &E
is the MLto re

FEEEroFora tocall
so that ECB = 0 & Varco) = nF(0) = 0).

&this is the CR lower bound!

⑤ Thus,

this is the information contained in one observation. tNct, asinc
Then J(0) = n5,(0); the information in n

so that ECT) = T avar(E) = col"asit
observations.

EXAMPLEI

ofaortaporoon is or Ih

SO1. Note

.<CO:Xi.....XuETHaFeeCE,XiClogo
Then,

=>S(0) = d) -Ex1 n
=>I(0) =

-d =x
So,

J(0) = ET110; X,...., Xnl]

- ECzExi)
-n.E)(i) =FrE(X,)=E.

Since varie) = E, thus Var(o) = 0).



EXAMPLE

·ReNECoENotocatEFtEEEEEEEEEEEE
31. O

Twin previousresultso
&t =PX, =0 =e0dance property of MC estimator,

⑥ wxckE=
↑d1: under regularity conditions (which Poico) satisfies):

v( - aNco, jal
As JCO1 = E =n5,(0) = J, 10) = .
So

wico -d?N(0,01.
Mod2: Use CLT.

*o-oncoll vicodEvo.N,1
= N(0,0).

④ r(F - 11.

modl:Underregularaccordionin
Then T = g(0) =e

-0 =(g'(0)) =c - e
-0 =e20

Alsosicoltfromearlierthe
se

method2:Delta method
is

w(π - T) =w(g(5) - g(0)) N(0, ig(01)" 0)
= N(0,0..-20).

B 0 =Fn = hExi
=>E(B) =E(tE,xi) =0

E(E) =Ece--(
= E(e

-hEx:).
Let T =Exi =>T-PoiCuO). So

E(E) = ECeTr)
We could then calculate ECeT) = M+(h), or

alternatively

Ece'TIn)=eE PETTreco
t =0

=eOzECEre
2

A good luck!


