


Chapter 2.1:
Introduction

QI Reviews for
- nbo\;\\ihj models;
— fondom  vaniables.

PROBABILITY MODELS
?" A “rn\u‘.ili}“ model” is used Jo describe o

random a.xfu‘mu\'-
8:_ T+ conssts of 3 <om?m+s'-
® e spece’ — *he coflection of adl ®
russ'.Uc outcomes of o random QTW. Bom the above 3 Fm]:ﬂrﬁes, we con derive the 'fb\\owil\j:
- we dencte the SAmrle sru \’J "S“_ o
e fossing o coin +wices Pof. Let A,=S, and A;l"\y--~_’¢'
AR, .. or ra;rwiﬂ muhmllj exdusive, o we Unow

S = $(dH), CH,T), (T H), ¢t 7%
@ E.l_,:\- — & subser of 4he WF\c si)uca_ S. ?(5A1)=%?(917
ol Ceg 0,8,0) b davofe  events-
cs).

PCR) « %_’?tr-\;)
i’=.]_

S) « S (o)
i=2

- we uswally use

e A: M doss is o il (wth S as eocker) —_ -
= = 4CTH), LT Tes) = S+ Z ),
® " Probolit hon” — o fudion of events T which ond 0P £1 by sefS.
sotisfies the following: Tt follows ot we must hove Ahat PPY=0, o5 mecded. @
Q@ ot ¢l for oy event R @ Let B be the “toMFlenM-o\-hmj' evedt of P e _
= . — P + convevtion, we use A
@'?CS)—I,“ ) AUAR=S & AnA=9. o complamntory e
@ P sotispies countoble addifivily Ten | PCRY + PCBY = 1
e & Ai-“] ore  pairwise, muhollj exclusive eveats, e _ ]
) _ Bosf- Lot A=A & AP, am A= @ V23
Sa holds - = ,  an
A;r\AJ x¢, *y, Hen this a\umjs olds B(j dl:ff. A: a: Ta‘.fwisz % :nuho\\\-j exclusive  euents.
Thes, - o
PV A;) = Z?fﬂi)
= =
Tf AuBn e poicuise matually  exclusive  events,  Hhen P(AUR) = ey + P(AY ¥ OF O
/\chssan'\:] =P(S) =P(a) + 7(A).
* =1
proo} ,fq\luuls- L7} .
exclusive, Hhen neszsdﬂ\j

“Finite  addikidhy”
@ I AL A e motually

CGRY, Al\ = 'P(AQ + "FLAQ.

Procf.  TF PP =0, then consider

A, ..., Ap  ond A;=¢ Viza. . Similer o ®-
Then - os ® In generl,
YA = .) = PA;
’F(i\=)|AJ S ’i’(.‘_k_)I A % J . Ba,U A = P@y+ PR - PANA).
: %7(\4;7 +;=Z«"?(¢\;7 P - Lat g,=A,\(A.N\;\i s ° Ay
- ?—_?(H;)- Bz: Az\tﬂlf\ﬁl\.
= Then B,,B, & ANA, or
B)

mhAn((J exelusive ra'\mise an‘\l,‘,s_
Note 4ot A UA = A UB,. A LB or maaly
exclusive;  +hus

PAVA) = P, UBY) *
Tuen, gsince A, =B, VAN A,),
Mu-holld exclusive,  thas

P = P * PR, NBYD.

Terefore  PLB,) = PR ~PANK). and 0
PR, +PUAY - PR, OA,). ®

PCA)+ PCBO.

& these dwo evenls afe

PLA,U AN = AR PR =

O ach,, e (7B <0
Proef- a. let Bf ANA By def2, 78 20.
'/ ’ A, & B o= Mu‘\"w‘b exclusive;  Hhus
P, = PAY 3) = PR +T®) 2 TA)

a5 needed. 2



COnpITIONAL PROBABILETY: Pcnl B)

? et A, B be W avents, whee P®B)>0.
Taen, e  Conditions) rn\...umj" of A ger B

_INDEPENDENCE OF Two EVENTS
Gt A LB be o events.
We sy A kB o " independent  iff

PwNB) = PepYPCR).

(V14

g(j Toss'mj a con $wice.
A= Moss s H = LRI, M

B: o™ 4oss s Hoz (T AL RO A
Ten PA:EL & P, &
RANB) ;5 5 = L 2 PP
Twus A & R ae iva.fu\&ud-
. Whea A % B ae indeperdect, then necessonly
71 B) = P
. _pARY  PAYRE)
AlB) = —enB) T
Pmna g { T = Peh).
BRNDOM VORINABLE / V-
?l A “random vesakle” is @ function  from the

e

M—mrlc space 4 R
X:S-éﬂl.

.9,_ We usually denote  mese via X, Y, elc.

8; Pr xeR, we write

which i an event -

Toss a coin jwice.
Danote  Xr= ¥ f heads in these 2 dosses.
“Then

i X=ok = 1¢TTY

ix=1% = RN AN

ix=a} = i}
Then ‘ xco D ¢

oLrel D {X:o’f

XExR = € | gx<a & ix=
[ i x=08 U & x=1]

~~

2¢% 3§
CumuLATIVE DISTRIBUTION FUNCTION /
__(:DF
@ The cdf of © cundom  vodable X,

\
denoted as F&), s defined o be

FC) = P(X£x)  Wxe®.

92 Some Frofu{'\es of FUO
© F is o non-decressing functiony
Yrea Flx) & Fexy).

@ if X &%y,

Pﬁnp. @r p=xex,, B=Xéi%. Then AEB,
So PIXex) 2 PCRER)D. 3

®‘ 1\::45 Fla =1, x‘_‘;:‘“ Fe)= O.

® Foo & e “rijm--mﬁmws" Fanchon; e

lim Fey = Fla) .
oot

®i4>ca<xes.) = ch-Fm.)

Proof . ok pzi X<kl & R =i Rgo), and
@t C=iacxsbl.
. ence b

“Tea BUC=A
Taus

?LX‘D :
and mnm:mj'mj j

® | Pexze) = Flo) - e FOR).

Pxe0) +4(.=L7K£H,
cyes the desired cosuwt: g

P(x=a)= 0.

[E3 if F is continuout ol a,
o Cie § # ®

it F i dis continuous ot nct

lzf!”ck]’ P(Xza) ¥0-



Chapter 2.2:

Discrete Random Variables

9 We Sa. is a discrete random Wno\s\(_

it con only fake o finde of counimble aumber

of values.

COF OF A oRV

A g " 16 where K can
Q| Weee tier o ) 7

. fole volues-
(E? or o Bfve WS df © @ rijM confinuons
2
Shf fumcho(\
$r)

ILITY PUNCTION
o Arv X s

PrOBAB
9 The probalaliby %MC‘\""" of
,;_q,mg.g 4o be

I>o,

L =g, otherwise

it K ooon jake volue *

fo) = PCR=R) F

guppoRT COF A DRV}
Q Tne S“FP“‘" of X is

e all +he Poss&\e values X con take .

PROPERTIES OF £0x)

¢
[z
XeA
)( K" Then

Vma? let A =
|-(ycg)—fP(U A)
'Z'Pm)
- S penes

[}
-
P
w
e
]

commonLy used DRV

9 Bernoulli  rv: X~ Bem(r)
+ake 0,1 as russ.lnle volues

- X con only
X(w,) =0, Xwy)21

- S:{W..Wal, and we ASiJ"
N q(X=I)' (-r:’?[X’O)

- A =§0a}
- fw) = Jlr x=0
0, otherwis
- we can vu\f:’ £0x) %0
ej Toss a coin, X= 4 of WeodS Jou ad'.
)(NBu‘(r), F:rﬂl’“““] we \7‘,’ o head -
6); Binomiol (v X~ Binlnp).
- bhgs o com +wues
- let X:= % of heads
- aswmr‘H""’
® Aiffeent Josses afe m&:fu\w\'
@’P(hud) ic ‘F‘“d
- suﬂnm oFf X=dol A
- Probabi "’_'] -funchen
£te)= PCX=x) = (% )r ll—r) -
3 Geomehic r.v-: X ~Geolp)-
- X:= H# of -ra:lud.s +he
- Azior ..t

- pox) = PUX=x) > (I—f),‘]o

woe £ 05 a rm\w\-ﬁ’y Forction)

L =l
ReR

|gf SUCeRSS

Cwe com

8 Nejahve binomial £v.: ')(~N33m(v,]>)

C Xiz fof foilues befor e M suceass
- A:zion, 8

8 Poisson f.v- ¢ X~ Pri(/u)-

- X = # of tweals in o coduin tine ru‘wd-

- A=éony, ..
- F(ﬂ:i:ﬁ



Chapter 2.3:
Continuous Random Variables

an

Q, TIf e colleckon of fhe rossibk. volees of X i
interval or R, Hhen we say X is a EXAMPLE 2
L. conknuous candom  vasiable”. @ Suppese e pdf
81 Nofe: ¥ X is o cev ifs ok Flx) is o Ccontinuews %
— i 1
fw\c\-'wn. and FOO s J;ffuurhohle olmost aijhm. fuy = { ., ¥l
- it is not d‘ffﬁuﬁﬂ‘:h -F’f‘ of most o (fl'll'h-/ﬁﬂw‘kb"— #* FAnd °, el
of rpinh‘- b -ﬁw what  values of 6 s -f o Pdf
- ) W) Flx)
8, The paf s defind b be 5y Prarex<d) & T(2eX<D).
D) fL)»0 Yk D B20-

j: foady = J_ foade+ j" fex1 dx
o

.—J’oo Fnax

S [.40T, =0

7
Fx) | i Fo ic &iff et X
o

otherwi se

SuPPORT
9 The ‘suﬂ»f\'" of o erv X is
Teis s tae  woa 070-
PROPERTIES OF fix) .
W) @0, m);j_’;m‘(.
i oxer D Fes g s 0dt =0

g: g 30 el
o X
A ST rm:j_‘ prerat

? J°° p
2 fedx = 1.
-0
g (% e s N ! =] mna Jlaoar
{4 x)dx = Nim FLO - lisn F(x) P v
-0 x30 PR j_,
= Hr1ab
!
x 0O N
= f b = T l-x e
¢« €

= { -0

-93 =(. @
H) Plaexed) s FB)-F) o g
= 2'9-3-9.
P(-2eXC3) = FQR)-FL2)
0

* for ey,  FF PUX=X).
2 (-3 -0
= |_3'0.

Lfla< X £b) = Plas x<L)
- Plaexet) = PlagX L)

[
i@ F is the CDF of X ~ Unif €
Fnd We pdf € FG&).

Ca,b]).




NORMAL DIST:LBUTIotJ

GAMMA FUNCTION * reer), €20
?; The “normol dishibubion” has Pdf

g The jumma fanction i &z.fmu o be
oo o~
re= ), x @ dx

81 Properties: !
@ () = (- n' N— Q’- Shfs +D vedly fis o p4f
0 2
@ © Chack j $60dx = | §  peo, o=l
® (Check J £Odx = when }‘eﬁ' 7 0.

GAMMA o:smmomn X~ Gamma(/, p)

? Twe  Gamma dishibution 1S defined b\\] e Pdf ®: e -2
o - b J_ﬂ-ﬂx)dx = j e T ax
X e f -
'Y(K) < r'('() Pa( j 2 dx ({\mz‘HM % 5\\jmml.hr'\cn| about he J—uﬂi)
x*
0 Let J.-—; S X—nﬁ? o‘)‘-——g :'i_‘j Then
[ '
W = Y5k
(82 VQ/‘\H +his s a rdf' j-w‘f 2J mz ::1 zd:’
) 1 P ]
H 20 M - — ) 5-1
E’zﬂ(f D ?\ o IxelR. j oy 5
D 5% fans [ a0 .
)dx + * - —(L
J ] ﬁr( .'l.)
._‘J-"L_&_ Ax i o ,(ﬁ') o
’ ”"’F 2 S AR
) “’" 8 .
‘"“’”5 - @ et 4- —”L_ = x> }uar .lx_rd!
ot F-"j D x= =py. Jx FJJ N JN | ~(x- _)1. o )
-1 Y 25 4"‘; odz
Than - C e . Amec e
Lus 'r'cv)J ———P el X = ST
_ L (e -t JA = J,,a st dz
T ore 3 e 9y -
it S0 o .
s PTY]F(G() s |-

WELBULL DISTH @ X~ Weibull (S, p)

The ° Waibull  dishibukon” d(finu- Ly e Paf‘

P" -(s )P
o = eF X260
, otharwise.

7: VMf\J f s a rdf
Pmra C(zarl‘.’ £(x)20 xelR-

B
o p Bl '(%)
Toom - o5
X Y —-)
et Y= (;) 3 x= 03/'3, J_xa%sp JJ.
Thea LHS  becomes

0 } o B . p-! -3 K
Jouforsss J7 Seghy o7 8 4
Pk i
= -3
o9 yP ey

:JM -9
e
©

- [-"15

."_1’



Chapter 2.3:

Expectation and Variance

DRV DEFINITION OF EC(X)
g‘ Suﬂ:osg X s o dv,  with Suﬂm\- A & l"f' £x).
Taen the "uro.chﬁw\" of X i awo.n by

CRV DEFINITION OF E€(x)

@ S“‘me X s a ¢, with suﬂoﬂ A & F"‘ £00.
( Tren e txre.d'ahm\ of X s given by

[729) :j_n xfoodx  if

|><lR‘x)d>t<oc
\/

Cnvcny p,[gfgrgu‘r.toﬂ
v The C"!‘L‘\j J|S‘Mhth°'\ is  defined Ba he fdf

|

&, v e
Fict, sez that

o LY
Jo s = )7 g &

o X (even fundhon)
< 250 TI'b("*') Ax
! Fe1) =
= [:.‘T—"(nlx * s
T ®D.

Tn farkuler, He Sspeckotior of X dows ot st

DRV EXAMPLE |
G Suppea 00 = Termy

x=1,2, ...

See Wt Pzily. ¥ Nok $ s o pdf
fina EX). - ]
g0 = 2 W = 2 X o
xen Ref
2
g T

so the erpectution does not exist
E(X) OF commonN DISTANS

Bernonllis
€y 2 xPUX=x)= OTPX=0) + \PUk=)) = P
xeh

Binomial: et
(I ™ outeome is twxes

=>X;~8 n (p).
Xi: (0, othawise. o r
M n
X = 22X
||
2 EX): E(iX) ZEM)
- Zp

'-'I\P

\:l&&,

* s aeds P 5'-

tx) = Toapd 4 ZInfn< oo.> 7 Sotisfied  for
xeh xeh (’.Kr(chhm\

i} this s wot sokisfad,
€CX)  does

not emsl— !

o ens+ !

TXAMPlE 2
G [ S X v pof
2« B X%

£exy=

o .

X<,

whee @0
For whit values of ©
anrd ,{—md €cx) ?

does  ELX) exist.

S012.  We waat to »Fi"\l 0 s+

o0
J IX|£(x) dx & O .

See that

(]
J7 s = er(x)Ax

- :

. (2 ®

° 5( X g dx

x
S
: 5 —5 dx

con \H-_ 9>l
Ecx) j _j‘:"‘ 0704

- O Y
} [—9+( x ],

= 6
o - -0+1
- 9
6-1 -
EXPECTATION OF FUNCTTONS OF RV
8 Su?rost X s a v Whet S ECjtx)] fr o ool

funckion 3?
©|DPRV:
Ery0l s 290 21wl < o0

'Unis 58

@ Cav:

EEJLXYJ = jm stx)f(x) dx f ja‘ \j(ﬂ\ {—LX\ L00.

92 i mear'\’r\J“ fyofexhj 3

FCAJLX) * W] = aE [j(X)] + \,EEMXF)




VARIANCE : Var(x)
g The voanance’ of X 18 defined. o be

Gaclxy = ELOWT, /m;cx).
= B - B

MOMENTS

K™ momenT ABOVT O
? Tve k™ moment oot O IS Eeet).
™ momenT ABOVT mesN [ CENTRAL MomENT
{? The WY momeat oabeut mean s E((x./‘)")l
whee = EWR).
ExAMPCE 1 X~Poil p
Q Let X~Po(/A). e fu)- /‘-‘—,!—e-". X70,,..e0

Rod  Vor(X)-
k3
Vac(X) = Ecx’)- CEex)1”.
o N
ECX) = —2— x- e/ L=Oh oot
R=0
[} X .
€)= Z x }‘—. Y
<70 x!
P % «
= 7 xx) "_'e/‘_‘_ ix/i—,d‘
x=v X rTO X.
= - 2
T prp

EXAmMPLE 2: GAMMmA DISTA
gi If x:v&amma["(x’&), +hen

) B (o)
C©)

Eext

()Era-- ND(’L a-1 e'%

X
ffﬂnl cenpY¥

)

e e 5

"‘u,_,__
E(X)j . Ay

(I)P
0 cu+°r)' —"
)

o
dx

= 5“‘ x‘uw‘n L r'(o(+h)|3“
0 r'(vfu)F'““’ r.(q,)Fcf

(o) E Cqu’—ﬂ 'l
: dx
e 5 Tlx+W) Puf‘Y
wma(tl, b}
k pof of X, ~Gomma B
O (+l) P

o)
e

r(wfu)El' 2

o)

:

Pros Jor(X) = E(R) - cur)
= F("(H)F Clort) g
cl ) ]
H L°(+|)Q’P7'_ a(?;’-

2

':p(F




Chapter 2.4:

Moment Generating Functions

"lex e a v, Thea e
“ moment jmmhnj fﬁmchov\ of X i

o\v.{nmza o  be

it exists  for tel-h W) where h>0.

ExAmPLE |
g. Let )(N&amm(\',F). Find  mM(E).

mee) = €t o X
X Q R

- 5"" 133
= e .
° r'ar);z‘*’

LY *ﬂ{'le -(i-—t) x

F(q/)F*’ -
appach -
appeech O L |
%3] \J:C@-é)x QX-_‘:_-*"j' a: T

Tuea 3 ¥l g4 =Y

MLE):J <"-t g e ) ' 4
° quf)Fq' ;‘ 3 9

2 r
(.I-pt) 0 34"' 2'3
¥ J &y
P o ()
(Eﬁt) ( > gamma funckon
0
M(L‘) = (-l—;-l:_)Y (we need -}c—;— fuf
P Mm(E) >0).

ﬁ[;ﬁmuh ®:

mit) =j“’ <

o -("-th

d
r'av) v X
|

——t = l—pt . r“(‘. 4

this is e
Mle) = ‘J Gomma LY )

° f"('r]P
) “’("le-x ./y %
o .
r RENY 4
) ( }) L ,a.
wl Kiyy

o -« 0 e
=Y L = Ax
F J cE (P
\———\/_/

- B
i \- é) | ¥
( s = ( I-F{—) .

(whece 'k<f'3—).

ExampLe 1: Goamma (ty,P)

EXAMPLE 2
G§Tp xRl gk mLe).
M) = E(e X)
= %zh. /ix—e—/

x!

e 2%
= e/‘Z(/‘e)

Py
R
- e/Aceb_;)
g s pake  VEeR
EXAmMPLe 3

g Find:

O Lt 2N, Bk Matt)

® f ;(~N(,J,a"). Find M (E).
O z~nNcon). ™A
2, _ (® 1 -
) s j_w e T 2 d
'ﬂ
j -\rz? e dv
A (-'H—) _t*
i .I:,—JT? e > dz

€ ,
e"J:ﬁe dz
vy — p4 NC1)
e L ) pAf F

2

=e

® e
XnN(}hJ"J. S 2= 7-‘%— ~ NCO -

D Xz prot,
> Y
> Mtz e’ meet) below)
- t St
e’
t+ &
A

MGFE oF LINEAR wMBINﬂTIONS of X

g’l et '“Jf of X be M, (6)
et Y= aX+h Tnen

bt
my #)= e mx(a{') .

FINOING MOMENTS FRom mMaF
% Surroso. X has  mqf mie).  Then

tw) &
BX) s M (o) Mu"“*)\

l) cl- C)Y ({-4"")
@ Gamma (o, p) has  mgp MU P F
Bnd EX) & Vor(x)-
_ amw)
Pof. €T T Lo oy
= <-~)17)C\-F+) o0
< 'YF
EO®) = atmi)
d\.
t +:0 o -
= ()l -a-1)(-p) (1-pt) ,{_,_o
T (X HR

9 VN’(X) - E(X")- E'LX)L
z cx(OrH)Fm_ (.(F)-"

T

z NF_



@XAMPLE 2: Poisson(p)
@ @t X~Poilp)  Find aq ¢ Vor(x).
Pﬁﬂ' M) = ¢

Ho)
2 E)= mlo)= pline = p
@y 4 Al 2 ald=)
> M @)-* /H_?_ *f/“')z
2 gx): m“’(o):)“f’l_
- Vortx) : ECR) - €
- /A
UNIQuENess OF MGF
g )(‘L Y Vave 4he same ij ‘ﬁ_ X % y
have Hne gowme Aishibubon;

e they have the Some CDF.

C‘KﬁM?LE {

Q X has mef ME)= e
® Bad mSQ— of 2X-I-
® Fnd EY) & VortY)
@ what 5 e dist®  of v?

Pog. @ M) = i o)
= e'*e ut,  —hoax

® goyy: my0d* e —*'“w

== 2 2ty
Ecy’) - ﬂ\; co) = q.:'*'*_ (40 e ]ho
s S,
\/cr[y} H E(y") -ay <= S .1 =4
ptoE

@mJFVJ\I:SEe

> Y~ NL-LY)-



Chapter 3.
Joint Distributions

JOINT ¢pF (34) ‘Io:m'r DRV (3.2)

? I both X A Y ore diseete rvi Hen

JOINT CDF
g Suﬂ;pse X %Y oce 2 vs- 3 ‘{'hu\) D‘: IOIM’ discrede v,
Tie it caf” of X Ly s ) OINT PF - . .
J @ The °‘"* PF of X LY is 3.\/!/\ 9
@1 This M,ﬁ.ﬁhon can be exiendd o VS @1 The Su,)ror{' et is given by

e x“-,

f: Feg FCx.UboE

X

Flr, -, S = POGER _PP.OPE&T.[BS ofF JoznT PF
L for this coure we ffv\'-l-‘.s w '\n'm(‘ edf 9 m

fe 2 rus )
= 1.
PROPERTIES OF JOINT OF ?

?‘ If y is fired, F(x:j) iS a non-decsast ijeHot\ e
£ « K ?3 -Z fixy) = ’P((x,J)eC)
CxJ)ec

i xd, Fixq) i @ Aon- decreasn nch on
et b 3 ¥ MARLINAL PP FROM JOINT PF

o. .
8' {rj lim Foe )= O - ? Let foxy) be #he joint paf of X &Y
2 x:?wf:[x’j): y> -0 ot Then  the a.(jmo\ rmlaak\\’_!’ -Fu\l-‘hﬁ" of X
39

- ; :yeyd & & xex
Tdeu. s xexd N 4Y 'L £0x) = TX= ) = P(X=x, V&)

i G - (i FC ) = ‘
93 x:;g chuj) Q’];‘* xy seZlR—FmJ) .
1w T ACARET K By verd, The "mwjim,\ fnwbﬂ”j Junchon” of Y s
+nen |
i = lim P(B,) = I
::-\3'719,3 V& gae I -{-’2(35 = ’P(\/=33 . P(Keoo, V=9)
We noke
A NBy © ByU By oy Deforgact o) = XEZ&J-‘O: e
ExamPLE |
(El‘ F‘(X) : ’P(XSX) : ul-‘-)':é ch‘:’) 8‘ et X k ¥ be drv with io'mi' rf

X+
F’-(U) =z 'P(\/SJ): xl-l)‘: F("'j) foxy) = “‘ff 5’ ”5’0'1'"' . oepel, gRI-p

@ Gnd W,

@ Fnk morginel ffoF o
® Fnd PLXEY).
So\"
® Note _ch\’3>o > kyo-
T™ea
(ky) = “p=
“%Mn,) ”?__o%r ‘
> (2 (Z ') =
= uﬂ(’ = k=1.
CI-]>\1
@ ) = PX=x) = Z{-‘cx,p = Zq,r p
= ”“Zr
,—,x . X330, ..

a0 -'?,r’ 5‘1 ljmmef-n’:
@ ot C=é_£x.u)| xeyf. 'ﬂnen
PX¢Y) = ’Mtx.J)c-c) 2 z 1,1;3*5

KoJx

= Zmrir

It n
W Ms
~ N
-0 —o
(Y R
N
>
. S
-
-~
S
__‘I
2
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TJoINT crV (3-3)

g’, I e jont cdf of (%Y) cn be wrttea as

0y
chrj’ = J J £C,9) at ds
-0 -0

Hen X &Y are "]oinl— wnbmuous  random vangbles”

. . .
with |mn§ Pdf .F{x,j\ q

2 Fley)
‘F“r’j) = dx }\‘j , i it exists
° otherwise

81 The surrori- sek of £ j""“" bj

A= {0y : fxig)>0f.

PROPERTIES oF Flx.y)
4

gz. _J-_: j_‘i £ dxdy = i,

?3 for any cagion C, we have that

PUXNEC) = j_[ £ix,y) axdy -
cx,_\pe_c

eq Tlxeg ok c=d0cq I x2y§

%.—/ J5 sexe axy

mj\ec

MARGINAL POF FROM JOINT PDF
g The .\mors'mo\ ])M—‘ Jor x" s giver by

£ilx) = J: F(xlj\ dy,

k the "mo.rjina.\ fd{- for y'ois jivu "‘_1

AOE j‘: Foxgdx -




EXAMPLE |

8 X & Y ae [oint crv with fdf
x4y, oex€l, O0&ye!

fuﬂp:({ °. otherwise -

® Show £ is & joint r‘(f;
@ Fnd l .
a) PUXET, vy¢3)

W PUXLY)
Q) PUX+Y ¢3)
& P(xY <)
® Fnd mg.:jinoi rdfs of X & Y.
Sl @ wWe note foxy) >0 VryeR. v

o e
Does J_ j_ﬂ{-u,d) dudy =17

This en(w.ls
! 1
J-D(Jo' Cxy) dxdy = ‘Lg'x;_\_ui)]x:o
. Jo‘(l"'ﬂ\ 1y
= (39437,

So -F i$ a ’-o;n'(_ Fd?-' v

o) '?(XCQ" 34-‘5) = PllxgeC)

i J(:lzj;lz x+y dxdy

|I 2 LN
SR LT

36
b) P(xeY) = j: jxl Ky dx dy \

] 2 y=|
2 Y J
jo [‘j"' —z_]:,:‘ dx
3
= jo‘(“';)-lxﬂ- ) dx

f
- j‘, Cras - 2c7) dx

1]
™
vi%

.
v
]
VI
—dJ

c) P(¥+Y¢5)
= 3 lz—“
J‘, ‘**\50 (xedy

% 1 93X
= ¥ ‘_:L
jo Y* 1)7,:0 di
= 2 , 2
J-o AL-x) + 5(z-0 dx
] L
= 2.
4) Pexye )
b, we ,le
PltxNen) J JKJ (xey) 4y
l/]- ) -

I3

= j‘;ng-" -5-;)]3:1 dx

i J’; (xe3)- (5% g'_xz) dx
2

3
Heaco PXFe3) = (- PUXYIeR)= 5.

4

= —> tnig is the

@ Mwﬂina\ r"‘f VJ X:
00
s YAy, oexel
0= |7 po 4y
I
=jo Cxvgd &y
- g2 !
- [_(x5+ ,2-)]5
= X*"";_, Dcx<l
Chor ote %, fx)=0).

{1‘3):3+i[ ocutl by sammq_h,"_



EXAMPLE 2
G e

-%-y
0 CK“j4 (<]

Foxyd = J ke

0 othewise

Le tne joint paf of CXY).
® Find k.
@ Rnd

ay Pexey, v¢4)

W) PlxeY)

<) Pxey 7))

® Rud  +he muj'.ml Fd{ Ff X kY.

® Tink +he dishibadion of T XY
812, @ fuy 20 Vx,sz-ﬂle) kzo.

Tnea "
J2J7 kg andy
J7 & y: e oy

x - - o
jo ke x[—t‘jjx dx

T
—
=
)

>
n
1
»®
[N
%

®
a) T(X.‘.-’g, \/5'3_)

- (' a  _x-
) j ‘*XJ 2e =y &y
° X

|/ - _ Iy
= ‘jo 3(:2: X(_c"j)]: dr

1/3 - a _L
= J, 2 x(z :—e *)dx

5 -ax 3 -x
J (2¢ - 2e°¢ ) dx
o

- Lo
- [‘_2 1ﬁ+ 2e ,_e}(]o!
2 .S -4
T (e s 2 ®)-(-1+2e)
-z -3 -5
I-e 3-2:1:'*'3.(’_‘_
b) P(XLY)
= _U fonj)b(xo‘j =)
K.E'j

) PUX+Y21)
Fiest, consides

A(x+y<t) = PRVIER)
18 ey
.L dx jx 2e * dy

= (h -x -4 =%
J 2" e, a

Wy  —x - -
:Jvizg'(,_'_: ) 4x

_oth - -1
- R 2¢ - Qe dx
'y
2 -l
= [—e - 2 x],
< I-e_-I z—l = 1-2"

R YRL) = 0= Px+Yet)

= 2e .

Cby const ruckion) .

qiven *=K Y U"“
ronge from Cx3)

. %]

@ M,,rJinud p4f of X s
F.l!\=n+tx5)d_, , x>0

“ " pogpa
« Foudy

= I

o
= 2¢7*(-M3 N

(since ;uff-r)' ¢ X s Co,20))

(since  given X, -th,5)7o <=y 3>x)

filxy = 2™ ’ xzo:
"\ujinal fdf of Y s

S = _J':‘ Flx,y) dx, y>0

= j: -F(x,y)dx

= j: lz_x_‘, dx

= '-N-_H[e_']i
= 207 ¥(1-e7?).
@ T=X+Y.
Sa.Prori- of T is (0, 00).

The ¢DF of T 1S
Fr(8) = P(Tet) =0
for +>0:
Frid) = PTEY)
= P(X+Y &%)
= PUXYEC)

=_j-+hd 4%
° xj, Fouy) 4y

if tso-

(since  given y, fixy) 20 > 0¢x€Y)

X can Nﬂﬂﬂ

Aom (o, 421

useful  technique !




INDEPENDENCE (3-4)

o4 For any 2 fv, we tay X K ore ’
¥ v 3 Vo indepedent FACTORIRATION THEOREM FoR INDEPENDENCE
Q‘ ® We can express
P(xen, YeB) = T(XeA) PLYEB). m
for ony ABS R, ® (et A donote  the support of (XY), 14 A, denote

E&UIVQL{NT DEFINITIONS OF INDEPENDENCG the SHPF#(' of X & leb By denote the suﬂwf of Y.
Then

Q, Let A= (-8, x). B7 (=00, 9 X\}GR
Then owur definition becomes Az AxhAyc ‘{cx,pl xee,,neﬂz'f_
= A
F(x,’) = Fx) Fz(j) ; & s o ur_hmjlc
=) e cange of X does not defu\A on the ~olug En]vl_v

and this is tue iff X & Y are mderoAAeﬂl— o Statements
Q Suppose XY have joint pF (discrete case) or paf <2) +he range of Y does not Jerend on  the vaolue gr
Ceonbinuous  case) ‘F(”’j)' % mujmnl pf /pdfs £0x) of " . Ly -
% ‘Fz‘j)' Both conditions are true iff X are independent -
Ko ¢ e ne d
Thea X & Y are indefmdeai- i Qn Lt £ &k £,y be Hhe mwjnl ?Fslrfs of X &
— Y, and  say they are iﬂdsz\m"
)‘F(Nj)': F00 £, ¢4 Vx,geR. Then 4hece  exist constants c,deR  such that
Proof - Take 3%:—5 of both sides. £(x) = catx)
PROPERTIES OF INDEPENDENCE fag) = dniy
. R
§ Ip x & Y o independent, dnea g0 & heY)
are 'mdefe;ndud' for any j,k. 6xﬂmm |
. ‘S uppose the joint gupport iS 0Ex ¢yco.
§ X2 Y are independent, Hhen KR Y are in g suppes 1
3 “ “ voee derzndmh This is not o f'_f_b'ﬂ\ﬂ.? thus X & Y cannot ba
However +he converse s not necessadly rue ! .'ndnfen&u\\' \'J e above / / :
9 F KR Y e indepandant, XY g ot be /
independent!
%  Consid , =a)=| 0.
9 qns er iL . : Pla=za)=1, 7Plaxa)=0 EXAMPLE 2: DRV
a2 &8 in ai R
Let rosest o g x+y -ZM
¢ let feg)=z —% Xoy=
[ with prb. ‘2 J gl y=0,1, ..
X=d ‘
Lo wim o b 7ex © e X & ¥ independent’
2 @ ind e inal &N
-n’\M X 9& \/ are no’]’ Mdefmo\ﬂlﬂ', 'md’ X gu \/1 an F\V\ " M/j"‘ PFS °F x /
3N, l.'\AM‘]’ - -
(H . @ fogz Let ple
s P(X*z1) = PLYE) =1). oot
_ ~M 3.\/4
._fXBMPLe | CDISCRETE) CILE )% kc5>=)'—"—, o fingd =gk
?, let X & Y nave io',M, PdF' Cso . . NE
condifion (@ is  setisfid)
'F(X:j): 17-Px*'ﬂ , K.j=°|': l Ther;, nete  the rm-je of X  does not dzfe,ul'-w\ -HIEJ
We showed value  of Yy, and ¢p +he Sawnd condition  holds.
XZY are dent
{.(x): %Fx' xX=0,1, ..- @ @ ﬂdl_f-u\
£0) = Cstx) for tome conshnt ¢ * orollary of e +heorem!
‘lej) s irj' -J-_‘o,l, oG ,‘7"'/" J
- 3
Thus < x!

We know fix)z0 ¥x D €20.

foxey) = 4.0 £3589 Ve yeR

Tnea,
and so X % Y are independent - S feo = ZC )4: 4
engPl.e 2 (un‘l‘_‘[ﬂuws) xeh, ,’
T ot X &Y hew joint  pdf & i -
=e ’_\_/ pf of Poisson ov-
¢ & e(n=l.
0-)"5&‘ Thus » o esl.
ohherwise. $.00 = e e
We  sho _ X! -
e showed US"‘_‘] o Similor )>rv°f',
iR = xeg, o hi) = duty) = ey
‘lej)= J+-'il 12930. '
Thus

+[K'5)4‘GCX)FL(73 i§ Oexel, Ocycl,

and so X &k Y are nob -'nde’oemlm-}.



EXAMPLE 3 : CRV
Q’ X &k ¥ hove iom} r&f

Ly

Flxg) = Sy-at). -I€xSH, peys.

© Are X & Y indefuduﬂ-?
® Find  the Mﬂljiml‘ rd{ of X &Y.

® e+ j(x)= -x* & hey) = 1.
D foeyd = J“)MJ) (so condiion @ is hwue),

The m"j< of X does vot eltf!nd on the ~alue

of y (so condition @ is Hhme)

® fu= cgx),  supert o X =00

f0%0 VYx D ¢ %0-
Then
1
JN fulx) odx = Cij (-5 dx
-0 .
3_1
= ¢ Cx- %]-l
"—3a| =1).
.'.c|:3lq.
":(()0= %([-x"‘).

faty) = ca hty), suppert o Y i Coul.
Then l
Joanpiy = ol Iy
1))

. -4
T

Ry = %3;3 - 2.
EXAMPLE Y \

? Surrose ‘H*':ﬂ is constemt oV I
the cegion A, Sey -

F(x,_\,) =¢Co-

> JS foay) dxdy
A

2 Ceﬂl-h’d’ = 1.
A

area of A
2 G (-1—;_) =1 co:%_
2
Taus  Foxyd = .
O A X kY ;nderu\du\f?
® Ea £ & faly)

[ 1, ocxel
. @t 300: 10, sesise » %

lylel

® f(xl.j\=

Bu"' See Hhat Hhe mf\se D{' X 3.--__".]
the volue of Y-
l.efuuis on e \Jl- i
X kY are nof inda.fmiu('- Y

o dd 4

, otherwise

® ranjz of X 1S Co, ,ﬁ?:?—]_
filx) = J-_n Fouy dy ogxel

N—
Civen xeC013, we know the support of X Fluy) >0 here

possivle. values g can doke is LI iR, Ih

=>ﬁ(x)=ij'l_:‘_; 24y e LI <)
S'::;;j: J_:#txljhlx ;o ogeCLn] support of Y.
Civen yel-,1], the ponible velues x o
ke s xelO, .JT—Tf].
i){(\-juk ) dx = J@-FMH!
297 I T . y



JOINT EXPECTATION (3.5)

Q Let htx,v) e a livanate fwndrion.

de.fing the "io;ﬂi txrcc{nh’w\" of X &

Then
Y 4o be

we

Z Z hixy) fixy)
ECWOX,Y)) = J x g Ty
l JJ k(x.j)f’“k,j) dxdy
R‘L

PROPERTIES
g Lineadty:

]E(aszx,vn Lh(x.Y)) = aE(acx,‘l))+ LEW(XY)) . !

?1 Tt X9 ove independent, fher
Elxy) = EX eY)
EquohY) = € (40x) EY))

+hen
E(fﬁ'h;(xi)) = ‘_Fjrleu;(xn) .
ie i=
.COVAVJ.ANCG Cov(X,Y)
( The covpvionce” of X & Y s olo_ﬁneJ 4o be

Cou(X Y) = E(XY) - ECX)EC\/)
= €(CX-E)) (Y- ELY)) .

Qz It X & Y ar ;,‘AQ‘PMAM-), then  Con(X.¥) =0.
By Also wote  CovlX,¥)= VarlX),
VARIANCE PORMULAS

Q\ Var(aX +bY) = a2 Vor(x) + b VarlY) + ZahCnv(X-‘lq

?1 Var( Z a; X;) s zai‘ Vo (X)) + ? q;u‘i Cov(xi,)()-)_
=) = \ J

Q; If Koo Fn 2R 'm&zfg,\,\m{., then

\/u(iam i« Nar (X;).

Eﬁﬂﬂ\f(ﬁ \
Surrose the ,O'ﬁ" rf of X & 7 s
xey -
x!:j.' .

Find  Var(2X+3Y).

forg) = 2

% y=Oul e

. VorC2x#3Y) = WVer(x)+ 4VaccY) + 12¢ovLX.Y).

Toke XY ~ Poi(p), s° -\hnl'

rf of X, Jb()_ /‘ e( X201, ...
3¢ -P
rr’ °t Y hCU) : /‘ 5=o,l,... .
Note H""J)’SL““"[‘Y), and +he surfor} of (XY)
s indgpendent of the mnge of X, ond S0 by

e facdontation theorem X & Y am indzfu\du\l'-

and  So

~ Cov(X,¥) =0,

Vor(ax+3y) =  WVar(x)+ Var(Y)

- '-UA+‘1//.
= I'S/A.

(X&Y ore joint discrete)

(R &Y ore l'-l'n-\' conbinuous )

[* WA 3

EXAMPLE 2
Q Suppose X kY hawe the  joint fdf
Xty, osx<l, 0¢ys!
;[,I‘j\: { Y
o . otheswise -
[Pnd  Var(X+Y).
Mod 815 Fish, nofe 2!
foae Mo ost g ﬁ%u”" 2
lo . otherwise LO
Then
1
E(X\:Jox(m--'i) Ax = ] ‘\i'b
kN ]
E) = 50 X'Z(M-";_)Ax = . = Ts;.
Ej sj""“"*"ﬂ- Ey) = %‘-}_ L EWY)= il
Then
Cov (X, \I) = E(X‘/\ - E(X) E(Y)
T we aced o find this.

L EY) - J' A;J xq Cxrg) dy

3 R
5[” %]' 4y

oty v
-jo ';"";"‘5

2 3
= J
(L+1
- L
3-
Thus \Iof()(f)’) = Vor(X)
2
94
Method H2:

Support & T ® Co2].

Consider  Fpld) = Pixeyet).

+Vor(Y) + 209 (X Y)

Let T=X+Y 2 Vac(x+y) = Vae(T).

_CORRELATION COEFFICLENT @ €CXK,Y)
Y ™e corvelation weffienst” of X %Y @
(’CX,‘/) . Cov(X, Y)
JVM(X ,’Varl*ls
PROPERTIES OF ¢
Proof-  Suppose K=llyen, Kn), 4280y 90,
Reexll *he inver rndud‘ is
43‘153 = z*iﬂh
& we unow lex,y>[¢ A}q,x)’,,]?rj,
CCauchy's ]“214.“'(-:’).
We can wiife ? in  the 1‘1:“'\ &
. . <X, X0¢,4> !
" Jhe )I\‘Z?!/All'l:jl ‘C(XIY)I(‘] 39
.Q No'h_-.
2
O ¢ e(x,y).—,| = Y= aX+h, 4>0.
a<o.

® x¢ (:()(:Y)=-| > Y=zaX+bh,

EXAMPLE |

%= &,  where T Neo,\).

Then f(\/,q-) = 0.

So

0&\15]

othowise.

by



EXAMPLE 2
Y [ar

otherwise .

Find RUXY).

Varl¥): 2 =Varly),  CovlX))= v
- gy \
» plX,¥Y)s —m =
ey AT "



CONDITIONAL DISTRIBUTION

JOINT DISCRETE ¢ASE
.gl et X, ¥ lbe io;.\k drvs  with io;m— r§ f'("'\j)-
Then +he " conditional pf of X givea 7=’“ is

£lx, )
‘j#\j) = ?:.—:3_:; , fapro.

The  condibional pE of Y given Xex" s

fexy)
f2.041x) = ™y £0)> 0. {
fi(xy

?1 We can prove  filxly) % filyle) are  pfs.
PV_LD{— © Fishk We Aced fp  show -F,txla);o VxeR.
@ Then, we need o Show iﬁbdy):I.
X
(hoof for £lglx) s symmebic.)
JOINT coNTINVOUS CASE
Vot X &Y ke jom cvs with oot paf
£ory)-
Then -he " conditional rd.f of X J;vu\ ‘I-g Y s

- flxiy)
filxly) = o t’) £>0.
21y !

The  “condionsl pof of Y given X=x  is

falyln) = fvg) £ex) > o. {
fiex)

92 We can also  Show Fhese are rdfs'v

ot s

(0] £i(xly) 2 0 VreR , f,(yix) 20 Vt’emi %

o o
® j_n-ﬂ(xlj) dx = J—m falyhod 4y = i

ExameLe |
Suppese

ng , ocjz.%'—l
+(flj) <

o . othecwise.

Fnd £\ & £ oyl

- (% x AT
Sol?. &lx) = j_m -F(K,U) dﬂ ) Jo g,gy&:‘, . //",
s G, K€ On X
) . VLo
‘Fz_ctf\ z J—_n -F(x,:j) dx = j g)“:’ d_'f y .
j 0
3 "hJ—‘hja, 55“’:'). !
Then,
£ xlg) = M ye€o),
folydy
Pxy
= — el
R

N dnis s e support of #hig
condiHonal  dist?.

-
Similm‘(g, femember y 8 fixed.

£(x4)
( B
‘F:_ 3')4 'f:.(j\ xeco )
8)(5 since othawiSe
O¢ys X 20.
s Y flx)>0

(sine  otherwise, f19)=0.)

oexy< !

otherwise.

Gnd £ (xly) 5 fatyind

Sa1f. We found L) xed, xeCod & fl=y+3, yelodd.

£~y
[AC))
x+y

yry °

3 £xly) = el

xelo,d.
S;milw(yl

< M xe Lol

‘F;_(al%\ = 5,00 .
Xty

L, yero,ny.

x+y

2

ExampLe 3
0 Rty

§ o = Oy S RATTI s
Fad  flxly) &k falyln).

Self.  we found
i) = @f*, X=0,l, ...
= qpd, y=o.

ea
(%
'FI(X‘H) < f Fj) ) Y=0.0--.-
LA
x cqpt T AG), xzol.-
.y
‘E\_(jlx) = ﬂ ’ A2, 1. -
£

= 1—"" ~F‘_ll’\, YT Ok

USING CONDITIONpL 02ZSTA To FIND IND

?, X & ae independent iff

USE ConDI
-{?" Note 53 dl.fhi’ﬁom

Flagls £ Faly) = falyld- RO [

Examoe DISCRETE
G (et oy~ i) & (XIYsg) ~ BinCypd-
£
@f Yiz & of Shudeis going o TimS  in one day.
X:= # of famale chadents amon§ Y visitors.

"X}
We could s'fgculnlv. XNPo.‘(ﬂf)?
Note

fixy) = A (xly) 'ley: . Z_/‘ 9 )
9\ xR ) 20,0, 00 Y-
i (x ) P a-p ’ g * 9
] =P Y

_ b o )ﬂ-x e
RETTETH S L

4= o, ...

Given @ rar}itu\a{' X,
%gy<e®-

'F‘(X\ = ‘Fb"‘j)’o o

z
b
ol | x y-x -m 9
i x!(j—ﬂ‘.r (l_r) e r
M4 x | y-* 9

Y
= e r E‘(v—)‘\!(l_r) /‘

@ 2= y-%- Then +his  bewmes

. e r/‘[e,‘u—r)] ; e_—,‘F(/Ar)K

=!

%
hu\ol' urao\s\w\ of e

EPENDENCE

TIoNAL DISTN To FIND JoINT pDISTN

(So K Par (/ur)) .



EXAMPIE 2@ COoNTINVOUS
g @t Y  have pof

w-l_ -y
Ll —— 4>0
)
e Y~ Gamma(,1),
be

Lt the condfiond pof of X givea Y7y

1.>OI ‘J’ o

-xy
£ilxlgd = ye

Gad  +he MQﬁ\'nﬂ\ rd.f of K.

Poxg) = Filxly) £1y)

Sol®.
w-1 -9
oy e x>0, 470

=3¢

ccy)
9 - (xe1)
e
ra)-
The Cuﬂ”d’ of X is (0,08), given
Thes  for %20 ¢

[
= £,y
£0x) J_» y
o -ty

) g e
: 5,, e 4y
) ' -5

x>20-

X
e\l for &ammq(%P)- he Pd(' is r@)pY -
\ Then P * rote +his
@k Piya, ¥ = atl. Jamma
3 -9 N
o I B P("(’) o(" ‘i’hc‘l-,.

o
- Y e
J. Ce) pet I

-
-
z

'

S—— .
f‘*f 1 Gnmmn(ﬂr,};)
= ] [l a+l
re)

q’
R = P x>0.



CONDITIONAL EXPECTATION (3-%)

g. Note £,10 s a pf F X 2 Y are ‘o;,“. discte,
. ko a rdf if X & Y ace ]o‘m"’ cornuous.
g So, we can dq_f‘m N etrq_ch-}im wet fz(gl&).
?3 The " conditional wruhﬁov\" of 3(‘/) given X=x
S dﬂ.{\'ﬂd L'_‘]

S %3(35 £lyln), Y is discete
€[N | x=x] = ¢

o
LJ gL Syl dy Y s wonhnuows
-

wWe need to check Yhe rcsrechve urgdnﬁms exist  first
Lef’fe ca(wla‘ﬁﬂj +hem -
(e using the  absolute volues )
Q'q We ace nterested in:
® ECY %=X
® War(Y1%=x) = ECY) X=x) - [E(YIXH\)}‘
® ECeT %0 -

CoND. EXRPECTATION UNDER INDEPENDENCE
g It X LY o independent, +hen

eCgN | X=xJ = ECaN].
ECW) | Y=yl = ECRNT.

?,_ In pacticuler, Hais implies

ECY) &

ECY | %=x) =
Nac(Y ) X=x) = Nar(y).

SUBSTITUTION RVLE

a Note that
\ Epno )| Xexd = ELhG,Y) | X=x 1.
Ethu ) |

——
o' ELXY | Xord e
univanate
= E[.,\.\,\le:*] it s only a func’l’ivn
= ELx¥er)s ECYIXEAT o Y-
: x¢ ELY (%=
ey E(XY | %=x)
s Bl X=%)
N SIRSE
9 See hod  conditiondl uru\-a\ion enjoys all

l:vvre;-hts oi‘- notmal errec\-nhOn

EXxAmeLe |\

g

2x
ol We dound Hut 40dy) = ey veyel
Thus
ECXIY=y) = j_& fi(xlg) x dx
= 'oax
jl‘l "y x dx
2ol |
= x
]\‘J
\-33
- Y 0 <y«
Then 3 (“3 J
] 2
EOCTY=g) = y* dx et
P =) Aoy o<y
- J‘ 2% x’-n*x
g ! t1
_ )
- [ 5 -
= 1. |_J" ""j
2 (oyr ©
Hence J I

et
(eny . ocyxel

-fbs,a) =z
1 o , oterwise .

Rnd BCx1Y=2y) 3 Var(XI‘l::j).

Var(X[Yzg) = EX[ Y=g - fetxlylj)]l

|l (3D

EXOMPLE 2

.?' Surrok ‘/NPoi(/l), % ()(|\/_-:’) ~ gi“(j’r). )
Fak ECXIY3Y) & Vor(Xl¥zg).

Sol®.

ECyLY)

JLXL‘.

We krow ECXIYz9)=yp & VorCXlyzy ) = $PCIp)-

(x]

'gl'- We define the candom varable

Secacy)l X7 = (X)),

where

l he) = ECgeNIx=x]. {

(it s o

v since iF iS a ‘fhncﬁon of X, denoted

by (X))
91 To find W(X), ue do

® Find

ECaY) [ X=xD= k6.

® Replace it X
D Y~ Poil), (x| Yzy) ~ Binly.p).

Theq +o
® Note
@ Thus

find ECX1Y]:
erxiy=yl = gp-
ECx|YI= YP

DOVBLE EXPECTATIoN THEOREM

§ Note

eCyn = E[EGMIX)]

ey EMY) -

'9 Note alsd

€L, = ELE(gxMIN] = ETE(GRNIX]. ‘

this i cHon o
eceixy oo funchion of X.




EXAMPLE |
G et I~Poilw
Find ECX).

% (%] ‘/=J) ~ Rinlg,P)_

soi.  (Rest method: coleulate X's dist?.)

We instead use the double exp Hheoram.

BX) = eCetxiNI.

Then, note ECKIY =y 24P, 0 ECXIY)= Yp-

Thus
grecxind = ELpY]
B rE[‘/]

a3
DOUBLE EXPECTATION THEOREM FOR
VARIANCE

Y Note thot

‘ Varly) = EQVarcY1)] + Var[E(Y\X)rl

Hig ic a v, os i is & Junc of X
* e “I’F‘j a Similoc --+wo-snr" method T f;,.a
Vor (Y 1K)
ie © Culculate Vor( Y] %=x), & ® ﬂeflnm x witn X.
EXAMPLE |
?' ot ‘/NPoi(jA), (Xl‘/:ﬂ)'v Bi"(51f>'
Find  Var(X).

Soi.  Var(X)z ELVac(xIN] + Vor CECX1Y)).
Note  Vac(x\Y=y) = wpUi-p)s & so
Var(X1Y) = ‘/ftl—r)-
We also know ECXIY)= Yp-
Thesefore

\ar(X) = E[Yr(l—r)] + \/ar(YF)
s pU-pECYT + r"Var(‘/)

r[I—P)(/A) + r’(/ﬁ)

= PR

QNu'l'g_'. We showed eorlier Hhat X~ P°;L/‘F)' s0 we

would o_x(aecf Var(X)=/Ar-

EXAMPLE 2

G [ar X~ VUaif L3, YI%=x~ Binliox).
Gied ECY] & VarlY).

S—

Seit ELY)= ECECYIW)-

Apply the 2-tiep method to  find ECYIX):
® eyixs) = lox, o @ ECY[X)=loX.
Then

E(Y) = ECIOX) = I0ECX) = o- % = S
Similo-dj,

Vorty) = Vor CECYIX)] + ECVar (Y1%)].

= Var(1OX) + E CVar (Y1),

Note VarlY[X=x)= lox(1-%), so Ver(Y]x) = 10XO-X).
Thus

VorlY) = VarCioX) * L 1ox(1-X)]

(o Var(X) + 10EL%- X3

16% Vor (X) + 10 ELX1~ 10ECY]
- 10’ Vor(x) + (0ELX1- 10 [ Vortx) + €Y' ]

= 100 - ':_1 + “-’('I;_.) - ID("IL;__ (‘Ii)m) .

2. We wuld also cakuloe ML)z By firsh

Then oy &
tle ) = ElEete | x)].
*-y

Ash  note M =x) = Xty ey 9
note  Ele [X=x) = Ee ) a-p

+ *
- Cra +((—P)] .
+Y
Taus  Ele " IX) = [r¢£+£|-‘o)1x_
T—‘inallj
N X
mk(e) = Ec(rﬂ. + U-PD 7

¥

oy
- t x u N
z Z’_Q(re +U-p) - T e

- % (/dte*-l-(l-f)))x
X=0

x |

- e_—/‘. ,f( ) a:)ﬂ[r¢++“‘f1)]
= -t zf (1-p)
e M /:Er 4 0-p)]
(e —I)
- Q/Ar ; So ot X’“Pbc(/,.r)

Lj uthvu\ess -F MGSs -

We con  Hen use  this P coleulate EX) & Ver(X).



JoINT mafFs (2.8)

? I X & Y are dwo cvs, then the lomi- ma[,“
of X &Y s

F ML) exists  or g1 <h, & IHich, fr
Some hl,“\:) 0.
MARGINAL maf

g Given MUE,4y) is  well-defired or Itich,, Myl ehy,
then e “w\o:jino\ mse" for X is

LR 3
M, ) = MU, 0) = Ele ), Ihlch.

The "mm-\rjinal MJF" for Y s

X
My(+1)= Mo, +,) = ECe ™ ), I lch, .

INDEPENDENCE PROPERTY
Ql X & Y are indgfenduﬂ- £t

-
[_m(+.,+,_) = M) M) l

provded M, m, & My exish
exAamPLE |

9 et -Glx,_lj): c_ﬂ' Ocxey<e-

a) Rnd the ioin" mif of X & \/
L) fre Hhey indefuldm\—?

4%+ Y
Solf. @) Meh,b) = Bl 7).

E 55 eh"” b ‘p[,‘,”\ dxd\-j

ox+ty
= J\g e e axdy
(xqeR

i 00 4 x4 (k) y
< |
5., o jx e dy

x this is only fintk
—_— .
\_/" W +=._| <0 ;
Suppose 4,41, Then g bl
0 4w | C'\',_-l)ﬂ o
M) = [
uty joe [*1-Ie ]x dx
Il L S )
- e X
- .
o V-4, ©

S j"“ Chata-Dx
‘_*2‘ ° € * His s on\y ,fw\r\-e

P !
— \/ i titty-l <0

we also need l—(:2 >0 o 'L'ZL‘r for +his ho be
[N .
Surrnsz +4& -1 <0, Then Fosrh\/e.
{ \ (et -lxo
M, ,+ = _—
+| 2_) ey ['*l'“L" e ]‘,
- ! 1
Todmty gty 0 b, Hrb el

b) Then, see thet

. =4 20 5) £ 4]

(
My le) = Mk0) = T

Mylk,)= MO0 H) = (|++§1, 4,50 D Hel.
Then sina MOt &) % M I MyLEy), it follews et X XY
ore  not iniqfu\d.e/\{-.

(This can also be seea vie the -Fad—uhaqﬁu Meoncen,

sin@ e ioin\' surror’r s not o« mcfunjle.)

EXAMPLE 2: ADDITIVITY oF PorssoN
VARTABLES
4

ter X~ Poi(u), Yo Poi(/l,_) )
Assume X & Y are independent
Tnen show X+ ~ Poi(pepo)d.

son. let 2= XY, Then

mow = € %)
T EC P_HXPI)

)
+x+€‘/).

Ele
s MyH’) Mmylt) | sine X &Y ae ;.\d,p_fudud'
= Flte'k‘l) )lzll.*-\)

e - e
- (I‘I"')‘z)(é_l)
e

%o Lﬂ uvﬁ’vlﬂﬁs of MJ;S +Hhaus %=(“+‘I)NP§?(}A|+‘)41),

as veeded.

g



MULTINOMIAL DISTRIBUTION (3.9)

9. we sag (%o Ki)  has “mulbinosicl dishibubon” if
Wt has io;n" |>wF

nl % »

— ‘-.-
\ﬂxll---, Xu) = PR, e K k) = %' Kut P Pu

where % =0, 0,0 % i" =N,

& periad % Zr.-
and  wite

(%, ..., Xa) ~ Myit(a, Pes e ru)J

QZ If =2, +hen if

# of successes

# of foilures ,

then (X, %) fotlows & mullinomiel dishibution  with p,

be'\ﬁj He  sucass f"'"“"-‘mﬂ'
JoINT Maf
et Choe 0 Py
Then +he jeint  mgf s

£X 4. 4 *u*k
N\Ucu---,'{'u) 4 E(el I )

+ e n
JCORET IO

MARGINAL DISTRIBUTION
.gll Su”»st (K ooep XQ) ~ MuttCn, f..- fu)

Thea
Xin Bin(n,ri),
for izl W
w_lmj'{ Suppose we .jsn.snlg the oultomes tu
Ysuccess” = i™ outcome
Vfoilore” = anything else.

Tis would  give o “Dinomicl  dist?.

SUMMATION OF X;
Q Tz Xie Xy whese (X, X))~ Multla, pyec) pud.
Taea

w_hj? we can use o Similaf r'nOF }o 41e  above.
(et
SuceaqS 1= ™ ooc im sulromes

"":)H"i"‘j else.

Alhmahvely we can find the maF o T
X +X )
M) = Ele LD
- €X;+ £X;
= Ele D)

WLOG, et i=! ij::_
Ia rar-ﬁculﬂ, See  +hat

O AT LT
m(t, ¢,

o,..,0) = Ele . )
L % TR
magni [ ) s Ele e
Then . . X
M(41,0,..,0) = (pe + P& + 0% 04 (I-p-p-0-..-0))

G Sinee

t "
= CCF‘-rh e + C(_F"h” , P 1B Recy

which s the muP Rin (n, fl“'[’l

Thus, L:j “""]w"zss +the  conclusion ,)G\lnws

JoInt MOMENTS

), note
Y~ Mt (, P ey Tk
G R O B

E(x;) = npi
Var (X;) "Fi“'l’i)

Cov(X;, X;) = - npipj -
We can do
Vucx;+xjﬁ = Varl¥) + Vu(Xj) +1mu($;,xj)_
Cov()(i,)(j) = —'if_\ln:LXﬁXj) - Vu(ﬁ}— \}m-(xi\]
——

¢ P} "J—b
~ Riala,pi+p))  ~Biala,pi) < Binla,p;)
= J;[n(r;-bh-) (\—r,--”\ = npi0i-py) - nijl—y)')]
- opy
82 Note va()(‘-,)(j)<o, $o e(x;,Xj)< o.
W
wWhy?  dote 2 %= n-
i=g
So whea X; increases, necess
(o uesp the gum=n-)
% | Xi+%5=t
Yo (R X) ~ Mt py )
Then

F;l X 4¥j =) ~ Bin(t, W)

whj'l > we have t independant hiols of "‘X;+xj=(-.
- Sucoxs Xi
Succass of x;+x)..

,,_,,;\:1 X 3 decrontes

Then  guceass Tw\m\aili'ﬁj €
Xil %; §2 %

W @ Oy, Ky ~ Mublapyy o, P Then

E\ Xjr_'ﬁj ~ Bin(n-xj-, ITF;’T)

czx; id
V_\_l_(r_uj"! If  Xj=xj, Hea comside

Success = i oulome "

fuilwe = evenpthing e bub e
Then we hove n-x; «'ndw.’:a_ndem‘ hials  with  outcomes
V..., 3-\, ]\-\. e, N

outcome.

Sucesss S Xi B
success of wm(rhinj but X)' - __l’f" .

)



BIARIATE NoRMAL DISTRIBUTION (3.10)

QI t Xy Xy be joinl continuous  rvs with

GoviR,, %)
jomt  pdf
v r _ (E?. Note
| -
form) = Tmigi i) T e
Yﬂef’ Note
uhner¢ E(X\X,) = E[E(Xﬂ(ilxﬂ] M”j double zrfzd‘ﬂfhm\ \-hu:r!vn)
2 R ——
x= () () (2 5= ( o ?‘W‘,) G v of X,
Xy . }‘- M “VE(X . - fd_la‘z_ 0‘1'3 To ,Fnrl ECX,X,_H,), we use {he n-'S‘I'Ef methed .
ubshhution Ig |e)
& lpt«t. O® EwxX,| X=x) = Bl Xy | K=r)  Chy e subshiion &
= % B0 %=X
Yzl = G- et BN
X, N :K|[/l.z+e"'}4']
Then K= ( X,_) follows @ bivadate normo) dishibution”, o
and  we wnte XNRVNC/A,Z).

8'2 We call

—)A’;(f"z‘ the 'mean vechor ; &

. N
-2 e wvarance mathx -

_fjonﬂ’ MGE

g Note

RX + X
M, H) =

Ee
.
£t X

ECe )

T LT
ee/«-;-;tZé

where 4= (‘t;.‘ )

MARGINAL DISTRIBUTIONS

'g" Note

u.‘l
Mx((-l\ = M, H20) = c*r‘:/‘lfl"' —z{ﬂz}‘

so X, o~ N(u, &%)

CL! unigueness of Mafs),
Similar‘\a,

T
s
Mx ) = M(t=0,+) = “r‘;-/‘z.tz.*' %ﬁl}
2

So

Xy N(p,8,%).

£ONDITIoNAL DISTRIBUTION
Note

*ep)
‘\(x,_l X, 2x,) ~ NCpy+ e:,;’_/ ) f,lcl—f‘)q

In ‘)arch\ar,

(X)1%,2 %)  is  normal.
Similarly,

“H + M
® Ec,flaul %SX get L .
X, =m0 )
EOGRLIXDY = X+ 0% ;/n !
Thus .
o, (K - p )X
B(XXy) = E(jﬁx\ + g+ﬂ")
O,
* B %—’L ECX, - %)
(
< &,
Tl e Dol 4t
L Vos(k,)
- Hipy + f% e
= Jipy + €N
Hence
Gvlx, X,) = E0X) - KD ECX, )
= Mk 02Ty~ pi
= P50,
Q,_ So
elx, %) = v X)) %%
Tty T e €

Q; So
- the danonaI cements of 2 ore vasiances of X, & X,

- the nw\-o\iajona( elements of ¢ Cov(X, X,); &
e s elx, %)

INDEPENDENCE OF X, & X,

& oot f

Xz (5)~ BN T), Hhen

& Ci-pM).

EXI: ) N(}"\ +

eu’l C xz-/‘l')
_—a_ T

2

FH) &S X & Xy are indr,?o.ndud'- 5

* Ir s ok hwe et FOK & X ar nofﬂlq“\y dishibuted,
then X, b Xy e indegendent i €CXI)20 !

x .
We need the shwnges condition that ";)NEVN(/"E')'

e +he ]"]_"_1' Fd{: of X % Xy is normal.

We cannot moke Hhit conclution if we ol\(:l know the
nosgical  pdfs  are normal.
P
T
c X
T wt ee(q), whee ¢ & S ore constants.
Then sf X=(}) ~ BUN(p, §), +hen
2

i\cTX = c|\/‘( * cle ~ N(cT}A' C'Tic)'

*Asa;n, this does nof hold if we enly know

7<,"’N(}4,:"(1) . K N(/l, ‘rz_‘-), but we dont Wnow ;?

(X))~ BN, 2).



AX+L ~ BN (Aure, AZAT)
G o1 opem (R & ke ®, +hen

Y = AX+b ~ BUN(Au+b, ASA' )

if XNB‘/N(}‘:E).

%*- DISTRIBUTIoN
G A s defined by

where &~ NCO).

2 L2
x'\ = ?—(%I , where %;NN(O,I) and af®

nd.

T2 xangue) dhen
(%) ~ %

(o) T2 () X,

T @t xaBWN(pm D). Then

\ P T Rop) ~ \

fwof- To Show this, we need o ghow

T "t - > 2
(x-p) Z (X-p) 2 Zl%' .,A

whee 1,,%1""\\40:\) ofe
Suel: We can write
v

.75,

whee we defte T * s follows:
If A is PosHSw. definife,  +hen define

PO
L L
A = i-— 1]1 xj*l_‘r i 1-1 = zidemnlugg of A,
g7 %= mrvesyundiy c..'juum')nrs-

____z.
Then we show 3 ()(7).\, gvn(o, I ).



Chapter 4.
Functions of Random Variables

BI Given Hie cevs XKy, .., X  with  Unown ioint d;sbi)\,u\—'m/\’

we ofe interested +o  find  the  dishibution of

Y WK, B
QA Three methods:

© cdf technique

® -1 bivadete Hansformation

® m\jf ‘echnique-
COF TECHNIQVE (4-1)
Q Me thod :
@ Find the
PYeq) = PCA(K, X"Hm

adf of  Y=h(X,,.., X,

@ et e paf of V:
£y = Fy G,

EXAMPLE 3 (Y I5 A FuNc OF 31 RV)
Q[ e jont paf oF KT S

[ X3 ngi 1.

fry) = 2y,

Find the marginal pdf of T=xY % s.—%l

Sol?. The surrnd of T is (o,1].
o if ol PTEE) = 1.

EXAMPLE | (Y IS UNIVARIATE) o
3 B
W 15 xewton)  find the paf of y= X" o T !
T( 0+l then c
Soit. If ygo, T¥ey)=O- PTet) = PIXy<H).
It g0, POy = ’P[thg) Corsider PARTICY-
’ - Given a parbealor Yy, x can &
= ‘P(-,Jg&XS-J?) mﬂje 740" Ej:j] .
- ¥ ) :
2 RY) - Fel-dy') Y can ran m At b
e e - = \ge f:o t to ). £l
b.J--n e zd"-_[_‘:,hl_—“‘e 2 ax. Thea
Therefore, +he paf of Y s o i y<o A PUeRYIec’) - j' JSJ.‘J 3y dx
for Y20, it s 4:? -.;EK__j
St - dFyty) ) 2 ) = ‘[E‘ [33"];:!; a4
= “—-e —_— 1 2
Jy T 38t ume 2Y = j' 33’_ 3t 4y
a4 3+ . -
e Y [y -3ty
2

2 ]
Ta Faerlar, also notice ot A~ Gamma (3, 2)

~ 3
= - - s )
- 3/,

T ol42¢ o3t

xAMPLE 2 (Y IS UNIVARTATE) ‘
Sroet? xy- PURMec) = (- PlerMeC)
e P“f o * 4 32
) PCxYst). = - (1#2E 7 -3F)
fx) = . *ul g7o. 3,
* = 2¢-2t
Giad the pdf of V= logX- So the pdf of T is . ‘
/2 3
sor. Swpport of Y i Lo00). £o08) = (toat ) 3-3t 2 octel
™ yso. Fyty = Peveyd =o- The support of & s C1, ).
o yvo when se(, P(S¢s) =0
Fylp = Peyey) When s2 1,
= Y
_'P(loe)(jj) Plses - '?(';SS)
= peree’)
E . T PYEsX) .
= Jt _%l dx (sinea supput f X & e .
* 3 1ex <) = 5 Jjj 3y dx
SoN } T
= C-x J( '
40 - 5 3y (j"f) dy
= \-e V. 3y
= 3y - — 4
Thus, +he rd‘c of Y & 5 ) Is J
) 98 fo = EjB- :"s"] PR
W)= © ' >0. ° s
‘Fy:j ¢ ’ J Thus

qu =

Fés) = s—" s ! & O oftherwise .



EXAMPLE M (FIND DISTN ofF mAX/mwv)
g’ Lt K, Xn  are iid UnifC0,08]. Find

O X = (e X

(&ien

the Pdf °F

o support of Xy i [0,07.
) Whn  xgo, Plh 4n)=O-

i W x38, Plgn,tx)=l
i) whea 0¢xecb,

?(xm)éﬁ) = P é(x; éﬂ)

: ']"\["P(X-,-“) in X; are ©d)
=

- Ax X
= -l'r— - —
s e 02"
nx
. 3 - 0<x¢®
. Fa{. of %Ln) is -Fxm_ o
® Support of X, s C[06].

D I x<o, PLX, £x) 7O

DT %30, P, ) =1
in) If 0exe®,
XX = 1= PUK>*)
1= PO (x0)

- TrpLx>x)
=

(smee K; aie iid)

k- b3
"-.-‘I.("E)

\-U—%)"
(9-x)
g o Ky s e 2 T

s — o&ex¢d-
) 0y " ‘



-l BIVARIATE TRANSFORMATION (4.2)

9; Given the omf' rdf flxy)  of KXY, we wont
o find *Wm joint Fdf of

?z. Thea, a I=\ bivavate h'nnsforma‘)iw'" is

u= h(ng), vz hytag).

These are V-l if thee exist another 2 ‘f.,w,h.ns
Such Fhat

x= wlu,v), sz,_(.u,v).

_IACOGIAN
g( The Jacckian” of  (wv), where uzh(xy) &

v hyley) 8

92 If We can whte x= w,uy) & U=W;LWV),
Hhen we define

‘o(xld\ _

Blu,v)

g; Then, +he r&f of (V,V) is

xiy) l

SCu,v) = foy)-

u,v)

= Plwlw,y), Wylyuwy))

2xiyd
dlw,v) \

EXAMPLE |
@ [t XY~nN©)  be independant .
Let U= X#Y, V=X-Y. Fed the joink paf of

(J,v).
sn’. s U = X+Y o )(=V-+TV
(V=Xx-Y L\/:‘l:l’
Jacobian i *
_J=l§—’; :—’f,l_ A .
“_1 ‘;j. ARSI

The joint paf of U X Vo is
j[q,v) = 'Fl)h )(:)-I
R A

( \ \A|—v-l 21
FeriasE s

= ;L exp “ -;'i-[c‘u-v)l-\- (u-v) 1}

= 21~l>""(“ v ).f ISPV

'~|T(

EXAMP(E 2
G e joint pdf of X &Y is

-x-Y
fluy) = e , X3 X Ll

Gnd the pdf o

Sol?. Let V=X TThea
Since  %y>0, +he i°iﬂ"

£33 { %=V .
{\:/__:5 N ‘L B~ surrvd‘ of (uVv) is
kd > OLNEUEL 2.
(xiy) L r’v o
V) T 3y El = = -
W W oot
Thus  the 10‘..\1— Tq; o U &V is
g = 131 fouy) = (T Pt
— (V- (u-v) -
" e e | OL\,C._ALDO.
Henm +he mm\jim:l ru.)t of U s
Slcu)=J“jlu,v)Av Oecue®
o ’
v o
s JO e MJV
-
Ao = ue Oguess:

EXAMPLE 3 csuvr*onﬂ
Q lor  the support of X &Y s
Find  the suﬂ»d’ of  (u,V), whese

ozxey el

Y
lV ><‘/
S5 xey &\,
Sol 2. [ u=sx I w=yq ine 0<%y v
< =) < v o< uwl Ty
= X ETY
LV j Lj «® .’.ocuLT‘ L %“

3 0utiveus|.

ExAmpLe 4 (SUPPORT)

g Suppose  the |om* suppoct  of X 2y i

ocx,‘jal .

Fnd +he io‘ml’ :uﬂ»rr of (U,V), where

<.,]mu¢lf O<JE.4|L\.

. owv>o, &

!
Louey ok vedu.

e '\o'm\- §ur|>or|' of (UV) s oeveney



MaF TECHNIRUE (Y4.3)

Y e

k3
© Fed e mof of & ev. % -DISTRIBUTION
! oy 2
@ B8y the uniqueness property o mafs, we can ?' Recall  %,* = [NGO,NT". X 2
identify s dishibution % the paf of fhis Then  if X~ N(p 0F),  Hhus (—;4)~'Z.2-
i G padikity of X
(4 ; . +
by Suppese Y Xn e indepeadenk e e I Vim0 % Vi Ya o independenh
m Ts= X; iS
q9f of 2—' ! then
~ n
= m . 2 “
moe) = T My (o) Z‘/; ~ Ay, A Ty
= |
£2X
Poof Mylt) = Ele ' ) Poof - e Unow
ZtX; x2? - Gammal 3, 2).
s Ele™ ) '
A oex We can then show
= E(Tre ™) L} = Gammaly, D).
= e
" X Then it follows .~ Gamma( 5, 2), and e
= TTE Lq_tx‘ ) (sa@  X; are independert) fett> Y—Iﬂ :
=1 Mm )= (1-2¢) *.
n Yi "
= T‘_M _(‘t). Let ‘r:z‘/i. Then
o o m (tl\:“' _ﬁ-M (&) Cas Yi ore .‘“d“e‘fmdu*)
C If X, Xa are i, Hhen Aty = Ty )
" < —E((-lﬂ z
Mmoo = Lm )1 -4 -
: = (1) >, d= Ek;'
.ISORMQL DISTRIBUTION Twis is oxacly the wgf of Gmm(‘—;_z\='l.7;\,
A a 2 2
@ 1 X~NU o) then aXxb~ Nlap+b, a'o7). so it follewS Ty by vniqueness:
Proof. et YzaXab. Then ?3 We aan similocly show
mytt) = e"* meﬂ") 2
- 252 _iid
T aped b g v ; 2~ N,
" So \/NNL‘!/H'L, q"c-zJ_ 9‘; Tn rarh’cular‘, i X‘,..., ‘X,\ '“\d/N(/‘,O'x), hen
(572 So. if X~ Nluo®, hen :a:-’i;ﬁa.mo,l).
Pyoof-  This  Aoews from  tne P,Qvious cesulk-
? If X, ~0( .',U'I-z), izl,...,n afe .'ndqw-ﬂdu’f'
: L £ DISTRIBLTION
Hhen B 2 xanton), YD are independent,

n " L. +hen we  sa
S aX; ~ NCZap, oo ) ) i
= - - X oL

z ]
P_K_)Q_(r' @ T ZQ;X;. Then In
=y

The guﬂ»r’{' of t, is (-, »)

Moie) = T m .
L M ey F DISTRIBUTION
independent 2 .
) e B 2 e, A it
inn X N Hhen
e AR S e
i= " R Y/m) M
= Saw+ tSate
= 2)‘[’{ t- E‘QJ‘. + E?:.“' o;? } n,m are the two de.dqccs of freedom ra.rame‘lws.
So  thot T«N(Zq;/“_' Zq;z"'i"-)- ” The supfv”' of Fn’m is (0,).
Yo T X X X NG, tnen EXAMPLE |

9 Let X~ X, ‘l~'l:‘ are indzrander\\--

n

X ~ Nlnp, nc?)

iz) Then we Wnow )<+\}N')C2 .
“+m

Does X/n_ ?

2 P
L2k o~ NG T _
X4/ n, nrm

P “ "
s s e Sample wean .
We  call n?,lx‘ P Sol®: No, because X & X+Y amre not indefendu}-

To see this, see thot
CovlX, X+y) = ECRUYY) = ECR) ELX4Y)

>0 .



EXAMPLE 2 «x*)

K iid
g Lot Xy, Xp ~ N(,.,a—‘)_

EXAMPLE 3 (&)

t ) iid 2
Ten we know Q Let %,..., Xp ~ N()‘:r ). Then
Lo Ki-pnt > X~
Z(=E) ~ % VAl .
"= S/’R
when i is unknown, we reploce 4 by -
Pwof.  (X-p) tn-nns? 2
T- L3 x. m YNe & T X, are independent.
Zim Therefere
Then we can Show -
[ S -3 [(x/,:-)* ]
(X'—X 5/ Al - —_
TR e - L D Xy
o e cﬂ-r)s‘/ liw S T Sl | 0el
e !
Pof.  First, we show X s independent of
52T -0 by definiton of  E-dishibution.
)
To do his, we obsane el & X s indefenth/l" EXAMPLE Y (p)
of (Y,2), 4hen X is independent of gev?). 9 I .. x%, ua ut}..,a-h, % Yo Y fid Ny, Y
Then, consider % these 2 samples ace '."“f‘"&'d’ define
T XK, e, KX | A _
T S s o 2 o0
Y 2 . .
We cloim Cov(%, X;-X)=0. To do #is, see that S5 55 Z%-9
) & | — 1 &
L . ) = L ) - B 2 %) EOD
Cov( .\JE:‘XJ, %) E(,.jz‘x]x\) (..J_HJ e SO/ .
a Nefy My *
= ":\[ Zeuj)ax;) + EOGT) oz M
i
2
- %Ebﬁ.‘l) ) - EOX) J P'.__","F We Unow tn-08* Y 2 A ("'")s: o 'X-l and  1hese
- ! a2 - & moy 4
=y Var(XQ). : 2
— 2 are i'\dlfmdmr.
Taus N s ir\dafu\rlu\\- of 87

Twus, by def? of F o dickl,

We then show NS 2
o~ XY See fhat en-1) S / )
S * 2 (n-l
Z(x;—f‘) 2 o, L.
ot ~ Xn - St n-l, m-| -
Thea o2 /(m-l\
~ 2 " —_ - 2 2,2
ZOK- ) T 2O XX 5> e
=t Y

~ F as  needed -
S /0,2 ntpme !

" —7_ _
= ZOK-X) + AR
iTt
"
* 1S (KX Ep)
i=1 —
So o

” 1 ~
Z(X;./A) ?(x;—)_()i

ACX-p)
0,1 = Py -+ ___/A_ ,
( ) -3 o¥
) gt
ngf: U-?-H_; M) Sima X ~NCM, T,

. AR (X-
L:A)n. NLo).

A fARCR-p) 2 2
(22 ~ =,
= Gamma[i, 2).
L WG ¢ (\’1{')_;‘_

Tah.inj MGFs  of both sides, e See  Hyp

-n

(3] 5d

(-1) = mie) G-at)
ond o —('4_-[)

M) = C-at) *

2 -,
which is  the mgf of X, Thws




Chapter 5:
Limiting Distributions

Ql The main rnbhm +v be solved:

W afe interested in the distibution of

AR (X p0),
whee Xy, %, are iid, & EWX)=M, Var(x)= o
& X= —,"-iz‘x-l. ’
Q; We dont Waow the dishibubion of X
g, b IS '.anssi\;\e o Wnow the =xact dighwbuhion

of Arr-\'(-i—}t).
9; Tnsteed, we find on Agﬁm{,mah dishibubon  for
«fv\"(;{-jﬂ.

LIMITING / ASYMPTOTIC DISTRIBUTION
?‘ Let  Fplx) be the true cdf of .J';\‘(;('_/‘)_

Bj definiﬁon,

l Fal) = PLAR(X-p) £%)

gz Consider rELwo‘uFﬂ(ﬂ: Flx), whege F it a Unown
ch-

Then we can use F(x) +o aﬂmximah Falx) .

d
CONVERGENCE IN DISTRIBUTION: Yn—2 X (81D

(BD Let % Xq ke @ sequence of cvs  such that
Xn as cdf  Fp0o.

Then, et X be ancther v With eaf  F(x).
If

lim E(x) = FX)  for all x swch +hat whioh
nd0N

F(X) is conhinuous
SR e e

then  we SR "wn\luao.s in  dishibution  to X,

itk ax

£ note:

® FX) is called the “lim‘.Hnj dishibukion”  of
Tasymptotic dishivabon”  of  Xn-

® The cdf  of K, conveyes, rather than just
the ?\,: Ko

©) l;"‘:’ Fnalx) = F(x) or\lj bolds for the continuous roiv&s

of HA.
@ This definition applies fo both discrete & ctx rvs.

EXAMPLE |
¢

We note F is not cts ot %=a.
If you want o show Xni)X' we ofe ot infecested
of lim F (a).

n>0

Ssl We only need to show

o, xca
n>

lim £ 2y = <{
l

l, X>a .



ExXAMPLE 2L
05 iid

@t xh__,'X,, ~~ Vaif £0,1).
tet

Xm:l':‘i;;‘n)(i ’ Kem®
Find dne limiting  dishibution of
ﬂ) '\Xu\ "
DER

'\“‘Km\)" .
)(m) .

max Y,
\¢ign '

Soft. &) 1Ky ¢ Suppert s Cwinl.
Then  +he  edf of Xy IS
[o
’P(nxms x) = IT(X‘O
hr oe¢xen, ! ‘
<X x
T(xu\‘ '\) = 1- ?(th> 7‘—)
T - Pl S, -
- TP 3)
L} x.)"
=l-0-%)-
e,
Thesefo jo )
TlaXey £x) = ¢ 1-(1-%)"
L
Hence
_ [°
Jion Plax ) = Ln_e"‘ ,
1
Wis s Hie odf of exfm.
AC-X Ve tapport i [0, n],

1}

x£0

x
-_— exen |
£R), ©

A3 n

Xp> %)
ij indarww of
%;)

x£o0
0exIn
AN -
%XLO

o¢xen

xX3n.

= ).
whea  %£0, PUAQ-% ) £%320, & whea ¥3N, 'P(All-x(,n\-"‘)

Thea, whan oOcren.

®
Aat-X N ex) = F-X, &5

)

n

= POK,> 1-3)

== POX

(2

-, 4=

= - (-%) .

0 .

Fn()‘\ =< (- (,_};)" )

[ | ,

Hene
J 4]
Fix) = W Fule) =
n) %
{-¢

Ta ]-x.rchlw, Fix) & the & of

< \-

%)

X *®
A e Xn& 1= —"\

- TP e-5)

GSine X; ore iid)

x<o
0exXen
X3n
. X<0
r x>/o
EKF“).

©) X, i supert i Lol
whea x%£0, '?LXL,)éx):D, % whea Xxa1, 'P(Xmﬁﬂ"'
when paxel,
P Xy &%) = V=P y2x)
= | = PR BE ey RpZX)
= (‘ﬁ('\’(*ﬁﬂ toy ik ¢ Xis)

- ?j-'(l—'PLili*))

B
= L= (%)

Thus

o } X< 0

Falx) = j

n
I-¢-x) 0<x< |

’

1 . X2

(o] x££ 0

mopgy=d |

o0¢xel
NHN ’

%12 X>0-

This is not a cdf Since tHais s ot n’dhi- conBnuous

| ) x2 1.

ot xsof
Tnsteod, the \im'xhnj df S
(o}
Fx) = I ‘ xeo
1. X2 0.
TS s i\ﬂh"’ confinuous, but i not  continuous oF x:zo-
Keny? Support s o], Thea
?(xln)s*) o F x<o, T(K,‘)éi)ﬂ € x>k
Rr oexel,

Py £2) = PUX ex, o, Xa$x)

- —ﬁ-rp(x‘s_,() Coy ik of ¥i)
it
- n
Thus X
j °, x£0
Falx) = x" oexel
L ( X2\
,
Henw
{ o, X£0
\im - e\
naon F)= < 0, ocx
( (. %21 .

Tus,  the \.‘m:Hr\j cdf

(o] ’
Fla = { | X2



onvekawcﬁ IN PROBABILITY : X, T3X (S-2)

Gt K Xa a sequence of vS
such +hat X,\ Was  af R0 ) E%AMPLE ]
Let X be another fv with  edf Fex). 9 0 X %o 24 Unif €017,
I¢ We  showed
Nim PUX,-X1>8) = O lim Px,, 8% = ll‘: e
or ¢1vivnl2an it .
li _ =
oo PCxeoxl <63 i o= d O
LY n) l (. x> )
or any  given €20 4
“ ealt Xn=>0 & X .i, i
Hhen we  tay Xp  converges in fn'ml-\\‘*j b X n ) )
P Thus by the iheorem Xm—P’O % X - |
. ond  Wite )(n-—> X. "
92 Note +hat  here, iF is the comvergene [limit  for a ExamPle 2
probokility cather Wan o cdf Chke in convergend if ashibusion) T @t X ¥ e wa with o
"¢ ow X. (-
(E?3 In quh‘cular, as n306, Xa connot be € avay from oy e (% e)’ o
That is Yo say,  Xn gets pretly Telose 4o X as Mm% Lot X = ™Min g Show Xm—r;) o.
ey Flx). Gy 1 4&ien
S)“ So, we expgt that Fulx) becomes Very close o
¥ P pee a Proof- We cowd Show his by def? of  tenvegene
g I ¥ XK, then K, X5 n rwbabilﬂg-
[4 SE— in rn\,a\,:l-‘l-ﬂ implies  Convergence in Atfernahively, we  show Xm_‘f,gl as that imples
P
dishibution. xm =&
CONVERGENCE InN ?KOSAleITY To A CONSTANT In ote words, we want 1o show
N o , <O
QI @t XK., X, be o sequence of % & '(‘"”‘ PUX,,ex) = I *
let ¢ be a constant- , x>0 .
I¢ e suport o Ky EQ,.«)).
So, i x¢9, PLX, £x)=0.
,};’: P1%y-el>2) =0 Vero, It x>6,
% PKy £3X) = 12 P>
then  we say X wmluac: n rn\oabnl-b <, L= PR, e, X
and  white X4 L. (- _‘ﬁ"nxln) Coy iid of ¥%s)
A %, . Kn ke a sequence  of s with cdf  Fulx). . © (6 ~
82 e “q “[‘jxeu_edé]
R [e—Lx-e) ]"
*v\o'h: we dont veed R e-'\h‘-e)_
4o consider whea X=C. whea xs @, %-0 >0, © liva -ni{x-0) .
n o0
Thus ’PLX(,)-—X) =1 & naca.
Hence
li o, x<©
nl::b U X L*) =
1, x>© ,

S H .
a NTVW'GJ (So 7(“) $ 9, > )(“) —P-> o).

a
e it Xa—> ¢,

then  aecessanly X —l c.

g In other words, X,\L)c 5 X,‘:)c where ¢
s a conshant-
Proof-  We need do  show for any 230,

\i - =
Nim PCIX-el > )
Then, note  Pl\Xp-cl>e) 20
Nert, for any €30, note

PUKRp-cl > &) = 'T(if,\-c>g} U &%,-e<-tl)

= PlXp-c5¢) + PCAhp-c ¢ -€) (s eveats are
B Mul—uall\-j exeusive)
F T(Kav eke) + PlXnc cmt)

Tl PlKa e cte) £ PUX < o)

T U= Falews) + Fple-¢).
Tatuikvely, see +hat

S Falete) = Flere) =

%
WM E (o) = Fleg) = O.
"N
So
l; — -
n;;’Pux,.—cbe) = 1-1+0 o,

which S“Hi‘“ +H ang the claim. 7}



MARKOVS INEQUALLITY
Qlu,f X be a rv. Then, for lge>o,

we heove
. tis bounds protolility
ECUXI) ‘yj a  momant
FUXIzE) &
oF X S1%. We need to Show e conditions for

; sofie {0 fhot R
Poof. Tdea: Use the fuck ot WLLN s satitfred; after e

Y @ (x| & 5 -FDI‘BWS-
PiX>c) = $0)dx £ J — fix)dx conclusion ws _
jc o CKK wWe pote ELX )z g & VaclX,) = -fﬂ‘- ,  whith
< J-N l-%';—f‘(x)dx are  Yoth J.‘v\ﬂ-g. The conclusion thue  Aoilows.
EUX*)
W

?;_ often, we will ke =2, and

ECIx-pl*
LI(IX-/Aac) ¢ ¢ {‘ ) R qu(_zx)
¢ c

where -y < g(X)-
*This is fnown as Chd’ushzv's inurva(iiy.

WEAK Law OF LARGE NUMBERS (WLLN)

G et %, % be independent  with o  common
mean M % common vaviance o
“Then
Te LS x —
o D — p.
X AN Ve

Poof- By definition, for amy €50, we wont o show

1 n
'F(]—,;;::IX; _/,| sg) >0
as ny 0% "
) wWe Unow TL";Z.IXI—)Al>E)>,D.
W) So, if we can shov
?(l‘:"?lx; pl>e) sa,
Ak a,50 as w300, Lv queere Hheorew
we would be done.

So, by Chebyshevs inegualiky,

~ 2
PO o) ¢ SRR AT e
5 M ¢ - e?
_ 2
we (Ynow E[;\)—:/A A Vastx) = 6% Thus
- T/ a*
PUXpl>2) & E/, = ().
2
This convarses b O as N3 Sina :_'_-I: is fixed.
So we are done. (7|
EXAMPLE |

2

- id
i} @& Yo ¥n ~ X, -
Then we con Show

T,\= ‘I,;;i__lx; —_— .

2
Soi2. Nute  E(x) = B(F) = Var(BDHED =1,
whese %NNLO,\)-
We can also  show

Var(x;) = Vor @ ,
< VacCGammal3, 2))

s 2y = 2
Sine ELX), Var (X;) 200, we can ofply
-
Tus N =S By =1
ExXAMPLE 2

¥ Suppote Yo~ X T, Then

WLLN .

EY

a. =
ST Note v, = X, K, K X

*
J

Tous 20 = K. = \T\'%XI-; e vesult
=

n

follows rt\pom e pravious zxam\rla.



SOME USEFUL LIMIT THEOREMS

CONVERGENCE OF MGFs

Y et Y, X ke a
Such  that ¥n has

sequence  of vy Soppeie Sovee xn}-'.f« xlz’ 7n=;?'x.'-

Show that

mgf M, L6).
@t X be a rv  with mgf met).

\,y\"\
If there exisk an h>0  such that

—i> 2 ~ No, ).

3n

v mn(f) = e Vtet_hlh)' } Sol?. We Wnow
NS00

% NR (52 % - B0
+hen Xp-> X :

—> ND, ).

ANVar (%)
CENTRAL LIMIT THEOREM CCLT) Friowly, we shoved €0 T BRI 21 & rl) 2.
Q @t Xy, ¥n be _ui with common mean M &

Then

. 2 .

aammon_— van'an:.z g eR. *nn-\-e _\_heu Need ha be ﬂ .’.' \m(-';z x; ) Ean)
Lt ¥az w25 AR (G-

Thea +he liMl’Hnj dishibudion  of
s NeoY); e

AR (kg = )

4
—> Nto,\).
o

P_VEDF' We will use +he above Thesrem o
CLT

-2

val.

AR (X, -p)
© FReeh we find ogb of 2_%‘ MpLE)

.
mgf  of NCo,), ML= e =
g U £1a
@ Show "__’V:, MAlt) = e for

—2

o

NP L%y =
S\'gi \+ Tnd maf of )

Fivgh,  see Fot

Flap)  RGEW

14f <h , wheae h>0.

|
N7 ww T

and e
Ya-n 4
v —> N(O,1).
ExamPlE 2

D et % % ot & Ve X

Ty
S‘E""—,l e can A""—:Hj “PT‘J CLT 4+ solve #Hhs-
Nofe R
Yn- np : I_zmx; =ap JR(,.LEX; _/‘)
Ta = -
np r/;

. Y. -
Find  He Iimi‘\ﬁ'ﬂ distvibution  of n"nM

AR (X, - EC%))
A . Cop) N
i o whielh i) NCo,1) Lj aT.
H a3 L é Xi-p f—
Lty i " CONTINVOUS mAPPING THEOREM
. .— o - Then EBUY=0 % VarlY))=1 9 ot g Le @ confinuous function.
Ala (R = ) -
n M = _\:‘_E\/| Then , P o
- s o © IF Yo %X, Hhen g% = 300,
Assume  ; has  mgf MEh B M (&) exists for ony @1 xix then g0k :»JCX)-
®.
2 = Y . .
The m3f of mEY.‘ T E: = 3 SLUTSKY 'S THEOREM
S d P a
M 4) = T'l“ My- ) Cas V; ar i'defudmﬂ g Lt XX Ya—a ler Ya—a),
is 4_.%‘ where "a“ S a constont
) ¢
- T mv-("_") Then
e e n ® Xa+Yn j-> X+a; &
Thea we Unow ® Ka o % Cif a%o).
meo) = | thy definition of nee)) Yn - = "
MI(O) = E(Y;" o * IF 7ﬂ$ y. We cnnm" sey X“+y"_> K+y ‘
Moy = ECNT) . eg Toke x = .- x z.=2~N©);, & Yp=¥a
s \}ar(‘li)“'E”i) Take x=%, Y:=-32. .
= I+ o= |- 2 “Then %,\ix & Y,>Y.
. £ . 7
We wot to show N [meg)] = e

But  X#y:O K Xp-Ya~ N(02). So ¥uYab Xy,
Consides e Tnjlor xpansion

£y M), £me), £meo v
m) s B2 55 TS0 v 06
. i o=
T 1+ gl S+ )

2
=1 £ L

Y o(3;).
So

. "~ . 'E" L)Kn
i £ lim [+ & + O
:q’;["\(ﬁ,ﬂ : n-n\[ * 3. "

: ¢ RN
lim L1+ (Y)Y 407
* h 3
= =t gz ko)
Sinie e ~gf  of AR (R pr conveges o Mot o M) for any
te®, i
NA (X~ )

o

it Afollows that _i> NLO, 1).



ExamPle 4
G [t Koo X 2 Pigp) Fnd e limitig  dishibubion
AR (= 1) =
o Uy = _"_JTY_"‘_/‘, & Vaz A7 (%),
Sol?.  We showed
AR (K= )
n = A _'l_, Neo,1).
s

Ths, by cfs marrif\j Heorem, # Allows hat

% s IR

So, L“j Sl-d‘sky': +heorem,

Up = ‘:’R(—;;‘_A)_ - "’7‘\(?,\ _/A) _E
~— Xh
Thea 2, -:1 N(o n N
nP /IS, '3 L‘j LT, '\/__é_ _LI
as I% 5 . %
Thus, by Stubsige theortm,
AR LKy - p) 4
ne . la —> Neo,\).
A
Ner, consider
— X -
V'\‘: Am(x“_/‘) - nl)(" f‘) -
n 7
S———
FTn

Then 1,\-591\\(0,0. S, hfj S(u+sk7's +heorem,

AR (Fp =) N
v,z 2T .

“Thea AN, D .51‘?,_:. ~ NLO,/u).
ExampPLE S
9 Note

0 x,5a )(:-L:' % J_X_;—P),J;’

Gt a,¥,%0)
4 ! e Tn
® TP XS TN, thea

2%, A 22 wNe, 8 &
d
W T ax

P
QO x,‘.i>x~~co,0, Y.— b¥O0, then

d
¥t Yn —> Xtb v NCb,1)
Kote > % ~ NGO

b a 2
'\‘/ﬂn-% -—x—grv NU’.L';)_

EXAMPLE ©

ity
g @ Ko, %o ~ UnifL0,0], § Y - Max

n = i

I¢ien
Rnd  fhe imiting  disfribufion  of
L,
© e "
@ sin(1-UY
® e—r\(I—U,")
2
® (Up+1) [nCI-U,\)}_
a
O wWe now U,\l)\ Cfom eorlier); ie Up—>I.
Ua A ]

Soo by o5 wagpirg tem, e "5 el ze.
@ Sine u,“_>|’ so \'J ok maﬂ:l"\q o
SinCi-U,) i: gincl-1)= O-
® we nove shown
ACI-U) 25 %, K~Exptr)-
S, by cts mapping thm,

-n(1-0) 4 =X
e — . X ~ Exrcl).

-X
et Yze . e Suppoct of Y & €0), a3 Xe (0,00)
So, whea yio, PrYeys0, & YL Pley) =1
Whea Ol-lj",

Plyey) = Ple €y

P(X> —\v\lj))

:j“’ T ax

-intyy ©
5 _r %
[ le[ ; ‘!-—h\l\-’\
SR
< :’.
Thus  Yhe Po\f of Y s
zyel
34y = c! ! . 0=y
l o 3 othenise;,

i€ Y ~upif (ol
@ Sine U,\ﬁ\, +Hius by ets maﬂ;inj +Hm
a4
(U+1)" Zs (en*= 4.
?
Thus  CUpt1)" —> Y as well-
Then  A(1-UD S X, whee X~ Expud:
So, by Slutslys theoem,
i N J N
(Va4 D [alI-U] — &%

@t Y= ux. The suppert of Y is To, ).
So  whea jgo, 'P[\léd')'io-
WI/IQI\ :j)(?,
PLYEY = PL4X ey)
= P(xe )
. 9l o
: jo e " dx
_ I
= (-7,
-2
ol-e .
R
T e g ot ¥ n G g

In Perheulan Y Explf).



DELTA METHOD

Y owe ue st fisd e limiting  dishilubion
o g(X)  WR(geR) - g

gx Suppose  that J:(i_/u) —‘—l) X~N(o, o), and 9
is diffeentiable of xsp, 9'(uFo0.
Then

\ R(a(i) - 3()«)\ —‘—) Wa N(O, (5‘(/‘)‘61LJ

How 4o vndesfand Hus  cesul?

‘)""‘j fint-ordes TaJIor exrav\si"‘,
3&) T+ 3'(/1-)(_)(—/4) +  high ordes
A Ra(R)- 9t 1= Jm [q'(w (X-p)] + 7 [high ordes
[3X)J}47,J[3(/AX/A]+ [ﬁ‘hr]

So negigible
An Cgtx) -g(u) ] = AJE’(S?—/‘)- g
\_v—/ L
d 2 constunt-
=5 Nlo, 6%)

g, \'_'J cts maping  thm',
. 2
g(p) NLo,o%) = NCo, [qpl o),
which  shows  fle  weault-
'93 Thus

‘ gex) ~ N(j(}". g (1) nrrmm

Tea- Since  AF(X-p) B weo, ),

e"["“’"'e"Hj: X = N(,_" ”'Tl) nﬂ;yoximn'h.‘v_
-\
apprwx o X
:r'\':.nv\ :nﬁ:ianco_

What s Hhe “Fwa-"Mh dishibulion  of

g% ?
O Delta Method tells s thet
. 2
NRLGER) - 90u S Neo, LG o).
In other words, .
Ty ‘(p
X) = N(gp), 3 )
J P = )

EXAmMpLE |
T Tar . % W), Find the Umiting  dishibubion

% 2z WE - 7).

go1?. Gom prev cesults, J:(')-{n-/‘) $N£O,/u)-
Talte jt%)-‘d?' BJ Delta  methoa,

NR (% - JR) 2 Neo, Tyl e™),
P I
w j(/“ 2% ]x:, = a2l
[

2
Sime  &° Dl thus tJ'(jl\’]q-' oy

AR K= 45 o %)

® v, = WK-®

EXAMPLE 2

g' ((ﬂ' Xuers Xn Ja er(mun: o). 'F"I;:LSE-_E.

Rnd  te \im iﬁnj disMloution of ¥20

0]

€)

® u,-= ;
L@ Voz W7 Clog X, - leg®)-
©

Tex = &, Vor(x;) 20" < ov.
—_ P
By uiwv, X, —> &

® » - ,J?(X,‘—S)- _e:
e Xpn®

N N
2 °
=5 No,\\ — 1 Cby below)
oy T

I Jou -l J("): % by cfs mapping thm
I 4

§¥n) — (8)=1.

S by Slutsly's  Hhm,

4
2, 2.1 = 2 ~NCOI).

ps . 0.

R

i, NLo,1)

Lj CLT.

Taus, "’J ks maffinj thesrem, if we take g(x)=Ox,

4
Up S5 92 ~ N(o,8"), whee Env AN
Vaz Nwlleg Y- log ).

we Unow
-— L 2
(X, - 8) —> Nw, %)

Take ﬁ(x\= |a\1 x. 2 3'(91‘_ 'S
$o, by Delta method,
J7 Clog Y“,l,,ﬂe) A NLO, (3'(6))‘91')
= N(O, 5’10"}

= NCO, ).



Chapter 6:
Point Estimation

'B, Suppose  Xi,ory Ko are i v from  fix;e).
Lather o pf  for disertie ¢S, of pef for continuous
).

o .

Qz ere O i unbmown & consists of a finite nAumber
of unbnown Farnmzfus‘. e O=(g,... 9@1:
O would be & gcolar  (uzt) or vedor CW).
=3‘ Xipewns anf,NL/A,I), Hen G=p, & sealor.

2 iia

8 Xy, Kp o~ Nl 6Y),  iea s=(/4,o-")T, a vector-

\—fv
We use coluwn vestr

in shokiskes  Ceonvention).

PARAMETER SPACE : ()
g@ iS the pammeter space; it tentains oll rossu'b\e
volues of ©-
' i Koy K 2 N0 @:{/:—mcjﬂﬂ-}

z N S QN[»,{‘) : @: e"}a,zr’\": ~oaepeos, >0}

“
DATA & OBSERVATION

[ Kpor, Yo 28 pex38),  Hhese oce Hhe deta -

?; f K., e the ocbsesved values  of iy oo K7
these oce  nof random.
STATISTIC
A sk s o fadion of deta 3 does
not J!fu\& on ©-
?; We dencte i+ by TT TCKyyeer Xa) -
S| Ky, o0 Fn i NG,
D Kp T '}\éﬁ; s o Skehste
But
GIE—/A) is oot o stoistic.
EsTImAToR & ESTIMATE
Q. If o shahhc T= Ty, X)) 8 used o
estimate an  unkvown Fuam‘, o, ten
T is called an Cestimobr’ of O
(e?,_ Ap  “eshiwate' is e obsesved value of T
@ F=T(x, ... k) & an estimale of O-
ey K- XAEE’ N(p, 1) & obsened data  Cxpoen Fn?-
Thea "
X ® - Z X (on estimator)
iy
Ko = _:T_iﬁ (an eshmate ; on observed

volue of X, )-
83 We use 8+ 6(%,,...,7(,\) 4o dencte on estimator
for ©-
Y ¥z RZX B Elx) oare eshimetors
of M-

2ty
(EPq We """j olso  write
for O-

3

\

§= 6()(,,.... *D Le an esymate



METHOO OF MOMENTS (6-2)

? @F XpXa be b with pf £ 0),  or
TR . EXAMPLE 2  (2-D CASE)
O id - - T .
.. We wont b estimate ©:=(6,. .., 8,) . ? et X, .., Xa = NC’A,U"')’ e O:= (}4,0”') , =2,
91 This will be a “method of moments”  (MM) Find the mm estimator of e
estimator- B - REYE LS
P son. = ECKD =M foe HEX
93 w‘;- ) L 5 Pa® E(\(;‘):,"qa’"- /Tn: _:\"?X;i.
© et | Hj*° ECX) jetnb e +he j population The MM echnabor  of Y % o sa:h':'Fx'cs
moment - - /A.(/? gi) = /’)l ~ L=
! = WK
Thea p s & Aunction  of ©:=18,,...08u) - AT Sy- f s> M7 Bl
J 2 lp, = P G D= -'-é)('z
®L¢\- li’;__léxj " ’ Thus T =g
on i [ J= e T ~_ Y
J a=X, S
This i +he JH” somple moment - 7t % l_i‘;(x, _i)z
- ncje pJ s an uhbiated q.sHma'hare oftf j:]
- @ is an wunbiosed attimeior of
Ed)= 6.

n
® Then, we woat o chioosse estimobrs 8 of O

such  that

~ A A T A
L/‘J(e) =/uj((9,,..., ) ) = /AJ , j=|,...,\4_.

S wit ke e mm eshmell  of 0-

EXAMPLE | (\-D CASE)
G @t Ky Kp be id fom
a)  Foi(®)
) UnifLo,071: &
€) £x0)= Ox° ) oexel,

Find the mw  estimalor of © for each of them.

Q) p = EX) = 8. i T3 X
A-l=|
Then, e MM estimator B sofisfies
/A.('é) = /T, “ o _
“ i » @ TEKT X
" IEX'—'
b) xi~uni(=to,9].
5] ~ 1 °
Tea  prEOXE T B S n 2 X

Heata, the ™M  eshimator

a ~

INCARIYIE

“ -
TZX-

wlo?
i

A "
Thus - %?XZ = 2X.
iz

) Th a I i 99_|
e paf of x¢ 8 Ox

oexel.

Thea
' o~
pE B E Jo x- Ox 4«
' ©
= J ox dx
° -2 TP
-re
. [th ]u
e 2
O+

LR} Y
Henw, +he mM estimator of 8. ©, sakisfies
A
/A,CB) = M
Tn othes wofds, -«

A n A T’,."i_*n M
Ol >0 —m— = —
§+| sy |- :ixl \-X

=



MAXIMUM  LIKELTHOOD METHOD (6-3)

'?.‘ This is  the most “"”‘"‘"\‘3 used method for
zsﬁmenj e  unknowwn Fa.(a.me-{ru -

LIKELIWOOD FUNCTION
?I @ Xpey Ko be @id  with pE or paf £0x;0).

@t Cxoo &) be Hhe obsuved  volues of

g, Y-
We coletlate  the 'Jo;n\- pF o pae  of %, %)

. of observed value  (p .o %n)
-92 Discrete  case:
We want e joiM' Fdf of
" "
AS¥a) T T_\:’P(X:xﬂ = T #(x;:6)
1= it

(Kpy Yond ot CXpee, X

(sime  X; oce iid)
.93 Continuous caSe:

We wont the

—
\'HL )‘n’ < E-in(ﬁ) = T“:“-F(%i;e)
Iy ;7\ )

/

sine Ks are
iid
Qq We uSe L(O; %o ¥a), of Simply
the likelihood {mch‘nn-

Lt®), + dencte

That is,

n

LB %o xa) = T £05;:8)

- He dedvahon is  different in diswete vs oft

- Lut esuly s the same.

L is colled +he " like\ithood f\mdiw\ of e".

85 Remark:
® " Likelivood” measures
e observed velue for @
@ swaler LO)  indicates © is
gmﬂra'i'e +he observed data;
® Luju L(8)  indicates O iz mor likely 4o
wercte e olsered data.

METHOD
Q Ii.”“ Pk © 4o maximize LO); e rick 8 such

o &M«uh He

Hhe rossi\oih'ﬁ] we 3&
wven G-

less likaly fo

ot i is  most lil(csj

oksesrved data.
MAXIMum LIKELIHOOD ML) ESTIMATOR/
ESTIMATE

o)/

9; The ML eoshmate  maximizes
b denote e eshimete.

we use 6: 0%y, ¥n)

Q; In raer(u,

&: Bxy.a™d = ‘:g"c:s* L) . ]

Y, e ML eshmator is

= 'é(x.,...,x,.).

o)

Lo LIxetIHooP FUNCTION
Q( The "lcﬂ-l;m\;hm& Mﬁ.ﬂ" is

2¢0) = Iog Lee).
9 Then,
2
a. B argmax Orgmeax
|i B (X, X)) = 92® 4e) - e?@ Lee).

TNVARIANCE PRINCIPLE OF ™ML ESTIMATOR

of T is

? @t T=3(9)- Then the ML estimahs
A “~
szce),

A
whese & & +he ML eshmabr of 8¢



ExamPLE |
Y @t K ¥n
a) Poi(©);
b) Unif Lo,nl;

) pexi0)= 9)&9-" ocxel, 630
d) N(Iu,o"').

Fnd e ML estimabor of O

be id  from

n
9. LLOY e ®ad = T £0%::6) |
= PRt 4) Likelnood fundfon s
_fre © N
T PE] Le@; Xiye, %) =
S« .
S ) = -n®
Z— :
a n n
! I
This, e tog ikelheod  funckion s ™eA,  the log- fhaliheed  umchion 13
20) = Li?lx;) loje - 'Z lostﬁl.) - nb, ) = ln;? Lee; x.,.-.',lx,,‘) . -.Z(X.'-/u)
Then ) z - -;_lojtl'ﬂ) - Eloa(r ) - [}
. Ll "
2(0) = LE*‘)JO_ -n. Twea . 20 %( X
Set - 'z:;o) . E(x;-f) N 0 = XM
LS 2 Wery T 26 M
@)z Tox -n =0 o2 &) 2 .
8 iz« s ?[”_/‘)
Thus we . 26> * |-_-1u__
L2 want Jo .2 . '
9= a X ,)(; M & 62 sk
= 48 -
Then, note . { oo . "Etxl-./u) N
“ Ex ¢ /‘/4:/‘, = o ey =
20y i . X
<0 A 20
62 T = —_"_+-_()‘|'/A)
. dl(e™ A Y A = Py iTe - o,
which  shows R i« concave, and o M, 0= g 27
A al This  evoluates 4o
\
0= A2 % N
iz /A st g i
iS the ML estimolor C(MLE) of 8- :|
Gd g_‘,_ - L Z(x--’“)z
‘0) X| ~ Um'FEO,B]. iSl,eee, N ~ Z 05 i
The lLiUelinood Aunchon is So, e ME  of " PR
T ul s A
L(O; Kupere %) = 11“4—‘(:;;6) ,3: L,\ Ex; 0{\1 . Efxi-/ﬂ
" 1 -
= T g 8(0£xi40)
= «
s s | if 0£x< 8,
& 0 otherwise
1 "
T gn T Qlocxrce).

| a
o ?_Iﬂ('ﬁ‘,,’fo\ 1, 20)
v

é o mar x
Draw o 'f;?""‘: "“)".2';'2.."‘ %tv\)_ 18i¢n
Lo -
sine i Thws, L® is
/’ deceasing hae movimized af
A
K(m xm>,9). 6= X
© . The ML estimalor of ©
X
0 is ) .
Sine 4(x,,,40) . * s is aiffaect
mé
would be O in o: )((“‘: ‘r:?;“ . fom e mm
+his cose e o 6.
i e-l
A X 2 pxie)= ox | bexel.
Thus, the \ike\inood —ﬁn\cﬁor\ s
L; %1, un, Xn) = I“"?m
L) o\
= -[‘-l ex;
n 0-1
= eﬂ(i—gl—x;)
The  log -fiuel "
09 ~liel hood funchion R
20) = alogB + -1 ? log(x;) .
Thea . "
2@ g+ ilaa(ﬁ;).
=t
Rnd B  that sah';,f,-gs

.
PYOE §-+ Z logtxi) 2 0.
it

n
A 3
] S loglx)
Tt 03 '
Thea  @"(e) = —91;40, so £ i concave.
Tws  §= -z « he MLE of ©-

‘;: lojxi




PROPERTIES OF ML ESTIMATOR
i}, Here,

® wWe consider O P be a sular

Clk=1)
® we comsider +he ML estimabor (& )
® e support of X; doeg nok depend on o.

Y9 we cannot arrly the +hms hee o
%oy Y 25 umifLOE].

Scope  FUNCTION > S(O)

g‘ The “Seore -fund'iu\“ is

]
426) _ d lna Le®
do °  ae

$(8) = 3(8; ¥oyer %a) T

?1 It +he swpport of X; does not do.‘aeml on 6
Hhen

S(®):= o,

where &

it 4he ML eshmate.

INFORMATION FUNCTION: I(6)
Q The '.n'n.formnﬁm\ ﬁan;ﬁm"

iy
y = 4*2(0) FIT))
Hel= - —% = -"ae -

*
1 defuds on Kyoeeot Fn e

FISHER INFoRMATION : J(O)
8; The " fisher :'nfofmﬂﬁon" is

T = E(T¢o; Fiuer T

9,_ When X

1

and

oy Kn & £(x:0), then

(6 X B T "7:_| log £0x;:8),

so

i 4 log £(x;:8)

iz a0

a* log f(xi:0)
40

$eo) =

e -2

e[ Lilo fLXe Oy
J© = ELTe; X, %) = -0 a0? '
L
Y

g; et

<~
Hese  ace

ovs!
a*log £(X,; &)
3,0 = - E[——:Jwi‘x‘—];

His 1 the in)tprmoh'on contmined in  ome  obsevohion
Thea  J(0) = nJy(6),;
obseryahions-

EXAMPLE |

Q Recoll : Ky oo
we

+he ;ﬂf‘,(MoHd" n n

showed  the

S0 Var(8)= %

Frd  T(8).
So17 . Note .
a 9" -
LLO: Xypey R = "TI‘ e .
R(0)= — = “‘jh‘il) - n0+ (._?lF;NDJs—
5 iz
Thea,
4200 |-
» s@)= — e 2Ni-n
— ds(8) [
> T8 . ° ;Ex‘
S, =
Tee) = ECILO: ¥pm Ka)]
v "
: B 2ZX%)
= n n
= n. EC %11\ = e,_ECX,')~ 6

|
A —
Sinee  Var(8) = —2-' theg  Var(@)Z ).

(6-4)

UNBIASED ESTIMATOR

Ql An estimabr T

is saida 1o be
o T=g®) if

EM=T

vee®.

Y 1 emaT, thea T i a biased”  eshimator
Y, e Tbias” o T S

(%ﬂT) s E(M - 'E.H

_é&ﬂmel- RAO Ccr) LOWER BouND
T

iS an

unbiased eshmakr of T,
fhen ﬂﬂdssﬂfﬂ:’
L g™
Vor(T) 5 _37°° Tz T X0 .
Jeee)

MEAN SQUARED €RROR
QI The

. . ~
“mean mram-d ecror” of O

msE(®) = ECtE-0)7]

: [eieet®)” + Varl®).

ASYMPTOTIC NORMALTTY OF MLE
9, Under Some N.ju‘an‘b conditions  (one of these condtitions

is the Support of Xj does wot depend

on ©):
f 8 i e mMLe o 9, Hhen
o® 6 L ) a5 N> I Cansiih.ncri

t> his  shows S is close to © wher

A S Suff\'deﬂﬂj (araa.

5 4 .

® vR(E-8) = weo, 3)
® 8y Detta methed,

~ d q'en®

A2 (T-T) — N(O, 3.

whee  T:qe), & I i the mME of T.
@ TIn pacticslar, @ implies

~

]
g = N, 1@,

U B I
So that E@I=0 % Var®)F a3 7 Je)-
G this is Hhe

® Thus,

43

[ower Lound'.

So  Hhal

Ty'®1] *

3 -

of

an " unbiased” estimator

T



EXAMPLE |
Gl et X X 2 paice).  Find

® the me of 8. 8 .

@ 4he mML eshmabor of 1= 'PCXl=Ol, T
@ +the \imiHnJ dishibubion of afr?ce;e) :

® the limiting dishibubion of AT(T-T); %
® i) & EB).

Sei2. © From rﬂviws resuids,

§: K- wZK
D T: Px=0) = ¢©
So, by +he invarienc propety of ML eshmabor,
- g_s
@ A2 (8-6) .

Method I Under (.julwﬂy condifions  (whith  Poi(8) sahisfies) -
~ 4 )
R (8-8) — N, 1.0’

As o)z 5 = ndie) D 305,
Se 4
A6 -06) — NCo, 8)-

Method 2: Use CLT:

~
. 2
M)_ﬂmo,n D AR (E-9) S 2. Mo

2 = NLO,8).
® R(T-1). .
Metod ¢ Under n_juhn"b\«! r.ov;dih""x/
_— a cj'ts)'l
,\,7\‘(-?; .7y — Nlo, _'G-I_w_) ) .
Ten 'c:jLo): g—s D Lﬂ'(o)'l-‘L = (_2-9)‘-= e_le_

Also  T,00) = —é— Fom  earlier Thus
A a -26
NR(T-T) = NCo, Be ).
Method 2: Delta method.

-0
Tale 3(9):2 . Then

i . ']
AR(T -T) = NR(4(8)-9(8)) —> NCO, ’33‘9’1 " 9)
= No, 6.0 ).
® 8:X:rZX
S gd)= E(IZK) = O

Lt T=2 %K. > T~Puicad) S

_'r/,|
Ec€) = Ele ).

=T/n 1
We could then calalate Ele )= M-r(n): of

ql'('uml—ivelj - b
Ete ) = = e P
€0

@- 3004 luck!



