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Chapter |:

Introduction

REGRESSION
g In mﬂﬂ-ssim modn.\l'mﬂ. we o.H-mPI— 4o ur(qin
of accownt .-for variaHon w a resrw\se varate (j)
\:J using & model to deswibe  the  relabionchip

between y and  one or wmore explascdory  variates

&y, %y, o)
SUMMARTIES OF THE DATA
9; A simple R model involves:

O A singe axplanctory  vasiate: %

@ A single response voviate.

g Ovechead data  example:
response (J): cloimed overhead ($)

erfhm-}wy ¢x): office size C"l-F'H
g; We can Summarise the dala  ush "
a scaH?J-f\o\--

Claimed overhead vs office size (n = 24)

T
150000 200000

T T
50000 100000

size (saft)

93 To gt a numu.i'u\ summary of the Jahf. we
can use the samr\e cortelation coefficient .

Sey

re Fx-Nyi-F)
T [Zmwr 2T ‘IS”‘S-'IJI

and  thot  is  wnitless.

Nefe -lerel
?:, ¢ s us the relative sirength of the lineas

mluHonsNr .

Q’_ Pwl'Hnj

TWE SIMPLE LR MoDEL

9. We can describe the observed behavior of e

includes both
Juot descnbeS  Hhe
the ,{v‘uncﬁoﬂ.l

e Wwith @ model Hat
© a .dehrm'misl-ir_ componant

vaviatipn in accounted.  for
form  of the u.nflerlj'mj relokonship behwean
Y & x5 &

ey with e ovehead datm,  ihe deb. comp.

s

/‘L= Bo ¥ lalat
whee  pE the mean V!
volue of x.

olue of Y vﬁyr a 51@

©® on ‘erve tem’’ € ot deseribes the random
vowiation in not  accounted  for by +he
un&crlj'mj relationship with  x.

these together yidds e “simFle LR

(or SLR) model:

where

(b} Bo = +4he ";v\h«tufl'" PAMC"’U

® B = +he "s1ore" rammew

® i = +the index thot denotes e  ohservofion

number.
(Kyreey Kpy 1S errlam'\-nrj doty 9,,...,Yn S

response dala).
*~
note Bo*Pix; is detominishie & € IS rwdom.



THE NORMAL SLR MODEL

9. We fypically assume n  SLR  thot

Voviance o>

e normal  model

Vit pot B v & & N,
93 Assumptons nceded +o  use this model:
© the funchional form Lie lineac) of e relationship
between y & x is  correcty specified by the
deterministic memeni' of the modedl;
® ercors follow & normal  dishibution ;
@ errors have a constant  vavance &
Cie “Womoskedaskietty) ;%
® wvors are  inde
LEAST SAUARES EST:.mm:on OFf MODEL
PARAMETERS'
9 Goal: we wont ‘o find volues
for 4me dal

of Bo & B Swch Ahat

2 ' FIPN R
He gum of of the errrs i_ﬁ; s minimized .

g The values of po % B obhined by +his rwcgdufe
as  the least squeses

sqoms

(denoted P’ & p, ) are Wnown
estimates”  of Ro 1S Bi-
93' We show that

- AL
y- B %

2 (xi-% ) (y:-9) S

X
=
Zxi-x)* Sy -

Pwof we wish Yo mm'mﬂh_—g

S(Fu PD = ZEI = ZEJ -(P.+p.x,)'j )

e that
S

3?0

98

B,
Sine.  we
{38

C dBo
L2

= -2 30y~ (o spiod]
=

- A A
= ‘1_i${[j;—tp.,+h7~i3].
[
want o minimize S, we con sohwe
zo
z0-
2B
e resutbart solubions o Po % p, are the desired
Jolues aS rl“viw.u\. ]
?;; In R, we can 3& 4ihese

i) dato. sir.lm & Im (response ~ urlm-j), s

via

volues

FITTED MoODEL
? For the SLR model,

the fied mode\ s

where /’I s +he eshmated meon value of
Y s‘-vu a value of k.
FITTED RESIDVALS
‘J. The “fited residual” of e ™ cbservation,
g;, is defined as
ke 3:—<él+€.*:7-
* e s a random Janiable  ;n  whidh  we
3 ,:,\‘, ose  assumplions;
observed

e; is the difference betweer the
response Q.  eskmeded mean fesporse.
Q; If we tuke the rarhd denvalive wrt  each
our least

+hat

=0

Famﬂld—u and  set

sqvarts rvoceJuN-, we ae{-

us fo cdeulate the

G Thase  conshvaints allows
remaining 2 cesiduols  fom n-2
okservotions;
So we say e .ﬁH’QA model ig
assocaled with A2 d&ams of fﬂdom.



LEAST SQUARES ESTIMATE OF g2:

g

INTERPRETATION OF PARAMETER

'?" In +he normal model, we assume ESTIMATES
\ - & we m interpret §| as the estimated
& 2 Nio, ). B we mey )
‘ mean chomge ia the fespo J
g T any east squares naf&iw model, we esfimate associaled  with @ change of one unit in
2
o* by dividing  the  Sum of  squares of the X "
.e A 3
residuals Ly the degrees of freedom: . gz we may interpret By s the  estimate
9; Ia raer(Ar, this means our estimate FM e mean Value of Y ot x=0 °-'—‘(3
s i# xs0 is & rlewsnt value and "
2 5 A2 = lues we us
~e 26 :L_((J;-/A;) s in the range of Ve
- = o s
[\g Py H P o Ff the model.
» late 4o values of x
ola
F oot EC8%)= 6% lie G is  unbiased). never  extrop . the
e ERROR. ? outside the m'{jl used fo f‘
RESIOUAL STANDARD | model, .
gl The residual stondard eevor IS g Lostly, we @n in+u’r"-+ & as a
’ measute of the vaviabilly of e
resronst about the ,F,'{-hd \ine.
Q ¢ con be iskrprered as Fhe esfimated INFERENCE B _ )
> 8 measures the Q To inveshigate whether her® s a  linear
std dev of the ernrS \ 9 g ox i Hhe
- of ‘e nsrwsl given * relaionship behuieen Y shesis
random  vaviahon ooulation we can test the hypothest
value  for  x- Pop L
Q Tue swoller G is, +the more the variation 'Fl=0-
? in oy s "exflained" bym,  wed €0 Hhe Q,_ We can en either use w"f‘d:"“ rest
. sis  tesic o
better Fit e wodel s intervals  or  hypofes
-'9'. a . + of 4he Summary R ou*fu*’ for the . this- 9
y O IS part © OQF To do dhis, we need the least  squafe
Sided  model: L .
eshimator  of B
> summary (audit.lm) _ -
call: A TUxi-DULY=Y)
: D ——
In(formula = overhead ~ size) B s (x;-%)*
Residuals:
Min 1Q Median 30 Max
~36639 -12874 -1997 8642 56686
Coefficients:
Estimate Std. Error t value Pr(>|t])
(Intercept) -27877.06 14172.00 -1.967  0.0619 .
size 126.33 10.88 11.610 7.47e-11 ***
Signif. codes: 0 “¥**/ 0.001 ‘%’ 0.01 “*/ 0.05 *.’ 0.1 '’ 1
Residual standard error: 23480 on 22 degrees of freedom
Multiple R-squared: 0.8597,  Adjusted R-squared: 0.8533
F-statistic: 134.8 on 1 and 22 DF, p-value: 7.472e-11




A
PISTRIBUTION OF B
g’ We con show for e SLR model  Yhat

2

o
B~ NG )

?nnf_ First, note _
PN - Sxi-FNY-Y)

Zex-%)?
K% ) Y - T Zx-x)
: — -2
3 (xi-%*
- Tx-X)Yi
) - xR0
Tix-x P -
Ki-X
= .4 s —/mm
2%, ' Zox;-x)> -
Then, for the SLR  model, Q;%NCO,E‘)_

Since Yi= Pot B xi+ €;, -+hus

Y; ~ N(Bot+BXi, o) &k Yi ae ind.

’F\l: SV ~ Normat cbj rwruﬁes of

rormal).
Tren
e = E(ZaYi) = ic;E(ZI-)
‘ xi-% .
‘ ) (F°+?l*|)
S (hi-%)?
B TixiR) + B TxlkX)
Bo2lxi=x) ¥ P 2T AT
T (x; -%)?
- BZxi(s-X)
2x-%)*
F) - B X Z(Ki-F
= p, ZTxlk-¥X) - R¥ ‘—’—‘g\’)
S (x-%)?
= S (-%)>
Fli \_)1 Br
(xi-x
Similady,
Vur(é]) = Var(i<;‘/;) ' .
= 5 ¢* VarYd S Yis ind.
T Z Cx-%) . b__‘_
(i(xq—;?)’)l .
ac* [l
: = Sy *
Tix-x0* X%
2 ired-
Hence g~ NCBu ';i) as reqy
lows that
Qz It fotlo
A
’P\I'Fl B B L
5) (¢ n- .
SE(P.) (‘/J;:)

€ from STAT231/230  resutt).
This can  be  used o 34+ +-based CIs &
hj?ofhzsiS fests for P

DISTRIBUTION OF f,
Q' Similary, we can show n a SR

model,

—2
Bo ~ NCRo, 5+ ls;))

~ A _ ﬁ,
Po~ Po . Bo I
B P r' -
) Fda® Sxx

CI FoR B,
i?( A (-9)1007 confidence interval for B

A
-2
N

xX

SE(F')n SE(F‘) =
2

- ¢ o C e eitical value fom o
-2, 1-%/s ‘
ta 2 Aighileuhbion wrrzsromimj 4o a
CMFAU\:O- level of o).

1 By ed the mosgin

Qz taoa, 1-ofy SECR) s ealle o
of ecvwr”  of e intervals

g3 We can use R 4o caleolate this:

> cummary ( datn.lm)

Estimate Std. Error t value Pr(>|t])
(Intercept) -27877.06 14172.00 =-1.967 0.0619
size 126.33 10.88 11.610 7.47e-11

> & e qb(l—:;-' n2)

1263 - & (10-88),
126.22 + £010-38) -

L The €I is then

i ¢TI as that
84 We may intepret  the

we are  (].¢)1007 confident Hhat  for
.
every addifiona!  increase  of @ unit
of x, he wean increase of 4 1S
between  Cstart of CT) % Cead of CT).
g If "P|=0" s gg_f in  Hhe infesvel,
S ten  we Sﬂj tere IS & sijﬂificnnf‘
relakionship  between x % y Cat

the Cl—o) 1007 confidence level).

g;, Hj‘mﬂnesis fosk  for P

© Ho: B0 i Hyt PO
® (PAssuming Ho) our 4est chakistic is
/F\I_Pl al

—_—

T Seh) | SE(RY

@ ?—vn\uc s ps '2_(?(T>t)l T~e"_1
5 Ia R
> pe& 2% (1= ptt, a-2))
® Cuee i peOOS i oyes, rejct

Ho-



Chapter 2:
Multiple Regression

._v_nuLTIPI.e REGRESSION mMODEL LEAST SOUARES ESTIMATION OF P
9} If we expard  +he SLR  model o <
gl We wish % minimize

P t)tflanaer vaviables, we obhain the
model SPor -\ Bp) = € s Z0-(Pot Byt + fo"l’)ﬂ

mull'ir\c linear nﬂnssion

over F°’
8’_ Taking  pactiol
2 T et Pyt ff’,x‘.r)) =0

t g, (Zlh.,n

Yi® Bo¥ Byt 4+ F\’x"r _
devivokives and sathing b O

QZ This can  be Q_xrrzsed as

Cre “:r> e?:,(?,ﬂ) T 22T %y (Y- (Bo + B+ + BpXiph = ©

Y n - :
Cyenn xe (B
whee Y (3,,\ LR e Xp <
'a A~ ~ A
. = -2 2xir(:ﬁ-tpo+;,x“+ +Pl’xi|‘»=°

b &l £ "
P=(P’f)€l?~ % E-(izﬁ)e(p. >
93 This  yields  the normal  equations

o
T

NORmMAL mMoDEL
g For +the normal model, where we ~
AC,?,)+ B Zxy+ -

€: i Neo, oY), we wite N . .
Bo ixil + B ix“ teet Priﬁniif,: ixl‘lj;

assume "
+ pri)ﬁ;r < iy.'

- ~muN(0, 6*I
NE XF+ €, € ), . N .
2
whare  Naegg) = o*T is  The covarionce B"Z*‘P YR TR kBT TR
m vechr €.
conde Q; We can wrke this as

matix  of the emef

and  So
g2 om0 (xy)

— note this needs XTx o be invehible;

e full cank / all columns  ar linearly
:‘nde,fudm.{—.
95' Note:
® The fithed line is  given by
A TA
M~ %X B
@ The vechr of fitted values s
A »
/A.— XP
® e cesidual vechor i
A
e = 3—/«4
Serzele.

*um of g;(voues of residuals is



THE HAT MATRIX: H

; We can  @xpress ﬁ 1’.':1

;.:= X$= X(XTx)_'XT_\’ z H_\’

where

s He “hat  mahix
which maps the vechr of
b the vechr of JriHed Values.
B oNok ot
O H is symmehic (ie WT=H), &%
) ® H s dempoteat G H=H).
83 We can  express  our cesidusl  vechor e as

le: §- = y-Hy« (T-Hy

LEAST SAVARES ESTIMATION OF
‘1
Q The lepst squares estimate of & for a p

response varables

erhmhq Vonable Mu(Hrle rOﬂfessioh model  with
(rﬂ\ ?ammeh’s is

af = - (Fﬂ).

whee
RESIDUAL STANDARD ERROR
Q’ The residual stonderd  eror S +hus

i r Lot
i n—(l’fl)

K>

MLE FOR
g‘ The MLE for B is ¢1v|'\1alu+ o the
least  squares eskimate; e 4he litelinood
funchion
CCPors Balyirmi9a) = 0 Fl0) .
" . _Cyi-pmp mr S
: ;‘Ime 2® si=po 3 Bi%ij

-n/ - Tty
: cane "o (T

of eﬁuiva\entlu +he l°j tileelihood  function

LLPO: s P'\lﬂll---fjn) = c-

20>

2‘,[‘51' ~(BotBiKiy ¢ + Prxir))l

s maximized of p7(Ro,., Bp)  Fhat  minimizes

T s Tl ot +o +BpXi)

GAVSS-MARKOV THEOREM &
BLUE

9;‘ The  least Squares eslimator

B= (x0T

iS +he T best linear unbiased ethmatoe
. (BLUE) of B

‘¥, More formally, if we consider +he model

Sivu\ L\.’
Y= Xp+ €, E(g)=0, Vor(®)= ¢TI

estimators

estimator

+hen amonjsl' all  unbiased linear
F?*= M‘\/, +he least sqwres
ﬁ: my  has the “smallest”  vaviance;
e

\/a((g’) = Var(F) + r’(M‘-M)(m'-m)T

where  (mt-m)MT-m)' s pesikive
Semidefinite -
- A s Tpositie dehin” i a'Aa 20

ffvr anj vedhor .



A
DISTRIBUTION OF g
9;’ We show that
§~ mun(g, X))
where  mun is  the mwlhivaviate  nocmal
dishibulbion-

CVas(AY) = AVaclY) A7)

Q; The marﬂ-’nal dishibution of EJ is
Haus

Y 2 =t .
B ~ N(Pj, u-(x“'x)Jj) VJ:o,___Ir
9 We also have Hhat

3
’F\. - F.
LRI SEch) = &/(xTx):i‘j

Se(gj) n-lpt)

Qq Ao note Thet

- 2, Tx)"
Co\/(F;, ﬁ)) = 6%(X X);J..

A
INTERPRETATION OF B
8 ?J is +the eshmated mean c.hnuje in the

msronse associated  with & dnunje of

one unit of X whilst hald'm\j al

other vavables constont.

81 If pj=0 @ not  in e

CIs FoR B

g, A Cl-q) 1007 CI for PBj iS

2 A
FJ ks *n-(r-ﬂ)l -/ SE(PJ)

CI, fnen

lineas rllah'onshir

Hiere s 4 Sijm'f\'canl'
HYPOTHESIS TESTS FoR Bj

g ijoﬁusis test for B

® Hy: F;;=0; Hy® By %0
® t- BB B
SEfF}) _S;F?)
® p-velue = 2P(T > t) T~t
P .
® Rc.iccl— Ho if rgo.o;.

n-tp+)



MULTI-COLLINEARITY
Q; We say 2 or more explanatory  variables
exhibit " mulbicollineanty” i there exist
shong behveen them.
9‘_ This
@ increases e
enors) of the
esbmatorsi %
@ leads bt wide /imrmjsz cIs &
conclusions .fmw h‘-jroHOSiS tests.
VARIANCE INFLATION FACTOR /

VIF
.9|, The

measuie of

linear  crelakoashi ps

Vavonces (and +hus sH
associoted rmmﬂftr

inoccumte

-fad‘o!‘" s a

associated with

o . 3
Venance i nf(ahov\

mu (Heollineanty
some ¢;<’>hna+m\j variable Xj-
Q) How b clwate VIF for %

(0) Regress ¥ onfo ol other xs; e

£t models for X againsf each

other x;

® Then
where R)-L is dne coefficieat of
determination  of  the model fit  with
X oS the  response.

-in R, 2}-1 is  the nMulHr(e R STM"

» rmMef(-u.
93 Cccnerallj, we remove X from ‘e
<= ij>.%_

model if
VIFJ- > 10

ﬁ{; Tn R, we con do

> Im (X~ X4 Xyt =+ Xp)
) ool

. other @rp-
Varnable we Jariables

are 'h’_sﬁnj

ond  check +he mulh‘rlz R—s‘quo.m’\ value.

C1 FOR  Mpow
9 Tdea:
fitted modd 4o

We may want Yo use our

estimate the meon

rv.sfonsz of a new anit  in  the
rorulahw\

8 In Pnrhw\ar
Prew = Fnea B

93 Then, we show not

ﬁn¢w~N( ¥ pew B &% (xx),w‘J

Pm.f- Recall
£~ mun(g, o).
Tn P = T st o il
normal  dishibuton-
See -‘Mu"
_ T
BP0 = EXpeu )
= x:w E(F)
R
Thea * e P
A
o (Mg = V‘”(xt\w?)
= )(Tﬂw Va.f(_?) x'\o_ul

T KXY
s giver e result,
Qq Thus, a G-a) confidence

P e i

So wer Jemz. a

interval




PREDICTION INTERVAL FOR

Inew

8‘ Tdea: We may also  with fo use
our ,fiﬂ-d. model o Fn.did' the
Value of the response of & newW
uait  of the rorulad—ion-

(E?z Then, note the Vanance of g‘"w
is  composed of 2 Soures of Voaviokion:
® +the voriakion assodated with the

raramd'u eshimators 5 &
@ the vorance o* assouoted with @
@ndom resronsc.

93 Thus  our 4otal  Vvanation s

T -1
o>+ 0T (XX) X

new -

Cl-«) (007.

rn.dicHon intecvol ‘FN'

Qq Hence, a

CONFIDENCE & PREDICTION BANDS
foR THE SLR moDEL

gll For +he SLR  model,

T T\t R T C S-S
X = =4 e -X
new ( X °X) X0 nt e }

91 Thas, +he closer % is kX,

. % PIs.

-QB Ia genesal, the closer X, Kr’i is
él;u---,;‘—r? in  the
model,

new
e narowe the ClIs

mulk P(e njnSs.'ow-

e nanowes the interval.

g; In rar*icu(nr,

MODELLING CATEGORIcAL

EXPLANATORY VARIABLES

Ql We con code cnhge-iul folnm‘bfy Variables
usinJ indicator  vanables Hiat fake on
volueS of O o .

x,= T CA=a,]

‘EV'\<HM.

¥ x= ITA=q,],
T = tae

Y Re a
we need 2-1

indicator

Variable with R cn+e3or5 levels,

indicator  vanables.
X

S '

cate Joricn\

voriable  that has R dishinct values
%.,%, we can use +the model

A AN A

/,‘ = P,, + Pl)f( * .+ Pl—| K_Q_, ,

where X{= IECX=a;l.

- 05y x1-|) = (ol"')D) wrmsronds with

X:u,_.

g The; ah B
] n, & B mrresronis o +the

estimated  mean
X=a;

difference v the
Value of the response
relabive 4o where X#*a;.

INFERENCE FOR PARAMETERS
ASSOCIATED WITH INDICATOR
VARTABLES

Q;‘ To test  whether thee i€ a  difference

whese

in /’2 behween data  whee Xzl W
%;20, we <can wuse the following
hjroﬂnesis test:

® Ho: BiTO: Hy: Bi¥®

® we ae(' tp fom e
oulTu(- fwm the wmodel fit Cie Lm);
*

< ~
SIAMMM‘:’

® 1¢ peobs, we reject  H.

9:’_ To test  whether thee i a difference

in ﬁ between  datn  where Xzl VS

><J-=l, we can use the fpilowing
thoHnesis test:

@ Ho: Fi-Bj=0 Hyt BiBj ¥

@ we can derive

(ﬁ -~ NGepy L O 00 20007 ) &

@ Thus we get

(& -§))
SECB;-F})

p= 2P(T>8), T~t
n-(rﬂ)




ORTHOGONAL X MATRIX
DESIGNS

.QI We may wish o model cai—egon'ol

Jodsbles in  a wWay that  creales an
octhogonal X mabix, Hhus rwdw’ng
independent  parmameter eshmators.
24 S‘uﬂ:osz we had 3 mkjo,;‘.”
variobles Xy X3, Xy, each with
1 velues 0 & .
We can define
¥y = 4( ry Xi=1
- xeo
This  yields  the x" mobvix
(- -
v o=t -1 ]
\ -1 ' -l
K= : -1 \
N
[ : -1 1
v ! .‘ .
|
Note Hpp columns of X are arlhudoml,
oand  in PN-H:M[N
o [
(xTx) = g1, (XN = TL, whee

T, s the  Uxt idenbly mahix.

Hetw o 0XTX)" = Varlf) s disgonal, indicabity
Indzfu\den‘l' ro.mmehz_r ostimotors  for  the nocmo!
model.

Q;_ In lmrh‘cuhr, when comparing one level 4o another

it corvesponds h

in X for a given factor,

an  eshmated meon clnange in the sponse
of 2 E)
- sin ometer  eshimators  are imlerum\mi-,

‘H\uj are ur\a’:fu:hd l’_‘j ynclusion /exclusion

of other Janables

- S0 we do not have db  account for othe
Variables  whea -'n*'erf'd""j the Faruml‘hr

estimafes  associated  with  a J;vu .f-n-hw-

By The greate,

ANALYSIS OF VARTANCE (ANOVA)

lg'l We con  express the +tolal sum of squares

of +he observations y; as

SsCT) = Thge-gits Toui-§) s Tlsi-f

SSCRes)

[39 tkqﬂ)

(2 jeulae,
9'2 In Parh , )
“rearession Sum of squares

©® The
SSUZ(;\ i the Vaviation R
exrlai-\'_}. by Hhe model’

® The " esidual Sum of ’j""““
SS(Res) s the vapahon in  the
,Tron_gz \eft ungxrlained by the
model.
83 In  ANOVA
draw  conclusions
mmlmvina
SS(rvﬂ) S t.amrard. 1o
SSCres), the letter the model  fit-

COEEFICIENT OF DETERMINATION/

MULTIPLE R-SQUARED: R*
B e "cofpicient of determicabion” i3

methods of inference, we
sbout the relokive it of

models Lj SSCmJ) & SSCres).

SSCRes)
P}' z | -
SS¢Tot)

91 R® measures ‘he proportion of e
varoton in the response szb.inu\ by
fhe  model.

F-TeST FOR MODEL PARPMETERS:

B‘ D e = pP < °

a Tdea: To test if a
behween the  response of least one of
the u?lanahry variates, we can use @

. Fotest

92’ Method:
© Ho- Fl=...=PP=O', Ha® EJ' s+ pj#o
® Test statistic:

wlationship exists

SSCReg) / p MS (Reg)
P2 ssRey/cap-1)  MS(Res)
® Under Ho, F has a F dishibution

with pe n-P-l dajrtes of ‘f'vudom-
@ The F-fest shobisic & F-anuc ore

provided on e last line of the

summar\j‘ output for  Am.

© We reeck Ho i peoos



ANOVA TABLE
gl Summarise  the  est
ANOVA  table:

=pF=O

Hy: B=

We

in an

r-va(u!

P(F,

ms
$5(Reg)
P

sS

af SS
SS(Req)

4
n-(pr))  SS(Res)

soufce
—_—

rcﬂ cesSion

casiduo!

,n-qm)’ F)
SS(Res)
n-(Pﬂ)

Hotal $S(Tot)

n-\

Q;'_ We can obhain  SS(Res)  fwm O

'ie;‘ _ ’SS(Kes)
I\'(rﬂ) - ﬁ-(rﬂ)

P SscRes) = (n-(pan) P

ADDITIONAL Sum OF SQUARES

T onside e Rl medel of

\ Iz Bot RKit o+ BpNpt & €~ N(D,5%)

* ceduced”  model Haat  reflests Hhe

ond  the -
restnctions im‘wsmi by PI:---'-‘F"_:Dl P
l Y= Rt Bununt T PP te. )

does 2) of

(X

.'AFJM ar.wunh'nj /fiar F,,...] Buw, '
Bokgs -y Pf account  for s‘-;ymf-‘uni' voriofion

n 3?"
B T dekermive  whick  model is et we
con  2xemine
SSCQEﬂ)‘f“" - SS(Rej)M
°of  SSCReS) oy — SSLIZza)fu"
which is the  diffeence  in tne  Voriakion explained
‘ou the Al K reduced.  models. - . ]
g; We can test Ho* P‘=---=pu=0 with e
fest  shahickic
(sStRes) , = sstm)&“) / g ‘Ff..u
F=
sstpo.:)fu“ / “F-ll
whee undee Hy, Fa F
g o ° df"‘_dff‘”' e
W DU powehe i PEEzE), Far
t A aE A
futle " faat)

In R,
o do

We can
this -

use +he

anova

afuncHon

> anova(audit.red.lm,audit.full.lm)
Analysis of Variance Table
Model 1: overhead ~ col + clients
Model 2:
Res.Df RSS
21 4954374034
19 3901347198

overhead ~ size + age + col + clients

Df Sum of Sq F Pr (>F)
1
2 2.5642 0.1033

2 1.053e+09

85 Note +that our previous ANOVA  method
to test Hpt Py = Bp O
is jusf an  additional Sum of  squares
405t whese  our reduced  model is

\/:F°+E, € ~ NCo,6).

9:(_ Similarly, we an also  test  He: ‘3,'-. °
usinj the additional sum of squams
test  shabishic

SSCst)M - SS(Res)_ﬁ‘”

SS CRes) pa / “ﬁ.“

where our feducedk model s jusk He
full model with L) omiHed. &  wnder He,
F~ F"F

( Nete PUHV>”-'|) = P(F”v”a)_ )



ADDITIONAL Sum OF SQUuARES &
CATEGORICAL VARIABLES

# Suppose we have a  model

l y= Po"' FIXI+P1X;+E i

where xi=]1'[n=a;',l, whee A § a
Q‘hjoviml variable-

g;. To test Ho: Bi-Py=0, WwWe can use the
feduced model undes

Ho* F'=FJ:P',' e

*
Bot B (x+x) + €

ot 5" ¢

] where x*= T[A=a, or A=a,7].
.93 We can then use the
of squares shhstie & ,mccd as  before.

GENERAL LINEAR HYPOTHESIS

addifional Sum

gl The 3ln¢m| linear hﬂpoﬂnsxs it in the
form
Ho ® AF =0
CpH1)
wnee  AERTPY docibes e R linear
Conshaints  on  the full modd as deseribed
by Mo

Q}_ In f“h‘“h\f: we can use the addibonsl sum
of  squares test  shahshe o test Ho

wnder Ho,

93 Thus,

(SSCRes) , - ss(R.s)M) [ W gy- 8e,)

SS(K-s)f““ /dFﬁ‘u dfr!d‘ » dffun

o\ 00 @ B

Ho: (°°l°°> 8 2
©oe 01 © L = °
o6 0d ) 8y ]

—_— By ——
A ~ 'y

ASSESSING MODEL ADEQVACY /
RESIDVAL ANALYSTS

" Tdea: We can assess the “model adequacy”
(e the validily of the model  assumptions)
by exomining Fhe fified residuols €< y- 2.,

RGSIDW\(. PLOTS

We can plot the residuats  ei @& oinst  +he
4 J

fitted  values ﬁ i

9; TE Hhe model assumfﬁm hold, then ¢;

be uncorrelated.
usSquﬁms hold, we

ral'hrn in  the

and @ should

if the model
should see no  Observeble
?\oi-

So these &fe ot Volid: '

(obsurved Jalues ¢
Shows qvadrnﬁr- "M’uns\'n-r\l-

relavionsWip) enor  variace)
Aal. PLOTS

T 1 o s pn
residuals ey
ordered volues  E(Z)),

91 We  use

ﬂssum‘ﬂ-im of normal ervdrs .
§ e erors C(and hence

we Plul' e ordered
ujainﬂ- the uruh}.
2, ~ Neo, .

as rloh‘ o assess  tHhe

83 In parhiculas
are  fom o aormal  dishibution,
rwrbfﬁﬂmﬂ +o

exhibit

residuals)
should be

so the r(o"
rtlah'onShiP-

+hen e
ECz,)),
o Shiﬁhf' line

VARIANCE STABILIIING

TRANSFORMATIONS

EF( " Veviance  stolbilizing tronsformotions”  are
ransformations  fo the response and  possibly
some of +he explanatory variates 4o
imrwve model adzquacg /va(idil'j

model nSSuMPHMS-

) \03(31 Y '/’, Y

9 These are usefwl whet we can wite

should

the

-1



PROPERTIES OF THE RESIDUALS

?I Recall we can express

. whee M is e  hat mabix  (H- X(XTK)“XT)'
97_ Since g~ NCO, *T), it follws +hat

e ~ N(0, c2(T-H))
P ¢ ~ N (0, o1~ b))

" diagonal  element of

where  hy; IS the

G, Note
0) ‘Vw(c;\ = oCi-hy)i f
~ (esiduals have nont-constont  variance

®Eov(e.-, ¢) = - 0'1\4)[‘ , JW
- residuals ae  wot indqnnde/\('

- fgult of constmint TS0 in leost
Squareg  eshimation

STUDENTIRED RESIDVALS

9; for a fandom varable X, tre "si'u&evd'i!d"
Vesion  of X s
%=
Y= [
where is te Mear and & is an  eshmetre

of the standord deviation.
Q;_ A “studentized cesidual”  associated  with
observation i is

which s A NCO)  for large m.
EXTREME RESPONSE VALVES / OUTLIERS
Bl An  outlier”  is  an  oksesvokion for
which  ¢;= 3;-/3; is  extreme relative
b fhe otner  residuals:
8;_ In rnerlar, we can consider an  obsenntion

on outlier f

g; Cawses  of outliess:
(0} Tﬂ?”/ mis recording  of aoto;
® Volues of ossociated potentiol  explonatony

Voviebley  not induded in  the  wmodel:
® Random Vaviabilihy .

LEVERAGE

8" N Levunae" W% o measure wsed o
Wentify  Ahose okservakions  whose  set
of erglmakﬁ Variables s exfreme

L. fdlakve 1 other observations.

82 In parhicular, for  dbsesvation i

93 Propesties:
ATEL

Sy = HCH) = ranulH) = pl

Qq_ Also note

PRy D s h“’”j?;""jﬂ
ond so we can view dhe leverage
s the wGJVﬂ' of 35'5 conpibution o
fhe ,f\'H-cA valug /ﬁ;.

TOENTIFYING. HIGH LEVERAGE

CASES

9| Residual  plots  are  aot useful  in

reveoling high hvenﬁe rpinh.

-as hio!, Varlg) o

- So high levemge observations”  levemge
is close ® 0.

9, TInstead, we con just plet  the luqmae

Values.

N N
- in R, we can use hatvalues .

; We gay obserwtion i hos high levemge
if
- 2(?&1)
"‘ii) 2h 5 —
"



INFLUENTIAL O0BSERVATIONS

9' We soy an 'mf‘mha\ f
its removol fom Hhe line fit
e fitted line (e Farmew estimates)

observotion s
chonaes

mﬁSidUabl\nj.

JTOENTIFYING INFLUENTIAL
0BSEAVATIONS

QI We can q“ﬁnHFy influence  using “Cook's

€

1
14

distance” :

~ T A

;‘(rﬂ) I=hi  pr
where 2 is e eskimate of the varieae
fom the  model it with e it observorion

. ncluded .

91 We say an dbservation 5 Shongly  influeatial
it

MODEL SELECTION

8'; Recall -hot

82 T we remove Vvariables Krom e
model, otk SSCRes) & Fhe af

incrase -

83 I¢ +the increase in  85CRes) s gmant
relakve +o  the dejmes of freedom
qoind, thea & witt decnase, resulbey
n a  more \;mrise model\.

This is  offen the case for vanafes  with
larje associated  p-values.

TERATIVE MODEL SELECTION

Tdeo: buitd o reduced  model by

aadmslruv\-vmg voniobles one of a

hme, % rfithng of eadh

Voviables can  be

itesation

anhl no  more oddad/

cemoved .

BACKWARD ELIMINATION

g:

Tdea:
® Gt ol P vanables;
@ Remove Vedable with Inrajesi— F’“I“‘

jrl.ak,r Hhon  some  threshold (29 ¥=00)
® Refit
@ Repeat 0-9
be removed

with  emaining  vanables;

unhl no moe  voviables can

FORWARD SELECTION
T Tdem:
©® Rt al 3 g.,\j(,_
® Select Voriable with smollest r-\lnlun P
@ Fit +he p- o 2- voviable  models  +hat
include  +he in @
® Repeat 0-0Q, wwhnuing +o add
vansbles ot each
Vanables can e

STEPWISE SELECTION
g Tdea:

(0] Begin with  forword selecton;
@ Employ both  forword selecHon

% backword olimination ot each
veviablesS can

Varable SLR  wmodels;

vaviable

added.

Shr unhl no mere
be addud [removed-

ADJUSTED R- SAVARED
%—3‘; Mokivation:  Recoll

2 SSCRes)

R - gseTot)
Note R? Wil a\vw.ji inease  when more
vosables ofre added rcjurdlesc of
wWhether the  vavioldles account  for @

sijv\i,f{un\— amount of 1he vaviokion of

e msrov\st-

g; Heace, we cannob  use R? 4o compare
model  subsets  with o\i[—fv'mﬂ amounts
of ?nrmtfm

9 Thus, we Can Use e “adiush&
R-sn‘uand"'-

@ .- SscRes) An-pd)
adj SS(Tot) / (n-1)

9:‘ RA;-I will only increase  if  +he

voanabon acwounted for by the

added Vaviables  increases Fn:f:orﬁonn\\y

more  thon  the dejru_s of freadom
decrease +hvrm3k Ae  wodel
?mmehrs.
95 Note we can olso wnte
R, = L

= \-
od $5(Tot) /(a1

So o lorge P“zad- implies o emall &
|

ideradion  unbl vio  more



mnuows‘ Cl’

.8(- For & k-vanable model (k:l.---,?),

we  deline
SSCRas),
Cps — + 2(k4) - n
P mscﬁas)',

g Note smoller Cp volues  relabive {0 the

number of Vaviables ore associated  with

More  suitable  models:
9 A W-variade model s 'rre{-‘crﬂed ove Yhe

Jutl model if

< .
CP & W+l

MODEL SELECTION IN R

9 To seect ‘he best model in R, we can

1
wse  Hye ‘\urs‘ funckion,  which  selects

the  best model  fom all  possible  subsels
based on e RZ g c',z crtesia-

1di
Q-
¢ garage

1
1 FaLSE
2 TRUE
2 TRUE

TRUE
3 TRUE
4 TRUE TRUE
4 TRUE FAL FALSE
5 TRUE  TRUE FALSE FALSE TRUE TRUE
5 TRUR FALSE TRUR TRUE  TRUR TRUE
6 TRUE RUE  TRUE TRUE
6 TRUE TRUE  TRUE TRUE
7 TRUE TRUE  TRUE  FALSE  TRUE
7 TRUR TRUE FALSE TRUE  TRUE  TRUE TRUE
8 TRUE TRUE TRUE TRUE TRUE  TRUE TRUE
$adjr2
[170.549607
(910.651625

nes=nanmes (house [-9]})

rage

FALSE

FALSE FALSE
TRUE E FALSE

FALSE FALSE TRUE  TRUE BLSE  TRUE
FALSE FALSE TRUE  TRUE  FALSE TRUE
TRUE  TRUE  FALSE  TRUE

TRUE TRUE TRUE  TRUE  FA TRUE
TRUE TRUE TRUE  TRUE TRUE  TRUE

[1] 27.150656 21.556807 1 16 4.137270 3.327332 &

92 Note .
® 4he fuil model hes o higher R value,
as & hes more roromewt; but
@ 4he reduced model has a highes
% o lower ? volue.
INTERACTION
9‘ We  gay Hhere i intecaction”  between K Ry
EF the G.ﬁ:ec"‘ of ’(J' on +he rQCrDY\SO.
d'—rlnds on the volue of  Ky.
g To  acount for @ fussi\.\e intecackion  effect,
we can include the Tem  xj%, in our

RL

model.

o] va'ue



CITTING (INEAR MODELS To TIME
SERTES DATA
Q7 "Tme Sedes dok” s daln 4y.f, whee
Yy denotes e value of e
esponse ot Hme € C(é=1,2,..).
8 Vasiokion in Hime sedes is coused by:
® Sepas_un_al" - fepeot  rgulady  over fired

wiervols
@ “Tread” - ?q:sisful' increase [decreose  in  p

as t increases

® lngg\imI" - oscillohons nfe*'"s
intervals

— other Sourtes of variotion

® "1 Eggu\nl/mndom"
00.

unaccounted \a.j

AUTOCORRELATION cunNcTIoN / ACF
9( The * aubp - correlobon .-fund-\o,, s

oV img.l.(

S Cy,-3)C -
tzﬂ %74 E1(--&:. g

P
Eﬂe 9

and qvuh{—-v.s the degree of similarity

behween Y, X +he |n83¢d vesion of
itself, Y.,
9; Note

® (rot et Vk? &

@ r, s wnitless.
COQ.RELO&RAM
g A" rulogmm is a
t (for L2L2, D).

plot of . over

les)

Wine Sales ACF

2 unes”

91 We can use the acgd  funchon in R
to Ylof +His.

‘i ﬂﬁiﬁennu.

SEASONAL COMPONENT

9' Tdeas We can add model Pammb:
fo account 4o the seasonal veriation
in e  dala, which miah(’ exacesbate
any trends.

TREND COMPONENT

9 Id.u we can acwunt .for 4he  trend
a:m?onw in e model Lu adding

opproprate. Kme vadobles (aq t.t%, k)



Chapter 3.

Logistic Regression

‘a Tdea: Supose we want fo  mode
o HM nsfonse Jariable
| " observabion IS Successful

(
vis ‘[ o, othesuise

where LY =) = T

T Wwe con  model /‘;=E¢‘I;)=1T,; using
2

T
K(F

e @
g
I+ e

n; T
@ log( =) = %P
whee  We LMS of the  Setond eﬁuaﬁon
is  called e loJH' fw\chn\.
g In R, we <an £t a (oaiihf- nﬁftﬁs'um

3
model  usirg

> 3‘"‘( g~ N .n.xr , ‘F"Milj: binomial (links Iaa'&)

TWTERPRETATION OF LoaIsTrc REGRESSZoN
PARAMETER ESTIMATES

8( By manipulating the equeton

y e KB =Pt Bkt S B

(oq( i

we con ad'

ebj = v‘i‘" / U-v“j’“)
w/C-1)
where T ;s dhe  value of EWY)
X4
unit  of ¥y -
Fais  Todds ratic” as

odds  of

after inceasing  one
91 Thas, we can nespret
the MulHr\im'H\lt change in  the
success  for o chanye in  one
after  accountng  for e other  vonobles.

anit of %

DISTRIBUTION OF P

9 Lot 'p\} be te M o Py

Then, for  sufficiently huae o we

can  show that

Bi-piy?
( SJECP‘J';) - ’x‘;

< BB on
SEtPJ)

:t By = TEST
ﬂb p) (o)
Ql To “est Ho' Pj =9 wve can USSR
the  “Wald fest shahste’
.t
SE(PP

. which is  ~N0,1) undes Ho.

G Mot the hest et
p-volues  associated with  this
afe  givea i +he \Summafs\

oul—ru{' of the gim model

R
93 Hence, a 100l-a) CI for B
is
|3J' * il—% SE(FJ
and o  10oli vk CL for the

odds roHo s

A A
Bt . SEGE)
[ 2



0EVIANCE 7/ D
MODEL COMPARTISON -~ AKIAKE

G The ikeliheod funchon e a
(osl'q-;f_ mjﬂss',o,\ model with a Imm‘m“ CRIW / AIC
binory resporse s 9[ The “Alc’ ic  defined as
- oY bw
LCply) = 'i\;]"f(:ﬁlw;)= 'if_'_rl'“i a-m) AIC = 7_£Y-\-I) - IECFHM\
with wﬂtsrond;ﬂﬂ tog-liudihood 8, The smallr tne  PIC, 4ne bette the

Liplyr = E (gilogThi + L1y log€1-T;2) \ St of the model.

-92 Te deviane” of e model i€

[fb = 2(R(saturoded) - R fitea)) ‘

where
© L¢fited) s Hhe \og-likelinood  of Fhe
-
Fitted mode! (with MLE TD: %

@ Alsatwated) is Hhe |°3-\mr.hooa of e

soturoted model , e hjfvl-hcﬁa\ model
A~
for  which "b\ cn (with MLE =YD

33 In [mrHc.uhr, 4he devance for e b‘wnofy

rdsronsg loJiS'h'r. ftjftssiw\ modd IS

_ =)
FDT/—; Ly log (T ) + fogti-y)

MODEL COMPARISON - DEVIANCE
G T et wmebe et Xy, %
associated with o rosﬂ,—,w_ rasporse oy
affer accounhing  for  +he other varefRS, we

con  use  Hhe st

are

E—?l Our ,full model i

3

and  our reducd model i

tue  (ie the

8-; 1§ we asSume Ho is
Lettes D),

reducd  madel j;va.s a
then we «<an aFrmimah

ittad)
Deea- P = 21 Leftedan
fed g aﬂ(LL.ﬁ )"‘
~ 1
a

fed

i AF,fuu




